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Self-adjoint Laplace operator
with translation invariance
on infinite-dimensional space R∞

Hiroki Yagisita (Kyoto Sangyo University)

The standard Laplacian −△Rn in L2(Rn) is self-adjoint and translation
invariant on the finite-dimensional vector space Rn. In this paper, using some
quadratic form, we define a translation invariant operator −△R∞ on R∞ as a
non-negative self-adjoint operator in some Hilbert space L2(R∞), which is a
subset of the set CM(R∞) of all complex measures on the product measurable
space R∞. Furthermore, we show that for any f ∈ L2(Rn) and any u ∈
L2(R∞), e

√
−1△R∞ t(f ⊗ u) = (e

√
−1△Rn tf) ⊗ (e

√
−1△R∞ tu) (t ∈ (−∞,+∞))

and e△R∞ t(f ⊗ u) = (e△Rn tf) ⊗ (e△R∞ tu) (t ∈ [0,+∞)) hold. This clearly
shows that−△R∞ is an analog of−△Rn. The starting point for the discussion
in this paper is to naturally introduce a translation invariant Hilbert space
structure into CM(R∞).

Schrödinger equation, heat equation, diffusion equation, infinite particle
system, Gibbs measure, Feynman measure, canonical commutation relation
(CCR), strongly continuous unitary representation.
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1 Introduction

In this paper, we provide an analog of the Laplacian on the infinite-
dimensional linear space R∞ that is self-adjoint and translation invariant.
There is no known previous research that has given an analog of the Laplacian
on an infinite-dimensional linear space that is self-adjoint and translation
invariant, and in this sense there does not seem to be any clear related
literature. On the other hand, the amount of previous research on analogs
of the Laplacian on infinite-dimensional linear spaces that are self-adjoint or
translation invariant, and we are unable to provide an unbiased citation.

As R is the measurable space whose set of all measurable sets is the topo-
logical σ-algebra, let R∞ denote the countable product measurable space
∏

n∈NR. There does not exist a σ-finite measure µ with translation invari-
ance on R∞ that satisfies µ([0, 1)∞) = 1 (i.e., ideal Lebesgue measure on R∞).
Therefore, the space of square-integrable functions on R

∞ seems indefinable.
On the other hand, according to Born and Heisenberg probabilistic interpre-
tation of quantum mechanical wavefunction, as Ω is a measurable space, for
a measure µ on Ω and a function f ∈ L2(µ) that satisfies ‖f‖L2(µ) 6= 0, the
probabilistic interpretation of the state vector f for position measurement is
the probability measure

1

‖f‖2
L2(µ)

|f |2dµ

on Ω. This probability measure is the normalization of the total variation of
the complex measure

f |f |dµ
on Ω. So, in the set of all complex measures on Ω (denoted by CM(Ω)), is
it possible to introduce the structure of Hilbert space in which, for complex
measures f |f |dµ and g|g|dµ on Ω, the inner product is

〈f |f |dµ, g|g|dµ〉=
∫

Ω

fgdµ

? As a matter of fact, (given limiting µ to be σ-finite,) this is easy to
do and is done in Section 2. Since the sum that fits the inner product is
defined in Definition 4 and it is simple, readers who have doubts here should
take a look at Definition 4. In Section 3, we show that the Hilbert space
structure of CM(R∞) is translation invariant and we define the generalized
partial differential operator

√
−1 ∂

∂xk
as a self-adjoint operator in the closed
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linear subspace of CM(R∞) in which the translation group in the xk-direction
is strongly continuous. In Section 4, from the very simple quadratic form
(Hermitian form)

∑

k∈N
〈
√
−1

∂u

∂xk

,
√
−1

∂v

∂xk

〉,

we define some closed linear subspace of CM(R∞) (denoted by L2(R∞)) and
a non-negative self-adjoint operator −△R∞ in L2(R∞). In Section 5, when
Ω1 and Ω2 are measurable spaces, u1 is a complex measure on Ω1 and u2 is a
complex measure on Ω2, it is shown that the product u1 ·u2 can be naturally
defined as a complex measure on Ω1 × Ω2 and ‖u1 · u2‖ = ‖u1‖‖u2‖ holds.
Since the product is defined in Definition 26 and it is simple, readers who
have doubts here should take a look at Definition 26. In Section 6, when for
f ∈ L2(Rn) and u ∈ CM(R∞), f ⊗ u ∈ CM(R∞) is defined as

(f ⊗ u)(x1, x2, · · · )

:= (f(x1, x2, · · · , xn)|f(x1, x2, · · · , xn)|dx1dx2 · · · dxn) · u(xn+1, xn+2, · · · ),
it is show that for any f0 ∈ L2(Rn) and any u0 ∈ L2(R∞),

e
√
−1△R∞ t(f0 ⊗ u0) = (e

√
−1△Rn tf0)⊗ (e

√
−1△R∞ tu0) (t ∈ (−∞,+∞)),

e△R∞ t(f0 ⊗ u0) = (e△Rn tf0)⊗ (e△R∞ tu0) (t ∈ [0,+∞))

hold. This clearly shows that △R∞ is an analog of the standard Laplacian
△Rn. In Section 7, we show that L2(R∞) has an uncountable orthogonal
system (i.e., L2(R∞) is not separable). In Section 8, just to make sure, we
confirm that △R∞ is translation invariant. Section 6, Section 7 and Section
8 can each be read independently. In addition, we once again state the proof
of some fundamental facts that should hold, because there does not seem to
be much accessible well-known literature that explicitly states the proof.
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2 Square root of density

Throughout this paper, we may use the following three simple facts
(Lemma 1, Lemma 2 and Remark) without specific mention.

Lemma 1: Let η be the map from C to C defined for z ∈ C, as η(z) :=

z|z|. Let ζ be the map from C to C defined for w ∈ C, as ζ(w) := w|w|− 1

2

when w 6= 0 holds and ζ(w) := 0 when w = 0 holds. Then, η and ζ are
continuous. ζ ◦ η and η ◦ ζ are the identity map. �

Lemma 2: Let Ω be a measurable space. Let {µn}∞n=1 be a sequence of
σ-finite measures on Ω. Let {un}∞n=1 be a sequence of complex measures on
Ω. Then, there exists a finite measure ν on Ω such that for any n ∈ N, µn

and un are absolutely continuous with respect to ν.
Proof: There exists {En,m}∞n,m=1 such that for any n, Ω = ⊔∞

m=1En,m

holds and for any m, µn(En,m) < +∞ holds. As |un| is the total variation of
un, let

ν(E) :=
∑

n

(

1

2n

(

|un|(E)

1 + |un|(Ω)
+
∑

m

(

1

2m
µn(E ∩ En,m)

1 + µn(En,m)

)

))

.

�

Remark: Let Ω be a measurable space. Let µ be a measure on Ω.
Let ρ be a [0,+∞)-valued measurable function on Ω. Let f be a complex
measurable function on Ω. Then, the followings hold.

(1) Suppose that f is non-negative. Then, f(ρdµ) = (fρ)dµ holds.
(2) Suppose that f ∈ L1(ρdµ) or fρ ∈ L1(µ) holds. Then, f ∈ L1(ρdµ),

fρ ∈ L1(µ) and f(ρdµ) = (fρ)dµ hold.
Proof: Although it is a natural result, we include the proof just in case.
(1) There exists a monotonic non-decreasing sequence {gn}n of non-negative

simple measurable functions such that for any x, limn |gn(x) − f(x)| =
0 holds. Then, for any measurable set E, (f(ρdµ))(E) =

∫

E
f(ρdµ) =

limn(
∫

E
gn(ρdµ)) = limn(

∫

E
(gnρ)dµ) =

∫

E
(fρ)dµ = ((fρ)dµ)(E) holds.

