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Abstract

The planted densest subgraph detection problem refers to the task of testing
whether in a given (random) graph there is a subgraph that is unusually dense.
Specifically, we observe an undirected and unweighted graph on n vertices. Under
the null hypothesis, the graph is a realization of an Erdés-Rényi graph with edge
probability (or, density) g. Under the alternative, there is a subgraph on k vertices
with edge probability p > gq. The statistical as well as the computational barriers
of this problem are well-understood for a wide range of the edge parameters p and
g. In this paper, we consider a natural variant of the above problem, where one can
only observe a relatively small part of the graph using edge queries. This problem
is relevant, for example, when access to the edges (connections) between vertices
(individuals) may be scarce due to privacy concerns.

For this model, we determine the number of queries necessary and sufficient for

detecting the presence of the planted subgraph. Specifically, we show that any (possi-
n?

kx*(pllq)

(on expectation) to the adjacency matrix of the graph to detect the planted subgraph

bly randomized) algorithm must make Q = Q)( log” 1) non-adaptive queries

with probability more than 1/2, where x?(p||q) is the Chi-Square distance. On the

other hand, we devise a quasi-polynomial-time algorithm that detects the planted
subgraph with high probability by making Q = O(W;Hq) log® ) non-adaptive

queries. We then propose a polynomial-time algorithm which is able to detect the

n3

planted subgraph using Q = O(W log® ) queries. We conjecture that in the
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leftover regime, where ’]Z—Z KLQK ’]Z—s and k = w(4/n), no polynomial-time algorithms
exist. Our results resolve two open questions posed in the past literature, where the

special case of detection and recovery of a planted clique (i.e., p = 1) was considered.

1 Introduction

In the planted densest subgraph (PDS) formulation of community detection, the task is
to detect the presence of a small subgraph of size k planted in an Erd6s-Rényi random
graph. This problem has been studied extensively both from the algorithmic and
the information-theoretic perspectives [ACV14, BI13, VAC'15, CX16, Mon15, CC18,
HWX16]. Nonetheless, the best known algorithms exhibit a peculiar phenomenon: there
appears to be a statistical-computational gap between the minimum k at which this
task can be solved and the minimum k at which it can be solved in polynomial-time.
Tight statistical-computational bounds for several parameter regimes of the PDS were
recently established through average-case reductions from the planted clique conjecture
[MW15, HWX15, BBH18]. The regimes in which these problems are information-
theoretically impossible, statistically possible but computational hard, and admit
polynomial-time algorithms appear to have a common structure.

Recently, models of clustering and community detection that allow active querying for
pairwise similarities have become quite popular. This includes active learning, as well as
data labeling by amateurs via crowdsourcing. Clever implementation of an interactive
querying framework can improve the accuracy of clustering and help in inferring labels
of large amount of data by issuing only a small number of queries. Queries can be eas-
ily implemented, e.g., via captcha. Non-expert workers in crowdsourcing platforms are
often not able to label the items directly, however, it is reasonable to assume that they
can compare items and judge whether they are similar or not. Understanding the query
complexity to recover hidden structures is a fundamental theoretical question with sev-
eral applications, from community detection to entity resolution [MS17a, MS17b]. For
example, analyzing query complexity and designing query-based algorithms is relevant
to community recovery in social networks, where access to the connections (edges) be-
tween individuals may be limited due to privacy concerns; or the network can be very
large so only part of the graph can be sampled.

In this paper, we investigate a natural variant of the PDS problem above, where one
can only observe a small part of the graph using non-adaptive edge queries. A precise

description of our model as well as our main goals are described next.



1.1 Model Formulation and Goal

To present our model, we start by reminding the reader the basic mathematical formula-
tion of the PDS detection problem. Specifically, let G(n, q) denote the Erd6s-Rényi random
graph with n vertices, where each pair of vertices is connected independently with proba-
bility . Also, let G(n, k, p, q) with p > g denote the ensemble of random graphs generated

as follows:

e Pick k vertices uniformly at random from [n] = {1,2,...,n}, and denote the ob-
tained set by K.

* Any two vertices in K are connected with probability p; all other pairs of vertices

are connected with probability g.

In summary, G(n,k, p,q) is the ensemble of graphs of size n, where a random subgraph
G(k, p) is planted in an Erdés-Rényi random graph G(n, ); this ensemble is known as the
PDS model. The vertices in K form a community with higher density than elsewhere. In
this paper, we focus on the regime where both edge probabilities p and g are fixed and
independent of n. The PDS detection problem is defined as follows.

Definition 1 (PDS detection problem). The PDS detection problem with parameters (n,k, p,q),
henceforth denoted by PDS(n, k, p, q), refers to the problem of distinguishing hypotheses:

Ho:Gn~G(n,q) VS. Hi: Gy~ G(n,kp,q). (1)

The statistical and computational barriers of the problem in Definition 1 depend on
the parameters (1,k, p,q). Roughly speaking, if the planted subgraph size k decreases,
or if the “distance” between the densities p and g decrease, the distributions under the
null and alternative hypotheses become less distinguishable. The statistical limits (i.e.,
necessary and sufficient conditions) for detecting planted dense subgraphs, without any
constraints on the computational complexity, were established in [ACV14, VAC"15]. In-
terestingly, in the same papers it was observed that state-of-the-art low-complexity al-
gorithms are highly suboptimal. This raised the intriguing question of whether those
gaps between the amount of data needed by all computationally efficient algorithms
and what is needed for statistically optimal algorithms is inherent. According, quite re-
cently [HWX15, BBH18, BBH19], tight statistical-computational gaps for several param-
eter regimes of PDS were established through average-case reductions from the planted
clique conjecture (see, Conjecture 1 below).

In this work, we consider a variant of the PDS detection problem where one can only

inspect a small part of the graph by non-adaptive edge queries, defined as follows.
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Definition 2 (Oracle/Edge queries). Consider a graph G, = ([n], £) with n vertices, where
E denotes the set of edges. An oracle O : [n] x [n] — {0,1}, takes as input a pair of vertices
i,j € [n] x [n], and if (i,j) € &, namely, there exists an edges between the chosen vertices, then
O(i,j) = 1, otherwise, O(i, ) = 0.

