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We provide a roadmap for analyzing the interplay between hypothetical future collider observa-
tions and the detection of a gravitational wave signal produced by a strong first order electroweak
phase transition in beyond the Standard Model (BSM) theories. A cornerstone of this roadmap
is a combination of a dimensionally reduced, three-dimensional effective field theory and results of
both perturbation theory and non-perturbative lattice simulations. For the first time we apply these
state-of-the-art methods to a comprehensive parameter space scan of a BSM theory. Concretely,
we study an extension with the real scalar triplet, which admits a possible two-step electroweak
symmetry-breaking thermal history. We find that (1) a first order transition during the second step
could generate a signal accessible to LISA generation detectors and (2) the gravitational wave signal
displays a strong sensitivity to the portal coupling between the new scalar and the Higgs boson, and
(3) the ability for future experiments to detect the produced gravitational waves depends decisively
on the wall velocity of the bubbles produced during the phase transition. We illustrate how a com-
bination of direct and indirect measurements of the new scalar properties, in combination with the
presence or absence of a gravitational wave detection, could test the model and identify the values
of the model parameters.

In the Standard Model (SM) of particle physics
electroweak symmetry is smoothly broken through a
crossover transition as the temperature is lowered below
the electroweak scale [1, 2]. However, the nature of the
transition can be modified in the presence of physics be-
yond the Standard Model. Extended Higgs sectors in
particular can lead to a first order electroweak phase
transition (EWPT) with several associated theoretical
and phenomenological implications. Such a phase tran-
sition could provide the necessary preconditions for the
generation of the observed baryon asymmetry via elec-
troweak baryogenesis [3–5]. Experimental signatures in-
clude deviations from SM predictions for various high
energy collider observables [6] – at both present day and
planned future next-generation detectors – as well as
production of primordial gravitational waves (GW) that
may be accessible by next-generation experiments [7–9].
The latter include LISA [10], DECi-hertz Interferometer
GW Observatory (DECIGO) [11, 12], Big Bang Observer
(BBO) [13], TAIJI [14] and TIANQIN [15]. These exper-
iments would provide a looking glass into a cosmic era
that significantly pre-dates the epoch of recombination.
Thus, the combination of collider and GW probes hold
the prospect of revealing in detail the BSM physics of the
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hot plasma consisting of particles and interactions at the
time of electroweak symmetry breaking.

Many BSM theories can accommodate a first order
EWPT – which proceeds via bubble nucleation – when
the new degrees of freedom lie close to the electroweak
scale and couple with sufficient strength to the SM Higgs
boson. The EWPT, thus, provides a clear target for col-
lider and GW experiments [6, 8]. One then encounters
two questions:

1. The “GW – collider inverse problem”: can a combi-
nation of collider and GW observations be used to de-
termine the BSM scenario responsible for the observed
signals, and can these GW observables be used to mea-
sure relevant model parameters?

2. Theoretical robustness: how reliable are the compu-
tations that attempt to address the first question?

Several studies addressing the GW-collider inverse
problem have been published in the past decade (c.f.
[8, 16] and e.g. [17–22]). Most have solely relied on the
use of perturbation theory to analyze the EWPT thermo-
dynamics and nucleation dynamics. However, enhanced
thermal contributions from bosonic infrared modes ren-
der perturbation theory suspect in this context [23].

For quantitative and, in some cases, even qualitative
reliability, it is critical to resort to non-perturbative ap-
proaches. Such non-perturbative studies are provided
by lattice simulations [24–29] of dimensionally reduced
[30, 31], three-dimensional effective field theories (3d

ar
X

iv
:2

20
3.

05
88

9v
2 

 [
he

p-
ph

] 
 3

 M
ay

 2
02

4

mailto:leonsteffenf@umass.edu
mailto:mjrm@sjtu.edu.cn, mjrm@physics.umass.edu
mailto:tuomas.tenkanen@su.se
mailto:vqtran@sjtu.edu.cn; que.tranvan@phenikaa-uni.edu.vn


2

EFT) [32, 33].1 In this framework, recent work [35] yields
the model-independent conclusion that a GW signal can-
not be accessible to LISA generation experiments, if the
new scalar is sufficiently heavy that transition dynam-
ics are described by the SM-like 3d EFT. Evidently, a
GW signal detectable by LISA generation experiments is
likely only if new scalar is light enough to be dynami-
cal and actively present in simulations. Such simulations
were recently performed in [28] for the real triplet ex-
tension of the SM (ΣSM), which non-perturbatively con-
firmed the possibility of two-step electroweak symmetry-
breaking in the early universe that had been proposed
by previous perturbative studies [36–38]. See also simi-
lar recent study [39] for the real singlet-extended SM.