(2) From (1), f ∈ L1(ρdµ) and fρ ∈ L1(µ) hold. So, there exist h1, h2, h3, h4 ∈
L1(ρdµ) such that h1, h2, h3 and h4 are non-negative and

f = (h1 − h2) +
√
−1(h3 − h4)

holds. Then, from (1), for any measurable set E, (f(ρdµ))(E) =
∫

E
f(ρdµ) =

(
∫

E
h1(ρdµ)−

∫

E
h2(ρdµ)) +

√
−1(

∫

E
h3(ρdµ)−

∫

E
h4(ρdµ)) = (

∫

E
(h1ρ)dµ−
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∫

E
(h2ρ)dµ) +

√
−1(

∫

E
(h3ρ)dµ −

∫

E
(h4ρ)dµ) =

∫

E
(fρ)dµ = ((fρ)dµ)(E)

holds. �

Definition 3 (CM(Ω)): Let Ω be a measurable space. Then, let CM(Ω)
denote the set of all complex measures on Ω. �

Definition 4 (sum): Let Ω be a measurable space. Let u1, u2 ∈ CM(Ω).
Then, there uniquely exists v ∈ CM(Ω) such that the following holds. There
exist a σ-finite measure µ on Ω and f1, f2 ∈ L2(µ) such that u1 = f1|f1|dµ,
u2 = f2|f2|dµ and v = (f1 + f2)|f1 + f2|dµ hold. Let u1 + u2 ∈ CM(Ω) be
defined as u1 + u2 := v.

Proof: From Lemma 1 and Lemma 2, existence is easy. We show
uniqueness. Suppose that (v1, µ1, f1,1, f2,1) and (v2, µ2, f1,2, f2,2) each sat-
isfy the condition of the definition. Then, from Lemma 2, there exist a
finite measure ν and [0,+∞)-valued measurable functions ρ1, ρ2 such that
µ1 = ρ1dν and µ2 = ρ2dν hold. So, u1 = f1,1|f1,1|dµ1 = (f1,1

√
ρ1)|f1,1

√
ρ1|dν

and u1 = f1,2|f1,2|dµ2 = (f1,2
√
ρ2)|f1,2

√
ρ2|dν hold. From Lemma 1, ν-

a.e., f1,1
√
ρ1 = f1,2

√
ρ2 holds. Similarly, ν-a.e., f2,1

√
ρ1 = f2,2

√
ρ2 holds.

v1 = (f1,1+ f2,1)|f1,1+ f2,1|dµ1 = (f1,1
√
ρ1 + f2,1

√
ρ1)|f1,1

√
ρ1+ f2,1

√
ρ1|dν =

(f1,2
√
ρ2 + f2,2

√
ρ2)|f1,2

√
ρ2 + f2,2

√
ρ2|dν = (f1,2 + f2,2)|f1,2 + f2,2|dµ2 = v2

holds. �

Definition 5 (scalar multiple): Let Ω be a measurable space. Let
c ∈ C and u ∈ CM(Ω). Then, there uniquely exists v ∈ CM(Ω) such that
the following holds. There exist a σ-finite measure µ on Ω and f ∈ L2(µ)
such that u = f |f |dµ and v = (cf)|cf |dµ hold. Let cu ∈ CM(Ω) be defined
as cu := v.

Proof: From Lemma 1, existence is easy. Similar to Definition 4, unique-
ness can be confirmed. �

Definition 6 (inner product complex measure): Let Ω be a mea-
surable space. Let u1, u2 ∈ CM(Ω). Then, there uniquely exists v ∈ CM(Ω)
such that the following holds. There exist a σ-finite measure µ on Ω and
f1, f2 ∈ L2(µ) such that u1 = f1|f1|dµ, u2 = f2|f2|dµ and v = f1f2dµ hold.
Let 〈〈u1, u2〉〉 ∈ CM(Ω) be defined as 〈〈u1, u2〉〉 := v.

Proof: Similar to Definition 4, existence and uniqueness can be con-
firmed. �

Definition 7 (inner product): Let Ω be a measurable space. Let
u1, u2 ∈ CM(Ω). Then, let 〈u1, u2〉CM(Ω) ∈ C denote 〈〈u1, u2〉〉(Ω). �

Proposition 8: Let Ω be a measurable space. Then, CM(Ω) is Hilbert
space.

Proof: Similar to Definition 4, it can be confirmed that CM(Ω) is an
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inner product space. Let {un}n be Cauchy sequence in CM(Ω). We show
that there exists v ∈ CM(Ω) such that limn ‖un − v‖CM(Ω) = 0 holds. From
Lemma 1 and Lemma 2, there exist a finite measure ν and a sequence {fn}n in
L2(ν) such that for any n, un = fn|fn|dν holds. So, because of ‖fk−fl‖L2(ν) =
‖uk − ul‖CM(Ω), {fn}n is Cauchy sequence in L2(ν). There exists g ∈ L2(ν)
such that limn ‖fn−g‖L2(ν) = 0 holds. Then, because of ‖un−g|g|dν‖CM(Ω) =
‖fn − g‖L2(ν), limn ‖un − g|g|dν‖CM(Ω) = 0 holds. �

Remark: Let M be a C∞-manifold. Hörmander ([2]) defined densities
of order 1

p
on M (§2.4) and further defined an inner product for densities of

order 1
2
on M (§4.2). Let (·, ·)M be the inner product defined by Hörmander.

Then, (·, ·)M can be understood as a special case of the inner product of
CM(M). For simplicity, assume that M is compact. Let ω be a volume
element of M . Then, the positive square root

√
ω is a C∞-density of order 1

2
.

For any C∞-density u of order 1
2
, there uniquely exists a complex-valued C∞-

function f such that u = f
√
ω holds. For any complex-valued C∞-functions

f1 and f2, (f1
√
ω, f2

√
ω)M =

∫

M
f1f2dω = 〈f1|f1|dω, f2|f2|dω〉CM(M) holds.

�
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3 Self-adjoint operator
√
−1 ∂

∂xk

As R is the measurable space whose set of all measurable sets is the
topological σ-algebra, R∞ denotes the product measurable space

∏

n∈N R.
Lemma 9: Let α, β ∈ R∞. Let E be a subset of R∞. Let Eα := {x ∈

R∞|x−α ∈ E} and Eβ := {x ∈ R∞|x−β ∈ E}. Then, if Eα is a measurable
set of R∞, then Eβ is a measurable set of R∞.

Proof: Let M be the set of all subsets D of R∞ such that {x ∈ R∞|x−
(β − α) ∈ D} is a measurable set of R∞. Then, M is a σ-algebra on R∞.
Furthermore, for any k ∈ N and any measurable set B of R, (

∏

n∈{k}B) ×
(
∏

n∈N\{k}R) ∈ M holds. So, if D is a measurable set of R∞, then D ∈ M
holds. In particular, Eα ∈ M holds. Therefore, since on the other hand,
Eβ = {x ∈ R∞|x− (β − α) ∈ Eα} holds, Eβ is a measurable set of R∞. �

Lemma 10: Let a ∈ R∞ and T ∈ CM(R∞). Let Ta be the map from
the set of all subsets E of R∞ such that {x ∈ R∞|x+a ∈ E} is a measurable
set of R∞ to C defined as

Ta(E) := T ({x ∈ R
∞|x+ a ∈ E}).