We consider query mechanisms that evolve dynamically over Q steps/queries in the
following form: in step number ¢ € [Q], the mechanism chooses a pair of vertices e, =
(ig, je) and asks the oracle whether these vertices are connected by an edge or not. Gener-
ally speaking, either adaptive or non-adaptive query mechanisms can be considered. In the
former, the chosen /th pair may depend on the previously chosen pairs {e; };-, as well as
on past responses { O(e;) }i<¢. In non-adaptive mechanisms, on the other hand, all queries
must be made upfront. In this paper we focus mainly on non-adaptive mechanisms. The

query-PDS detection problem is defined as follows.

Problem 1 (Query-PDS detection problem). Consider the PDS detection problem in Defini-
tion 1. There is an oracle O as defined in Definition 2. Find a set of queries Q C [n] x [n] such
that Q = |Q|, and from the oracle answers it is possible to solve (as defined below) the detection
problem in (1). Henceforth, we denote this detection problem by QPDS(n, k, p,q, Q).

A detection algorithm A, for the problem in Definition 1, makes up to Q non-adaptive
edge queries, and based on the query responses is tasked with outputting a decision in
{0,1}. We define the risk of a detection algorithm A, as the sum of its Type-l and Type-I|

errors probabilities, namely,
R(An) =Py (An(Gn) = 1) + Py, (An(Gn) = 0), 2)

where Py, and P, denote the probability distributions under the null and the alternative
hypothesis, respectively. If R(A,,) — 0as n — oo, then we say that A, solves the detection

problem. Our primary goals in this paper are:

e To characterize the statistical limits of QPDS(n, k, p,q, Q), namely, to derive neces-
sary and sufficient conditions for when its statistically impossible and statistically pos-
sible to solve the detection problem, ignoring algorithmic computational constraints.

 To devise efficient polynomial-time algorithms for QPDS(#,k, p, g, Q).

1.2 Related Work and Main Contributions

The problem of finding cliques in an Erd6s-Rényi random graph under the same edge

query model was considered in [FGN20]. It was shown that under certain limitations
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on the adaptivity of the considered class of algorithms, any algorithm that makes Q =
O(n*) adaptive edge queries, with « < 2, in ¢ rounds finds cliques of size at most (2 —
€)log, n where € = €(a,¢) > 0. This lower bound should be contrasted with the fact
that current state-of-the-art algorithms that make Q = O(n*) queries find a clique of size
approximately (1 + a/2) log, n. This result was later improved in [AHHM?20], where the
dependency of € on ¢ was removed. Closing the gap between those bounds seems to be
a challenging open problem. We also mention [FKSV15, FKSV17, CFGH18], which study
the problems of finding a Hamilton cycle, long paths, and a copy of a fixed target graph,
in sparse random graphs under the adaptive edge query model. Another recent line of
active research is the analysis of the query complexity in certain clustering tasks, such
as, the stochastic block model and community detection [MS17a, MS17b, VH16, HKW16,
ALL"16].

Most closely related to our paper are [RS20, MAC20], where the special case of the
planted clique model, where p = 1 and g = 1/2, under the adaptive edge query model,
was considered. For this model, assuming unbounded computational resources, upper
and lower bounds on the query complexity for both detecting and recovery were es-
tablished. Specifically, it was shown in [RS20] that no algorithm that makes at most
Q = o(n?/k?) adaptive queries to the adjacency matrix of G, is likely to solve the de-
tection problem. On the other hand, when k > (2 + €) log, n, for any € > 0, it was shown
in [RS20] that there exists an algorithm (not polynomial time) that solves the detection
problem by making at least Q = (2 +¢) Z—; logg n adaptive queries. For the recovery task,
it was shown in [RS20] that no algorithm that makes at most Q = o(n?/k? + n) adaptive
queries exists, while recovery is possible using Q = o(n?/k? log% n + nlog, n) adaptive
queries. Note that when the whole graph is shown to the algorithm, namely, Q = (721),
then the above detection upper bound boils down to k > (2 + €) log, n, which is folklore
and well-known to be tight. On the other hand, the above detection lower bound gives
k = O(1), which is loose. Sub-linear time algorithms that find the planted clique in the
regime k = w(y/nloglogn) were proposed in [MAC20]. Specifically, among other things,
it was shown that a simple and efficient algorithm can detect the planted clique using
Q= O(Z_; log® 1) non-adaptive queries; conversely using the planted clique conjecture,
it was shown that a certain class of non-adaptive algorithms cannot detect the planted
clique if Q = O(Z—s), suggesting that in the regime where Z—; <QK Z—s polynomial-time
algorithms do not exist.

In this paper, we generalize and strengthen the results of [RS20], resolving two open
questions raised in the same paper. First, we consider the more general PDS model which

allows for arbitrary edge probabilities. While this might seem as a rather incremental



contribution, it turns out that the lower bounding techniques used in [RS20] are quite
weak and result in loose bounds on the query complexity for the PDS model. In a nut-
shell, the main observation in the proof of the lower bound in [RS20] is that if Q < n2/k2,
then with high probability all edge queries will fall outside the planted clique, no matter
how strong/sophisticated the query mechanism is. Therefore, detection would be im-
possible. While the same bound holds for the PDS model as well, it does not capture
the intrinsic dependency of the query complexity on the edge densities p and q. More
importantly, as was mentioned above, even for the planted clique problem, the results of
[RS20] exhibit a polylog gap between the upper and lower bounds on the query complex-
ity. We close this gap by providing asymptotically tight bounds. Specifically, we show

that an algorithm that must makes Q = Q(;3 log® ) non-adaptive queries to the

n2

(qu)
adjacency matrix of the graph to be able to detect the planted subgraph, where x%(p||q)
is the chi-square distance. On the other hand, we devise a quasi-polynomial-time com-
binatorial algorithm that detects the planted subgraph with high probability by making
Q = Oy
probability lower and upper bounds on the number of edge queries ¢ that fall inside

log? 1) non-adaptive queries. For the lower bound, we derive first high

the planted subgraph, associated with the optimal query mechanism. Then, we develop
a general information-theoretic lower bound on the risk of any algorithm that is given
those Q queries, and essentially observes a subgraph of the PDS model, with a planted
signal that is an arbitrary sub-structure of the original planted subgraph on ¢ edges. We
also propose a polynomial—time algorithm which is able to detect the planted subgraph
using Q = Q(W log® n1) queries. In the leftover regime, where Z—; QK Z—; and
k = w(y/n), we conjecture that no polynomial-time algorithms exist for detection. Fi-
nally, as we discuss later in the paper, the generality of our techniques allows for arbitrary
planting and noise distribution P and Q, respectively, where the PDS model boils down to
P = Bern(p) and Q = Bern(qg).