While a fully non-perturbative treatment of the ΣSM
bubble dynamics (as in [40–42]) remains to be imple-
mented, it is nevertheless of interest to address the GW-
collider inverse problem (c.f. [43]) by drawing on the
cutting-edge perturbative treatment for thermodynamics
and results from non-perturbative (lattice) simulations.
Doing so is the goal of this letter. We emphasize that
use of perturbation theory is essential in order to draw
conclusions regarding the full parameter space of a BSM
theory; due to the large computational demand, non-
perturbative studies are limited to selected benchmark
points. Our objective is to provide a template for future
studies that may be performed for other models and, ul-
timately, rely on further advances in the theory of bubble
dynamics. In addition to reliance upon the combination
of lattice and EFT computations for a dynamical BSM
scalar, the novel features of this work include:

• We map the relevant portion of the model phase
diagram into the plane of the key inputs for GW
signals, (α, β/H∗) [8, 44], and determine in detail
how these inputs evolve with the parameters that
characterise the phase diagram. To our knowledge,
such a mapping and determination of this evolution
has not yet been carried out in the full parameter
space for any phenomenologically-viable BSM sce-
nario while drawing upon state-of-the-art thermo-
dynamics discussed above. Importantly, our analy-
sis combines multiple developments in computation
of the thermodynamics by utilizing the 3d EFTs,
including non-perturbative information from lattice
studies (c.f. [28, 35, 45–48]).

• We explore the relation between future collider
physics phenomenology and GW probes. In doing
so, the specific numbers we assume for hypothetical
collider measurements are less important than the
larger lesson that we illustrate: how the combina-
tion of results can address the GW-collider inverse
problem.

1 Recent [34] provides a public package for 3d EFT construction
in generic models.

The choice of the ΣSM is particularly well-suited for
the illustration of this theoretical “template”. It entails
the minimum number of new scalar degrees of freedom
that are charged under the SU(2)L electroweak gauge
group; if a Z2-symmetry is imposed, only a relatively
small number of new parameters are introduced – the
triplet scalar mass (mΣ), self-coupling (b4), and Higgs
portal coupling (a2) – thereby enabling predictivity; and
it allows for the non-trivial thermal history of multi-
step electroweak symmetry-breaking. The first transi-
tion, when it is first order, arises via a radiatively in-
duced barrier. The second comes from a tree-level barrier
in the presence of the thermal loop contributions to the
potential. Even for a dynamical triplet scalar, a LISA-
generation experimental signal is likely possible only from
the second step in the two-step scenario. We learn that
the value of the Higgs portal coupling is decisive for
this accessibility. Moreover, strength and duration of
the transition depend strongly on a2; O(1%) changes in
its value can lead to order of magnitude changes in the
strength and duration. Thus, the GW search provides a
particularly powerful probe of the Higgs portal coupling.
In the collider arena, the Higgs diphoton decay rate, as
well as the neutral triplet diboson decay rate, have an
analogous sensitivity to a2 as well as sensitivities to the
new scalar mass. Thus, a combination of GW and col-
lider searches provide a means of identifying the relevant
region of parameter space for a two-step transition that
is unlikely to be obtainable by either probe alone.
We consider the most general renormalizable scalar po-

tential for the ΣSM [28, 36, 45, 49–51]

V (H,Σ) = − µ2
hH

†H − 1

2
µ2
ΣTr(Σ

2)

+ λh(H
†H)2 +

1

4
b4[Tr(Σ

2)]2

+
1√
2
a1H

†ΣH +
1

2
a2Tr(Σ

2)H†H , (1)

where H is the SM Higgs doublet and the real scalar

Σ =

(
Σ0/

√
2 Σ+

Σ− −Σ0/
√
2

)
(2)

transforms as (1, 3, 0) under the SM SU(3)C ×SU(2)L×
U(1)Y gauge group and is comprised of new neutral and
charged particles Σ0 and Σ±, respectively. The triplets
are primarily pair produced at colliders via charged- and
neutral-current Drell-Yan processes qq̄ → Σ+Σ− and
qq̄ → Σ±Σ0 [49]. For the non-Z2 symmetric case, the
neutral triplet has several interesting decay channels,
such as decay into gauge boson pairs. Here, we focus
on the decay Σ0 → ZZ and additionally on Σ± loop-
induced modifications of the Higgs to diphoton decay
rate. Selected formulae for partial widths, branching
fractions and decay rates are collected in the Appendix B.
These observables may be probed with future data at the
LHC as well as prospective future colliders, including the
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Future Circular Collier (FCC) [52], Circular Electron-
Positron Collider (CEPC) [53], International Linear Col-
lider (ILC) [54], Compact Linear Collider (CLIC) [55, 56],
or a high energy muon collider [57, 58].

We employ thermal quantum field theory methods to
obtain the quantities that govern the GW spectrum: Tp,
the percolation temperature related to bubble nucleation;
α at Tp, which describes the strength of the transition in
terms of the trace anomaly, related to entropy density
and pressure between the phases; and β/H∗, inverse du-
ration of the transition, evaluated at Tp. For exact defini-
tions, see [8, 43, 46]. The thermodynamics of the EWPT
in ΣSM were first studied in [36] using 4d perturbation
theory and the ℏ-expansion to ensure gauge invariance
[59]. As observed in that work, and subsequently verified
in Refs. [28, 36–38], the model allows for a “two-step”
EWPT. During the first transition, wherein a thermal
loop-induced barrier separates the symmetric and broken
phases, the triplet acquires a non-zero vacuum expecta-
tion value (VEV). The second transition to the Higgs
phase, which entails traversing a tree-level barrier, can
be a sufficiently strong first order EWPT to provide for
an observable GW signal. Here, we focus solely on these
strong second transitions.