Then, Ta ∈ CM(R∞) holds.
Proof: From Lemma 9, it is easy. �

Definition 11 (translation): Let a ∈ R∞. Then, let a map τa from
CM(R∞) to CM(R∞) be defined as

(τaT )(E) := T ({x ∈ R
∞|x+ a ∈ E}).

�

Lemma 12: Let a ∈ R∞. Let µ be a measure on R∞. Let µa be the
map from the set of all subsets E of R∞ such that {x ∈ R

∞|x+ a ∈ E} is a
measurable set of R∞ to [0,+∞] defined as

µa(E) := µ({x ∈ R
∞|x+ a ∈ E}).

Then, µa is a measure on R
∞. Let f be a complex measurable function on

R∞. Let fa be the map from R∞ to C defined as

fa(x) := f(x− a).

Then, fa is a complex measurable function on R∞. If f ∈ L1(µ) holds, then
fa ∈ L1(µa) and τa(fdµ) = fadµa hold.

7



Proof: Although it is a natural result, we include the proof just in case.
From Lemma 9, µa is a measure and fa is a measurable function.
We show that if f is non-negative, then τa(fdµ) = fadµa holds. There

exists a monotonic non-decreasing sequence {gn}n of non-negative simple
measurable functions such that for any x, limn |gn(x)− f(x)| = 0 holds. For
n, let ga,n be the map defined as ga,n(x) := gn(x−a). Then, {ga,n}n is a mono-
tonic non-decreasing sequence of non-negative simple measurable functions
such that for any x, limn |ga,n(x)− fa(x)| = 0 holds. So, for any measurable
set E, (τa(fdµ))(E) = (fdµ)({x ∈ R∞|x + a ∈ E}) =

∫

{x∈R∞|x+a∈E} fdµ =

limn(
∫

{x∈R∞|x+a∈E} gndµ) = limn(
∫

E
ga,ndµa) =

∫

E
fadµa holds. If f is non-

negative, then τa(fdµ) = fadµa holds.
There exist h1, h2, h3, h4 ∈ L1(µ) such that h1, h2, h3 and h4 are non-

negative and
f = (h1 − h2) +

√
−1(h3 − h4)

holds. Let ha,1(x) := h1(x − a), ha,2(x) := h2(x − a), ha,3(x) := h3(x − a)
and ha,4(x) := h4(x − a). Then, τa(h1dµ) = ha,1dµa, τa(h2dµ) = ha,2dµa,
τa(h3dµ) = ha,3dµa and τa(h4dµ) = ha,4dµa hold. Furthermore,

fa = (ha,1 − ha,2) +
√
−1(ha,3 − ha,4)

holds. So, for any measurable set E, (τa(fdµ))(E) = (fdµ)({x ∈ R∞|x +
a ∈ E}) =

∫

{x∈R∞|x+a∈E} fdµ = (
∫

{x∈R∞|x+a∈E} h1dµ−
∫

{x∈R∞|x+a∈E} h2dµ) +√
−1(

∫

{x∈R∞|x+a∈E} h3dµ −
∫

{x∈R∞|x+a∈E} h4dµ) = ((h1dµ)({x ∈ R∞|x + a ∈
E}) − (h2dµ)({x ∈ R∞|x + a ∈ E})) +

√
−1((h3dµ)({x ∈ R∞|x + a ∈

E}) − (h4dµ)({x ∈ R∞|x + a ∈ E})) = ((τa(h1dµ))(E) − (τa(h2dµ))(E)) +√
−1((τa(h3dµ))(E)−(τa(h4dµ))(E)) = ((ha,1dµa)(E)−(ha,2dµa)(E))+

√
−1

((ha,3dµa)(E)−(ha,4dµa)(E)) = (
∫

E
ha,1dµa−

∫

E
ha,2dµa)+

√
−1(

∫

E
ha,3dµa−

∫

E
ha,4dµa) =

∫

E
fadµa = (fadµa)(E) holds. �

Proposition 13: Let a ∈ R∞. Then, τa is a unitary operator in
CM(R∞).

Proof: From Lemma 12, it is easy. �

Definition 14 (L2
k(R

∞), (H1
k(R

∞), ∂
∂xk

)): Let k ∈ N. Then, there

uniquely exists ek ∈ R∞ such that ek,k = 1 holds and for any n ∈ N \ {k},
ek,n = 0 holds.

(1) Let L2
k(R

∞) denote the set of all u ∈ CM(R∞) such that

lim
h↓+0

‖τheku− u‖CM(R∞) = 0

8



holds.
(2) For u1, u2 ∈ L2

k(R
∞), let 〈u1, u2〉L2

k
(R∞) ∈ C be defined as

〈u1, u2〉L2
k
(R∞) := 〈u1, u2〉CM(R∞).

(3) Let H1
k(R

∞) denote the set of all u ∈ CM(R∞) such that the following
holds. There uniquely exists v ∈ CM(R∞) such that

lim
h↓+0

‖τheku− u

h
− v‖CM(R∞) = 0

holds.
(4) Let u ∈ H1

k(R
∞). Then, there uniquely exists v ∈ CM(R∞) such that

lim
h↓+0

‖τheku− u

h
− v‖CM(R∞) = 0

holds. Let ∂u
∂xk

∈ CM(R∞) be defined as ∂u
∂xk

:= −v. �

Lemma 15: Let k ∈ N. Then, the followings hold.
(1) H1

k(R
∞) ⊂ L2

k(R
∞) holds.

(2) L2
k(R

∞) is the set of all u ∈ CM(R∞) such that the following holds.
For any ε > 0, there exists δ > 0 such that for any t0, t1, t2 ∈ R, if |t1−t2| < δ

holds, then ‖τt1ek(τt0eku)− τt2ek(τt0eku)‖CM(R∞) < ε holds.
(3) L2

k(R
∞) is a closed linear subspace of CM(R∞).

(4) Let u ∈ H1
k(R

∞). Then, − ∂u
∂xk

∈ L2
k(R

∞) holds.

Proof: (1) It is easy.
(2) Because of τt1ek(τt0eku) − τt2ek(τt0eku) = −τt0ekτt1ek(τ(t2−t1)eku − u) =

+τt0ekτt2ek(τ(t1−t2)eku− u), from Proposition 13, it follows.
(3) From Proposition 13, it is easy.
(4) From (1), (2) and (3), it follows. �

Theorem 16: Let k ∈ N. Then, the followings hold.
(1) The domain of

√
−1 ∂

∂xk
is H1

k(R
∞).

(2)
√
−1 ∂

∂xk
is a self-adjoint operator in L2

k(R
∞).

Proof: (1) It is obvious.
(2) From Proposition 8, Proposition 13 and Lemma 15, it follows. �

9



4 Non-negative self-adjoint operator −△R∞

Definition 17 (H1(R∞)): (1) Let H1(R∞) denote the set of all u ∈
∩k∈NH

1
k(R

∞) such that

∑

k∈N
〈
√
−1

∂u

∂xk

,
√
−1

∂u

∂xk

〉L2
k
(R∞) < +∞

holds.
(2) For u1, u2 ∈ H1(R∞), let 〈u1, u2〉H1(R∞) ∈ C be defined as

〈u1, u2〉H1(R∞) := 〈u1, u2〉CM(R∞) +
∑

k∈N
〈
√
−1

∂u1

∂xk

,
√
−1

∂u2

∂xk

〉L2
k
(R∞).