1.3 Main Results

The following theorem determines (up to a constant factor) the number of queries neces-
sary to solve the query-PDS detection problem. Recall that x?(p||q) and dk_ (p||q) denote

the chi-square distance and the Kullback-Leibler (KL) divergence between two Bern(p)

(r—q)*

and Bern(g) random variables, respectively. Note that x*(p||q) = pIgEmE

Theorem 1 (Detecting a planted densest subgraph). Consider the QPDS(n, k, p, q) detection
problem, and let € > 0 be arbitrary. The following statements hold.



1. (Non-adaptive lower-bound) The risk of any algorithm A, that makes at most Q non-
adaptive edge queries, is R(A,) > 1—o0(1), if
2

n n
Q< 2—€) 55— log"—. 3)

2l ° &
2. (Statistical sufficiency) Suppose that k > (2 + GO)W
to detect the presence of a planted densest subgraph, i.e, R(A,) < o(1), by making

for some €g > 0. It is possible

0g? 2~ )

n
Q> (2+e) =1
iz (pllg) ° k

queries. Moreover, the queries can be non-adaptive.

3. (Computational sufficiency) Suppose that k = Q(y/nlogn/x%(p|lq)). There exists a
polynomial-time algorithm A, that can detect the presence of a planted densest subgraph,
ie, R(An) <o(1), by making

3
Q:O(ilo 3n) ©)
Bx2(pllg)
queries. Moreover, the queries can be non-adaptive.

The proof of Theorem 1 is given in Sections 2 and 3. Let us describe briefly the algo-
rithms achieving the query complexities in the second and third items of Theorem 1. The
test achieving the query complexity in the second item of Theorem 1 is the scan test. In
the first step of this algorithm we subsample a set S C [n] of M € IN elements, drawn
uniformly at random, and then take all pairwise queries among those elements, resulting
inQ = ('\2/') non-adaptive queries. Observe that at the end of this first step we, in fact, ob-
serve the subgraph Gs of G, induced by S. Now, given the responses to those queries, in
order to distinguish between hypotheses H, and #, we search for the densest subgraph
(in the sense of the number of active edges) of a certain size in Ggs, and then compare
the result to a carefully chosen threshold. The test achieving the query complexity in
the third item of Theorem 1, on the other hand, is the degree test which, roughly speak-
ing, counts the number of “high degree” vertices (i.e., vertices with degrees exceeding a
certain threshold) in a randomly chosen induced subgraph of G, and then compare the
result to a certain threshold. A very similar variant of this degree test was proposed and
analyzed in [MAC20], for the planted clique problem. It is clear that the combinatorial
scan test is computationally expensive (super-polynomial), while the degree test has a

polynomial-time complexity. Interestingly, adaptivity is not needed in order to achieve



the statistical barrier. It should be emphasized that the condition k > (2 + eo)%‘;ﬁq) in

logn d
—2 —— detec-
d (pllq) FETEC

tion is known to be statistically impossible even if we observe/query the whole graph.

the second part of Theorem 1 is essential because, otherwise, if k < (2 —€p)

Note that the lower and upper bound for the non-adaptive case in (3) and (4) are tight
up to a constant factor; the former depend on p and g through the chi-square distance,
while the latter through the KL divergence. As we show in the proof, an alternative

condition for the scan test to succeed in detection is
2

——1o ZE, (6)
R (pllg) &

for some constant C > 8; the above condition meets the lower bound in (3) up to the

Q> (2+e)-

constant factor C. We strongly believe that the source of this negligible gap is due to the
lower bound, namely, the x*(p||q) factor in (3) can be in fact replaced with dx, (p||q). It
should be emphasized, however, that in the special case of planted clique where p = 1
and g = 1/2, we have x*(p||q) = d%_ (p|l9) = 1, and thus our bounds in (3) and (4) are
tight and fully characterize the statistical limit of detection. This closes the gap in [RS20].

As can be noticed from the second and third items of Theorem 1, there is a signifi-
cant gap between the query complexity of the optimal algorithm and that of the compu-
tationally efficient one. This observation raises the following intriguing question: what
is the sharp condition on (n,k, p,q, Q) under which the problem admits a computationally effi-
cient test with vanishing risk, and conversely, without which no algorithm can detect the planted
dense subgraph reliably in polynomial-time? The gap observed in our problem is common to
many contemporary problems in high-dimensional statistics studied over the last few
years. Indeed, recently, there has been a success in developing a rigorous notion of
what can and cannot be achieved by efficient algorithms. Specifically, a line of work
initiated in [BR13] has aimed to explain these statistical-computational gaps by reduc-
ing from conjecturally hard average-case problems in computer science, most notably,
the planted clique problem, conjectured to be computationally hard in the regime k =
o(y/n). Accordingly, such reductions from planted clique were established to prove tight
statistical-computational gaps for a wide verity of detection and recovery problems, e.g.,
[BR13, MW15, CLR17, HWX15, WBP16, WBS16, GMZ17, BBH18, BBH19, WX20, BB20].

As mentioned above, it is widely believed that the planted clique detection problem
cannot be solved in randomized polynomial time when k = o(/n), which we shall refer
to as the planted clique conjecture, stated as follows. Below, we let (H{<, HC) denote
the planted clique detection problem, and we recall that it is a special case of the PDS
detection problem with edge probabilities p = 1 and g = 1/2; for simplicity of notation
we designate PC(n, k) = PDS(n,k,1,1/2).