In our computation we work in 3d EFT with next-to-
leading order dimensional reduction [32, 45], and com-
pute the effective potential [28, 60] and the bubble nucle-
ation rate in analogy to analysis in [46, 47] (c.f. [48]), to
obtain Tp, α, β/H∗, described above. These parameters
can be used in PTplot tool [8] to obtain GW power spec-
trum Ω(f) as function of frequency, and LISA signal-to-
noise ratio (SNR). The detailed calculations of the ther-
mal parameters are shown in Appendix A. For relativistic
hydrodynamic simulations of GW production from first
order phase transitions, see [61–67].

The regions of the two-step viable parameter space
have been identified using a combination of the 3d EFT
perturbation theory and lattice simulations involving a
dynamical triplet in Ref. [28]. In analogy to [47], we de-
termine bubble nucleation rate, from which we obtain Tp

and β/H∗, only at leading order in 3d EFT, which acts as
the limiting theoretical uncertainty in our computation
[46, 47]. In particular, in terms of the EFT description of
[48] – where nucleating fields represent zero Matsubara
modes of the original theory before dimensional reduction
– we compute the leading order effective action within
the EFT, but emphasize that several higher order, hard
thermal scale contributions are resummed therein, such
as two-loop thermal masses. For consistency, we also use
leading order result for α.

We consider the wall velocity (vw) as a crucial input
parameter for gravitational wave (GW) production, yet
its exact value remains unknown. For our analysis, we
set vw = 0.63, chosen to optimize the SNR prediction at
LISA, as demonstrated in Fig. 1. For recent development
on computing vw from first principles, see [68–74].

Our numerical analysis consists of two parts:

1. We scan through the whole model parameter space

0.0 0.2 0.4 0.6 0.8 1.0
vw

0
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m = 200 GeV, a2 = 1.70
m = 250 GeV, a2 = 2.29

FIG. 1. The LISA SNR as a function of wall velocity. The
dashed black, purple, and blue lines correspond to benchmark
points with (mΣ, a2, b4) values of (160 GeV, 1.32, 0.1), (200
GeV, 1.70, 0.1), and (250 GeV, 2.29, 0.1), respectively. The
dotted red line indicates SNR = 5.

(mΣ, a2, b4) to identify the two-step phase transition re-
gions [28].2 For each point therein we compute the GW
parameters, Ω(f), and LISA SNR value. Assuming an
observation occurs for SNR ≥ 5 [75], we project the re-
sult back onto the (a2, mΣ) plane.
2. We provide a template for future collider diagnos-
tics, by selecting a benchmark parameter point inside the
two-step region and by envisioning hypothetical measure-
ments. We then identify the hypothetical collider-allowed
region in the (a2, mΣ) and (α, β/H∗) planes.
We start from 1: Fig. 2(a) shows the model phase

structure projected in the (mΣ, a2) plane with fixed cou-
pling b4 = 1.0. The pink region indicates the parame-
ters accommodating a two-step EWPT history. Therein,
the nucleation process does not complete for parame-
ters outside the black dashed contour. The green and
light blue areas correspond to a one-step first order
EWPT and crossover transition, respectively. We use
non-perturbative information from lattice simulations of
[25] along lines of [35, 45, 76, 77] in order to delineate the
boundary between these two regions. Varying b4 leads to
mild changes in the EWPT-viable regions as detailed in
Appendix B.
Fig. 2(b) illustrates a scatter plot of the values of α and

β/H∗ corresponding to the area enclosed by the black
dashed curve in Fig. 2(a). The dashed green line indi-
cates the experimental sensitivity of DECIGO with the
“Correlation” design [12], with vw fixed at 0.95. The

2 In the non-Z2 symmetric case, there is also non-vanishing a1 pa-
rameter. However, it is constrained to be small and has negligible
effect for thermodynamics [36, 49].
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FIG. 2. Panel (a): The phase structure of the real-triplet model is depicted in the (mΣ, a2) plane, with b4 fixed at 1.0. The
grey, pink, green, and light blue regions represent the metastable electroweak minimum, two-step, one-step first order phase
transition, and crossover transition, respectively. Inside the dashed black contour within the two-step region, bubble nucleation
completes. Panel (b): Results for completed two-step transitions are displayed in the (α, β/H∗) plane as a scatter plot of light
pink points. Solid red and blue lines represent results with fixed mΣ = 150 GeV and 200 GeV, respectively, as also depicted in
panel (a); arrows indicate the increase of the coupling a2. Additionally, dashed green, dotted, and dashed black lines indicate
sensitivities from DECIGO with fixed vw = 0.95, LISA with fixed vw = 0.95, and LISA with fixed vw = 0.63, respectively.
Panel (c): The 2σ favored regions from hypothetical collider measurements BMA (BMA′) are depicted as blue (cyan) regions,
and the sensitivity from LISA with SNR ≥ 5 is shown as a purple band, projected onto the phase structure. Panel (d): The
2σ favored points of BMA (blue circle) and BMA′ (cyan star) are plotted in the (α, β/H∗) plane.

dotted and dashed black lines represent the sensitivity
threshold of SNR=5 for LISA, with vw fixed at 0.95 and
0.63 respectively [8]. The region probed by LISA is sig-
nificantly influenced by the chosen value of vw. Opting
for vw = 0.63 enables the exploration of a portion of
the two-step region, whereas none of it is accessible with
vw = 0.95. However, DECIGO with vw = 0.95 has the
capability to probe a part of the two-step region. 3

