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Abstract

The ability to deal with complex geometries and to go to higher orders is the main
advantage of space-time finite element methods. Therefore, we want to develop a solid
background from which we can construct appropriate space-time methods. In this pa-
per, we will treat time as another space direction, which is the main idea of space-time
methods. First, we will briefly discuss how exactly the vectorial wave equation is derived
from Maxwell’s equations in a space-time structure, taking into account Ohm’s law. Then
we will derive a space-time variational formulation for the vectorial wave equation using
different trial and test spaces. This paper has two main goals. First, we prove unique
solvability for the resulting Galerkin—Petrov variational formulation. Second, we analyze
the discrete equivalent of the equation in a tensor product and show conditional stability,
i.e. a CFL condition.

Understanding the vectorial wave equation and the corresponding space-time finite ele-
ment methods is crucial for improving the existing theory of Maxwell’s equations and
paves the way to computations of more complicated electromagnetic problems.

1 Introduction

1.1 Derivation of the vectorial wave equation

Before we discuss the vectorial wave equation, let us derive the equation first. For that purpose,
we need to take a closer look at Maxwell’s equations which are used to model electromagnetic
problems and are the foundation of classical electromagnetism. Maxwell’s equations are given
by a system of partial differential equations, namely

curl, £ =-0,B, (1a)
curl, H = 0D + j, (1b)
div,B =0, (1c)
div,D = p. (1d)

In equation (), there are four unknowns: The electric field E, the magnetic field H, the
electric flux density D and the magnetic flux density B. The variable j is the given electric
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current density and p is the given charge density. Additionally to the Maxwell system (II) we
use constitutive relations, also named material laws, relating the electric flux density D with
the electric field £ and the magnetic field H with the magnetic flux density B. In this paper,
we will consider the constitutive relations

D=:¢E, (22)

H=uB, (2b)

where ¢ is the permittivity and p the permeability, which we define in Assumption [Il in more
detail.

How to solve the Maxwell system (I) has been an active field of study in the last cen-
tury. One possible solution is going into the frequency domain. For that purpose, we assume
that the solutions of system (Il) behave like waves in time. In the literature, we find sev-
eral introductions to Maxwell’s equations. We will not discuss the modeling background in
the frequency domain in this paper but simply refer to some of these works such as [33] [19]
or, from a mathematical and numerical point of view [0, 28]. A good introduction to the
computational theory of the frequency domain would be [6l 34]. In the last century, the
time-harmonic Maxwell’s equations were often applied to scattering problems, see e.g. [24].
Analytical solutions to scattering problems can be found in [18] and theory on inverse scatter-
ing and optimal control in scattering by Colton and Kress in 1983, [13]. For an introduction
to inverse scattering problems, we refer to [14].

Another possibility to solve Maxwell’s equations () is the time-stepping method which is
introduced in e.g. [I, Ch. 12.2] and references there. However, the time-stepping approach
exhibits instabilities. A possibility to deal with these complications is to stabilize the system
which is created by the time-stepping method. Examples can be found in, e.g., [2 B 29].
However, since the time-stepping method is a type of finite difference method, it cannot deal
with complex geometries.

The possibility to deal with complex geometries as well as going into higher order is the
main advantage of space-time finite element methods. In this paper, we will set the theoretical
background that is needed for such a method and explore the possibilities and restrictions of
the vectorial wave equation that is derived from Maxwell’s equations. We will also study
elements of second order in time when we apply the theory to a finite element method. The
goal of this paper is to derive a space-time variational formulation for the vectorial wave
equation, show its unique solvability and analyze its numerical properties.

First, we will start by deriving the vectorial wave equation from Maxwell’s equations. For
the modeling, we will assume that all functions in ({II) are smooth and we consider a space-time
domain @ in R* which is star-like with respect to a ball B, and Lipschitz in space. The star-
like property implies that the convex hull of any z € () and B, is contained in Q). Let us not
treat time differently from space, but rewrite the equations such that the partial derivative in
time is simply a partial derivative of a space-time derivative and therefore rewrite Maxwell’s
equations into a 4D system of equations. For this purpose, we use the exterior calculus, which
allows for a metric-independent generalisation of Stokes’ and Gauss’ theorem. In the exterior
calculus, we consider the exterior derivative d, which extends the concept of the derivative of
a function to differential forms of higher degree. This allows us to rewrite Maxwell’s equations
as a wave equation and implies which function spaces are a natural choice for the test and
ansatz spaces of the variational formulation for this wave equation.



Let us therefore formulate Maxwell’s equations using the exterior calculus. A detailed
introduction to the formalism can be found, for example, in [23] [7]. Here we only give the
most important considerations for deriving the vector wave equation. In this context, there
are two important differential forms, namely the Faraday 2-form F' and the Maxwell 2-form
G. The Faraday 2-form F' contains the electric field £ and the magnetic flux density B, while
the Maxwell 2-form contains the electric flux density D and the magnetic field H. The source
term J appears on the right-hand side and includes the current density j and the charge
density p. On the other side, we want to include the material law (2)). This is done by using
a weighted Hodge star operator x> ~# | which maps the Faraday 2-form F to the Maxwell
2-form G using the material law (2]).

If these definitions are inserted into Maxwell’s equations and a metric-independent repre-
sentation is used, the following equations are obtained

dF =0,
dG=J, (3)
G=+x""'F

For the derivation of the equations consider [9] or [8, p. 135]. The third equation represents
the material law (2) and includes the weighted Hodge star operator. As an example for R*
with the Euclidean metric € is the weight in the direction x(dz%,dz%2,dz%)? and (—u~!) in
the direction x(dz?3,dz3!, dz'2)7.

Let us take a closer look at the equations in (3]). The second equation, d G = 7, includes
the second, (ID)), and fourth equation, (Id)), of the system (). The first equation, d F = 0,
includes the first, (&), and third equation (Ic) of the system (I). = Moreover, the first
equation in (3] implies that the Faraday form F is closed and since the domain @ is starlike,
the Poincaré-Lemma, [7, Thm. 4.1], can be applied. The Poincaré-Lemma tells us that the
form F'is closed and therefore exact, i.e. there exists a 1-form A such that d.A = F.

If we insert F' = d.A into the second equation combined with the third equation of ([B)), we
derive the following wave-type equation

A+ dA= 7. (4)
Additionally, we have the following two relations

E=-0,A+ V;A,,
B=VxA4,

where Ag is the time component and A := (Aj, Ay, A3)T the spatial component of A, see
e.g. [23, p. 389|. Note that (@) will result in the scalar wave equation if we use a differential
form of order zero instead of order one for A, while the equation () as such will end up in
the vectorial wave equation. Hence, in terms of differential forms in 4D, the scalar and the
vectorial wave equation are closely related.

Moreover, we know that A is not unique. If we take a 0-form A and add dA to A then
F=dA=dA+ddA=d(A+dA). If we take a look at the corresponding L? function spaces,
we see that this translates to adding the space-time gradient of any H{(Q)-function to the
potential and getting another viable potential. Hence we need a gauge to fix the potential A.
There are many gauges, see e.g. a paper from 2001 on the history of gauge invariance [25].



Depending on the gauge we can derive different equations from (). To derive the vectorial
wave equation, we use the Weyl gauge, also named the temporal gauge, Ag = 0. Then we
consider () in euclidean space and arrive at

O (e(0A)) + curl, (pteurl, A) = 4, (ha)

dive((0,4)) = —p. (5b)

Note that the equation (Bal) is the vectorial wave equation. In addition to these two equations,
we assume that the charge is preserved and therefore the continuity equation

8 + div,j = 0 (6)

holds true. However, this implies assumptions on the regularity of A and j since we are inter-
ested in the second-order time derivative of A and the divergence of j. This will be discussed
further in the section on finite element solutions. The continuity equation is, however, already
included in the combination of both equations of (Bl). On the other hand, we can rewrite the
second equation (Bh)) into initial conditions for 9;A. Indeed, if we assume enough regularity of
A, p, and j, we can take the spatial divergence of the first equation (Gal) and use the continuity
equation to derive

Oy (div, (0 A(t)) + p) = 0.

Hence div, (€0 A(t))(t) + p(t) = divy (0 A(t))(0) + p(0), for all t € (0,T]. Therefore, if 9,A(0)
satisfies

div, (0;A(0)) = —p(0)

then we satisfy (Bh) for all ¢ > 0.

1.2 The vectorial wave equation under consideration of Ohm’s law

Now that we derived the vectorial wave equation, let us take a look at Ohm’s law. In the case
of a conducting material, the electromagnetic field itself induces currents and in the easiest
case this can be modeled by Ohm’s law. Hence, we want to include Ohm’s law into our
equation which is given by

j=0E+j,
where o is the conductivity and la the applied current. The relationship between E and the

magnetic vector potential A is given by F = —0;A. Therefore, in this paper, we consider the
following equation

e0uA + 00 A+ curl, (p ' eurl, A) = j, m@= (0,T) x Q, (7a)
0tA(0,z) = Y(x) in Q, (7b)

A(0,2) = ¢(x) in Q, (7c)

1A=0 on¥={0,T} x0Q, (7d)

where 7; is the tangential trace of A on 2.
Before we state the general assumption of this paper on the functions in ([7), we have to
define a few function spaces that will be used throughout this paper. First, we define for



Q C R, d € N, the space L?(Q;R?) as the usual Lebesgue space for vector-valued functions
v: @ — R? with the inner product (v, w)p2(0) = (VW) 2 (Qra) = fQ(v(ﬂ:),w(x))Rddx for

v,w € L?(Q;R?) and the induced norm I lr2(0) = Ilr2(iray = 4/ (" )r2(q)- Second, we

define L=(;R) := L>®(Q) for Q € R d € N, as the space of measurable functions bounded
almost everywhere and equipped with the usual norm [|-|| (g Third, we define the space

L®(Q;R¥™4) d € N, as the space of matrix-valued measurable functions bounded almost
everywhere with the norm
o o §Tw(z)€
HiUHL@wQ)-—-\hUHLawghRdxd)-—-eSSSUP sup ——=, -
zeQ ozeerd  § &

Finally, we define space-time spaces L?(0,T;X) with the inner product (v,w) L20.T:X) =
fOT(v(t),w(t))th and L'(0,T; L?($;R%)) with the norm lvllor,o = ll2lrror2@ry) =
fOT [0l f2()dt in the same way as above. Additionally, we can define the space HY0,T; X)
as the Hilbert space H'(0,T) over the Hilbert space X, see [21] for more details.

With these definitions we define the tangential trace operator v for d = 3 as the contin-
uous mapping v : H(curl; Q) — H~Y2(9Q;R?). The tangential trace operator is the unique
extension of the vector-valued function v = Yjpa X Iy forv e H 1(Q)?’ that is defined by
the Green’s identity for the curl operator. For d = 2 we define the tangential trace operator
v H(curl; Q) — H~1/2(99) as the unique extension of the scalar function v = Vjgq " T, for
v € HY(Q)?, where 7, is the unit tangent vector, i.e., 7, - n, = 0. We define the usual trace
operator v : H'(Q,RY) — H/2(0Q;RY) as yv := (v)jaq for d € N and H~1/2(99Q) is the dual
space of the Sobolev space H'/ 2(082). For more details on the tangential trace operator -,
consider [15] 4] [6].

For detailed definitions of the spaces Hy(curl; Q) := {v € H(curl;Q)|vnv = 0} and
H(div; ), we reference [6]. However, we quickly note how the curl operator behaves dif-
ferently in two and three dimensions. For d = 2, we set the curl of a sufficiently smooth
vector-valued function v: Q — R? with v = (vi,v2)" as the scalar-valued curl operator
curl, v = 0, vy — Oz,v1. Sometimes this curl operator is called rot. Additionally, for a
sufficiently smooth scalar function w: @ — R, we define the vector-valued curl operator
curl, w = (O, w, —0y,w) . Note that the vector-valued curl operator is the adjoint operator
of the scalar-valued curl operator for d = 2.