�

Proposition 18: H1(R∞) is Hilbert space.
Proof: It is easy that H1(R∞) is an inner product space. Let {un}n be

Cauchy sequence in H1(R∞). Then, we show that there exists v ∈ H1(R∞)
such that limn ‖un − v‖H1(R∞) = 0 holds.

There exist v and {wk}k∈N such that limn ‖un − v‖CM(R∞) = 0 holds
and for any k ∈ N, limn ‖

√
−1∂un

∂xk
− wk‖L2

k
(R∞) = 0 holds. For any k ∈

N, because {un}n is Cauchy sequence in L2
k(R

∞), limn ‖un − v‖L2
k
(R∞) = 0

holds. So, from Theorem 16, (because self-adjoint operators are closed,) for
any k ∈ N,

√
−1 ∂v

∂xk
= wk holds. Hence, for any k ∈ N, limn ‖

√
−1∂un

∂xk
−√

−1 ∂v
∂xk

‖L2
k
(R∞) = 0 holds. Because for any n,K ∈ N,

K
∑

k=1

〈
√
−1

∂un

∂xk

,
√
−1

∂un

∂xk

〉L2
k
(R∞) ≤ sup

m∈N
〈um, um〉H1(R∞) < +∞

holds, for any K ∈ N,

K
∑

k=1

〈
√
−1

∂v

∂xk

,
√
−1

∂v

∂xk

〉L2
k
(R∞) ≤ sup

m∈N
〈um, um〉H1(R∞) < +∞

holds. Therefore, v ∈ H1(R∞) holds.
Let ε > 0. Then, there exists N ∈ N such that

n ≥ N,m ≥ N =⇒ ‖un − um‖H1(R∞) <
ε

2
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holds. For any K ∈ N,
n ≥ N,m ≥ N

=⇒

〈un − um, un − um〉CM(R∞) +

K
∑

k=1

〈
√
−1

∂(un − um)

∂xk

,
√
−1

∂(un − um)

∂xk

〉L2
k
(R∞)

< (
ε

2
)2

holds. So, because of
n ≥ N

=⇒

〈un − v, un − v〉CM(R∞) +

K
∑

k=1

〈
√
−1

∂(un − v)

∂xk

,
√
−1

∂(un − v)

∂xk

〉L2
k
(R∞)

≤ (
ε

2
)2,

n ≥ N =⇒ ‖un − v‖H1(R∞) ≤
ε

2
< ε

holds. �

Definition 19 (L2(R∞)): Let L2(R∞) denote the closure of H1(R∞)
in CM(R∞). For u1, u2 ∈ L2(R∞), let 〈u1, u2〉L2(R∞) ∈ C be defined as
〈u1, u2〉L2(R∞) := 〈u1, u2〉CM(R∞). �

Proposition 20: L2(R∞) is a closed linear subspace of CM(R∞). L2(R∞)
is Hilbert space. H1(R∞) is a dense linear subspace of L2(R∞). For any
u ∈ H1(R∞), ‖u‖L2(R∞) ≤ ‖u‖H1(R∞) holds.

Proof: It is easy. �

Definition 21 (elliptic equation, (1 − △R∞)−1): Let f ∈ L2(R∞).
Then, there uniquely exists u ∈ H1(R∞) such that for any ϕ ∈ H1(R∞),

〈u, ϕ〉H1(R∞) = 〈f, ϕ〉L2(R∞)

holds. Let (1−△R∞)−1f ∈ H1(R∞) be defined as (1−△R∞)−1f := u.
Proof: From Proposition 18 and Proposition 20, existence and unique-

ness are easy (by Riesz theorem). �

Proposition 22: For any f ∈ L2(R∞), ‖(1−△R∞)−1f‖H1(R∞) ≤ ‖f‖L2(R∞)

holds. (1−△R∞)−1 is an injective self-adjoint operator in L2(R∞).

11



Proof: 〈f1, (1−△R∞)−1f2〉L2(R∞) = 〈(1−△R∞)−1f1, (1−△R∞)−1f2〉H1(R∞) =

〈(1−△R∞)−1f2, (1−△R∞)−1f1〉H1(R∞) = 〈f2, (1−△R∞)−1f1〉L2(R∞) = 〈(1−
△R∞)−1f1, f2〉L2(R∞) holds.

‖(1 − △R∞)−1f‖2
H1(R∞) = 〈f, (1 − △R∞)−1f〉L2(R∞) ≤ ‖f‖L2(R∞)‖(1 −

△R∞)−1f‖L2(R∞) holds.
There exists a sequence {gn}n in H1(R∞) such that limn ‖gn−f‖L2(R∞) =

0 holds. So, if (1−△R∞)−1f = 0 holds, then 〈f, f〉L2(R∞) = limn〈f, gn〉L2(R∞) =
limn〈(1−△R∞)−1f, gn〉H1(R∞) = 0 holds. �

Definition 23 (△R∞): Let u be an element of the range of (1−△R∞)−1.
Then, let △R∞u ∈ L2(R∞) be defined as

△R∞u := u− ((1−△R∞)−1)−1u.

�

Theorem 24: (1) The domain of −△R∞ is a linear subspace of H1(R∞).
(2) −△R∞ is a non-negative self-adjoint operator in L2(R∞).

Proof: (1) The range of (1−△R∞)−1 is a linear subspace of H1(R∞).
(2) From Proposition 22, −△R∞ is self-adjoint. 〈−△R∞u, u〉L2(R∞) =

〈((1−△R∞)−1)−1u, u〉L2(R∞) − 〈u, u〉L2(R∞) = 〈u, u〉H1(R∞) − 〈u, u〉L2(R∞) ≥ 0
holds. �
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5 Product complex measure

We may use the following simple lemma without specific mention.
Lemma 25: Let Ω1 and Ω2 be measurable spaces. Let µ1 be a σ-finite

measure on Ω1. Let µ2 be a σ-finite measure on Ω2. Let ρ1 be a [0,+∞)-
valued measurable function on Ω1. Let ρ2 be a [0,+∞)-valued measurable
function on Ω2. Then, ρ1ρ2dµ1dµ2 = (ρ1dµ1)(ρ2dµ2) holds.

Proof: Although it is a natural result, we include the proof just in
case. Let E1 be a measurable set of Ω1. Let E2 be a measurable set of Ω2.
Then, (ρ1ρ2dµ1dµ2)(E1 ×E2) =

∫

E1×E2
ρ1ρ2dµ1dµ2 =

∫

E2
(
∫

E1
ρ1ρ2dµ1)dµ2 =

(
∫

E1
ρ1dµ1)(

∫

E2
ρ2dµ2) = ((ρ1dµ1)(E1))((ρ2dµ2)(E2)) holds. �

Definition 26 (product complex measure): Let u1 and u2 be com-
plex measures. Then, there uniquely exists a complex measure v such that
the following holds. There exist σ-finite measures µ1, µ2 and f1 ∈ L1(µ1), f2 ∈
L1(µ2) such that u1 = f1dµ1, u2 = f2dµ2 and v = f1f2dµ1dµ2 hold. Let the
complex measure u1 · u2 be defined as u1 · u2 := v.