Conjecture 1 (Planted clique conjecture). Suppose that { Ay} is a sequence of randomized
polynomial-time algorithms A, and {k,} is a sequence of positive integers satisfying that

limsup, ., lloogg]Z‘ < 1/2. Then, if G, is an instance of PC(n, k), it holds that

lim inf []Pch (An(Gn) = 1) + Pypec (Au(Gn) = 0)} > 1. 7)

n—oo

Going back to our problem, it is clear that for k = o(y/n), and any 1 < Q < (g)
solving QPDS(n,k, Q, p,q) is computationally hard, namely, there exists no randomized
polynomial-time adaptive algorithm that makes up to Q edge queries and is able to solve
the detection problem. Accordingly, Theorem 1 and the planted clique conjecture give a
partial phase diagram for when detection is statistically impossible, computational hard,
and computational easy. The union of the last two regime is the statistically possible
regime. Treating k and Q as polynomials in 7, i.e., Q = ®(n*) and k = @(nP), for some

a € (0,2) and B € (0,1), we obtain the phase diagram in Fig. 1. Specifically,

1. Computationally easy regime (blue region): there is a polynomial-time algorithm for the
detection task when « >3 —3Band g > 1/2.

2. Computationally hard regime (red region): there is an inefficient algorithm for detec-
tion when 8 < 1/2 and 2 — 2B < a, but the problem is computationally hard (no
polynomial-time algorithm exists) in the sense that it is at least as hard as solving

the planted clique problem.

3. Conjecturally hard regime (black region): there is an inefficient algorithm for detection
when 2 — 2B < a < 3 — 38, but we conjecture that there is no polynomial-time
algorithm. This was also conjectured in [MAC20].

4. Statistically impossible regime: the task is statistically/information-theoretically im-
possible when a« < 2 —28.

It turns out that our techniques allows for a more general submatrix detection problem

with arbitrary planting and noise distribution P and Q, respectively, defined as follows.

Definition 3 (General submatrix detection). Given a pair of distributions (P, Q) over a mea-
surable space (X, B), let SD(n,k, P, Q) denote the hypothesis testing problem with observation
X € X" ™ and hypotheses

Ho: X~ Q¥ vs.  Hi:X~DnkP,Q), 8)

where D(n, k, P, Q) is the distribution of symmetric matrices X with entries X;; ~ P ifi,j € K
and X;j ~ Q otherwise that are conditionally independent given K, which is chosen uniformly at
random over all k-subsets of [n].
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Figure 1: Phase diagram for detecting the presence of a planted dense subgraph, as a function of
the dense subgraph size k = @(nf) and the number of non-adaptive edge queries Q = @(n%).

Now, consider the following natural generalization of the edge query oracle in Defini-
tion 4 to the above submatrix problem.

Definition 4 (Oracle/Entries queries). Consider an n x n symmetric matrix X € R"*". An
oracle Ogyp :

[n] x [n] — R, takes as input a pair of vertices i,j € [n| x [n], and outputs
Osub(i, J) = Xjj in response.

Then, we define the query-submatrix detection problem as follows.

Problem 2 (Query-submatrix detection problem). Consider the submatrix detection problem
in Definition 3. There is an oracle Ogyy, as defined in Definition 4. Find a set of queries Q C

[n] x [n] such that Q = |Q)|, and from the oracle answers it is possible to solve the detection
problem in (8). Henceforth, we denote this detection problem by QSD(n, k, P, Q,Q).

It is clear that the PDS model correspond to P = Bern(p) and Q = Bern(g), while X is
the graph adjacency matrix. Then, it can be shown that under mild conditions on the tails
of the distribution P and Q, Theorem 1 holds for the setting in Definition 3 with x2(p||q)
and dk| (p||g) replaced by x?(P||Q) and dk| (P||Q), respectively. Specifically, the lower
bound in Theorem 1 holds whenever 0 < x?(P||Q) < oo, and the upper bounds hold if,

for example, the log-likelihood ratio £ = log % is sub-Gaussian, or, even slightly weaker;
if there is a constant C > 1 such that

Ppp(A) —dkL(P]|Q) - A < C-duL(P||Q) - A* VA € [-1,0],

(9a)
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Wo(A) +dkL(Q|P) - A < C-dp (Q|IP) - A VA € [-1,1], (9b)

where g = log Eg[exp(AL)] and ¥p £ log Ep[exp(AL)]. Note that the above assump-
tion was considered also in [HWX17, BBH19], and arise naturally from classical binary
hypothesis testing, in order to control the tails of the error probabilities associated with

the simple tests we propose.

2 Algorithms and Upper Bounds

In this section we prove items 2 and 3 in Theorem 1. To that end, we propose two al-
gorithms whose performance match (4)—(5). Below, we denote the adjacency matrix of
the underlying graph G, by A € {0,1}"*"
1<i,j<n.

, with its (i,j) entry denoted by A;;, for any

2.1 Scan Test

In this subsection we analyzed the scan test in Algorithm 1. The parameters M, Ny, and
Tscan in Algorithm 1 will be specified below. In the first step of the scan test we subsample
aset S C [n] of M € N elements, drawn uniformly at random, and take all pairwise
queries among these elements. Therefore, the number of queries is Q = ('\2/') Given these
queries we, in fact, learn the induced subgraph, denoted by Gs, on the set of vertices
S. Then, using this subgraph, we wish to distinguish between Hy and H;. Recall that
IC denotes the set of vertices over which the densest subgraph was planted under #1,
and let N denote the number of planted dense subgraph vertices in S, i.e., N £ [N S]|.
Since K and S are drawn uniformly at random from all sets of size k and M from [n], re-
spectively, we observe that N ~ Hypergeometric(n, k, M), namely, N has a Hypergeometric
distribution with parameters , k, and M. Accordingly, we have that E(N) = ™ and

n’

var(N) < ™. (1 —k/n). Therefore, Chebyshev’s inequality implies that

PN < (1-e)E(N)] < ﬁ (10)

Thus, provided that €2[E(N) — oo, we see that with probability tending to unity N >
(1-— e)k7M £ Ng. The implication of this is the following: as mentioned above we are
tasked with the following detection problem:

Ho: Gs ~ G(M,q) vs. Hi:Gs ~G(M,N,p,q). (11)
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Algorithm 1 Scan Test

Require: G,, Q = ('\2/'), No = (1— e)%, and Tscan = ('\é‘)) -y, fore € (0,1) and 7y € [q, p].
1: Subsample a set S of M elements drawn uniformly at random from [#].
2: Take all pairwise queries among the elements in S, and obtain Aj;, for alli,j € S.

3: Compute

Sscan — max AZ'
2 ]
LCS:|L|=Ng i<jeL

4: If Sgcan > Tscan decide H1; otherwise, decide H,.