In the case of d = 3, the curl of a sufficiently smooth vector-valued function v: Q — R? with
v = (v1,v9,v3) " is given by the vector-valued function

T
Curl{[’ v = (61-2'03 - 81'3/025 a{[’gvl - 81'1/035 81-1'02 - a{[’gvl)

With these definitions, we can write the following assumptions that hold throughout the
paper.

Assumption 1. Let d = 2,3 and the spatial domain Q C R? and supp(c) C R?, o : Q —
R4 be given such that

e  and Q, :=supp(o) C Q are Lipschitz domains,
e and Q = (0,T) x Q is a star-like domain with respect to a ball B.

Further, let o, j, € and p be given functions, which fulfill:



o The conductivity o € L (supp(c); R¥*9), supp(c) C Q, is uniformly positive definite,

1.€.
-
Omin := essinf  inf § o)

> 0.
x€supp(o) 0£EERY £T£

e The applied current density j : Q — R? satisfies J, € LY(0,T; L?(Q;RY)).

o The permittivity e: Q — R4 s symmetric, bounded, i.e. ¢ € L>®(QR¥™), and
uniformly positive definite, i.e.,

T
€min := essinf inf ¢ e(@)

——>0
z€Q 0£cerd  ETE

max

and e := [le| Lo () -

o For d=2, the permeability j1: @ — R satisfies p € L= (4 R), p™* = |[pf| oo (), and

min ‘= inf > 0.
i ess in w(x)

For d = 3, the permeability p: Q — R3*3 is symmetric, bounded, i.e. pn € L>($;R3*3),
X = HMHLOO(Q): and uniformly positive definite, i.e.,

T
Mmin ‘= essinf inf § n)§

5 5 5.
z€Q 04ceRr3  £1E

For the initial data ¢ and v we assume that:
e The initial data ¢ : @ — R? satisfies ¢ € Ho(curly; Q).
o The initial data +p € H(div,; Q) satisfies div,(e)) = —p(0) in Q.

Now that the assumptions are stated and the vectorial wave equation is introduced, let
us take a look at the structure of the rest of the paper. In the remainder of this section,
we will introduce the function spaces that are needed to formulate the space-time variational
formulation of the vectorial wave equation. We will discuss that they are indeed Hilbert
spaces and go over possible basis representations. At the end of this section, we will derive
the variational formulation. The second section of this paper is dedicated to the proof of
unique solvability for the variational formulation and norm estimates of the solution. In this
proof, we will use a Galerkin method and use the previously developed basis representation.
In the third section of this paper, we will discuss the space-time finite element spaces and
discretization. We will derive a CFL condition and take a look at examples that illustrate this
CFL condition. In the end, we will sum up the conclusions and give an outlook.

1.3 The space-time Sobolev spaces

To derive a variational formulation, we need to consider the appropriate function space for
the potential A satisfying (4)). In this section, we will derive them and show properties that
will be needed in this paper.

To derive the function spaces let us assume for a moment that d = 3, then Q@ C R*. From
the derivation of the magnetic vector potential A we know that A is a 1-form in R* For



1-forms the corresponding function space in the L2-Hilbert complex in R* is H(Curl, Q; R%),
see e.g. [36]. The space H(Curl, Q; R*) is defined by

H(Curl,Q;RY) == { w e L*(Q;R") | Curlw € L*(K) },

4
[Curl u);; = Z Eijki Ok,
k=1

see e.g. [36], where K is the vector space of 4 x 4 skew symmetric matrices. Note, that
the operator Curl is an operator in both space and time. Additionally, we use the Weyl
gauge, the temporal gauge which implies Ay = 0, to make the potential A unique in the
derivation of the vectorial wave equation. Hence, we are interested in a function of the
type (0, Ay, Ay, A3)T that is in H(Curl, Q;R*). Rewriting the operator Curl for Ay = 0 and
A= (Ap, AT € H(Curl, Q;R?) leads to the conditions

Ac L*(Q,R?), curl, AcL*(Q,R?, and 9Ac L*Q,R?). (8)

Before we define the appropriate function space, we take a quick look at the coefficients
in the vectorial wave equation (7). When we will formulate a variational formulation for the
equation (7)), we will use the weighted L?(Q; R?)-inner products

(W, 0)2(0) = (€U, V) 120y 5

(Q, y)Lﬁ(Q) = (Milg, y) 12(Q)°
or v, w € ; and the Hg(curl; €2)-inner product
f L?(;R%) and the Hy(curl; Q) prod
(ﬂa Q)HO,E,H(curl;Q) = (Q7 Q)Lg(ﬂ) + (Curlx v, curly M)Li(ﬂy

forv, w € Ho(curl; ©2). Note, that due to the Assumption[lthe norms |[-[| 12 () and |||l g, . curi;00):
induced by (-,-)rz(q) and (- ) m,, , (curl;0), are equivalent to the standard norms H-HLQ(Q) and
II ||H0(curl;Q)7 respectively.
Now let us define the function spaces which we will be using from this point on. Combining
the conditions in () results in the following spaces
HesP Q) = { w e LH(Q,RY) | du € LA(Q), curlu € L2(Q), u(0,z) =0 for z € Q,
yvu=0onX=(0,T) x 0Q } (9)
= L*(0,T; Ho(curl; Q)) N Hy (0,T; L*(Q,RY)),
HeW Q) = { w e L*Q,RY) | u € LA(Q), curlyu € L2(Q), w(T,z) =0 for z € Q,
Yu=0on ¥ } (10)
= L*(0,T; Ho(curl; Q) N H (0, T; L*(Q,RY)).
The subscript ’0,” and ’, 0’ stands for zero initial and zero end conditions. In Lemma we

will see that they are well defined.
Since H&urhl(Q) is the kernel of a bounded space-time trace it is quite natural to assume

that HOC;url;l(Q) is a Hilbert space. We will quickly discuss whether this is indeed true and we
state in which concept C*°(Q)-functions are dense in our space. We end up looking at the
seminorm in this setting which is a good tool for numerical analysis.

So let us start with showing that Hg;{l;l(Q) and Hg%l;l(Q) are Hilbert spaces.

7



Lemma 1.1. Let d = 2,3. The space H'(0,T; L?(Q;RY)) is isometric to the Hilbert tensor
product H'(0, T)QL?(Q; RY) and the space L*(0,T; H(curl; Q)) is isometric to the Hilbert ten-
sor product L*(0,T)&H (curl; 2).

Addtionally the space C*(0, T)R[C>®(Q)]¢ is dense in

HY0, T)QL*(;RY) and L2(0,T)&H (curl; Q)
and C>([0, T))®[C(Q)]? is dense in L?(0,T)®Ho(curl; Q).

See Aubin [II], Thm. 12.7.1 and Thm. 12.6.1. . The second result follows with [27, Ch
1.6.]. Here, ® denotes the tensor product and & the tensor product of Hilbert spaces, where
the resulting space is a Hilbert space itself. Hence we get that C°°(0,T; C>(2)%) is dense in
both spaces H'(0,T; L?(;R%)) and L?(0,T; H(curl;Q)) and therefore is dense in the inter-
sections HS:loil;l(Q) and nggl;l(Q).

Lemma 1.2. The spaces HS:loil;l(Q) and Hg%l;l(Q) are Hilbert spaces equipped with the inner
product

(u, Q)chrl;l(Q) = (w,v) 200 + (O, Ov)r2(Q) + (curly u, curl, Q)LZ(Q) (11)

for all u,v € HOC.url;l(Q). Additionally the initial and end conditions are well defined in
chrl;l ’
0. (Q)

)

Proof. Since the embedding H'(0,T; L?(;R%)) c C([0, T], L?(Q;R?)) is continuous, see [21]
Prop 23.23], we get that H'(0,T;L?(;R%)) c L2(Q;R?) is continuously embedded, see
[21, Prop 23.2], and since Ho(curl; Q) C L%(Q;R?) that L?(0,T; Ho(curl;Q)) C L%(Q;R%)
is continuously embedded, see |21, Prop 23.2]. We know that L?(Q;R?) is continuously
embedded in the Hausdorff space My, see [22, Thm. 1.1.4], where space M consists of
all Lebesgue measurable functions defined on ) that are finite a.e.. Therefore the pair
(H'(0,T; L?(Q;RY)), L?(0,T; Hy(curl; Q))) is a compatible couple, while a compatible pair
consists of two linear subspaces of a larger vector space. In that case the intersection of both

spaces is again a linear subspace of the larger space and a Banach space with the maximum of
both norms, i.e. H(0,T; L?(;R%)) N L2(0,T; Ho(curl; Q)) is a Banach space with the norm

||M||H1(0,T;L2(Q;Rd))mL2(o,T;HO(curl;Q)) = maX{||Q||H1(0,T;L2(Q;Rd))a ||M||L2(0,T;Ho(cur1;ﬂ))},

see |22, Thm. 111.1.3]. Now, (II]) defines a norm that is induced by the inner product and it
is equivalent to the above norm. Hence H&urhl(Q) is a Hilbert space.

Because the embedding H'(0,T; L?(Q;R%)) c C([0,T], L?(£;R%)) is continuous we get well
defined and continuous traces to the boundaries {t = 0} x Q and {t = T} x Q for H&urm(Q).
Since the spaces HS;IOI?;I(Q) and HS%I;I(Q) are the kernels of these traces, we derive that they
are closed subsets of the Hilbert space H&url;l(Q). O

Lemma 1.3. For the spaces H&l&l;l(Q) and HSSBI;I(Q) there exists ¢y > 0 such that

lullr2igy < crllOwull L2 (o)



for allu € HS:&M(Q) oru € HS:SM(Q), d = 2,3. Therefore the seminorm
|u|?{curl;1(Q) = H&eu\lig(@ + || CUﬂxHH%gL(Q),

is an equivalent norm in HOC%H;I(Q) and HOC.USI;I(Q).

This can be proved simply by using the Poincaré-inequality in H'(0,7) and the structure
of the norm ||.[| y1(9 7. x), see e.g. [16] Sec. 4.1] for more details.

1.3.1 Basis representations

To derive a basis representation in H&url;l(Q) we first have to state how we decompose

Hy(curl; Q). The basis representation of HOC;url;l(Q) will be used in the proof of the main
theorem on uniqueness and solvability. To understand the proof better, we will quickly derive
the decomposition. Let us define the subspace

H(dive0; Q) := {i € L*(;RY) : divg(ef) = 0} c L2 (Q;RY)
endowed with the weighted inner product (-,-) 12(0), Whereas the subspace
Xo0,e(Q) := Ho(curl; Q) N H(div €0; ) C Ho(curl; Q)

is equipped with the inner product (-,-) Ho.c.u(curl;2)- With this notation, we recall a crucial
decomposition result, the Helmholtz-Weyl decomposition (I2) of Hy(curl; ().

Lemma 1.4. Let Assumption[dl be satisfied. Then, the the orthogonal decomposition
Ho(curl; Q) = V. H (Q) @ Xo.(Q) (12)

is true, where the orthogonality holds true with respect to (-, )m, . . (curl;)s () Ho,, (curlin) and
() r2(0)-

Proof. For d = 3, the result is stated in [I5, Proposition 7.4.3|. Additionally, for d € {2, 3},
the decompositions follow from properties of the corresponding de Rham complexes, see e.g.
[17, Section 2.3|, [10, Lemma 2.7, Lemma 3.6, Theorem 5.5|. O

Lemma 1.5. The space Ho(curl;2) has a fundamental system {p, tkez which is orthonormal

in the L2(Q)-product. Additionally {¢, trez is constructed in such a way that for every k € No
there exists a A\ > 0 such that

(curl, [ curl, Q)Li(g) = )\k(fk,y)Lg(Q)

for all v € Xo-(Q) and for k € Z\Ng there exists a Ay > 0 and ¢, € HE(Q) such that
¥, = Vady and

(Vadr, Vav) 20y = Me(bks V) 12(0)-

for allv € HY().