Proof: Existence is easy. We show uniqueness. Suppose that (v1, µ1,1, µ2,1,

f1,1, f2,1) and (v2, µ1,2, µ2,2, f1,2, f2,2) each satisfy the condition of the defini-
tion. Then, there exist finite measures ν1, ν2 and [0,+∞)-valued measurable
functions ρ1,1, ρ2,1, ρ1,2, ρ2,2 such that µ1,1 = ρ1,1dν1, µ1,2 = ρ1,2dν1, µ2,1 =
ρ2,1dν2 and µ2,2 = ρ2,2dν2 hold. So, because f1,1ρ1,1dν1 = u1 = f1,2ρ1,2dν1 and
f2,1ρ2,1dν2 = u2 = f2,2ρ2,2dν2 hold, dν1dν2-a.e., f1,1ρ1,1f2,1ρ2,1 = f1,2ρ1,2f2,2ρ2,2
holds. From Lemma 25, v1 = f1,1f2,1dµ1,1dµ2,1 = f1,1ρ1,1f2,1ρ2,1dν1dν2 =
f1,2ρ1,2f2,2ρ2,2dν1dν2 = f1,2f2,2dµ1,2dµ2,2 = v2 holds. �

Proposition 27: Let u1, u2 and u3 be complex measures. Then,

(u1 · u2) · u3 = u1 · (u2 · u3)

holds.
Proof: It is easy. �

Proposition 28: Let Ω1 and Ω2 be measurable spaces. Then, the fol-
lowings hold.

(1) Let u1, v1 ∈ CM(Ω1) and u2, v2 ∈ CM(Ω2). Then,

〈〈u1 · u2, v1 · v2〉〉 = 〈〈u1, v1〉〉 · 〈〈u2, v2〉〉,

〈u1 · u2, v1 · v2〉CM(Ω1×Ω2) = 〈u1, v1〉CM(Ω1)〈u2, v2〉CM(Ω2)

hold.
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(2) The map (u1, u2) 7→ u1 ·u2 from CM(Ω1)×CM(Ω2) to CM(Ω1×Ω2)
is bi-linear.

Proof: (1) There exist finite measures µ1, µ2 and f1, g1 ∈ L2(µ1), f2, g2 ∈
L2(µ2) such that u1 = f1|f1|dµ1, v1 = g1|g1|dµ1, u2 = f2|f2|dµ2 and v2 =
g2|g2|dµ2 hold. Then, from 〈〈u1, v1〉〉 = f1g1dµ1, 〈〈u2, v2〉〉 = f2g2dµ2 and
〈〈u1 · u2, v1 · v2〉〉 = f1g1f2g2dµ1dµ2, it follows.

(2) It is easy. �

We may use (2) of the following remark without specific mention, as it is
a natural result.

Remark: (1) Let Ω be a set. Let A be an algebra on Ω. Let B be
the smallest σ-algebra on Ω such that A ⊂ B holds. Let u1 and u2 be real
measures on the measurable space whose set of all measurable sets is B.
Suppose that for any E ∈ A, u1(E) = u2(E) holds. Then, u1 = u2 holds.

(2) Let Ω1 and Ω2 be measurable spaces. Let u1, u2 ∈ CM(Ω1 × Ω2).
Suppose that for any measurable set E1 of Ω1 and any measurable set E2 of
Ω2, u1(E1 × E2) = u2(E1 × E2) holds. Then, u1 = u2 holds.

Proof: (1) Let |u1| be the total variation of u1. Let |u2| be the total
variation of u2. For a measurable set E, let µ(E) := |u1|(E) + |u2|(E).
Then, there exist [−1,+1]-valued measurable functions f1 and f2 such that
u1 = f1dµ and u2 = f2dµ hold. Let Ef1<f2 := {x ∈ Ω|f1(x) < f2(x)} and
Ef2<f1 := {x ∈ Ω|f2(x) < f1(x)}.

Let ε > 0. Then, from basic facts about Carathéodory outer measure
(especially, Hopf extension theorem), there exists a sequence {En}∞n=1 in
A such that Ef1<f2 ⊂ ∪nEn and

∑

n µ(En) < µ(Ef1<f2) +
ε
2
hold. Let

E ′
n := En\∪n−1

k=1Ek. Then, because
∑

n µ(E
′
n\Ef1<f2) = µ(∪n(E

′
n\Ef1<f2)) =

µ((∪nEn)\Ef1<f2) = µ(∪nEn)−µ(Ef1<f2) <
ε
2
and E ′

n ∈ A hold,
∫

Ef1<f2

|f1−
f2|dµ =

∑

n

∫

E′
n∩Ef1<f2

(f2 − f1)dµ =
∑

n(
∫

E′
n
(f2 − f1)dµ −

∫

E′
n\Ef1<f2

(f2 −
f1)dµ) =

∑

n

∫

E′
n\Ef1<f2

(f1 − f2)dµ ≤
∑

n

∫

E′
n\Ef1<f2

2dµ < ε holds. There-

fore,
∫

Ef1<f2

|f1 − f2|dµ = 0 holds. Similarly,
∫

Ef2<f1

|f1 − f2|dµ = 0 holds.

(2) From (1), it follows �
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6 Embedding finite-dimensional evolution

{e
√
−1△

RN
t}t∈(−∞,+∞) and {e△RN

t}t∈[0,+∞)

Let N ∈ N. As R is the measurable space whose set of all measurable
sets is the topological σ-algebra, let RN denote the product measurable space
∏N

n=1R. Let dx denote the (ordinary) measure
∏N

n=1 dxn on RN . Let △RN

denote the (ordinary) Laplacian in L2(RN).
In Section 3, we defined { ∂

∂xk
}k∈N. However, in RN × R∞, the variables

x1, x2, · · · , xN conflict. For notational consistency, we introduce the following
definition.

Definition 29 (N-shift): Let u ∈ CM(R∞). Then, let u+
N denote

the map from the set of all subsets E of
∏∞

n=N+1R such that {{xn}n∈N ∈
R∞|{xn−N}∞n=N+1 ∈ E} is a measurable set of R∞ to C defined as

u+
N(E) := u({{xn}n∈N ∈ R

∞|{xn−N}∞n=N+1 ∈ E}).

�

Lemma 30: For any u ∈ CM(R∞), u+
N ∈ CM(

∏∞
n=N+1R) holds. The

map u 7→ u+
N from CM(R∞) to CM(

∏∞
n=N+1R) is a unitary operator.

Proof: It is easy. �

Definition 31 (⊗): Let f ∈ L2(RN) and u ∈ CM(R∞). Then, let
f ⊗ u ∈ CM(R∞) defined as

f ⊗ u := (f |f |dx) · (u+
N).

�

Lemma 32: Let f1, f2 ∈ L2(RN) and u1, u2 ∈ CM(R∞). Then,

〈f1 ⊗ u1, f2 ⊗ u2〉CM(R∞) = 〈f1, f2〉L2(RN )〈u1, u2〉CM(R∞)

holds.
Proof: From Proposition 28 (1) and Lemma 30, it is easy. �

Lemma 33: The map (f, u) 7→ f ⊗ u from L2(RN) × CM(R∞) to
CM(R∞) is bi-linear.

Proof: From Proposition 28 (2) and Lemma 30, it is easy. �

Lemma 34: Let a ∈ RN . Let f be a complex measurable function on
RN . Let fa be the map from RN to C defined as

fa(x) := f(x− a).
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Then, fa is a complex measurable function on RN . Let E be a measurable
set of RN . Let

Ea := {x ∈ R
N |x− a ∈ E}.

Then, Ea is a measurable set of RN . If f ∈ L1(RN) holds, then fa ∈ L1(RN)
and

∫

Ea
fadx =

∫

E
fdx hold.