Therefore, (11) represents a PDS(M, N, p, q) detection problem, but the size of the planted
densest subgraph is random. Nonetheless, due to (10), it should be clear that by replac-
ing N with Ng in (11), the detection problem becomes algorithmically harder; thus upper
bounds on PDS(M, Ng, p,q) imply corresponding upper bounds on PDS(M, N, p,q). Be-
low, we prove this rigorously.

Recall that A is the adjacency matrix of G,. The scan test is defined as follows

Ascan(As) = 1 max A>T , 12
scan( S) {LCS:E—N0i<JZ‘é£ ij = scan} ( )

where Tean 2 ('\50) -, for some v € [gq,p]. Under the null hypothesis, for any fixed

subset L of size Ny, it is clear that } ;e Ajj ~ Binomial <('\£0),q>. By the union bound
and Chernoff’s inequality,

max 2 A1] > Tscan (13)

]PH6 (Ascan(As) = 1) = IPH6 LCS:|L[=Ny
AEI=Noj<jeL

< Z ]PH(’) 2 Aij > Tscan (14)
LCS:|L]|=Ng i<jel |

< (l'\\l/'o) P [Binomial (('\;")O > rscan} (15)
< (%) ; exp (—('\;O)dm(ﬂw)) (16)

— exp (Molog 1~ (7 ) e (111 ) a7

Under the alternative hypothesis, conditioned on N = N/, for some N >

Ng, the scan
test statistics max s z|=n, Li<jec Aij stochastically dominates Binomial (('\g’), p) . By the
multiplicative Chernoff’s bound,

]PHQ (Ascan(As) = 0) = ]PHQ

max Z Aij < Tscan (18)

12



<P (N<Np)+P {Binomial ((l\éo),]?) < Tscan} (19)

1 Qp (1)
< ZEN, TP (—ZT (1 — E) , (20)

which clearly goes to 0 since Ny — oo. Therefore, combining (17) and (20) we see that
R(Ascan) S 5/ if

2 M V21 n n? 1
dKL(’Y||¢7)>N—010gN—O+ lgé‘_\/_k +@10g(5 (21)

By taking -y arbitrary close to p, we get the query complexity bound in (4), for arbitrary

€ > 0. Also, note that the condition k > (2 + GO)%

part of Theorem 1 follows from the constraint that M < n. As we mentioned right after

for some €y > 0, in the second

Theorem 1, a weaker bound exhibiting a dependency on the chi-square distance can be
derived. Specifically, let Tscan = ('\éo) pTJrq. By the union bound and Bernstein’s inequality,

IP’HE) (Ascan(AS) - 1) = IP’HEJ Z:C«IS"I}%T*NO Z A1] 2 Tscan (22)
=T i<jel

S Z Z A1] 2 Tscan (23)

LCS:|L]|=Ng i<jel ]

< (l\l\l/!,) P [Binomial ((go)q) > Tscan} (24)
< () e ( 2% (>N;)+2(< )(ZZ/;/ ) >

_ eM o (p—9q)?
= exp (NO log No CNOq(1 —0) (26)
(p—0)*

for some constant C > 8, and note that o = x%(p|lg). Similarly to (20), under the

alternative hypothesis, conditioned on N = N/, for some N’ > N, the scan test statistics
MaXycs:|£|=N, Li<jes Aij stochastically dominates Binomial (('\éo), p). By the multiplica-
tive Chernoff’s bound,

]PHQ (Ascan (AS) = 0) = ]PHQ

max Z A1] < Tscan (27)
LS ILl=No; 52

<P (N<Np)+P {Binomial <<|\;0),P) < Tscan} (28)

S ()" (p — a)?

- @EN, ) 8(Y)p

(29)
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Algorithm 2 Degree Test

Require: G, n' = Q (%) M=Q (" log? n) and Ng = (1 — )k"/ fore € (0,1).
1: Let S denote a set of n’ vertices drawn uniformly at random from [n], and Gg be the subgraph of G
induced by S.

2: Subsample M elements uniformly at random from S, and denote those set of elements by M.
3: Compute

Cdeg Z]l|JEA1]>nq+ o(p— q)]

ieM es

4: If Cyeg > 2logn’ decide Hy; otherwise, decide .

= gy o (~CMBa). 0

which converges to 0. Therefore, combining (26) and (30) we see that R(Ascan) < 6, if

2(pllg) > O L MJril 2)—a 1 21 2 (31)
X \Pllg) = NO OgNO N% Og5 - \/_k ng ka Og

2.2 Degree Test

In this subsection we analyze the degree test in Algorithm 2. The parameters n’, M, and
No in Algorithm 2 will be specified below. Specifically, let S denote a set of ’ € IN vertices
drawn uniformly at random from [n], and Gg be the subgraph of G induced by this set.
Then, we subsample M € IN elements from S, and denote those set of elements by M.
Our test is defined as follows,

-Adeg(AS =1 { Z 1 Z A1] > Tdeg

[ > 2logn'’ } (32)
ieM jes

where Tgeg = 1/q + 7No(p—q)

and Np € IN. As in the previous subsection under H1, let
N denote the number of planted dense subgraph vertices in S, i.e, N £ [N S|, and
note that N ~ Hypergeometric(n, k,n"). We have shown that with probability tending to
unity N > (1 — e)kT”/ £ Np. Let this event be denoted by C;, and so IP(C;) — 1. Next,
we analyze the Type-l+ll error probability associated with the above test. Let us start

with the null hypothesis. For any i € M, we let X; = 1 [Zjes Aij>n'qg+ W] ~

Bern (]P [Zjes Aij>n'qg+ W] ) Under H,, it is clear that };cg Ajj ~ Binom (n',q),
and thus by Bernstein’s inequality

_ N2
YA > gt W] < exp [—o (n—9x2(P||q)>] . 3)

jes

14



2,2
Accordingly, if n’ < Noécl(ggu@, which implies that n’ > Q (%) we will have

Py, 2]-65 Aij > n'q+ W < n2, for some C > 0. This implies that under H, each
X; is stochastically dominated by Bern(n~2). Consider now the alternative hypothesis.
Recall that conditioned on Ci, over the induced subgraph Gg with n’ vertices there are
at least Ny vertices from the planted set. Next, we show that by subsampling M vertices
M from Gg (as in the second step of Algorithm 2), with high probability among those
M samples at least 3logn’ vertices fall inside the planted set. To that end, let us divide

the subsampled planted vertices L NS into 3logn’ disjoint sets {Si}?:lqg " of equal size