3 For illustration of this line, we have fixed T∗ = 100 GeV, while

It is particularly interesting to determine the depen-
dence of the GW parameters on a2 and mΣ. To that
end, for visualisation we choose two values of the latter,
mΣ = 150 and 200 GeV, corresponding to the red and
blue lines, respectively, in Fig. 2(a). Arrows indicate in-
creasing a2. We recast these lines in Fig. 2(b), thereby
depicting the corresponding trends in α and β/H∗. It is
evident that the GW parameters carry a pronounced sen-

for all scatter points we have specific Tp determined individually
for each point.
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sitivity to the Higgs portal coupling and a milder depen-
dence on the triplet scalar mass. In particular, a larger a2
results in a stronger phase transition and a larger transi-
tion duration time. For instance, for the case mΣ = 200
GeV, at a2 = 1.685 the values of α ∼ 3 × 10−3 and
β/H∗ ∼ 103, but increasing a2 by ∼ 1% results in α
(β/H∗) increasing (decreasing) by more than one order
of magnitude. Moreover, a decrease in the mass of the
triplet scalar leads to a stronger phase transition, conse-
quently shifting towards regions that will be probed by
future GW detectors.

To illustrate the interplay with collider phenomenology
and provide a template for future analysis (point 2 above)
we envision a hypothetical set of measurements:

δγγ = −0.132± 0.015, (3)

mΣ = (200± 5) GeV (4)

BR(Σ0 → ZZ) = 0.01± 0.002 , (5)

where δγγ gives the change of the Higgs diphoton decay
rate relative to the SM prediction and where the decay
Σ0 → ZZ occurs only for the non-Z2 symmetric version
of the model (a1 ̸= 0). For these two quantities, the cen-
tral values correspond to a2 = 1.665 and b4 = 1.0. The
uncertainty on the diphoton rate measurement is chosen
to correspond to the sensitivity of future lepton collider
FCC-ee [78]. For a similar discussion in case of the mea-
surements for HL-LHC, see Appendix B. For uncertainty
in the triplet scalar mass, we pick an arbitrary, yet con-
servative estimate. The mass can be identified via a re-
construction of the 4 leptons (or ZZ) invariant mass if
an excess of ZZ pairs is observed. Note that if the triplet
scalar is stable (due to Z2 symmetry), its mass can be
measured using the disappearing charged tracks search at
the LHC [79, 80]. The uncertainty in the BR(Σ0 → ZZ)
measurement is taken to be 20% of the central value.
We note that this choice for uncertainty is arbitrary, and
used here solely for the purpose of illustration, indicating
roughly the level of accuracy required to decisively indi-
cate two-step phase transition. We denote benchmarks
without (with) BR(Σ0 → ZZ) measurement as BMA
(BMA′). In the Appendix B we discuss in more detail
how BR(Σ0 → ZZ) and δγγ depend on mΣ and a2, and
present another illustrative choices for benchmark points.

The 2σ favored region from the BMA (BMA′) mea-
surement is represented by the blue (cyan) area in the
(mΣ, a2) plane of Fig. 2(c). We see that BMA is con-
sistent with either a first order transition or an unsta-
ble electroweak vacuum. For the cosmologically viable
region, however, this combination of collider measure-
ments is not by itself sufficient to discriminate between a
one-step or two-step transition scenario. For the non-Z2

symmetric version of the model, additional collider infor-
mation from BR(Σ0 → ZZ), as in BMA′, could indicate
that the 2σ region lies mainly within two-step parameter
space.

A GW signal could provide a complementary indicator,
independent of the presence or absence of Z2 symmetry.

To illustrate, we recast the LISA sensitivity region from
Fig. 2(b) (with vw = 0.63) to Fig. 2(c) by narrow purple
region. In this example, the combination of GW observa-
tion and collider significantly narrows down the parame-
ter region of BMA, as well as BMA′. This feature results,
in part, from the strong sensitivity of the GW signal to
the Higgs portal coupling a2. It is also worth noting that
the combination of collider and GW results provide an
important consistency test of the model. For example, if
the BMA′ region resulting from addition of the Σ0 → ZZ
decay were not to overlap with the LISA band, then one
would conclude that the GW signal results from a differ-
ent source.
It is also interesting to ask how the collider discovery of

a given model and constraints on its parameters might in-
terface with a LISA null result. To illustrate this possible
scenario, we project the BMA and BMA′ allowed points
into the (α, β/H∗) plane as depicted in Fig. 2(d). A neg-
ative result from LISA would consequently disfavour the
points represented by the blue circle (BMA) and cyan
star (BMA′) located within the region where SNR ≥ 5.
The remaining portion of the collider-allowed two-step
region could, nevertheless, accommodate a future gener-
ation GW probes. Even in this case, however, develop-
ment of even more sensitive GW probes would be needed
to cover the entire collider-favoured, two-step parameter
space. Only in that case would one be able to defini-
tively conclude that the electroweak symmetry-breaking
transition in this model was not first order (two-step).
We conclude that strong two-step transitions in the