Proof. For VH&(Q) we get an orthonormal basis from the Laplace eigenvalue problem:

Find (\g, é%) € (R, HY(Q)), k € Z\Np, such that for all v € H}(Q)

(Vadr; Vav)r2i) = Aok, v)r2@) and [Vt 2 = 1.

The solution to the eigenvalue problem is a non-decreasing sequence of related eigenvalues
Ak > 0, satisfying A\, — 0o as k — —o0, see [35] Section 4 in Chapter 4].
Next, we investigate the eigenvalue problem:

Find (Ar, ¢,) € (R, X0,(2)), k € Ny, such that for all v € Xo.(€2)

= 1. (13)

(@4 V) Hp . (curti) = (1+ Ak) (9, 0)2()  and ka @)

The set of eigenfunctions {¢, € Xo.(€2) : k € No} form an orthonormal basis of H (div £0;)
with respect to (-,-) r2()- Additionally the nondecreasing sequence of related eigenvalues
(1 + Ag), satisfying A\, — oo as k — oo, see [I5, Theorem 8.2.4]. Note that A\, > 0, k € Ny.
This can be shown by estimating

0< CP(£k7£k)Lg(Q) < (Curlaﬂ fk,Cllrlx fk)Li(Q) = (fkafk)Ho’Eﬂu(curl;Q) - (fk’fk)l’g(ﬂ) = A\

using the Poincaré-Steklov inequality, see e.g. [0, Lem. 44.4], and the variational formula~
tion (I3)) for v = ¢, to get the desired result.

Moreover, the set {(1+ )\k)fl/Qcpk € X0:(Q) : k€ Ny} is an orthonormal basis of X -(€2)
with respect to (-, ), , (curl:0) by construction, see (@3), and since X () C H(dive0;Q).
Additionally, we see that the set {e; € Xo(f2) : j € No} is also orthogonal with respect to
(curly -, curly -) r2(e) since it is an equivalent norm in Xo0,:(92) because of the Poincaré-Steklov
inequality, see [0, Lem. 44.4].

Then, by using Lem. [[L4l we arrive at the desired orthonormal basis of Hy(curl; 2) with the set
{v¢k}keZ\No u{(1+ Ak)_l/sz}keNm which is orthogonal with respect to (-, ‘)HO’E’H(CUI.I;Q). O

Now that we know the fundamental system of Hy(curl; ) we can write w € Hy(curl; )

as
00

w(@) = Y wp(x), zeQ,

k=—o00

with the coefficients wy, = (w, ¢ k) 12(Q), k € Z. This basis representation converges in Ho(curl; ©2).
Then the seminorm |- Ho,p(curl;) and the norm Il Ho.o.(curl;2) @dmit the representations

oo

2

|w|H0’H(curlQ Z Ak |w/€| HwHHOchurlQ Z 14 k) |wl€| —|—Z|U} k| (14)
=0 35 k=0 k=1

Let v € H&url;l(Q). Then we learn from |21, Prop. 23.23] that v coincides on [0,7] with a
continuous mapping v : [0,7] — Ho(curl; Q) up to a subset of measure zero. Hence we can
write for t € [0, 7]

o(t) = Y wlt)g,, (15)

k=—00

for some coefficient functions vy : [0,7] — R.
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1.4 The variational formulation

To derive a suitable variational formulation for (7l) we multiply the partial differential equation
with a test function. By using partial integration both in time and space we end up with the
following variational formulation:

Find A € Hg""'(Q) with A(0,.) = ¢, such that

— (€01 A, 010) 12(g) + (00t A, v) 120y + (u "t curl, A, curl, v) (16)

2(Q)
B <1a’9) Q) (0,2(0,)) 12q

for all v € HS™5H(Q).

Note, that the initial condition 0:A(0) = v is incorporated into the variational formulation in
a weak sense while the other conditions E(O) = ¢ and A = 0 are in the ansatz spaces and
therefore are satisfied in a strong sense. In ([I6]) we see the main problem of the equation, the
different signs in front of the first term and the spatial differential operator. Hence, the bilinear
form (7)) defined by the left-hand side of the variational formulation (I6]) is not equivalent to
any inner product. However, if ¢ is large it acts as a stabilization to the equation. We see
this phenomenon in the numerical analysis as well.

In this paper, we will take a look at the bilinear form
aQ(A,v) == —(e0t A, Ov) 12(Q) + (0O A, 1) 12(Q) + (ptcurl, A, curl, v)12(Q) (17)
for A € H&urhl(Q) and ¢ € Hocﬁfé;l(Q). Additionally, we write the right-hand side of (I6) as

the linear form
Flu) = (ia’y)w@ — (€2,000.) 12 (18)

2 Existence and uniqueness

Let us now state the main existence and uniqueness result for the variational formulation (I6)).

Theorem 2.1. Let the Assumption [ hold true. Then there exists a unique solution of the
variational formulation:

Find A € HOC;url;l(Q) with A(0,.) = ¢, such that

—1 e
— (€0LA, 01v) 12(q) + (001 A, 0) 12 () + (u"curl, A, curl, Q)LQ(Q) = (la,2> 2@ (9, v(0, -))LQ(Q)

for allv € Hgffé;l(Q).
If additionally J, € L?(Q;RY) then there exist positive constants Cos Copr Cys and cy such that
|A|?{cur1;1(Q) < cqﬂ@uig(ﬂ) + g7l curl, Qu%ﬁ(g) + CwTHQH%g(Q) + ¢y max{T, Tz}‘|ia||%g(g)-

To prove this theorem we will use a Galerkin method and split the proof into three different
steps. First, we prove the existence in Proposition [ Then, we show the uniqueness in
Proposition 2l In the end, we derive the norm estimates in Proposition B and discuss the
dependencies of the coefficients cg, Cos Cys and cy.
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2.1 Existence

We will start with proving the existence of the variational formulation (I6]). For that purpose,
we have to state two small results that we will be using in the existence proof in Prop. [1l

Lemma 2.2. Let the Assumptiond hold true and u € H?(0,T; L*(Q; R))NL2(0, T; Ho(curl; Q)),
d = 2,3, with uli—o = ¢ and Oyuli—o = 1) be the solution of

(66ttg(t),8tg(t))L2(Q) + (,u_l curl, u(t), curl, atg(t))LQ(Q) ( (1), Opu(t )) 12() (19)

for each t € (0,T) and j € L'(0,T; L*(;RY)). Then

1/2
220 = | [ (ol + lewrlo ) (1) de | < @(T)220) + (D) llano
Q
holds true for all t € [0,T]. The constants ca and c3 depend on T, emin, (™)1, ™ and

(Mmin)il

Proof. Following the ideas of [35, Ch. 4.2] we can transfer the results from the scalar to the
vectorial wave equation. First we integrate (I9) over the interval (0,¢) and use the Fubini the-
orem and the fundamental theorem of calculus. Then we can estimate by use of Assumption [I]
to get

/[amin(atu)z(t,x) + (,umax)_l(curlxu)z(t,x)] dx < / [amaX(atu)Q(o,x) + (,umin)_l(curlxu)Q(O,x)] dz
Q

¢
—i—2//j(s,x)(9tu(s,x) dx ds.
0 Q

Using (a + b)? < 2a® + 2b? and Cauchy-Schwarz leads for s > 0 to
s 2
Jus, ey = [0, + [ 1Bt ) de
0 L2(2)
< 2[u(0, |72 + 28llullZ2((0.0)x0y + 1052l T2 (0,5)x02) + lcurlett|Z2(g oy xy-
By adding both equations together we get for z(t) = ||u(t,.) H%2(Q)+||atu( I3 (@) llcurlzu(t, )||L2(Q)
the inequality

t

min (L, e, (™) "1)2(t) < max(2, €™, () ~)2(0) + 2 / 11120y #/2(s) ds + 2t /
0

for all £ € [0,T]. Then we write

max

max)fl)

a := max(2, ™ (,umin)fl), b := min(1, epin, (1

12



and define 2(t) = ()ril?ictz(f) to get

b2(t) < az(0) + 2||jl 20 (@)Y (t) + 2£24(¢). (20)

After solving this inequality while keeping in mind that /2 (t) > 0 we derive

1 205llz21@ + /4l 2 gy + 4(b — 262)az(0)
2201 < :
2(b — 2t2)

By using va? 4+ b? < (a + b), for a,b > 0, and considering ¢t < min(\/g, T) we get that

. 242, . 2
z1/2(t) < TH]HLQ,I(Q) + \/;\/azlm(o)

since 2(b — 2t%) > b. If \/g < T, then we are done. Otherwise we choose as initial value

t, = \/g, instead of ¢ = 0 and repeat the computations from above to get the desired
result. O

Corollary 2.3. Let the Assumption[d hold true. Let A € H?(0,T; H(curl; Q)) with Al—o = ¢
and Oy Ali—o = 1 be the solution of

(€0uA(t), LA(L)) r2(0) + (0OLA(L), BLA(E)) 120) + (1" curly A(t), curly, QLA(E)) 120y = (4, (1), LA(E)) 120

for each t € (0,T) and j_ € LY0,T; L2(;RY)). Then we derive that

1/2
A2(0) = | [ (147 + 1A + feurl, AP) (t2)de | < ex(0:12(0) + a(O)l, s
Q

max)fl gmax (
) )

or allt € |0, T]. The constants cy and c3 depend on emin, min) "L as well as
[ I W

T.

Proof. Using the positive semi-definiteness of o we compute

(68&54@), atA(t))L2 (Q) + (,U,il curlm A(f), CUI'LB atA(t))L2 (Q) < (ia(t), atA(t))L2 Q)
for each t € (0,T"). Therefore we can use Lem. to prove the desired estimate. O

Now, we are ready to prove the existence of the solution of the variational formulation
(4.

Proposition 1 (Existence). Let Assumption [l hold true. Then there exists a solution of the
variational formulation (I6).