Proof: It is well known. �

Lemma 35: Let {an}n∈N ∈ R∞. Let f ∈ L2(RN) and u ∈ CM(R∞).
Let f{an}Nn=1

be the map from R
N to C defined as

f{an}Nn=1
(x) := f(x− {an}Nn=1).

Then,
τ{an}n∈N

(f ⊗ u) = f{an}Nn=1
⊗ (τ{aN+n}n∈N

u)

holds.
Proof: Although it is a natural result, we include the proof just in case.
Let F be a measurable set of RN . Let G be a measurable set of

∏∞
n=N+1R.

Then, from {x ∈ R∞|x+ {an}∞n=1 ∈ F ×G} = {x ∈ RN |x+ {an}Nn=1 ∈ F} ×
{x ∈

∏∞
n=N+1R|x + {an}∞n=N+1 ∈ G} and Lemma 34, (τ{an}∞n=1

(f ⊗ u))(F ×
G) = (f⊗u)({x ∈ R∞|x+{an}∞n=1 ∈ F×G}) = (

∫

x+{an}Nn=1
∈F f |f |dx)(u+

N({x ∈
∏∞

n=N+1R|x+{an}∞n=N+1 ∈ G})) = (
∫

F
f{an}Nn=1

|f{an}Nn=1
|dx)((τ{aN+n}∞n=1

u)+N(G))
holds. So, from Remark (2) at the end of Section 5, τ{an}∞n=1

(f ⊗ u) =
(f{an}Nn=1

|f{an}Nn=1
|dx) · ((τ{aN+n}∞n=1

u)+N) holds. �

Lemma 36: Let k ∈ N, u ∈ H1
k(R

∞) and f ∈ L2(RN). Then, f ⊗ u ∈
H1

N+k(R
∞) and

∂(f ⊗ u)

∂xN+k

= f ⊗ ∂u

∂xk

hold.
Proof: There uniquely exists ek ∈ R∞ such that ek,k = 1 holds and

for any n ∈ N \ {k}, ek,n = 0 holds. There uniquely exists eN+k ∈ R∞

such that eN+k,N+k = 1 holds and for any n ∈ N \ {N + k}, eN+k,n = 0

holds. Then, from Lemma 35, Lemma 33 and Lemma 32, ‖ τheN+k
(f⊗u)−f⊗u

h
+

f ⊗ ∂u
∂xk

‖CM(R∞) = ‖ f⊗(τheku)−f⊗u

h
+ f ⊗ ∂u

∂xk
‖CM(R∞) = ‖f ⊗ (

τheku−u

h
+

∂u
∂xk

)‖CM(R∞) = ‖f‖L2(RN )‖
τheku−u

h
+ ∂u

∂xk
‖CM(R∞) holds. �

Lemma 37: Let k ∈ {1, 2, · · · , N}. Then, there uniquely exists eNk ∈ R
N

such that eNk,k = 1 holds and for any n ∈ {1, 2, · · · , N} \ {k}, eNk,n = 0 holds.
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Let f, g ∈ L2(RN ). Suppose that

lim
h↓+0

‖f(x− heNk )− f(x)

h
+ g(x)‖L2(RN ) = 0

holds. Let u ∈ CM(R∞). Then, f ⊗ u ∈ H1
k(R

∞) and

∂(f ⊗ u)

∂xk

= g ⊗ u

hold.
Proof: There uniquely exists ek ∈ R∞ such that ek,k = 1 holds and

for any n ∈ N \ {k}, ek,n = 0 holds. For a ∈ RN , let fa(x) := f(x − a).

Then, from Lemma 35, Lemma 33 and Lemma 32, ‖ τhek (f⊗u)−f⊗u

h
+ g ⊗

u‖CM(R∞) = ‖
f
heN

k
⊗u−f⊗u

h
+ g ⊗ u‖CM(R∞) = ‖(

f
heN

k
−f

h
+ g) ⊗ u‖CM(R∞) =

‖
f
heN

k
−f

h
+ g‖L2(RN )‖u‖CM(R∞) holds. �

Lemma 38: (1) Let f ∈ H1(RN) and u ∈ H1(R∞). Then, f ⊗ u ∈
H1(R∞) holds.

(2) Let f ∈ L2(RN) and u ∈ L2(R∞). Then, f ⊗ u ∈ L2(R∞) holds.
Proof: (1) From Lemma 37 and Lemma 36, f ⊗ u ∈ ∩k∈NH

1
k(R

∞) holds

and for any k ∈ {N+1, N+2, · · · }, ∂(f⊗u)
∂xk

= f⊗ ∂u
∂xk−N

holds. So, from Lemma

32,
∑∞

k=N+1 ‖
∂(f⊗u)
∂xk

‖2CM(R∞) = ‖f‖2
L2(RN )(

∑

k∈N ‖ ∂u
∂xk

‖2CM(R∞)) ≤ ‖f‖2
L2(RN )

‖u‖2
H1(R∞) holds.

(2) There exists a sequence {gn}n inH1(RN) such that limn ‖gn−f‖L2(RN ) =
0 holds. There exists a sequence {vn}n in H1(R∞) such that limn ‖vn −
u‖L2(R∞) = 0 holds. Then, from (1), for any n, gn ⊗ vn ∈ H1(R∞) holds.
On the other hand, from Lemma 33 and Lemma 32, limn ‖gn ⊗ vn − f ⊗
u‖CM(R∞) = 0 holds. �

In order to examine (△RNf) ⊗ u and f ⊗ (△R∞u), we introduce ⊗-
contraction (⋄N and ⋄∞).

Definition 39 (⋄N , ⋄∞): Let v ∈ CM(R∞).
(1) Let f ∈ L2(RN). Then, there uniquely exists w ∈ CM(R∞) such that

for any u ∈ CM(R∞),

〈f ⊗ u, v〉CM(R∞) = 〈u, w〉CM(R∞)

holds. Let f ⋄N v ∈ CM(R∞) be defined as f ⋄N v := w.
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(2) Let u ∈ CM(R∞). Then, there uniquely exists g ∈ L2(RN) such that
for any f ∈ L2(RN),

〈f ⊗ u, v〉CM(R∞) = 〈f, g〉L2(RN )

holds. Let u ⋄∞ v ∈ L2(RN ) be defined as u ⋄∞ v := g.
Proof: Existence and uniqueness are easy (by Riesz Theorem). �

Lemma 40: (1) Let f ∈ L2(RN) and v ∈ CM(R∞). Then, ‖f ⋄N
v‖CM(R∞) ≤ ‖f‖L2(RN )‖v‖CM(R∞) holds.

(2) Let u, v ∈ CM(R∞). Then, ‖u ⋄∞ v‖L2(RN ) ≤ ‖u‖CM(R∞)‖v‖CM(R∞)

holds.
Proof: It is easy. �

Proposition 41: (1) Let k ∈ N, v ∈ H1
N+k(R

∞) and f ∈ L2(RN). Then,
f ⋄N v ∈ H1

k(R
∞) and

∂(f ⋄N v)

∂xk

= f ⋄N
∂v

∂xN+k

hold.
(2) Let k ∈ {1, 2, · · · , N}, v ∈ H1

k(R
∞) and u ∈ CM(R∞). Let ∂

∂xN,k

be the (ordinary) generalized partial differential operator in L2(RN). Then,
u ⋄∞ v is an element of the domain of ∂

∂xN,k
and

∂(u ⋄∞ v)

∂xN,k

= u ⋄∞
∂v

∂xk

holds.
Proof: (1) From Lemma 36 and Theorem 16, because for any u ∈

H1
k(R

∞), 〈u, f⋄N ∂v
∂xN+k

〉CM(R∞) = 〈f⊗u, ∂v
∂xN+k

〉CM(R∞) = −〈f⊗ ∂u
∂xk

, v〉CM(R∞) =

−〈 ∂u
∂xk

, f ⋄N v〉CM(R∞) holds, f ⋄N ∂v
∂xN+k

= −( ∂
∂xk

)∗(f ⋄N v) = ∂(f⋄Nv)
∂xk

holds.