ΣSM are highly sensitive to the triplet-Higgs portal cou-
pling. Therefore, a detection of a GW background signal
could lead to a precise determination of the portal cou-
pling, providing a complementary probe to future high
energy colliders. We expect this feature persists in the
case of other scenarios. More generally, the foregoing dis-
cussion provides a roadmap for future studies of the GW-
Collider inverse problem, whether in the ΣSM or other
models. Key ingredients include (1) several “upgrades”in
the use of perturbation theory treatment of EWPT ther-
modynamics and nucleation dynamics:4 we include sev-
eral higher order thermal resummations [28, 45]; our per-
turbative expansion is consistent in powers of couplings
and includes renormalization group improvement related
to hard thermal scale [47, 87–89]; our analysis is properly
gauge invariant [46, 59]; and we perform self-consistent
computation of the bubble nucleation rate [46–48]. (2)
The presence of the two-step EWPT-viable region of pa-
rameter space and the character of the each transition has
been determined by lattice simulations in [28]. Findings
therein support perturbative computations here. Future

4 Our cutting-edge perturbative computation of thermodynamics
could still be improved. This is to go even further beyond by
adding several higher order corrections in analogy to individual
state-of-art computations presented in [28, 46, 81–85]. Also see
[86].
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refinements should include a non-perturbative determi-
nation of the bubble nucleation rate [40, 41] (also cf. re-
cent [42]). Perturbative 3d EFT computations here pave
the way for such future lattice simulations, that would
push the current state-of-the-art even further. In addi-
tion, a computation of the bubble wall speed as func-
tion of model parameters [73] should still be included, as
well as an improved computation of the GW spectrum
from thermal parameters beyond approximations made
in PTplot [8]. Indeed, our study illustrates the decisive
impact of vw on the sensitivity of future GW detectors to
an EWPT-generated signal. Finally, future work could
include a statistical analysis answering to what degree of
accuracy thermal parameters and underlying model pa-
rameters can be reconstructed from the GW spectra, c.f.
e.g. [43, 90–93].
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[68] D. Bödeker and G. D. Moore, JCAP 05, 025 (2017),
arXiv:1703.08215 [hep-ph].
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Appendix A: Formulae for thermal parameters

Let us discuss in detail our computation of thermal parameters T∗, α and β/H∗ evaluated at T∗. Here T∗ is the
temperature at which gravitational waves are generated. Parameters of the 3d EFT at high temperature are found
by dimensional reduction at NLO, as described in [28, 45]. Renormalization scale of the 3d EFT is fixed to µ3 = T .
Leading order effective potential of the 3d EFT reads

V LO
eff (ϕ3, x3) =

1

2
µ2
h,3ϕ

2
3 +

1

2
µ2
Σ,3x

2
3 +

1

4
λh,3ϕ

4
3 +

1

4
b4,3x

2
3 +

1

4
a2,3ϕ

2
3x

2
3, (A1)

where the background fields ϕ3, x3 have dimension T
1
2 and couplings have dimension T . We emphasize that all 3d

EFT parameters include thermal resummations from non-zero Matsubara modes at NLO, in particular thermal masses
are determined at two-loop order. To guarantee the gauge invariance of the calculation, one can follow [28, 46, 47]
and expand the effective potential order-by-order in the loop-counting parameter ℏ. The expansion of the potential
and its minima read formally

V ℏ
eff = V0 + ℏV1 + ℏ2V2, vmin = v0 + ℏv1 + ℏ2v2, xmin = x0 + ℏx1 + ℏ2x2, (A2)

where V1, V2 are one- and two-loop corrections, respectively [28]. By evaluating the effective potential at its minima,
we obtain

V ℏ
eff(vmin, xmin) =V0(v0, x0) + ℏV1(v0, x0) + ℏ2

[
V2(v0, x0)−

1

2
v21

∂2V0

∂v2
− 1

2
x2
1

∂2V0

∂x2
− v1x1

∂2V0

∂v∂x

]
+O(ℏ3), (A3)

where O(ℏ) corrections for the minima are given as

v1 =

[(
∂2V0

∂v∂x

)2

−
(
∂2V0

∂v2

)(
∂2V0

∂x2

)]−1 [(
∂2V0

∂x2

)(
∂V1

∂v

)
−
(
∂2V0

∂v∂x

)(
∂V1

∂x

)]
, (A4)

x1 =

[(
∂2V0

∂v∂x

)2

−
(
∂2V0

∂v2

)(
∂2V0

∂x2

)]−1 [(
∂2V0

∂v2

)(
∂V1

∂x

)
−
(
∂2V0

∂v∂x

)(
∂V1

∂v

)]
, (A5)

where all derivatives are evaluated at the tree-level minima (v0, x0). To study the phase structure, we determine the
evolution of V ℏ

eff as a function of temperature with different phases. The critical temperature Tc can be determined
by solving the degeneracy condition of V ℏ

eff in any two minima, e.g. V ℏ
eff [(0, xmin), Tc] = V ℏ

eff [(vmin, 0), Tc] for Σ → H
transition.