Proof. Let us consider Q, := Q Nsupp(o) which is a Lipschitz domain by Assumption [l The
main idea of this proof is to split the differential equation into two equations over different
domains, namely one domain is the support €, of the conductivity ¢ and the other Q\Q,.
Then we add the solutions together to show existence. The produced solution is the solution

13



to an interface problem with zero tangential traces on the interface 9Q2,\0€2. Hence, let us
take a look at the resulting equations on the domain €Q,.
1. On the domain €2, we now use a Galerkin method. Let us define the bilinear form

aq, (A(t), 9) = (e0uA(t), §)12(0,) + (COA(t), §) 12(,) + (1™ curly A(t), curly @) 2(q,),
(21)

for ¢ € H(curl;Qy), t € (0,T). We consider {, }rez, the fundamental system of Ho(curl; Q25)
of Lem. [[H for @ = Q,. Let N € N. Using the basis representation (I5]) we then search for a

N

AN = ) a (e, (@) (22)

k=—N

which solves

ag, (AN (), @) = (4,(8): ) L2 (@)

d
%ai:v(t) = (% fk)LQ(QU)7 (23)
a; (0) = oy,

for all I,k € Zn :={z € Z: |z| < N}, where o are the coefficients of

N
V(@)= ) aigl)
k=—N

and QN — ¢ in Hp(curl;Q,) for N — oco. We have AN(0,2) = ¢V (x) and define fp :=

(‘ia7 fk)L2 Q)
Since ¢ is uniformly positive definite and bounded over €),, the induced weighted scalar
product (o, .)LQ(QU) is equivalent to (e., .)L2(Qo). Hence, there exists a 8 € R4 such that

(0@, #))12(0,) = Broki

for k,l € Zy. These (i are bounded from below by omin.
Next, we combine everything to arrive for ¢t € (0,7) and k =0,..., N at

ap™ (t) + Brag (t )+)‘kak () = fr(t),

Y (0) = ( f )L2(00)> (24)
a; (0) =
where ®s is an eigenfunction of curl, ,u_l curl, in Q,, and for k= —-N,...,—1
aip™ () + Bra (1) = fi(t),
a (0) = (¥, 0, ) r2(0,)s (25)
ai (0) = o

where ¥, is part of the kernel of curl, ! curl,. The solutions can be computed using standard
techniques for ordinary differential equations such as [32] L. 20, L. 21]. The solutions are
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well defined for f; € L'(0,T). Therefore, there exists for J, € LY(0,T; L?(Q,)) a solution
AN € C%(0,T; H(curl; Q,)). If we multiply @23) with ¢/ (¢) and sum up over [ = —N,..., N
we compute using (21])

* )

aq, (A(t), BiA(1) = (j,(t), HA™ (1) 12(0,).
for ¢ € [0,T]. This satisfies the conditions to apply Cor. 23] with which we arrive at
1/2

J14Y O +[24Y O + et A¥0 dr | < @G 20) + O, lora)

for every t € (0,7). By construction ¢y and c3 are monotonically increasing and therefore
bounded by co(T') respectively c3(T"). Additionally we get with Bessel’s inequality , [I1, Thm.
1.7.1], in H(curl; Q,) and L*(Q,)

2N (0) = ‘QNF + @NF + |curl, QN‘Q dz < cllolF euna,) + ClPlliz@,)
Qo

We define Q, := [0,T] x . Therefore

HANHchrl;l(Q(,) < C||Q||§J(cur1;ga) + 5||£||%2(QJ) + elljall 0,12 (00)) < C,

where C' is independent of N.

Now, we want to transfer the existence to the space-time variational formulation (I6). We
split AN (t,z) = AN (t,z) + QN(x) Since H?NHH(CUH;QO_) is bounded by [|9|| zr(curi;0,) because
of Bessel’s inequality, the sequence (Aév )Nen is bounded as well. The space

HG"™ (Qq) = HY(0,T; L*(Q)) () L*(0,T; Ho(curl; Q)

is a Hilbert space, see Lem. Hence there exists a weakly convergent subsequence of
(Aév )Nen. We write this subsequence as {Aév tn for convenience. Then there exists a A, €
HEgH Qo) with

Al — A, in L*(Q,),
5téév — 04 in L2(Qa)7
curl, Aév — curl; 4, in L2(QU).

We constructed A} such that
(A5 (1), 2) = (4, (1), ¢) — (n"eurly 9N, cwrl, o))
ag, (4p (1), ¢, 7,02, — (0 curly ¢, curly ) 12(q,)
for all | = —N,..,N, t € (0,T). Let M € N. Choose N > M and d; € H'(0,T) where
d(T)=0,1=—M,...,M. Multiply the equation with d; and sum up over [ = —M, ..., M.
M
Moreover, we get for n(t,z) := >  di(t)p,(z) and t € (0,T) the equation
n iy L2

ag, (Ay (t),n) = (4,(0):m) 120, — (0" curl, " curly ) r2(a,)-
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By integration over (0,7) and using integration by parts for the first term we get to the
bilinear form (I7)) and

aq, (A5, 1) = (G, M) 12(Qn) — (€0 AN [1=0,1li=0) 12(0,) — (1" curly ¢V, curly ) r2(q, -

Next, we take the limit N — oo. Since 1,9y and curl, 7 are in L?*(Qs;RY) we get with the
weak convergence that

aQ,(Ag:n) = (§,:Mr2(Q.) — (€¥,1(0,.))r2(0,) — (p " eurly ¢, curly ) r2(g,)-

M
This equation holds for all n with the representation > di(t)g,(x). Let Mas be the space
I=—M B

o
of such functions. For every M € N we can repeat this argumentation. The space |J My is
M=1
dense in L2(0,T; Hy(curl; Q,)) because we can approximate every element with such a sum,

see |21l Prop. 23.2d]. Hence the equation above holds true for every n € nggl;l(QU) and

therefore A is the weak solution of our differential equation in HOC;E{M(Q(,).

2. Let us now consider the spatial domain g := Q\Q, and space-time domain Qq := (0,7 x
Qo where o is zero. Again we consider the ansatz (22]) and the equation

(€0 AN (1), ©,) 12(00) + (n~ " curly AV (2), curly ) 12 (00) = (4, (1), ) 12(020)
d
EakN(t) = (¥, 2 L2(00)5 (26)
ap, (0) =

for I, k € Zn. Then we follow the same steps as before and we consider instead of the equations

24) and (25) the equations

ap™ () + Meay, (1) = fi(t),

ai (0) = (¥, ,) 12(9%); (27)
ay (0) = o
fort € (0,7) and A\ >0 for k=0,...,N, ie. [ is an eigenfunction of curl, ! curl, in Qq,
and A\, =0 for kK = —N,...,—1 where P is part of the kernel of curl, ! curl, in Qy. The

ordinary equation (27)) is uniquely solvable for f;, € L*(0,T) and can be solved using standard
techniques such as [32, L. 20, L. 21]. By multiplying 26) with ¢V (¢) and summing up over
l=—N,...,N, we compute using (21

(€0 AN (£), AN (1)) 12(0) + (0" curly AN (), curly AN () 2(00) = (4, (1), AN (£) 12(q) -
This satisfies the conditions to apply Lem. with which we arrive at
1/2

2 2 2 .
/\AN(M + [0 AN ()| + |eurl, AN(1)]” da < ea(t)(2™)2(0) + s ()17l 0,7502(520))
0

2 2
for every t € (0,T) and 2V (0) = HQNH%Q(QO)%-HQNHLQ(QO)%—chrlm QNHLQ(QO) < C||?”%{(cur1;ﬂo)+
c||£||%2(90). Therefore we have weak convergence of (AN)y, (curl, AN)x and (9;AY)y in
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L?(Q). By going through the same argumentation as above, we see that the limit A €
HS:loil;l(Qo) indeed is the weak solution of

_(6(915A, aty)Lz(Qo) + (Iu—l curl, AN, curl, Q)LQ(QO) = (ia(t),y)LQ(Qo) — (6%, Q(O’ '))LQ(QO) ,

with A(0,.) = ¢. Adding both solutions on the domains @)y and Q. yields existence.

2.2 Uniqueness

Next, we take a look at the uniqueness of the solution to the variational formulation (I6) with
the bilinear form (I7) and right-hand side (IS)).

Proposition 2 (Uniqueness). Let Assumption[dl hold true. Then there exists a unique solution
for the variational formulation (I0)).

Proof. In Proposition [Il we have already shown existence. What is left to be proven is the
uniqueness. Assume that there are two solutions A" and A”, then w := A’ — A” satisfies the
variational formulation

—(e0kw, O1v) 12() + (00w, V) 12y + (! curl, w, curl, V)2 =0

for all v € HS%I;I(Q). Additionally w(0,2) = 0 holds true for z € Q. Choose b € [0,T]
arbitrary and consider

¢

Jw(r,z)dr, for 0 <t <b,
b

0, forb<t<T.
Then n € HS:él;l(Q) with n(t,z) = 0 for t > b and we get for v = n:

—(edpw, 0@),;2(@(%)) + (00w, E)LQ(Q(o,b)) + (,ufl curl, w, curl, ﬁ)L2(Q(O’b)) =0,

where Qo) is the intersection of @ with the half space t < b. Since 9yn(t,z) = w(t,x) for
(t,r) € Qo,p), We compute

(£01: Oe1) 2@ 009) — (02t M) 22(@y0) — (1" 0l O, curle 1) 12 ) = O-
Through integration by parts we get

- (Uattﬁ’ ﬁ) L2(Qopy) — (Jat_’ atﬁ) L2(Q(o,5))
0,

v

because 0yn(0,2) = w(0,2) = 0 for x € Q, n(b,z) = 0 by definition and ¢ is positive semi-
definite. Therefore

(€0un, atﬂ)LQ(Q(Oyb)) — (pteurl, O, curly Q)LQ(Q(OM) <0
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holds true. Hence

1 1
3 / O (€0 - On) dar dt — 3 / 515(,&_1 curl, 7 - curl, n) do dt < 0.

Q0,b) Qo,b)
holds true because € and p~! are symmetric. From the definition of n we compute n(b,z) =0
and therefore (curl, n)(b,xz) = 0 for z € €. Additionally, d;n(0,z) = w(0,z) = 0 for z €
and therefore we arrive at

/(66@- om)(b,z) dx + /(,u_1 curly 1 - curl, 7)(0,z) dz < 0.
Q Q

From this we derive by d;n(b, ) = w(b, z) that

2

Q/w?(b,x)dx:o and Q/(/Obcurlmw> (z)dz =0

holds true for any b € (0,7'), since dyn(t, z) = w(t,x). With this, we can deduce that w(t, z)
vanishes almost everywhere. O

2.3 Norm estimate

Now that we know that the variational formulation (I6)) is uniquely solvable, we take a look at
the norm estimate. In this part of the section, we consider J, € L?*(Q;R%). We will derive the
norm estimate of Theorem 2.1] and take a closer look at the dependencies of the coefficients
Chs cg, cy, and cy.

Lemma 2.4. Let Assumption[ll hold, j € L2((0,T) x Qp; RY), { Ak, @1 Yhen, the pair of non-
zero eigenvalues and eigenfunctions of the curl, p~! curl,-operator in Q, from Lemma [1.3,
ap € R and B = (Jfk,gk)p(go) > 0 for k € Ng. Additionally, let ay be the solution of the
ordinary differential equation

ag” (t) + Brar (t) + Aar(t) = fir(t),
a(0) = ay, (28)
ar'(0) = (¥, ¢, ) 120

ort € (0,T), and fr(t) :== (j (t),¢, )20 Then there exist positive constants ¢, cq, €
Ja Yr/L?(Q0) « p
and cy such that

T

T
> /M(%)Q(f) dt+/(ak/)2(t) dt <Y e, 9,720, F (@A Ca) (ar)+er T fillF2 0.1
keNo { 5 keNo

Proof. For these estimates we need to consider three cases, namely 5,% —4N, > 0, ﬁz —4X; <0
and ﬁ,% — 44X = 0.

18



_ /32— inn N e
1. Let ﬁz —4X, > 0. We define k1 := M, Ko 1= M, Ve = 1/5,% — 4.