No
3logn’"

= U?:kign/ {S; N M = @}. Then, note that

Let £ denote the event that there exist a set S; which do not intersect M, namely,

P[] < (Blogn') - P[S;NM = Q] (34)
— (3logn’) - - No : (35)

— \hosn 3n’logn’

, NoM
< (3logn’) -exp <_W) , (36)

namely, the probability that there exists a set S; which do not intersect M is at most (36).
"Moo 1’

Thus, taking M > on 1,?,? T ie, M=Q <% log2 n) we obtain that P [£] < 3logn’/n"?,

and accordingly, with probability tending to 1, we sample at least one elements from

each S;. Therefore, among the M samples in M at least 3logn’ vertices fall inside the
planted set. Now, for any i € M N (KN S), we note that ). s A;j stochastically domi-
nates Binom (N, p) + Binom (1 — No, q), and thus conditioned on £¢ and C;, by the multi-
plicative Chernoff’s bound,

No(p — N2
Py, | Ay <ng+ 70(’”2 D < exp [—Q (n—?)cz(qu))] . (37)
jes
Accordingly, if n’ < %(gly), we will have Py, [Zjes Ajj < n'g + W} < n~2, for

large enough C > 0. This implies that under 1, conditioned on £ and C each X; stochas-
tically dominates Bern(1 — n~2), for i € M N (K N S). Establishing the above results, we
are in a position to upper bound the Type-I and Type-Il error probabilities. Using Markov’s

inequality, we have

]P’Ho (Adeg(Ag) = 1) = ]P’Ho Z Xi > Zlog n'] (38)
ieM
<P [Binom (M,n_z) > 2log n'] (39)
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M

< -
— 2n?logn’’ 49
which clearly goes to 0 as n — co. On the other hand,
]Py.,{l (Adeg(AS) = 0) = ]PH1 2 Xi < 210g 1’1/] (41)
ieM

<P [Binom (3 logn',1— n_z) < 2log n’} +P(E)+P(CY) (42)
< e Clogn 4 o(1) >0, (43)

as n — oo. Finally, note that the number of queries made by Algorithm 2isQ =M - n’ >

Q (W;Hq) log® n) and the constraint that ’ < n implies thatk > Q(+/nlogn/x2(pllq))

This concludes the proof.

3 Statistical Lower Bound

In this section, we prove the lower bounds in Theorem 1, for non-adaptive mechanisms.
Our proof consists of two main steps. In the first step, we bound the total number of
planted edges any non-adaptive mechanism 2, can query. We denote this number of
planted queries by ¢(2,). Given 2,, in the second step of the proof, we analyze the
resulting detection problem a test A, is faced with, and derive a lower bound on its
risk. Note that in order to prove that detection is statistically impossible whenever (3)

holds, it is suffice to prove impossibility on the boundary, i.e., when Q = Q* = (2 —¢) -
_n*
k2x*(pllq)
Q = Q*, then with less queries Q < Q* detection remains impossible.

log? n, for non-adaptive mechanisms. Indeed, if detection is impossible when

3.1 Upper Bound on the Query-Number of Planted Edges

In this subsection, we bound the total number of planted edges any mechanism can query.
As mentioned above, this number is denoted by ¢ (2,) for a given query mechanism
2. Letting Q denote the query trajectory (i.e., the set of Q queried edges), we note that
C(2y,) = 2?21 1{Q/ € K x K}. After making Q queries, a testing algorithm produces an
decision. Specifically, given a trajectory Q (or, a mechanism 2,,), we denote by (#{, 1)
the new hypothesis testing problem faced by a testing procedure: under #;, we observe
a subgraph over Q with Bern(g) independent edges, while under 7} we observe a sub-
graph over Q edges, where there exists a set of 4" edges that belong to the planted densest

subgraph over K (i.e., Bern(p) random edges), and the remaining edges are independent
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Bern(g) random variables. We denote the respective null and alternative distributions by

IP3;; and IP3;;, respectively. We have the following result.

Lemma 1 (Total number of planted edge queries). Assume that Q satisfies the condition in
the first item of Theorem 1, and fix 6 € (0,1). Let 2, be any algorithm that makes at most Q
non-adaptive edge queries. Then, with probability at least 1 — 9,

k2 1 =n
“(2,) < Q5 <1+%w@)' (44)

Remark 1. Note that on the boundary Q = Q*, we have k\?@ = 0(1), as n — oo. Therefore, (44)
reduce to €(2,) < Qﬁ—i (1+0(1)).

Proof of Lemma 1. We will start by proving Lemma 1 for deterministic query mechanisms,
and then, we address the more general case of randomized algorithms. Since queries are
made upfront, they are statistically independent of G,,. Accordingly, let X, for e € Q,
denote an indicator random variable such that X, = 1ife € K x K, and zero otherwise.
Then,

C(2n) = ) Xe (45)
ecQ
k
It is clear that P(Q, € K x K) = B) _ Mkl B and thus,

B) n(n—1) = n2’

E%(2,) = -2Q=—-Q=2L, (46)
(@) == =)
and furthermore,
E[¢(2:)]*=E Y XXy (47)
e,e'eQ
=E) Xe+E Y XX (48)
ecQ e#e'eQ

Ck(k—=1) . k(k—1)

= 10 e 1) L P ek xKecKxK], @

7#e'eQ

where the second equality follows the fact that Xg = X,, and in the last equality we note

k / /
that EX, =P(e € K x K) = % Fix a paire = (i{, j{ ), and consider a pair e = (i{, j{ ). We
2

decompose the summation in (49) into two parts. In the first part, the edges e and ¢’ are

completely disjoint, namely, the do not share a common vertex. We denote this by e L ¢’.

k—
In this case, Ple’ € K x Kle € K x K] = (nii) = (k:Z)(k__3) . On the other hand, if e and
(5% (n—2)(n—3)

17



(3) _ (k=)k2)
"5 ) (n—1)(n-2)"
1)

¢’ share exactly one common vertex, then, P [¢/ € K x K|e € K x K] =

It is not difficult to show that ((n: Jk=3) o k=) o g (ED(R=2) o k(K 1), for k < n, and