For thermal bubble nucleation rate, the leading approximation reads

Γ = A(T )e−SLO
eff (Φ3), (A6)

where the prefactor is simply estimated by A(T ) = T 4. In 3d EFT, the leading order action reads

SLO
eff (Φ3) =

∫ ∞

0

drr2
1

2

(
∂Φ3

∂r

)2

+ V LO
eff (Φ3, T ), (A7)
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where Φ3 = {ϕ3, x3} denotes a collection of the background fields in 3d EFT, that minimizes the action SLO
eff and are

determined by solving the following equation of motion,

d2Φ3

dr2
+

2

r

dΦ3

dr
=

dV LO
eff (Φ3, T )

dr
, (A8)

with the boundary conditions

lim
r→∞

Φ3(r) = 0,
dΦ3

dr

∣∣∣∣
r=0

= 0 . (A9)

We utilize the code FindBounce [94] to numerically solve the bounce equation in Eq. (A8) and then evaluate the
action in Eq. A7. The inverse duration of the phase transition can be determined from

β

H∗
= T∗

dSLO
eff

dT
|T∗ . (A10)

The Hubble rate H∗ is assumed to correspond to the radiation dominated universe and is given as

H2
∗ =

ρrad
3M2

Pl

, (A11)

with the reduced Planck mass of MPl = 1.220910× 1019/
√
8π GeV and the radiation energy density

ρrad =
π2

30
g∗T

4. (A12)

Here the number of relativistic degrees of freedom g∗ = 106.75 + 3, where 3 triplet degrees of freedom are added to
the SM value. In this study, we assume that T∗ = Tp, and follow the analysis in [95] to determine the percolation
temperature, Tp, that is the temperature at which satisfies the condition h(tp) = 1/e where h(t) is the fraction of
space at time t. Solving this percolation condition leads to [8, 95]

S(Tp) ≃ 131 + log

(
A

T 4
p

)
− 4 log

(
Tp

100GeV

)
− 4 log

(
β/H

100

)
+ 3 log(vw). (A13)

We fix the bubble wall speed vw = 0.63. The phase transition strength (the trace of the energy momentum weighted
by the enthalpy) can be given as5

α =
T

ρrad

(
T
d∆V ℏ

eff

dT
− 3∆V ℏ

eff

)
/4, (A14)

where ∆V ℏ
eff is the difference in effective potential between the lower and higher phases. Since we do not include

higher order soft corrections, i.e. corrections within the EFT, to the bubble nucleation rate, for consistency we also
determine α at leading order within the EFT.

Finally, we employ the PTPlot package [8, 63] to compute the GW spectrum. To assess the detectability of the
signals, one can define the signal-to-noise ratio (SNR) [8] as follows

SNR =

√
T
∫ fmax

fmin

df

[
h2ΩGW(f)

h2Ωexp(f)

]2
, (A15)

where T represents the duration of the observation period in years, h2ΩGW(f) denotes the spectrum of the fraction
of GW energy from the FOEWPT, and h2Ωexp(f) corresponds to the sensitivity of the experimental setup.

For any future comparison purposes, we provide a benchmark point with input parameters:

mΣ = 160 GeV, a2 = 1.321, b4 = 1.0. (A16)

5 Note that V ℏ
eff lives in the 3d EFT, and is related to the effective potential of parent 4d theory by V 4d

eff ∼ TV ℏ
eff .
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This point admits a two-step phase transition, for which the second transition is of first order. The parameters in the
Lagrangian at the initial scale µ0 = MZ for this benchmark point possess the following values:

(y2t , g
2
s , g

2
2 , g

2
1 , µ

2
h, µ

2
Σ, λh, a2, b4)tree-level

= (0.95386, 1.48409, 0.411406, 0.118004, 7812.5 GeV2, 15898.1 GeV2, 0.124351, 1.321, 1.0) (A17)

at tree-level, and

(y2t , g
2
s , g

2
2 , g

2
1 , µ

2
h, µ

2
Σ, λh, a2, b4)1-loop

= (0.964377, 1.48409, 0.424624, 0.128051, 8050.76 GeV2, 15507.4 GeV2, 0.135361, 1.321, 1.0) (A18)

at one-loop corrections [28, 45]. We systematically evolve all these parameters to the scale µ = πT utilizing one-loop
β-functions specific to the model. Subsequently, we employ the dimensional reduction method outlined in Refs. [28, 45]
to derive the parameters within the Lagrangian of the 3d EFT. In this context, we consider the triplet scalar field to
be dynamic, and set the renormalization scale of the 3d EFT to be µ3d = T .
For this specific benchmark point, we determine the critical temperature of the Σ → H transition to be Tc = 108.54

GeV, along with the following thermal parameters:

T∗ = 74.78GeV, α = 2.965× 10−2,
β

H∗
= 17.37 . (A19)

The SNR from the LISA detector, plotted as a function of wall velocity for this benchmark point, is depicted by the
dashed black line in Fig. 1.