Then the solution of (28]) is given by

emlt _ eﬁgt Klemgt _ I‘QQBKlt
ag(t) =1, 2(Q, + oy
(t) (_ £k)L (Q0) e r
t
1 / Kk1(t—s) _ ng(t—s))fk(s) ds
’Yk /

We know that x1, ko < 0, because ﬁz — 4\, > 0 and so (=8 — 1/ B2 — 4\) < 0. Additionally
we get — (k1 + k2) = B, as well as k12 = \,. With these facts and using (a + b)? < 2a? + 2b?
we compute

T

/(emt Hgt) dt< 1( 2/@1T_1)+i(62mT_1)SL_{_L:&‘

) K1 K2 —K1  —K2 Mg

In the same way, we estimate
T
/ K1e™ 1‘626“2t)2 dt < /@1(62’“T -1+ /@2(62"‘2T —1) < Bg.
0

With this, we can compute an estimate for the desired norms using again (a + b)? < 2a2 + 2b2

T

T
/ Neag)?(t) dt + / (a2 (1) At <2( )20,
0

0

4Bk
Bk 4)\19

T
20k 2

From the estimate v2ab < (a — b) for a,b < 0 and a > b we derive

4034,

+ 2(ag)? )‘kiﬁ oy

1 1
< <
(Be—4AK) — V2bp2v/Ar —

Using this estimate we arrive at

1
2be VAR

T
4 4 2
/)\k(ak dt—|—/ t)dt < (¢, Sok)m( Q) =t (O‘k)2)‘k + TkaH%?(o T)
VA VA VA ’
9 0 0 0 0

where g is the smallest eigenvalue of {\x}ren, from Lemma for 2 = Q.
2. Let 82 — 4\, < 0 and define v, = y/4\;, — 2. Then we write the solution of ([28) as

B Br . 1 By
ap(t) = age” 2 ° (cos(’ykt) +to - sm(’ykt)> + — (¥, ¢, )r2(0,)€ 2 bsin(ygt)
Tk Yk
t

N % O/ e F =0 gin(y (¢ — 5)) f(s) ds
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Note that the parameter 8, = (Jfk,gk)p(ﬂo) is positive. Hence we can estimate

T
/eﬁktdt < i.
) B

Next, we use the fact that sin?(y,t) < 1 and cos?(y,t) < 1. Then we derive by using (a+b)? <
2a% + 2b% and the Cauchy-Schwarz inequality yet again the following estimate

T T
4 By 21
Me(ap)?(t) dt < Mp(¥, 0, )220y 55 + A( + >+ T/zsds
0/ 00t < (e, oz e (54 5 ) + 500 / J2(s)
In the same way, we estimate
I e | 8
t)dt < k19 4 — k
0/ &)@ 572 ( * 7’“) 'y, ( - mi)
2 B2 ’
+ 2—k+22>T/23ds
5]{7]% ( 4 Yk fk( )
0
By inserting 72 = 4\, — 57 we get
r r 36\ 683
Ae(ap)2(t) dt + / t)dt < ( LI >
0/ 0 - 2u)iean Be(de — B) - AN — B
S5k Ak B By >
+ 4(oy,)? (— + +
(o) Br AN, — B7)  16(4h, — B7)

T

2k Bk
+<ﬁk<4Ak—ﬁk) - " >T/

0

Note that the term 4)\)‘ 3 only shows up when ﬁk < 4Xg. It is bounded since S is bounded

by Bmax := maxy, B, which is bounded by sup,cq_o(z), but A is increasing monotonically.
Therefore the maximum will be reached for smaller k.

Let us define By := ming B > 0. Then we use the estimate = 4)%) < 2bk\ﬁ to derive
i i 36 3
Ae(ap)2(t) dt + / t)dt < (¢, ( i + )
o/ ] W eion G -3 * Vi
5)‘k Akﬁmax 2 >
44 2 + max
O —5) "B

2k 1 4 > )
+ + + T .
(m(m—ﬁz) s Bom ) TWllzz )
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3. Let us consider the last case 37 — 4\, = 0. Then the solution to (28) is given by

t
ay(t) = (H%t) oy (o) ante F +/t—s F0f(s)ds
0

With the estimate

¢ 1 2
/ e P dt = — (2 — e (B2 + 2Bt +2)) < =
0 By By

we then compute by using (a + b)? < 2a? + 2b% and the Cauchy-Schwarz inequality that

T

T
/)\k(ak)2(t) dt + /(%')2(’5) dt < (¥, ¢,)72(0,) <)‘kﬁ3 ;z> Rt (Ak% * ﬁ)
0

O 2, 3 ’
+< k4 >T F2(s
[ i

At last, we use 4\ = ﬁz to derive

T T
14 5 14
[a@r®de+ [@ PO <@g n, g + @0 g + Tl
/Bmm 4/8min /Bmm
0 0
Adding all three cases will give the desired estimate. O

Using the above lemma we can finally prove the last statement of Theorem 211

Proposition 3. Let the Assumption [ hold true, J, € L*(Q;RY), and A be the unique solu-
tion of (I8). Then there exists positive constants cg, C;, cy, and cy such that the following
inequality holds true

\A!?{cmul(@ < cplldll72(q) + T curly ¢[| 2 o) + ey T |17 20y + cp max{T, T?}|j I72(q)-
(29)

2
The constants cg, C¢>’ cy, and ¢y depend on sup o, O-mlln’ \/LAT) and max gen, (4—5—:)_1 which

Bz_4>‘k<0
is bounded since B, is bounded by supo and the non-zero eigenvalues \j, of curly p~t curl,
increase monotonically for k — oo. The By € Ry are defined by o such that

(00,912, = Brok
for the fundamental system {¢, } of Lem. L.

Proof. Again we split the domain € into the support Q, = Q Nsupp(o) of the conductivity o
and its complement g := Q\Q,. First we take a look at Q, and @, := (0,7 x Q,. To show
the inequality we consider the basis representation (5] for the unique solution A of (I6)

) =Y ar(t)p, (@)

kEZ
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(t,z) € Qo, where @, are the basis functions of H(curl; ;) from Lemma . If we insert
the representation into the energy norm , we get

(€0t A0t A) 2, + (pteurl, A, curl, A)r20,)
= Z (Orag, drci)(0,1) (afk,gj)ga + (ax, ¢j)o,1) (,u_l curl, oy curl, gj)ga

k,jEZ
1/2 2
kgouak 132001 +H>\ ‘L2<0T>+kg\:N law'|[%2 0.1 (30)
0

In the proof of Prop. 0l we saw that aj satisfies one of two ordinary differential equations
depending on the case of k € Ny and k € Z\Ny. The first is

ar” (t) + Brax'(t) = fi(1),
ak,(o) = (y7£k)L2(Qg)7 (31)
ak(O) = O,

for k € Z\Ny and the second is

ar”" (t) + Brar (t) + Mar(t) = fir(t),
ar'(0) = (¥, ) 12(00) (32)
ar(0) = o,

for ¢ € (0,T) and k € No, where fi(t) = (j .9, )r2(0,) and A are the non-zero eigenvalues of
the curl, ,u_l curl, operator.

Let us first estimate ay in the case that k € Z\Ny. Then we consider the first equation
(1), and compute the solution

t
ag(t) = o + — . (¥, 0,)12(0,) (1 — ) / Pk £ (s) ds
0

B

For this solution, we need to estimate the L?-norm of a;’. Using (a + b)? < 2a? + 2b?, we
arrive with the Cauchy-Schwarz inequality at

T T T t t
/(ak) dt <2(,¢,)720, )/( —2Pxt dt+2//e2/3k8 t ds/f ) ds dt
0 0 0 0 0
1— e 26T 1—e 28
< @@, T2 55 AT
1 1
< @’fk)%%ﬂa)ﬁ . B TkaHL2 0,7) (33)

where B = ming S > Uminer;éx > 0.
Second, we want to estimate ai in the second case k € Ny. In this case, we can apply
Lem. 24 for the second equation (32)). Hence we get the estimate

2
Sl oy + [W2as] < S w2 e + (@ ok +esTh el
kENp ©0.7) kENp

(34)
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in

Since Bnlnn < ¢y

> llax' Iz 0,m) +HA1/2 ‘LQOT < (i) of+ ) [ew@p)izm,) + Tl flizom]-
keZ ©.1) keNp keZ

(35)

As )\, were eigenvalues of the curl, ! curl,-opertor, we want to eliminate the A, from our
right hand side. Considering ¢ =}, P, and curl, ¢ = ZkeNo oy curly, ¥, We compute

Z)\k (on)® = Zzakal)\k (ep, 0)r2(0,)

o o
= Z Z ooy (pt curl,, o, curly gl)LQ(Qo)
k=0 1=0

= (! curl, ¢, curly ) r2(q,)-

Using the basis representation for ¢ and J where fr = (j Jy fk) 12(Q,), respectively in B5) we
then arrive at

(€0t A, Ot A) 12(Q, )+ (1 ~Leurl, A, curl, A)r20.)
<Cw\|¢”L2 +C¢H¢HL2 +C¢HCUT1¢¢HL2(Q +cTlj, HL2 Qo)

For the solution over 2y = Q\Q, and Qg := (0,T) x Qq, where o = 0, we get the ordinary
equation given by (27) for k € Z. The equation ([27) for A\ = 0 yields the estimate

Haleiz(QT) < T2||fk||%2(o,:r)-

On the other hand, if A; > 0, then the equation (27)) has the solution

1 . 1 .
a(t) = \/—A_k@’ ©,)12(0Q0) SI(V Agt) + g cos(v/ Agt) + \/—)\—k(fk(-), sin(v Ak(t —-)))r2(0,0)-
To estimate the L*(0,7") norm of aj and a},, we follow the same steps as above and derive
(0, A, 3tA)L2(QO)+(M_1 curl, A, curly A)r2(g,) (36)

<AT |91 72(0y) + 4T cwrle 67 ) + T2 lal72(q0)-

T
Note that we get a T' in our estimates by estimating [ sin?(y/Agt) dt < T and the same integral
0
with cosines. Adding the inequality (B6]) brings us to the desired inequality (29)
- 2 2 ~ 2 20015 112
Al rewiin @) < EpTYlI72(0) + coll@llzzi) + ST cwrle @72 ) + ¢ max{T, T7}7, I72(q)-
U

Remark 2.5. Note that with the tools of Ladyzhenskaya [35, Thm. 3.2, p. 160] one can
translate the results of the scalar wave equation to the vectorial wave equation using the same
technique as the above theorem, see [20)] for more details. Then we would derive the estimate

(eOA, Ot A) 12(Q) + (n ! curl, A, curl, A)r2) (37)
§4T‘@H[2L2(Q)]d +47T|| Curlx?”%g(ﬂ) + T2HiaH[2L2(Q)]d
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for the solution of the variational formulation:

Find A € H§"™"(Q) with A(0,.) = ¢ such that
—(e0tA, O1v) 12() + (nteurl, A, curl, V2@ = (4, V2@ — (€¥,v(0,-))r2(q)

for allv € HS'H Q).

3 A space-time finite element method in a tensor product

In Theorem 2.T] we have proven the unique solvability of the variational formulation (I6]). Now
we take a look at the discrete equivalent of the variational formulation for the vectorial wave
equation. First, we define the finite element spaces that we will be using. Then we derive the
finite element discretization and analyze the resulting linear equation. Afterward, we derive
a CFL condition that indeed seems to be necessary for stable computations of the numerical
examples.

3.1 Space-time finite element spaces

Before we compute any examples, we recap the main ideas of the space-time discretization of
the vectorial wave equation as was presented in [16]. We will use similar nomenclature to ease
the comparison of the results of both papers. The main difference to [16] is the addition of the
conductivity ¢ in our equation and that we consider second-order elements in time instead of
first-order elements as in [16].

For the discretization in time we decompose the time interval (0,T) with N7 + 1 points

into N? subintervals 7, = (ty_1,t¢) C R, £ =1,..., N2. We define the local mesh size of each
element 7jas hy g = ty—ty—1, 0 =1,... , N7, with the maximal mesh size h; := maxy_; N2 hip.