(2) In the same way as (1), from Lemma 37 and Theorem 16, it follows.
�

Lemma 42: (1) Let ϕ ∈ H1(R∞) and f ∈ L2(RN). Then, f ⋄N ϕ ∈
H1(R∞) holds.

(2) Let ϕ ∈ H1(R∞) and u ∈ CM(R∞). Then, u ⋄∞ ϕ ∈ H1(RN) holds.
(3) Let f ∈ L2(RN). Let u be an element of the domain of △R∞ . Then,

f⊗(△R∞u) ∈ L2(R∞), f⊗u ∈ ∩k∈NH
1
N+k(R

∞) and
∑

k∈N ‖
∂(f⊗u)
∂xN+k

‖2
L2
N+k

(R∞)
<

+∞ hold. For any ϕ ∈ H1(R∞),

−〈f ⊗ (△R∞u), ϕ〉L2(R∞) =
∑

k∈N
〈∂(f ⊗ u)

∂xN+k

,
∂ϕ

∂xN+k

〉L2
N+k

(R∞)
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holds.
(4) Let u ∈ L2(R∞) and f ∈ H2(RN ). Then, (△RNf)⊗ u ∈ L2(R∞) and

f ⊗ u ∈ ∩N
k=1H

1
k(R

∞) hold. For any ϕ ∈ H1(R∞),

−〈(△RNf)⊗ u, ϕ〉L2(R∞) =
N
∑

k=1

〈∂(f ⊗ u)

∂xk

,
∂ϕ

∂xk

〉L2
k
(R∞)

holds.
Proof: (1) From Proposition 41 (1) and Lemma 40 (1), it follows.
(2) From Proposition 41 (2), it follows.
(3) From Lemma 38 (2), f ⊗ (△R∞u) ∈ L2(R∞) holds. From Theorem

24 (1), u ∈ H1(R∞) holds. So, from Lemma 36, f ⊗ u ∈ ∩k∈NH
1
N+k(R

∞)

and
∑

k∈N ‖
∂(f⊗u)
∂xN+k

‖2
L2
N+k

(R∞)
< +∞ hold. From (1), Proposition 41 (1) and

Lemma 36, 〈f ⊗ u, ϕ〉CM(R∞) − 〈f ⊗ (△R∞u), ϕ〉L2(R∞) = 〈(1−△R∞)u, f ⋄N
ϕ〉L2(R∞) = 〈u, f⋄Nϕ〉H1(R∞) = 〈u, f⋄Nϕ〉CM(R∞)+

∑

k∈N〈 ∂u
∂xk

, f⋄N ∂ϕ

∂xN+k
〉CM(R∞) =

〈f ⊗ u, ϕ〉CM(R∞) +
∑

k∈N〈
∂(f⊗u)
∂xN+k

, ∂ϕ

∂xN+k
〉L2

N+k
(R∞) holds.

(4) Similar to (3), from (2), Lemma 37, Lemma 38 (2) and Proposition
41 (2), it is shown. �

Lemma 43: Suppose that −∞ < T0 < T1 < +∞ holds. Let f ∈
C1([T0, T1];L

2(RN)) and u ∈ C1([T0, T1];CM(R∞)). Then, f⊗u ∈ C1([T0, T1]
;CM(R∞)) and

d

dt
(f ⊗ u) = (

d

dt
f)⊗ u+ f ⊗ (

d

dt
u)

hold.
Proof: From Lemma 32 and Lemma 33, it follows. �

Theorem 44: Let f0 ∈ L2(RN) and u0 ∈ L2(R∞). Then, the followings
hold.

(1) Let t ∈ (−∞,+∞). Then,

e
√
−1△R∞ t(f0 ⊗ u0) = (e

√
−1△

RN
tf0)⊗ (e

√
−1△R∞ tu0)

holds.
(2) Let t ∈ [0,+∞). Then,

e△R∞ t(f0 ⊗ u0) = (e△RN
tf0)⊗ (e△R∞ tu0)

holds.
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Proof: About (1), we show it. About (2), it can be similarly shown. Let
f(t) := e

√
−1△

RN
tf0 and u(t) := e

√
−1△R∞ tu0.

First, we show that if f0 ∈ H2(RN ) holds and u0 is an element of the
domain of △R∞ , then e

√
−1△R∞ t(f0 ⊗ u0) = f(t) ⊗ u(t) holds. From Lemma

43 and Lemma 38 (2),

f ⊗ u ∈ C1((−∞,+∞);L2(R∞)),

d

dt
(f ⊗ u) =

√
−1((△RNf)⊗ u+ f ⊗ (△R∞u))

hold. On the other hand, because from Lemma 38 (1), f ⊗ u ∈ H1(R∞)
holds, from Lemma 42 (3) and Lemma 42 (4), for any ϕ ∈ H1(R∞),

〈f ⊗ u, ϕ〉L2(R∞) − 〈(△RNf)⊗ u+ f ⊗ (△R∞u), ϕ〉L2(R∞) = 〈f ⊗ u, ϕ〉H1(R∞)

holds. So, f ⊗ u− ((△RNf)⊗ u+ f ⊗ (△R∞u)) = (1−△R∞)(f ⊗ u) holds.

(△RNf)⊗ u+ f ⊗ (△R∞u) = △R∞(f ⊗ u)

holds. Therefore, if f0 ∈ H2(RN) holds and u0 is an element of the domain
of △R∞ , then e

√
−1△R∞t(f0 ⊗ u0) = f(t)⊗ u(t) holds.

There exist a sequence {g0,n}n inH2(RN) such that limn ‖g0,n−f0‖L2(RN ) =
0 holds. There exist a sequence {v0,n}n in the domain of △R∞ such that

limn ‖v0,n − u0‖L2(R∞) = 0 holds. Let gn(t) := e
√
−1△

RN
tg0,n and vn(t) :=

e
√
−1△R∞ tv0,n. Then, limn ‖gn(t)−f(t)‖L2(RN ) = 0 and limn ‖vn(t)−u(t)‖L2(R∞) =

0 hold. From Lemma 32, Lemma 33 and Lemma 38 (2),

lim
n

‖gn(t)⊗ vn(t)− f(t)⊗ u(t)‖L2(R∞) = 0

holds. On the other hand, from limn ‖g0,n ⊗ v0,n − f0 ⊗ u0‖L2(R∞) = 0,

lim
n

‖e
√
−1△R∞ t(g0,n ⊗ v0,n)− e

√
−1△R∞ t(f0 ⊗ u0)‖L2(R∞) = 0

holds. So, because of e
√
−1△R∞ t(g0,n ⊗ v0,n) = gn(t)⊗ vn(t), it follows. �
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7 Inseparability of L2(R∞)

Lemma 45: Let {fn}n∈N be a sequence of [0,+∞)-valued measurable
functions on R. Suppose that for any n ∈ N, ‖fn‖L2(R) = 1 holds. Then, the
followings hold.