Appendix B: ΣSM phenomenology

Phase transition thermodynamics and possible resulting gravitational wave signatures depend sensitively on the
scalar couplings, but these couplings are notoriously difficult to measure experimentally at colliders. This is in par-
ticular the case for the triplet self-coupling b4. On the other hand, triplet-Higgs portal coupling a2 has reasonable
prospects of being experimentally measured. This could be achieved by precisely measuring the triplet loop contribu-
tion to the Higgs diphoton decay width, or by precisely measuring the branching fractions of the neutral triplet. We
emphasize, that at one-loop level, both of these probes are independent of b4.
The dominant contributions to the Higgs diphoton decay width come from one-loop diagrams featuring the top

quark and W± bosons. With the addition of the charged triplet scalar, the Higgs diphoton decay width [38, 96] reads

ΓΣSM
h→γγ =

α2g22
1024π3

m3
h

m2
W

∣∣∣∣ 4

3
F1/2 (xt) + F1 (xW ) + a2

v2H
2m2

Σ

F0 (xΣ)

∣∣∣∣2 , (B1)

where xi = 4
m2

i

m2
h
and the F0,1/2,1 are loop functions,

F0(x) = x
(
1− xf(x)

)
, (B2a)

F1/2(x) = −2x
(
1 + (1− x)f(x)

)
, (B2b)

F1(x) = 2 + 3x
(
1 + (2− x)f(x)

)
(B2c)

f(x) =

arcsin2(1/
√
x) x ≥ 1

− 1
4

(
ln 1+

√
1−x

1−
√
1−x

− iπ
)2

x < 1
. (B2d)

The SM result follows by taking a2 → 0 in Eq. (B1). Measuring the deviation of the Higgs diphoton decay rate from
the SM prediction will directly constrain a2 and mΣ. We quantify this deviation using,

δγγ ≡
ΓΣSM
h→γγ

ΓSM
h→γγ

− 1. (B3)

We show this quantity as a function of (mΣ, a2) in the left panel of Fig. 3. For simplicity, in Eq (B1) we have neglected
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FIG. 3. Contours for phenomenological quantities of interest in (mΣ, a2)-plane for δγγ (left) and BR(Σ0 → ZZ) (right), on
top of thermodynamic phase structure of Fig. 2(a). For illustration, simplified expressions for both quantities are given in the
main text. In both plots, we include small, non-zero triplet VEV vΣ = 1 GeV. This generates mixing between Higgs and triplet
and leads to singular behaviour for δγγ around mΣ ∼ mH , as well as makes neutral triplet unstable, which allows its decay to
ZZ and other channels.

100 125 150 175 200 225 250
m  [GeV]

0.5

1.0

1.5

2.0

2.5

a 2

LISA sensitivity
BMB (2 )
BMB′ (2 )

FIG. 4. Same as Fig. 2(c), but the uncertainty on δγγ is taken to be σδγγ = 0.04 which can be archived at the HL-LHC [97].

possible mixing between the Higgs and triplet, that would be present in a case of non-zero triplet VEV vΣ. Such
mixing only plays a significant role when mΣ ∼ mH , and we demonstrate that in the aforementioned figure that is
based on more general computation.

Another means to determine a2 (in non-Z2 symmetric case) is by measuring the neutral triplet’s branching ratios.
For low triplet mass, the triplet will decay primarily into pairs of fermions via its mixing with the Higgs boson. For
large triplet mass (≳ 120 GeV) the neutral triplet will decay primarily into pairs of bosons (W±W∓, ZZ, hh). These
decays depend sensitively on a2, and in particular when [50]

µ2
Σ = v2Σb4, (B4)

the off-diagonal terms in the neutral scalar mass matrix disappear, resulting in

ΓΣ0→ZZ = ΓΣ0→hh = 0, ΓΣ0→WW ≈ 1. (B5)

The region of parameter space where this cancellation occurs is close to the region where the two-step phase transition
takes place. For this reason, the branching ratios are sensitive to the value of a2 in the two-step region, providing a
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FIG. 5. Same as Fig. 2(a) but for b4 = 0.25. Relative to Fig. 2(a) two-step region is significantly narrower.

mean to measure it. Since, the Σ0 → hh∗ branching ratio strongly suppressed when mΣ < 2mh, we will focus on the
ZZ decay. When mΣ > 2mZ , the branching ratio for this decay can be approximated using the tree level two-body
partial widths, resulting

BR(Σ0 → ZZ) ≈ ΓΣ0→ZZ

ΓΣ0→WW
=

√
m2

Σ − 4m2
W

(
m4

Σ − 4m2
Σm

2
W + 12m4

W

)
1
2

√
m2

Σ − 4m2
Z (m4

Σ − 4m2
Σm

2
Z + 12m4

Z)

(
4vΣ
vH

cot θ + 1

)2

. (B6)

This expression is defined in the mass eigenstate basis(
h1

h2

)
=

(
cos θ − sin θ
sin θ cos θ

)(
H0

Σ0

)
, (B7)

where mixing angle θ is defined to diagonalise neutral scalar sector

1

2

(
H0 Σ0

)
MN

(
H0

Σ0

)
=

1

2

(
h1 h2

)(m2
h 0
0 m2

Σ

)(
h1

h2

)
, (B8)

where mh = 125.1 GeV is the observed Higgs boson mass. The neutral scalar mass matrix reads

MN =

(
2λHv2H a2vHvΣ − 1

2a1vH
a2vHvΣ − 1

2a1vH −µ2
Σ + 1

2a2v
2
H + 3b4v

2
Σ

)
. (B9)

The a1 term in the potential and the triplet’s non-zero VEV are responsible of mixing between the neutral component
of the triplet and SM Higgs. In right panel of Fig. 3 we visualise contours of BR(Σ0 → ZZ) near two-step region.
A non-vanishing vΣ ensures that the neutral component of the triplet unstable, which is also required to avoid dark
matter direct detection constraints [50, 98]. However, the VEV has to be sufficiently small to satisfy constraints from
electroweak precision observables, which require [99]