For the discretization in space we decompose the spatial domain Q@ C R? into N? elements
w; C R for i =1,...,N®, satisfying

Nfl}
Q:U@ and wiNw; =0 for i # j.
=1

1/d

We define the local mesh size in w; as hy; == (fw, 1dx) ,t=1,...,N* the maximal mesh
size as hy = hgmax(7,}) := max;—1, . n= hy; and the minimal mesh size as hy min(7,}) =
min;—1,. N« hy ;. The parameter v € N is the level of refinement and the spatial mesh is the
set T := T,* = {w;}}¥, at level v. For simplicity, we only consider triangles for d = 2 and
tetrahedra for d = 3 as the spatial elements w; C R, i =1,..., N*.

Assumption 2. We assume that the sequence (TF),en consists of shape-regular, globally
quasi-uniform and admissible spatial meshes TF.

By the shape-regularity of the mesh sequence (7,F),en there is a constant c¢p > 0 such that

VweN:VweTS: sup [|z—yl, <cpr, (38)
x,ycw
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where ||-||, is the Euclidean norm in R?, and 7,, > 0 is the radius of the largest ball that can
be inscribed in the element w. By the global quasi-uniformity of the mesh sequence (7,%),en
there is a constant c¢g > 1 such that

ha max (T,°)

Vv € N:
v hx,min(ﬂx)

< cg.

On the other hand, a mesh is admissible if for each two elements 7;,7; € 7, the intersection
S = 1; N 7; is either empty or a simplex of the same type belonging to both elements.

With the discretization of the time interval and spatial domain in mind, we now define
finite element spaces. For the test and ansatz space in time, we define the space of piecewise
quadratic, continuous functions

2
52(7'75) = {vht e Cl0,T] |V e {1,... 7Nf} D U7 € P2(T_g)} = span{gpﬁ}év:to

with the usual nodal basis functions ¢?, satisfying ¢?(t,) = g for £,k = 0,...,NZ. The
space PP(B) is the space of polynomials on a subset B C R of global degree at most p € Ny,
and dy,. is the Kronecker delta. Then, we introduce the subspaces which include initial and
end conditions

S3(T*) := S2(T*) N H.(0,T) = span{y2} ),
S3(T*) := S2(T*) N HY(0,T) = span{y?} it

In space, we introduce the vector-valued finite element spaces of Nédélec and Raviart—
Thomas finite elements. For a spatial element w € T,*, we define the polynomial spaces

RT(w) := {g € [PHw)]?|Vz € w:v(z) = a+ bz with a € R% b € R}
and
N (w) = {g € [PHw)? |V(z1,22) €w:v(xy,22) =a+b- (—x9,21)" witha € R% b€ R}
for d = 2, and
M (w) = {y e [Plw)|Veew:v() =a+bxzwithaecR*be R3}
for d = 3, see |4, Section 14.1, Section 15.1] for a more thorough introduction. With this

notation, we define the space of the lowest-order Raviart-Thomas finite element space and
the lowest-order Nédélec finite element space of the first kind

RTTS) = {th € H(div; ) [Vw € T) : vp, 10 € RTO(w)} = span{ﬁgT}]kvﬁT,

NR(TE) = { oy, € H(ewli Q)| Vo € T 1y, € M(w)

see [4, 6] for more details on these spaces. Further, we consider the subspace of NP (7,%) with
zero tangential trace

NP (TE) = NP(TE) N Holcurl; ) = span{g:¥ 1.
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Let us consider examples of shape functions for both NP (7,) which associates with the edges
and RTY(7;*) which associates with the the faces. For an edge ei; going from point p; to p;
the corresponding shape function would look like wé\ifj = AV + V), where A; and \; are
the corresponding barycentric function to p; and p;. On the other hand, an example for the
lowest order shape functions associated to a face Fj;j consisting of the three points p;, p; and
i, would look like z/)gz; = AV X VAL + A VAL X VA + AV X VA, see [ Section 14.1,
Section 15.1] for more details.

Last, the temporal and spatial meshes T* = {Tg}?fjl and T, = {w;}] lead to a decom-
position

N? NT
Q=0T xa=JmxJ=
/=1 =1

of the space-time cylinder Q € R¥! with N?-N® space-time elements. Therefore 7% x 7, is a
space-time tensor product mesh. To this space-time mesh, we relate space-time finite element
spaces of tensor-product type using & as the Hilbert tensor-product. These spaces are

Se(THENIG(TS)  and  SH(THENDH(T). (39)
Then, any function A, € S&(ﬂ)@/\/}%(ﬁx) admits the representation

N Ny

Ap(t,x) =D " Aspl ()Y (x) (40)

k=1 k=1

for (t,z) € Q with coefficients Ay € R. Further, for a given function f e L2(Q;RY), we
introduce the L?(Q) projection HfT’lz LY(Q;RY) — SYTHORTY(T?) to find HfT’li €
SYTHORTO(TF) such that

(W7 fwn) ) = (Fwn)2(q)- (41)

for all w;, € SYTHRRTY(T,?). Since we need enough regularity of the right-hand side such
that the continuity equation (@) is included in the vectorial wave equation, we require that
the divergence of the right-hand side j, is well defined. Therefore we are interested in the
projection HfT’l. On the other side, we see in [16] what kind of effect another projection can
have, namely the production of so-called ‘spurious modes’.

With these definitions in mind, we can now formulate a conforming finite element ap-
proach for the variational formulation (I€). We use 52(7'1)@./\/'1%(7?) as trial space and
S?O(7-’5)@2)./\/1?0(7;m ) as test space. Then we end up with the discrete variational formulation:
Find 4,, € 52(7-1)®J\/'1070(Tf), with A, (0,2) = ¢, such that

- (5atAha atﬂh)lg(Q) + (UatAhth)L2(Q) + (,U_lcurlmAha Cuﬂxﬂh)LQ(Q) (42)

RT1 -
= (13 la’yh>L2(Q) ~ (:20.)) 12

for all v, € S3(THERNL(TE).
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3.2 The finite element discretization

Next, we follow the same steps as [16] to derive the finite element discretization, but include
additional terms involving the conductivity o. Let, for a moment, the initial condition ¢ be
zero. Then we insert (0) into the discrete variational formulation [@2). Afterward, the inte-
grals split into temporal and spatial matrices. Hence, the discrete variational formulation (42])
is equivalent to the linear system

(—Ay @ My + Ay @ MZ + My @ Ape) A=J (43)

with the temporal matrices

Aull, k] = (8:02, 0e0)) 1200y, Mill, K] = (937,90 12(0,7); (44a)
Al K] = (D}, SD%)LQ(O,T) (44b)
for £ =0,...,N? —1, ks =1,..., N? and the spatial matrices
Aga[l K] = (" eurly o curly YN ) 2y, Moll k] = (¢, 9Y) 12, (45a)
ML K] = (v, ¢V) 120 (45b)

for k,l =1,... ,Né\[ . The degrees of freedom are ordered such that the vector of coefficients
in Q) reads as

with .
AT = (AT, A3, .. ?VN)TGRN“ for k € {1,...,N?}.

The right-hand side in ([@3)) is given in the same way by
T = (fo f fo—l)T c RNENY

where we define

fo= (S Fh) T € R
with
1.
flZ = (HZST’ J> @%%.;\/)L%Q) - QO%(O) <€%, y'l/v) @ (47)

for { =0,...,N? -1 andlzl,...,Né\/.
Remark If we have non-zero initial condition ¢, then we consider a continuous extension in

time ¢ that is zero on all other degrees of freedom in time. Hence, for our application we use
the representation (40) to derive for t =0

NN
Gn(0,2) = AN () ~ $(0, 7).
k=1

Then, using the ordering of the degrees of freedom from Section B, we end up with the
system

(A @My + At @ M7 + My ® Agz) A= T — Ay (48)
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where

NZ2—-1
Alm' = (A(}m’ oo ’Ah:i )’ Agm = (Afm';l’ oo ’Afm';NxN)’
NY
Al = (—Aull, 0)M[1, K] + Alfe, )M (1, k] + M€, 0] Apa[1, k]) AR
k=1

for {=0,...,N?—1and l=1,..., N with the matrices defined in ([@3), (@) and
Aull,0] = (8t@873t%%)L2(0,T)7 My[¢,0] = (‘P37<P1%)L2(0,T)7
Ag[0,0] = (0005, 07 ) r2(0.7)-

3.3 The CFL condition

If we solve the equation (@3] for simple examples, we see conditional stability in our results
which hints at a CFL condition. To compute this CFL condition for functions with second-
order elements in time we use a similar tactic as [30] did for linear elements. To simplify the
calculation we assume that we have an equidistant discretization in time with step size h;.
First let 0 = 0. Note that, since o acts like a stabilizer to our system, the case 0 = 0 is the
hardest case. Let A, k € Ny, be the eigenvalues of the curly~'curl operator in the weighted
L2(Q)-norm from Lemma To analyze the stability of the discrete system we choose initial
data ¢ = 0, » = 0 as well as the right-hand side J, = 0. Now, we consider the basis ansatz

from Section [L37] for A € HOC;E{I;I(Q) and write

N
AN = Z Ap(t)ge, (x)

k=—N

Then we can rewrite the variational formulation (I6) into a variational formulation in
the time domain only by using the properties of the eigenvalues A; of the spatial operator
curlpy~teurl. We end up with the set of variational formulations: Find Ay € H017(0,T) such
that

— (84 Ak, 00) 0.1y + M (A, v) o) = 0 (49)

forallve H b(O,T) and all non-zero eigenvalues A > 0 where £ € Ny. On the other hand,
for k € Z\Nyp, we end up with the formulation: Find Ay € H&,(O, T') such that

(0 Ay, Ov) 0,1y = 0

for all v € H}O(O,T). This is equivalent to the Laplace equation and does not add to the
numerical instabilities that can be observed in section 77.

To derive the appropriate CFL condition, we need to analyze the stability of (49) in the
discrete case. Using again the ansatz and test spaces S&(Tt) and S%(Tt) we get the discrete
formulation:

Find A} € S§.(T") such that

— (04 AL, Opon) (0.1) + Me(Af,vn) 0,y = 0
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for all vy, € S?O(Tt) and all non-zero eigenvalues Ay, k € Ny. This is equivalent to analyzing

the linear system

(—Au + )\kMt)A =0

(50)

for its stability. The temporal matrices Ay and M; are defined in (@4]) and the solution
A= (A(t1), ..., A(T))T € RN is the coefficient vector of the basis representation Ar(t) =

2 ~
25;1 Ap(te)@2(t). For a moment let us write A\ = A\, and h = hy;. Then we compute the

element matrices

L[4 2 -1 (7 -8 1
M=zl 2 16 2, Aj=g |8 16 -8
1 2 4 1 -8 7

By using the element matrices to assemble the system matrix we compute

8 XM 1
SRSV GNPV A
L NI s 1w
st Tmt s oyt Tm g0
Koo = S 4 A =16 | 8Ah S 4 b
Sys 3h 15 3h 5 3h 15
Bt B V7N S Vi RS 5.V D Y S )
3h 30 3h 1 3 1 3h 15 3h 30

8 Ah =16 8\h 8 Ah
3T B T 15 BTI5

By multiplying with 3h we get the following recursive formula

2 2 2 2
B4 - <u2,€_1> (8- - (uzn_?)) N <0 1+ ﬁ—*ﬁf’) <u2~—5
—16 + % 8+ % U2 0 -8 — % UQk—2 0 0 U2k—4

for k = 2,...,N?/2. Note, that N?/2 € N. This recursive formula can be understood as a

two-step method
Az, = B1zsx—1 + Bz o

for the vector z,, = (ugx_1,u2,:)? with

g A2 g A_h?>

A= 5 2 19
8A\h A2 |

(—16 + 5= 8+

_8 _ An? _ An? AR
B sou-mn) g (0 1A
0 —g — A2 0 0

Further, we can rewrite the two-step method as the system
Y, = ASySYIifl

. B T
with Yy, = (u2x—3, Ugk—2, U2k—1, U2,)" and

0 I
Asys T <A1B2 A1B1>

29
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for k = 2,...,N?/2. Next, we solve (52)) by iterate in x and arrive at the formula

Y, = ALY

for the solution Y, with the initial values

2\h?
u1> o Ail <7 - 75 )
= A2 | Yo,
<“2 —8— 5
where u_1; = 0 and ug = zzlk(O). Therefore, if we want our system to be zero-stable, we need
the real parts of the eigenvalues of Agys to be less than one. By analyzing the eigenvalues of

Agys we see that two of the eigenvalues )\{‘ and )\5‘ are zero. The other two are given by the
formula

—2a? — bd + \/b(2¢ + d)(4a® — 2bc + bd)

Ny, =
34 2(a? = be)
where

\h? 8Ah?2

=84+ b=-16
a + = + 5
2 2
U d—14- 20

10 5

The absolute value of real part of )\?‘34, namely \%()\3’34)! is smaller than one if A\ph? < 60
and M\yh? ¢ [10,12], for k € Ny. If we introduce o(x) > 0, € §, large enough, the small
instability region A\h? € [10,12] would vanish and we are left with the condition Axh? < 60,
for k € Ng .