(1) Let m ∈ N. Then,

(
∏

n∈{m}
fn(xn)

2dxn)(
∏

n∈N\{m}
fn(xn)

2dxn) =
∏

n∈N
fn(xn)

2dxn

holds.
(2) Let {an}n∈N ∈ R∞. Then,

τ{an}n∈N
(
∏

n∈N
fn(xn)

2dxn) =
∏

n∈N
fn(xn − an)

2dxn

holds.
Proof: Although it is a natural result, we include the proof just in case.
Let N ∈ N. Let {En}Nn=1 be a family of measurable sets of R.
(1) ((

∏

n∈{m} fn(xn)
2dxn)(

∏

n∈N\{m} fn(xn)
2dxn))((

∏N

n=1En)×(
∏∞

n=N+1R)) =
∏N

n=1(
∫

En
fn(xn)

2dxn) holds.
(2) For n ∈ {1, 2, · · · , N}, let Fn := {xn ∈ R|xn + an ∈ En}. Then,

(τ{an}n∈N
(
∏

n∈N fn(xn)
2dxn))((

∏N
n=1En)×(

∏∞
n=N+1R)) = (

∏

n∈N fn(xn)
2dxn)

((
∏N

n=1 Fn) × (
∏∞

n=N+1R)) =
∏N

n=1(
∫

Fn
fn(xn)

2dxn) =
∏N

n=1(
∫

En
fn(xn −

an)
2dxn) holds. �

Lemma 46: Let {fn}n∈N and {gn}n∈N be sequences of [0,+∞)-valued
measurable functions on R. Suppose that for any n ∈ N, ‖fn‖L2(R) =
‖gn‖L2(R) = 1 holds. Suppose that there existsm ∈ N such that 〈fm, gm〉L2(R) =
0 holds. Then, 〈

∏

n∈N fn(xn)
2dxn,

∏

n∈N gn(xn)
2dxn〉CM(R∞) = 0 holds.

Proof: From Lemma 45 (1) and Proposition 28 (1), it follows. �

Lemma 47: Let {fn}n∈N be a sequence of [0,+∞)-valued measurable
functions on R. Suppose that for any n ∈ N, ‖fn‖L2(R) = 1 holds. Let m ∈ N.
Suppose that fm ∈ H1(R) holds. Then,

∏

n∈N fn(xn)
2dxn ∈ H1

m(R
∞) and

∂
∂xm

(
∏

n∈N fn(xn)
2dxn) = (

∏

n∈{m} f
′
n(xn)|f ′

n(xn)|dxn)·(
∏

n∈N\{m} fn(xn)
2dxn)

hold.
Proof: There uniquely exists em ∈ R∞ such that em,m = 1 holds and

for any n ∈ N \ {m}, em,n = 0 holds. From Lemma 45, for h > 0,
τhem(

∏

n∈N fn(xn)
2dxn) = (

∏

n∈{m} fn(xn−h)2dxn)(
∏

n∈N\{m} fn(xn)
2dxn) holds.
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So, because from Proposition 28 (2),
τhem (

∏
n∈N

fn(xn)2dxn)−
∏

n∈N
fn(xn)2dxn

h
+

(
∏

n∈{m} f
′
n(xn)|f ′

n(xn)|dxn)·(
∏

n∈N\{m} fn(xn)
2dxn) = (

∏

n∈{m}(
fn(xn−h)−fn(xn)

h
+

f ′
n(xn))| fn(xn−h)−fn(xn)

h
+f ′

n(xn)|dxn)·(
∏

n∈N\{m} fn(xn)
2dxn) holds, from Propo-

sition 28 (1), it follows. �

Proposition 48: There exists an orthonormal system {uτ}τ∈∏n∈N
{0,1} of

L2(R∞).
Proof: There exists f ∈ C∞(R) such that

∫

R
|f |2dx = 1, for any x ∈ R,

f(x) ≥ 0 holds and for any x ∈ R \ (0, 1), f(x) = 0 holds. There exists a
sequence {Ln}n∈N in (0,+∞) such that

∑

n∈N

1

L4
n

< +∞

holds. For τ ∈
∏

n∈N{0, 1}, let

uτ :=
∏

n∈N
(
1

Ln

f(
xn

L2
n

− τ(n)))2dxn.

Then, from Lemma 46, {uτ}τ∈∏n∈N
{0,1} is an orthonormal system of CM(R∞).

On the other hand, because from Lemma 47 and Proposition 28 (1), for any
τ ∈

∏

n∈N{0, 1} and any n ∈ N,

‖∂uτ

∂xn

‖2CM(R∞) =
1

L4
n

‖f ′‖2L2(R)

holds, for any τ ∈
∏

n∈N{0, 1}, uτ ∈ H1(R∞) holds. So, {uτ}τ∈∏n∈N
{0,1} is an

orthonormal system of L2(R∞). �
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8 Translation invariance of △R∞

Lemma 49: Let a ∈ R∞ and k ∈ N. Then, the followings hold.
(1) Let u ∈ H1

k(R
∞). Then, τau ∈ H1

k(R
∞) and ∂(τau)

∂xk
= τa(

∂u
∂xk

) hold.

(2) Let u1, u2 ∈ H1
k(R

∞). Then, 〈∂(τau1)
∂xk

,
∂(τau2)
∂xk

〉CM(R∞) = 〈 ∂u1

∂xk
, ∂u2

∂xk
〉CM(R∞)

holds.
Proof: (1) From τbτc = τb+c and Proposition 13, it follows.
(2) From (1) and Proposition 13, it follows. �

Lemma 50: Let a ∈ R
∞. Then, the followings hold.

(1) Let u ∈ H1(R∞). Then, τau ∈ H1(R∞) holds.
(2) Let u1, u2 ∈ H1(R∞). Then, 〈τau1, τau2〉H1(R∞) = 〈u1, u2〉H1(R∞) holds.
Proof: (1) From Lemma 49 (1) and Proposition 13, it follows.
(2) From Lemma 49 (2) and Proposition 13, it follows. �

Lemma 51: Let a ∈ R∞ and f ∈ L2(R∞). Then, τaf ∈ L2(R∞) holds.
Proof: From Lemma 50 (1) and Proposition 13, it follows. �

Proposition 52: Let a ∈ R∞. Let u be an element of the domain of△R∞ .
Then, τau is an element of the domain of △R∞ and △R∞(τau) = τa(△R∞u)
holds.

Proof: From Lemma 50, Lemma 51 and Proposition 13, for any ϕ ∈
H1(R∞), 〈τau−τa(△R∞u), ϕ〉L2(R∞) = 〈(1−△R∞)u, τ−aϕ〉L2(R∞) = 〈u, τ−aϕ〉H1(R∞)

= 〈τau, ϕ〉H1(R∞) holds. So, τau = (1−△R∞)−1(τau− τa(△R∞u)) holds. �

Remark: (1) Gross ([1]) considered Laplace operator on infinite-dimensional
real Hilbert space. Gross Laplacian is translation invariant. However, Gross
Laplacian is not a self-adjoint operator.

(2) For p ∈ [1,+∞), let Lp be Ornstein-Uhlenbeck operator in Lp(µ) with
respect to Wiener measure µ. Lp is a generator of a contraction semigroup
and one of the main characters in Malliavin calculus (e.g., [4]). L2 is a self-
adjoint operator corresponding to infinite-dimensional Dirichlet form (e.g.,
[3]). However, Lp is not translation invariant. �
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