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Self-adjoint Laplace operator
with translation invariance
on infinite-dimensional space R*

Hiroki Yagisita (Kyoto Sangyo University)

The standard Laplacian —Ag» in L?(R") is self-adjoint and translation
invariant on the finite-dimensional vector space R"™. In this paper, using some
quadratic form, we define a translation invariant operator —Ags on R* as a
non-negative self-adjoint operator in some Hilbert space L?(R*), which is a
subset of the set C'M (R>) of all complex measures on the product measurable
space R, Furthermore, we show that for any f € L?(R") and any u €
LA(R™), eV 12=l(f @ u) = (eV 7125 f) @ (eV102lu) (€ (—o0,+00))
and e2==t(f @ u) = (e2¥tf) @ (e2==ty) (t € [0,4+00)) hold. This clearly
shows that —Ag< is an analog of —Ag». The starting point for the discussion
in this paper is to naturally introduce a translation invariant Hilbert space
structure into C'M (R*).

Schrodinger equation, heat equation, diffusion equation, infinite particle
system, Gibbs measure, Feynman measure, canonical commutation relation
(CCR), strongly continuous unitary representation.
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1 Introduction

In this paper, we provide an analog of the Laplacian on the infinite-
dimensional linear space R> that is self-adjoint and translation invariant.
There is no known previous research that has given an analog of the Laplacian
on an infinite-dimensional linear space that is self-adjoint and translation
invariant, and in this sense there does not seem to be any clear related
literature. On the other hand, the amount of previous research on analogs
of the Laplacian on infinite-dimensional linear spaces that are self-adjoint or
translation invariant, and we are unable to provide an unbiased citation.

As R is the measurable space whose set of all measurable sets is the topo-
logical o-algebra, let R>* denote the countable product measurable space
[I,cnR. There does not exist a o-finite measure y with translation invari-
ance on R* that satisfies ([0, 1)>°) = 1 (i.e., ideal Lebesgue measure on R*).
Therefore, the space of square-integrable functions on R> seems indefinable.
On the other hand, according to Born and Heisenberg probabilistic interpre-
tation of quantum mechanical wavefunction, as €2 is a measurable space, for
a measure £ on 2 and a function f € L?(p) that satisfies || f|| 12, # 0, the
probabilistic interpretation of the state vector f for position measurement is

the probability measure
1
g,
L2 (p)
on ). This probability measure is the normalization of the total variation of

the complex measure
f1fldp

on Q. So, in the set of all complex measures on €2 (denoted by C'M(€2)), is
it possible to introduce the structure of Hilbert space in which, for complex
measures f|f|du and g|lg|dp on €2, the inner product is

(fIfldp, glgldu) = /Qfﬁdu

? As a matter of fact, (given limiting p to be o-finite,) this is easy to
do and is done in Section 2. Since the sum that fits the inner product is
defined in Definition 4 and it is simple, readers who have doubts here should
take a look at Definition 4. In Section 3, we show that the Hilbert space
structure of C'M(R*°) is translation invariant and we define the generalized
partial differential operator /—1 a%k as a self-adjoint operator in the closed
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linear subspace of C' M (R>) in which the translation group in the z;-direction
is strongly continuous. In Section 4, from the very simple quadratic form
(Hermitian form)

> (V-1 5—“, vy

e Tl 8LL’k
we define some closed linear subspace of C'M(R>) (denoted by L?*(R*)) and
a non-negative self-adjoint operator —Age in L?*(R*). In Section 5, when
1 and 5 are measurable spaces, 1 is a complex measure on €2y and us is a
complex measure on )y, it is shown that the product u; - uy can be naturally
defined as a complex measure on €y X Qo and ||ug - us|| = ||ug||||uz|| holds.
Since the product is defined in Definition 26 and it is simple, readers who
have doubts here should take a look at Definition 26. In Section 6, when for
f e L*R") and u € CM(R®), f @ u € CM(R™) is defined as

(f @ u)(z1, 22, -+)

= (o, wa, - [y, @0, - ) [derdy - - dg) - u(Tng; Tnga, -+,

it is show that for any fy € L?(R") and any ug € L*(R*),
eV IRt (fo @ up) = (VIO fy) @ (V7T ug) (¢ € (—00,+00)),

25! (fo @ ug) = (e fo) ® (e2*'ug)  (t € [0, 400))

hold. This clearly shows that Agr~ is an analog of the standard Laplacian
Agn. In Section 7, we show that L*(R*°) has an uncountable orthogonal
system (i.e., L?(R*) is not separable). In Section 8, just to make sure, we
confirm that Ag is translation invariant. Section 6, Section 7 and Section
8 can each be read independently. In addition, we once again state the proof
of some fundamental facts that should hold, because there does not seem to
be much accessible well-known literature that explicitly states the proof.



2 Square root of density

Throughout this paper, we may use the following three simple facts
(Lemma 1, Lemma 2 and Remark) without specific mention.

Lemma 1: Let n be the map from C to C defined for z € C, as n(z) :=
z|z|. Let ¢ be the map from C to C defined for w € C, as ¢(w) := w|w|™2
when w # 0 holds and ((w) := 0 when w = 0 holds. Then, n and ( are
continuous. ¢ on and 7 o ¢ are the identity map. 0J

Lemma 2: Let Q be a measurable space. Let {u,}>2, be a sequence of
o-finite measures on €. Let {u,}°, be a sequence of complex measures on
Q). Then, there exists a finite measure v on 2 such that for any n € N, u,
and wu,, are absolutely continuous with respect to v.