In computational examples, we often observe only the bound Ayh? < 60 for stability.
However, there might be unstable examples where A\,h? € [10,12], k € Ng. Note that these es-
timates can also be used for the scalar wave equation when we use S7(77) for the discretization
since this bound applies to the ratio of the spatial eigenvalue and the time step size.

To use these insights in computational examples, we need to estimate the eigenvalues A,
k € Ny. For this purpose, we use an inverse inequality for the curl,u~'curl, operator in the
weighted L2(€)-norm. For lowest order Nédélec elements, we have the inverse inequality

J eurly wnlBa ey < erhmilunlZaere (53)

/4
for all uy, € span{qﬁgo }Eee, where

2
1=
80ct(12)?? n=3,

h := max (|7|7%).
For the proof consider [20, Lem. A.2]. The proof is done by computing each norm on each
element and showing the inequality there, then summing everything up. For completeness, we
quickly state where the constants come from. The constant ¢ is the shape regularity constant

T
defined in ([3). Additionally, the coefficient c;hy 2 comes from estimating 18%@_2
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B _ i . Wmax (S J)? _ (9F A
for d = 2 and for d = 3 estimating the term 1603(TA1)217 where J; = <—aﬁj (%)) \<iji<d

is the derivative of transformation Fj : @ — w; which maps the reference element w to the
current element wj.

Now, we apply the inverse inequality to estimate the eigenvalues A\, k € Ny, from Lem.
We rewrite the inverse inequality (53] in the weighted norms to get

(! curly up,, curl, up) 2 (Tey < CI(Mmingmin)_lh;éXHuhH%g(']’x)-

Then we derive the following CFL condition for the vectorial wave equation
cr(fimin€min) " By ? <10 b2,

and therefore

/10
ht < vV Mmin€min c_hm, (54)
1

where h; and h, are the respective maximal temporal and spatial step sizes from Section B.11
In case o is big enough, e.g. ¢ > 1 everywhere, we even arrive at the CFL condition

/60
ht S V Hmin€min c_han (55)
I

Let us consider an example for ;4 = 1 and e = I. If we consider 2 = (0,1)? and use a shape
regular triangulation with isosceles rectangular triangles then we compute, by estimating the
eigenvalues of JlJlT directly, that ¢; = 18 as in [16]. Hence, in this case, we arrive at the CFL
conditions

/60
hy < 1—8hx ~ 1.825741858 h, (56)
and the stricter condition
10
hy < 1—8hx ~ 0.74535599 h,. (57)

Note that the computation of the CFL condition in this section can be done for an arbitrary
polynomial degree in time. With a higher polynomial degree the system matrix Agys will
enlarge, but we still end up with conditional stability. Additionally, if we use a non-constant
step size in time, simply the element matrices in our computation change and we will get a
condition depending on the largest time step size. Hence, by using a tensor product approach
we will always end up with a CFL condition.

3.4 Expected convergence rates

Let us take a look at the convergence rates we might expect in our examples if the CFL
condition is satisfied. We will divide the analysis in two. First, we will analyze the convergence
in time. Then we will discuss the convergence in space. We can split the analysis in two since
we consider a tensor product structure. For this discussion we will use the concepts of the
continuous solution from the proofs of Thm. 2l Again we consider 0 = 0 to analyze the
critical case.

31



Let us take a look at the convergence in time and consider the semi-discrete function

We will follow the steps of [30, Sec. 5| and transfer the results from the scalar to the vectorial
wave equation. After inserting this ansatz into the vectorial wave equation, we derive the
system

anttg(t) + Amx@(t) = i(t) in (07 T)7
a(0) = 9a(0) =0

with a(t) := (ai(t),..,an,(t))T, where M, denotes the mass matrix and A,, the stiffness
matrix from (@3). The right hand side f(¢) := (fi(f),..., fa,(t)) is defined by fi(t) :=

(7, .),y’g/-)LQ(Q) just as in the proof of Prop. [l For this differential equation we derive
the following variational formulation: Find a € [Hj (0, T)[V= such that

- (MazatQa 815&)[,2 (0,T) + (Aa:mQa E)L2(07T) = (ia E) (58)

L2(0,T)

for all W € [H}O(O,T)]Nl‘. Next, we apply decompositions such as [5, Prop. 47.6]. We use
Eigendecomposition of the real symmetric matrix A,, and Cholesky decomposition for the
real, positive-definite, symmetric mass matrix M, to arrive at the decompositions

Aye = QAQT and M, =LL".

Here, @ is an orthogonal matrix whose columns are the eigenvectors of A;, and A is a diagonal
matrix whose diagonal entries are the eigenvalues of A,,. On the other hand, L is a real lower
triangular matrix with positive diagonal entries. Next, we consider

z:=Q"L a € [Hy (0, 1)1 (59)
If we apply L” and then QT to the equation (58)), we derive

—(Orzj, Opw) r2(0,1) + Kj (25, W) L20,1) = (94> W) 12(0,T) (60)

for all w € H}O(O, T) and every j = 1, ..., N with z; as the j-th entry of z. The right hand side
g; is the j-th entry of the vector g = QTLT f. Until now we were able to follow the same steps
as [30, Sec. 5. However, in our case we have to consider kj = 0 for j < 0 as well. Therefore,
the equation (60]) represents two cases: The wave equation and the Poisson equation. Next,
let us take a look at the convergence rate of each equation.

If we consider x; = 0, we look at the Poisson problem

—(Oezj, Ow) 20,y = (fyw) oy  Yw € Hp(0,7).

For this Poisson problem we know from [5, Thm. 32.2; Lem. 32.11] that there exists ¢1,c2 > 0
such that for all z € H*(0,7T)

125 = 2ny gl 20,0y < erhalzilao,r)s

125 = 2ne,ill 1 07) < C2hf_1fzj’Hs(o,T),
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for % < s < k+1, where k£ > 1 is the degree of the Lagrange finite element. Hence, for first
order elements, k = 2, the highest expected convergence rate in the L?-norm is two and in the
H'-norm it is one.

On the other hand, if k; > 0, we can use existing results for the wave equation [31, Thm. 1].
In this theorem we consider f € [H ’10(0, T)]" and z; € H&(O, T') as the unique solution of

—(Dezj, Ow) 2 0.1y + K5z, w20y = (frw)or)  Yw € H(0,T)

satisfying z; € Hj (0,7) N H*(0,T), for some s € [1,2]. Then the unique solution z, ; €
S}Lt 0.(0,T) of the Petrov-Galerkin variational formulation

—(O42hy,5 Ovwn, ) 120,y + K5 (Zhejr Whe) 12001y = (Frwn )0y Ywn, € Sh, 0(0,T)
satisfies

,uTh2

I = sheslio < (14 372 ) il lom + 25 el
with a constant ¢ > 0 independent of x; and h; .

Next, we take a look at the convergence in space and recall convergence results for the
Nédélec elements as stated in [6, Ch. 5.5|. Let 7 € 7,. By the construction of (ax(t))x
satisfying (58]) and since the vectorial wave equation is uniquely solvable, we see that A4;, is in
fact the projection of A in N7(7;). Moreover, we know from [6] Thm. 5.41] that

Hé(tv ) - Ahx (t

for fixed t € (0,T) and k € T, if ¢; € H*(K)? and 1/2 + 6 < s < k, where k is the degree of
the Nédélec space. Following [0, Rmk. 7.30] we know that for linear edge elements on a cube
we can expect all eigenfunctions ¢ to be in H 2(Q) with which we can construct A. Therefore,
we can expect first order convergence in the H(curl)-seminorm.

Putting all results together, we can expect for the L?(Q)) norm second order convergence in
time and first order in space. The second order convergence can also be shown by following the
same steps as [31, Thm. 2]. For the H1°"(Q)-seminorm we can expect first order convergence.
This we will also see in the numerical results of the next section.

3.5 Numerical Results

In this section, we will take a look at the numerical results and apply the theoretical results
from above. We will first take a look at the results for & = 0 to have a baseline from which
we can judge other results.

To compute the linear system (43)), we first have to assemble the right-hand side. The pro-
jection IT; RT.1; J, of the right-hand side j, in ([41) are calculated by using-high-order quadrature
rules for the mtegrals see [16] for more details. The calculation of all spatial and temporal
matrices (45)) is done with the help of the finite element library NGSolve, see www.ngsolve.org
and [26]. Finally, the linear system (43]) is solved by the sparse direct solver UMFPACK 5.7.1
[12].
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3.5.1 Testing the convergence for ¢ =0

We will first take a look at examples for ¢ = 0 to investigate the CFL condition. For our
examples in this section we consider the domain @ = (0,2) x (0,1)%, with T = 2 and Q =

[0,1] x [0,1], and € = <1

0 1> and 4 = 1. We will consider two constructed solutions. The

first is given by

Al(t, xI1, 1‘2) = t2.%'1(1 — 1‘1).%'2(1 — 1‘2) <_xx21> (61)

for (t,x1,x2) € Q. The function A4; has homogeneous tangential trace vy A; = 0 and homoge-
neous initial conditions. If we insert A; into the vectorial wave equation, we compute

. L 2.%'1(1 — .%'1)1‘2(1 — .%'2)1‘2 1‘1(1‘1(5 — 121‘2) + 10xy — 4)
(t 21, 32) = ((leu — w1 — xg)(—x1)> +t° (—xg(—2x1(6x2 —5) + 5z — 4)> '

To take a look at the convergence rates, we compute the experimental order of convergence

(EOC) with

In(errp—1) — In(erry)

EOC =
ln(hL_l) - ln(hL)

where erry, is the L?(Q)-error, or the error in the H°™51(Q)-seminorm respectively, at level L.
Additionally we use bisection in the refinement throughout the section ??, hence In(hz_1) —
In(hz) = In(2).

To compute Table Il we solve the discrete linear system described in (@3] for second-
order elements in time and lowest order Nédélec elements in space. Here we see second order
convergence in the ||.[ ;2(o)-norm and first order convergence in the |.| e (g)-halfnorm. This

is the same result as we would get for linear elements in time and HZ}T’I J, as the projection
of the right-hand side, see [16].

L| hy he | #fdofs | | A — Ayllioiq) | EOC | |A = Ayl e () | EOC
0 | 0.5000 | 0.5000 | 80 3.25e-02 - 1.76e-01 -

1{0.2500 | 0.2500 | 896 1.27e-02 1.36 1.15e-01 0.62
21 0.1250 | 0.1250 8192 3.24e-03 1.97 5.90e-02 0.97
3 | 0.0625 | 0.0625 | 69632 7.87e-04 2.04 2.97e-02 0.99
4 1 0.0312 | 0.0312 | 573440 1.92e-04 2.03 1.48e-02 1.00

Table 1: Error table for the Galerkin-Petrov FEM (@2]) for the unit square  and 7' = 2 and
the solution A, in (6I]) using a uniform refinement strategy.