2)(n=3) = n(n-1) (n=1)(n-2) = n(n
n = w(1). Therefore,
20k —1)2
Y ]P[e’EICxIC|eEIC><IC}§k2(k711)2Q2, (50)
e#e’'eQ n (n_ )
and thus,
k(k=1) o K(k—1)?
2 2
E[€(2n)]" < n(n—l)Q+n2(n—1)2Q . (51)
Using the above we finally get that
k(k=1) o k=12, Kk-17,
< A S
Var (6(2n) < 30—+ =12 " o1 ® (52)
k(k—-1) -
_n(n—l)Q_L' (53)
Chebyshev’s inequality implies that, for any € > 0,
P[#(20) > (14 )] < oo (54)
Thus, with probability at least 1 — 6,
k2 1
¢ (2 55

Finally, for randomized query mechanisms, we can condition first on the additional
source of randomness R, and apply our arguments above for deterministic query
mechanisms, to prove (44), independently of the realization of R. Then, by taking an
expectation over R the proof is concluded. O

3.2 Hypothesis Test Over the Queried Subgraph

Provided with the Q edge queries probed by an arbitrary non-adaptive query mechanism
2,, we now describe the hypothesis testing problem the detection algorithm A, is faced
with, and derive a statistical lower bound on its performance. Recall that the overall
distinguishing algorithm is a decomposition A, o 2,. While we do not specify the dis-
tribution of ¢, we derived in the previous subsection a high probability upper bound
on it. Below, we denote the data that is being supplied to the detection algorithm by a
vector X € {0,1}® of length Q, with each entry representing a queried edge. While it
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makes more sense to represent this data using a matrix (which in turn is a sub-matrix of
the original adjacency matrix), we find it more convenient to work with the above vector
notation.

With some abuse of notation, let (7, H}) denote the hypothesis testing problem faced
by Ay, followed by the best edge query mechanism. Specifically, let P = Bern(p) and
Q £ Bern(q). Under H}) it is clear that X ~ P4, where Py £ Q%Q s the distribution of
a product of Q Bernoulli random variables Bern(g). Under ], the situation is a bit more
complicated; we let X ~ IP3,/, and the distribution IP3,; is defined as follows. The query
trajectory Q completely determines how the query mechanism operates for any realization
of K. Accordingly, conditioned on K, we let Wi, i denote the set of edge queries that
fall inside the planted set K x K, associated with the best query mechanism. Then, the

alternative distribution is constructed as follows:

1. We pick k vertices uniformly at random from [#], and denote the obtained set by K
(this is the original set of vertices over which the subgraph was planted).

2. Any two vertices in K are connected with probability p.

3. Let Wi« C K x K be the set of queried edges that fall inside K x K, and denote
its size by [Wyxx| = €.

4. The elements of X are the edges in Wi« k., and outside this set the edges/elements

are drawn i.i.d. Bern(gq).

Note that due to the result in the previous section, such a set Wicx of random size ¢
exists, and that the above hypothesis testing problem is simple. Below, we let Unif,, ; be
the uniform measure over sets of size k drawn u.a.r. from [n|. We would like to derive
a lower bound on the above testing problem. Specifically, let R(.A;) denote the risk of
Ay, i.e., the sum of the Type-l and Type-ll error probabilities associated with the detection
algorithm A,. We start by using the following standard lower bound on the risk R(.A;)
of any algorithm [Tsy08, Theorem 2.2],

R(An) =2 1= TV(Py,, Pyy). (56)

Next, recall that in the previous subsection we have proved that P(4 > L*) < ¢, where
L* £ Qz—i (14 0(1)). Throughout the rest of the proof, we assume that we are in the
regime where L* > 1 (as it is on the boundary Q = Q*), otherwise, detection is clearly
impossible. Indeed, if L* < 1, then this implies that the query mechanism do not probe
any planted edge. Thus,

TV(Pyy, Pyyr) = TV(Pyyy, Eg Py ) (57)

19



< Eg [TV(IP%,]PH“%)] (58)
<O+ ), TV(Pyy, Py je—y)P(€ = 1), (59)

£<L*
where the first inequality follows from the convexity of (P, Q) — TV(P, Q). The above
total variation distance can be upper bounded as follows [Tsy08, Lemma 2.7]

2TV (P, Poyt =) < X* (P je—e Py, (60)

where Xz(]PfHﬂcg:g, lP%) is the chi-square distance between IP3;; |-, and IP3;,. It should
be clear that this total variation is maximized at the boundary, namely, when ¢ = L*.
Accordingly, without loss of generality, below we focus on this case and ignore the con-
ditioning on ¢, namely, we treat IP3;/ | as H]I’)Hi with ¢ = L*.
Let us evaluate the likelihood function ]P—z}. Since,
0

IP’H’l - IE/CNUnif,,,k [IP’HH/C,W;CXK] ’ (61)
it is clear that,
IP/HI _IPH/ L A%%
1 _ . 1IN PVEXK
IP—'HE)(X) - ]EICNUmf,,,k Q®Q (X) (62)
= Ex~unif,, | [ XD, (63)
LiEWKkxk
where f £ g Thus,
P 12
7_[/
X*(Pyy, Pyy) +1=Ep,, ., X) (64)
Ot Hy
= Ex, ko~ Unif, B, IT 7x) 11 s (65)
O i€Wi xx, €Wk, K,
= Ex, iy~ unif, Ep,, I £2(X) I f(Xi)
0 _iGW}ClxKlﬁW;CZX/CZ iGWleKlAWICZX/CZ
(66)

= i, iy~ Unif, I ]EPH6f 2(X;) I ]E]P%f (Xi)

€Wk, xky Wiy x Ky €Wk, xic; AWiyx kK,

(67)
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= Ex, Ky~ Unif, I ]EJP%f 2(X;) (68)

€Wk sy MWiey x iy
= Ex, auniye |(L+ 22(P, @)t Wil (69)

where the last equality holds since Ep,, f(X;) = 1 and 1+ xX2(P,Q) = Ep,, 2(X;). To
conclude ' '

)(2(]137"5/1’ ]Py.%) +1 = Eg, 1c,~Unif, [(1 +22(P, Q))\Wicl x/clﬁwiczxicz\] ) (70)