ρ0 = 1 +
4v2Σ
v2H

= 1.0004± 0.0002 , (B10)

which implies vΣ ≲ 3.5 GeV at 2σ accuracy.
To obtain 2σ favored regions from the collider measurements BMA′ in the main body, we define

χ2 =

(
BR(Σ0 → ZZ)

th − BR(Σ0 → ZZ)
obs

)2

σ2
BR(Σ0→ZZ)

+

(
δthγγ − δobsγγ

)2
σ2
δγγ

+
(mth

Σ −mobs
Σ )2

σ2
mΣ

, (B11)

where σ indicates the uncertainty, and superscripts th and obs represent theory and observed quantities respectively.
We note that, in this analysis, the collider measurements of mΣ, BR(Σ

0 → ZZ) and δγγ are hypothetical measure-
ments. We then demand χ2 < 2.71 to obtain 2σ favoured region.



13

0.5 1.0 1.5 2.0
b4

1.8

2.0

2.2

2.4

2.6
a 2

(a)
metastable
two-step
one-step
crossover

10 4 10 3 10 2 10 1 100
101

102

103

104

/H
*

DECIGO

LISA vw
= 0.63

LIS
A 

v w
=

0.
95

(b)

b4 = 1.1
b4 = 0.8

0.5 1.0 1.5 2.0
b4

1.8

2.0

2.2

2.4

2.6

a 2

(c)
LISA sensitivity
BMC (2 )

10 4 10 3 10 2 10 1 100
101

102

103

104

/H
*

DECIGO

LISA vw
= 0.63

LIS
A 

v w
=

0.
95

(d)

FIG. 6. Same as Fig. 2 but in (b4, a2) plane with fixed mΣ = 250 GeV. In panels (a) and (b), the blue and red lines correspond
to b4 = 0.8 and 1.1 respectively. The cyan band in panel (c) and blue star points in panel (d) represent the 2σ favored region
from BMC measurements.

In Fig. 4 we present a plot in analogy to Fig. 2(c). We take the uncertainty on δγγ from HL-LHC [97],

δγγ = −0.132± 0.04, (B12)

while the triplet mass and BR(Σ0 → ZZ) measurements are kept the same as in BMA. We denote this benchmark
without (with) BR(Σ0 → ZZ) measurement as BMB (BMB′).

Compared to BMA, the worse accuracy reflects to much wider 2σ region (blue) in Fig. 4, making such measurement
alone indecisive for character of the phase transition, as blue region spans from two-step to one-step to crossover.
When accompanied with measurement of BR(Σ0 → ZZ) (BMB′) corresponding 2σ region overlaps with two-step
region and LISA sensitivity, but note that there is another possible, disconnected region in crossover regime, implying
that neither BMB′ alone can be decisive to determine character of the EWPT.

While δγγ and BR(Σ0 → ZZ) are independent on b4 at leading order, thermodynamic phase structure depends
on this parameter. To illustrate this, in Fig. 5 we show a similar plot as Fig. 2(a) but fixing b4 = 0.25. Comparing
with Fig. 2(a), one observes that two-step region is significantly narrower for a smaller value of b4; requiring a degree
of fine-tuning for a model to live in this region. Similar observation has been made e.g. in [100] in case of the real
singlet extension model. We note that Fig. 5 reproduces Fig. 1 in [28], except that here we are unable to delineate
the boundary between the first-order and the crossover regions in two step transitions.

For further illustration, we present yet another choice for a benchmark point of the main body. We define a
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benchmark set BMC:

BR(Σ0 → ZZ) = 0.002± 0.0004, (B13)

with the value for δγγ taken to be the same as in BMA. The central value of the BR(Σ0 → ZZ) corresponds to
mΣ = 250 GeV and a2 = 2.3, and the uncertainty is taken to be 20% of the central value.

Fig. 6 presents an analysis similar to that of Fig. 2, but with key distinctions: we explore the (b4, a2) plane with
the triplet mass mΣ held constant at 250 GeV, treating mΣ as a known parameter.

In Fig. 6(a), we examine how the thermodynamic phase structure varies as a function of b4. Our findings indicate
that the nucleation region for the two-step transition (enclosed by the dashed black line) exhibits a mild dependence on
b4. The thermal parameters, α and β/H∗, show a significant sensitivity to a2, as illustrated in Figure 6(b). Consistent
with the observations in Fig. 2(b), an increase in a2 leads to a higher α and a lower β/H∗. Furthermore, a decrease
in b4 value results in a stronger phase transition, thereby moving into regions that future GW detectors will be able
to probe.

The 2σ preferred regions for BMC are highlighted by a cyan band and cyan star points in Figs. 6(c) and (d),
respectively. The lesson we illustrate is, that if 1) the triplet mass is known from collider experiments, 2) LISA
discovers GW background, and 3) we assume that such a background is a remnant of a strong first order phase
transition in the triplet model, we get relatively stringent constraint on a2 (as well as lower bound – and relatively
less tight constraint – on b4) that translates roughly to collider measurements of BMC. On the other hand, a null
result of LISA is still viable together with measurement BMC; this puts on upper bound on b4 (as function of a2).
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