Next, we want to test the sharpness of the CFL condition (Bf). To that purpose, we use a
more complicated artificial solution A,, which was also used in [I6]. We set T = v/2 to test
the example of [16] where the solution

—5t2x —x sin(mx1)x —x
Ay(t,xy,m9) = < g;l(zl(l_ x1)2)> + 3 < ( 1)02(1 2)> (62)
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was used for (¢,x1,x2) € Q. The function A, fulfills the homogeneous boundary condition
1Ay = 0 and has homogeneous initial conditions. The related right-hand side j , 18 given by

—10(t* — 23 + x2) 23 sin(wxy) + 6t sin(mzy) w2 (1 — 29)

Jp(t w1, 22) = < 2(t? — 22 + 71) ) + ( 7t3(1 — 25) cos(mry) >
for (t,z1,22) € @ and divyj, # 0.

Table 2: Errors in [|||12(q) for the Galerkin—Petrov FEM (#2) over (0, V2) x (0,1)% and the
solution A, in (62]).

0.2828 0.1414 0.0707 0.0354 0.0177

0.1768 | 4.19e-02 4.19e-02 4.19e-02 4.19e-02 4.19e-02
0.0884 | 1.04e-02 1.04e-02 1.04e-02 1.04e-02 1.04e-02
0.0442 | 2.60e-03 2.08e-02  2.59e-03  2.59e-03 2.59e-03
0.0221 | 6.59e-04 1.61e-02 1.72e+03 6.47e-04 6.47e-04

Table 3: Errors in || euni g for the Galerkin-Petrov FEM (@2) over (0, v2) x (0,1)? and the
solution A, in (62]).

hy
he
0.1768 | 6.22e-01  6.22e-01  6.22e-01  6.22e-01 6.22e-01
0.0884 | 3.09e-01 3.08e-01  3.08e-01 3.08e-01 3.08e-01
0.0442 | 1.54e-01 2.16e+00 1.54e-01  1.54e-01 1.54e-01
0.0221 | 7.69e-02 3.13e+00 3.61le+05 7.69e-02 7.69e-02

0.2828 0.1414 0.0707 0.0354 0.0177

First let us take T' = v/2 and look at the L?(Q)-norm error table Tab.2land the H°":(Q)-
seminorm error table Tab.[3l This is the same example as the numerical example in the paper
[16] which showcased the sharpness of the CFL condition for piecewise linear finite elements
in time and lowest order Nédélec elements in space. In the paper [16] we observe first-order
convergence in the H1(Q)-seminorm and second-order convergence in the L?(Q)-norm in
the case of stability. We see this behavior as well in the interpolation errors in Table @] and
Here we see first-order convergence in Tab. [B] and second-order convergence in Tab. [
When we compare these results to the results we find in the error tables 2l and [B] we see first-
order convergence in the H°"51(Q)-seminorm and second order L?(Q)-norm after stability is
achieved.

On the other hand, when we take a look at the stability of the results in table 2l and Bl
we clearly see the influence of the CFL condition. Following the last line we see in the third
column, where h;/h; ~ 0.0707/0.0221 ~ 3.1991 that our solution does not converge. On the
other hand in the fourth column, we have h;/h, ~ 0.0354/0.0221 ~ 1.6018 which satisfies
our CFL condition and we achieve convergence. In comparison with the results for piecewise
linear elements in time in [16] we see that the second-order elements in time result in a smaller
error in total. On the other hand, we see a quicker convergence in the time refinement when
we fix the spatial discretization.
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Table 4: Interpolation errors in [|-|| 12(q) in (0, v2) x (0,1)? and the solution A, in (62).

h h 0.2828 0.1414 0.0707 0.0354 0.0177
€T

0.1768 | 7.49e-02 7.49e-02 7.49e-02 7.49e-02 7.49e-02
0.0884 | 1.93e-02 1.93e-02 1.93e-02 1.93e-02 1.93e-02
0.0442 | 4.84e-03 4.81e-03 4.81e-03 4.81e-03 4.81e-03
0.0221 | 1.24e-03 1.21e-03 1.20e-03 1.20e-03 1.20e-03

Table 5: Interpolation errors in |- eun (g in (0, v2) x (0,1)? and the solution A, in (G2).

0.2828 0.1414 0.0707 0.0354 0.0177

0.1768 | 6.49e-01 6.49e-01 6.49e-01 6.49e-01  6.49e-01
0.0884 | 3.20e-01 3.20e-01 3.20e-01 3.20e-01 3.20e-01
0.0442 | 1.59e-01 1.59e-01 1.59e-01 1.59e-01 1.59e-01
0.0221 | 7.95e-02 7.94e-02 7.94e-02 7.94e-02 7.94e-02

To showcase the behavior of the CFL condition (56) we take a look at the same example,
but take the final time 7' = +/10.4. We use the same number of elements in time and space
as in the simulation for Tab. Pl and Bl By taking the final time T" = 1/10.4 we see a ratio of
the time and spatial mesh size which is close to the CFL condition of section B.3l For these
values, we see in both tables[6land [ e.g., in the third row, second to last column or last row,
last column that the ratio equals

hy 0.0806  0.0403

— = ~ 1.82352941.
hy  0.0442  0.0221

This ratio is below the CFL condition h; < 1.825741858 h,. On the other hand in row three,
column three and row four, column four we we do not satisfy the CFL condition with the ratio

hy 0.1612  0.0806

~ = ~ 3.64 .
hy 0.0442 0.0221 3.64705

Therefore we see no convergence in our results for these cases.

Table 6: Errors in ||| ;2(q) for the Galerkin-Petrov FEM (@2)) in (0,v/10.4) x (0, 1)% and the
solution A, in (62]).

0.6450 0.3225 0.1612 0.0806 0.0403

0.1768 | 3.54e-01 3.54e-01  3.54e-01  3.54e-01 3.54e-01
0.0884 | 8.90e-02 1.04e+00 8.85e-02  8.85e-02  8.85e-02
0.0442 | 2.29e-02 4.87e-01 1.95e+05 2.21e-02 2.21e-02
0.0221 | 7.88e-03 1.83e-01 9.99e+05 1.04e+19 5.52e-03
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Table 7: Errors in || g1 () for the Galerkin-Petrov FEM (@2) in (0,v/10.4) x (0, 1)? and
the solution A, in (G2)).

h 0.6450 0.3225 0.1612 0.0806 0.0403
€T

0.1768 | 4.29e+00 4.28e400 4.28e+00 4.28¢+00 4.28e+00
0.0884 | 2.15e+00 5.25e4+01 2.14e+00 2.14e400 2.14e+00
0.0442 | 1.08e+00 4.57e+01 2.00e+07 1.07e4+00 1.07e+00
0.0221 | 5.57e-01 1.66e+01 1.77e+08 1.93e+21 5.36e-01

3.5.2 The convergence for o # 0

As a last case, we want to take a look at the convergence if we set ¢ Z 0 on a subdomain of the

spatial domain €. For that purpose we consider again @ = (0,2) x [0,1]? with e = <(1) (1)>,
pw = 1. We take the constructed solution A; of (6I). However, we choose ¢ = 1 over
conv{(0.5,0.35), (0.65,0.5), (0.5,0.65), (0.35,0.5)} as shown in Fig.[Iland zero elsewhere. Then

we compute the constructed right hand side J, = OnA; + 00 A; + curl, curl, A4,.

1
c=0
Q
0 171

Figure 1: The domain Q and the support €, = supp(o) of the conductivity o.

When we solve ([&3)) for this example we get the L?(Q)-norm error as shown in Table 8land
the HW1(Q)-seminorm error shown in Table [0 for piecewise quadratic functions in time. In
both tables, Tab. @l and Tab. 8] we see the CFL condition (B6), hy < 1.825741858 h,, as in
the case of ¢ = 0. Indeed, in each table, we see in the last row and the second column where
hi/h; = 4.7348 to the third column where h;/h, = 2.3674 an increase in the error which
stops after the CFL condition is satisfied in the fourth column where h;/h, = 1.18. After
the CFL condition is met we again see linear convergence in the H°"!(Q)-seminorm but no
second-order convergence in the L?(Q)-norm, however. Note, that the stricter CFL condition
(57) does not apply here.

Remark 3.1. In the case of € = gg, p~ ' = ual we get hy < \/m\/%hx ~ 6.09 1077 h,
since po = 1.256637 1076 and eg = 8.854188 10~ '2. In this case, since p~' and o are at least
of order 10'? greater, it might be reasonable to think about the application of this problem.
Either, we consider a very fine resolution where we are interested in the resolution on the

atomic level or it might be reasonable to consider the Eddy Current problem instead of solving
[@2). This will be a topic of future work.
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Table 8: Errors in [|-|| 12 (¢) for the Galerkin-Petrov FEM (#2)) in (0, 2) x (0, 1)? and the solution
4, in @1).

h & 0.2500 0.1250 0.0625 0.0312 0.0156
xr
0.2111 | 1.06e-02 1.06e-02  1.06e-02  1.06e-02 1.06e-02
0.1055 | 3.72e-03  3.70e-03  3.70e-03  3.70e-03  3.70e-03
0.0528 | 2.23e-03 1.31e+00 2.14e-03 2.14e-03 2.14e-03

0.0264 | 1.49e-03 1.77e+01 6.57e+10 1.48e-03 1.48e-03

Table 9: Errors in [-| geuni1(g) for the Galerkin—Petrov FEM (42) in (0,2) x (0,1)? and the
solution A; in (&I)).

0.2500 0.1250 0.0625 0.0312 0.0156

0.2111 | 1.08e-01 1.08e-01  1.08e-01  1.08e-01 1.08e-01
0.1055 | 5.76e-02  5.47e-02  5.47e-02 5.47e-02 5.47e-02
0.0528 | 6.48e-02 1.49e+02 2.76e-02  2.76e-02 2.76e-02
0.0264 | 2.12e-02 3.42e4+03 1.49e+13 1.39e-02 1.42e-02

4 Conclusion

In this paper, we have investigated the unique solvability of the variational formulation of
the vectorial wave equation considering Ohm’s law. First, we have taken a look at the trial
and test spaces and showed properties of the functional spaces that we needed to prove the
solvability. Then we proved unique solvability for the variational formula (I6), where ia €
LY0,T; L2(Q;RY)). For electromagnetic problems, the variational formula (I6]) applies to a
variety of electromagnetic examples since it is posed for Ohm’s law and anisotropic material.

Having proven the unique solvability, we turned to computational examples in the tensor
product. We used piecewise quadratic ansatz functions in time and lowest order Nédélec
elements in space. Here, as in the case of linear ansatz functions in time, [16], we realized that
there is a CFL condition. We calculated the CFL condition and gave examples. Using the
reasoning from Section 3.3, it is also possible to derive a CFL condition for other higher-order
elements in time. We thus learn that simply increasing the order of finite elements in time
does not lead to an unconditionally stable method. In the case of the tensor product structure,
we can always expect a CFL condition for the space-time discretization of the vectorial wave
equation. A possible solution is the use of the modified Hilbert transform as performed in
[16].

The results of this work form the basis for more complicated electromagnetic problems.
We observed the main difficulties of the vectorial wave equation and what they imply. This
will be a starting point for future work on the calculation of eddy current problems and further
applied calculations such as unstructured space-time meshes.
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