Now, we note that if Ky N K, = @ then, obviously, |Wi, xx, N1 Wi, xk,| = 0, and thus we
may focus on sets K1 and K, such that | N /Cy| > 0. Now, given K; and Ky, the ran-

dom variable H, i, = Wi, xic;, N Wi, x k., | is clearly upper bounded by L* A (“Clrzmz‘).
Therefore,
2Py, Pryr) +1 < By iyt {(1 (P, Q))L*“'“?’C”] . 71)
Using (60) we have
2 TV(Pyy, Py ) < X% (Pyyr, Pay ) (72)
< Eky Ky ~Unif, [(1 +X*(P, Q))L*A(MQKZ)} -1 (73)

. (IKink
< Ex, Ky~ Unif,, {exp (L N (' ! ) 2|) - X(P, Q))} -1 (74

Next, notice that H = |K; N Ky| ~ Hypergeometric(n, k, k), and as so, with this notation,
we get

H
XZ(PHll’PH()) < ]E/CL/CZNUnifn,k |:exp (L* A (2) 'Xz(Pr Q))} -1 (75)

We analyze the two possible cases: L* > (';) and L* < (';) Furthermore, in the sequel we
assume that k < v/2n, and then discuss the complementary region. Starting with the case
where L* > (1)), we have

cfon (0 (2) w0) s f ()
elen(() ) ()] oo

To analyze this, we use the following tail bound on Hypergeometric random variable
(see, e.g., [ACV14, WX23]),

P (H >h) <exp (—k-du (h/k[lp)), (77)
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for any h/k > p, where p = k/n. Using the definition of the KL divergence and the
identity (1 — x)log(1l — x) > —x, we get

dgy (al|b) > alog% —a. (78)
Using (78), we note that,
k-dkL (h/kl|p) > hlogﬁ—h (79)
nh
= hlog i h. (80)

Accordingly, we have

SPH<1)+ ) e W PR kda(h/Klp) (81)
h=2
\/E h nh
<1+ Z p (T 2(P,Q)— 10gk2+1> (82)
h=2

For a > 0 fixed, the function x — ax — log x is decreasing on (0,1/4) and increasing on
(1/a,00). Therefore,

h—1

—— x*(P, Q) —log k? < —w, (83)

where
w = min <log:—2 — % - X2(P,Q),log n\/k? — \/%_ ! X2(P, Q)) . (84)
Substituting L* = k*Q/n?, while noticing that log ” = log % + O(log IOg”) =[1-

0(1)] - log %, the second term in the minimum tends to oo if

2

n n
2—€) 5—F—=—=log"—,
Q<(2-¢) 37 P, 0) % % (85)
for any € > 0. This is also the case of the first term, since
1 L* Lx—1
log 12— 2P, @) =1og " - Y=L 22(p, 0) 4 Y 2P, ©) ~ 05 VI,

(86)
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with the second difference bounded from below if x?(P, Q) is finite. Hence the sum in

(82) converges to zero, and we get

E [exp ((;') -xX*(P, Q)) 1 {L* > (;') H <1+o(1). (87)

Next, we turn to the case where L* < (). We have

cfon (0 (2) w0) oo ()

= exp <L* x> (P, Q)) P [L* < (;l)] (88)
< exp (L* - x3(P, Q) — V2L*log n\/k? + @) (89)
= exp [—@ (lognki\/?—l— %-)(2(73, Q))] , (90)
where the inequality follows from (77) and (78). Substituting L* = k*Q/n?, and noticing
that log “ k%"* = log # + O(log 10%") = [1 —o0(1)] -log %, it is clear that the right hand side

of (90) converges to zero as long as
2
€)
x4 (P, Q)
for any € > 0. Accordingly, under this condition (90) converges to zero. Combining (75),
(87), and (90), we get that for k < v/2n,

Q< (2— log2 %, (91)

X*(Pyy, Pyy) <1+0(1) =1 =o0(1), (92)

provided that (85) and (91) hold (which coincide), as required (see, (3) in Theorem 1).
Finally, we mention that the complementary case, where k > +/2n follow from almost
the same arguments as above, with the following small modifications; specifically, in this

regime, we use the following tail bound on Hypergeometric random variable
P (H <h) < exp (—k-dx (1 —h/k|[1—p)), (93)

for any h/k < p, where p = k/n, and we lower bound the KL divergence using,
1—a
1-b

Then, repeating the same steps above it can be shown that now the lower tail term is

dkL (ﬂ||b) > —a+ (1 — a) log

(94)

asymptotically small, namely,

() emo)efes (O o o
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while the upper tail term is,

E [exp (L* A (;') X3P, Q)) 1 {L* < (;I) H <1+o0(1), (96)

and thus )(Z(IPHQ, IP;%) < 1+40(1) —1 = o(1), provided that the same conditions as in
(85) and (91) hold. This concludes the proof (see, (3) in Theorem 1).

4 Conclusion and Outlook

In this paper, we formulated and analyzed a variant of the classical PDS problem, where
one can only observe a small part of the graph using non-adaptive edge queries. This
problem is relevant, for example, when access to the edges (connections) between ver-
tices (individuals) may be scarce due to privacy concerns. For this model, we derived
the number of queries necessary and sufficient for detecting the presence of the planted
subgraph, up to a constant factor. For the special case of planted cliques, our results are
completely tight. This work also has left number of specific problems open, including the

following:

* It would be quite interesting to provide any concrete evidence for our conjectured
statistical-computational gap either by means of an average-case reduction from
the planted clique problem, or failure of classes of powerful algorithms (such as,
sum-of-squares hierarchy, low-degree polynomials, etc.), below the computational

barrier.

* Our bounds are almost tight in the sense that there is a multiplicative constant gap
between our lower and upper bounds. As was mentioned in the paper, we believe
that the source for this gap is our lower bound; the x*(p||q) factor should be in
fact d2, (p||q). We suspect that one way to prove this is by applying a truncation
procedure on the likelihood analysis when deriving the lower bound on the risk.

* In this paper, we analyzed the regime where the edge probabilities p and g are fixed
and independent of n. The regime where p and g depend on 1, e.g., both decay poly-
nomially in 7, is quite important and challenging. It would be interesting to find the
phase diagram for this case. Note that here x?(p||g) is not a constant anymore, but
decays with n polynomially fast.

* While in this paper we have focused on the detection problem, it is interesting to

consider the recovery and partial recovery variants of our setting as well.
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