Proof: There exists {Epnm}5o,=1 such that for any n, Q = Uy_ | E,
holds and for any m, p,(E, ) < +o0o holds. As |u,] is the total variation of
Uy, let

— L[ |ua|(E) 1 (BN Epm)
V(B) = zn: (27 <1 () zm: (2_m 1+ pn(Epm) ))) '
|

Remark: Let €2 be a measurable space. Let o be a measure on (.
Let p be a [0, +00)-valued measurable function on 2. Let f be a complex
measurable function on 2. Then, the followings hold.

(1) Suppose that f is non-negative. Then, f(pdu) = (fp)dp holds.

(2) Suppose that f € L'(pdu) or fp € L'(u) holds. Then, f € L'(pdu),
fp € L'(n) and f(pdu) = (fp)dp hold.

Proof: Although it is a natural result, we include the proof just in case.

(1) There exists a monotonic non-decreasing sequence { g, },, of non-negative
simple measurable functions such that for any =z, limn |gn( ) — flo)] =
0 holds. Then, for any measurable set E, (f(pd,u = [ [(pdp) =
limy, ([ gn(pdpt)) = i ([ (gup)dp) = [ (fp)dp = ((fp)du)( ) holds.

(2) From (1), f € L'(pdu) and fp € L' (i) hold. So, there exist hy, ho, h3, hy €
LY (pdu) such that hy, he, by and hy are non-negative and

f=(h1—ha) +V—1(hs — hy)

holds. Then, from (1), for any measurable set E, (f(pdu))(E) = [ f(pdp) =
(Jg Palpdp) = [ ha(pdp)) + v/ =1( [ ha(pdp) — [5 ha( pdu = (Jp(h1p)dp —



}flEl(ngp)du) + V=1 [ (hap)dp — [p(hap)dp) = [o(fp)dp = ((fp)du)(E.)
olds.

Definition 3 (CM(£2)): Let © be a measurable space. Then, let CM(Q2)
denote the set of all complex measures on €. O

Definition 4 (sum): Let 2 be a measurable space. Let uy, us € CM ().
Then, there uniquely exists v € C'M(2) such that the following holds. There
exist a o-finite measure p on Q and fi, fo € L*(pu) such that u; = fi|fi|du,
uy = fo|foldu and v = (f1 + f2)|f1 + fa|dp hold. Let uy + uy € CM(Q) be
defined as uj + ug := v.

Proof: From Lemma 1 and Lemma 2, existence is easy. We show
uniqueness. Suppose that (v, pu, fi1, fon) and (va, po, fi2, f22) each sat-
isfy the condition of the definition. Then, from Lemma 2, there exist a
finite measure v and [0, +00)-valued measurable functions py, po such that
p1 = prdv and pip = padv hold. So, u; = f1,1|f1,1\d/i1 = (f1,1\/E)|f1,1\/m\dV
and w1 = fio|fioldus = (fi2v/P2)|f124/P2]dv hold. From Lemma 1, v-
a.e., fiiy/p1 = fi2y/pz holds. Similarly, v-a.e., fo1,/p1 = fa2,/p2 holds.
vy = (fi1+ fo) [ fin+ faaldpn = (frai/pr + faa/P0) | fri/pr + faay/prldy =
(frav/P2 + faon/P2)| fron/P2 + foo/P2ldv = (fi2 + f22)|fi2 + fo2ldus = vo
holds. [

Definition 5 (scalar multiple): Let Q be a measurable space. Let
c € Cand u € CM(Q2). Then, there uniquely exists v € C'M(£2) such that
the following holds. There exist a o-finite measure g on Q and f € L?(u)
such that u = f|f|du and v = (¢f)|cf|dp hold. Let cu € CM(2) be defined
as cu :=v.

Proof: From Lemma 1, existence is easy. Similar to Definition 4, unique-
ness can be confirmed. [

Definition 6 (inner product complex measure): Let {2 be a mea-
surable space. Let uy,us € CM (). Then, there uniquely exists v € CM(£2)
such that the following holds. There exist a o-finite measure p on 2 and
f1, f2 € L*(u) such that uy = fi|fildu, us = fo|foldp and v = fi fodp hold.
Let ((u1,u2)) € CM(S2) be defined as ((uy,ug)) :=v.

Proof: Similar to Definition 4, existence and uniqueness can be con-

firmed. |
Definition 7 (inner product): Let {2 be a measurable space. Let
uy, up € CM(Q). Then, let (ui,us)cn) € C denote ((uq, us))(€2). O

Proposition 8: Let Q be a measurable space. Then, CM () is Hilbert
space.
Proof: Similar to Definition 4, it can be confirmed that C'M(2) is an
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inner product space. Let {u,}, be Cauchy sequence in CM(2). We show
that there exists v € CM(Q) such that lim,, ||u, — v||ca) = 0 holds. From
Lemma 1 and Lemma 2, there exist a finite measure v and a sequence { f,, },, in
L?(v) such that for any n, u, = f,|f,|dv holds. So, because of || fx— fill12() =
lur, — wllem), {fa}n is Cauchy sequence in L*(v). There exists g € L*(v)
such that lim,, || f, —g||z2¢) = 0 holds. Then, because of ||u, —g|g|dv||crr@) =
an - g||L2(V)a lim,, ”un - g|g|dV||CM(Q) = 0 holds. u

Remark: Let M be a C*°-manifold. Hormander ([2]) defined densities
of order % on M (§2.4) and further defined an inner product for densities of

order 1 on M (§4.2). Let (-, )y be the inner product defined by Hérmander.
Then, (-,-)) can be understood as a special case of the inner product of
CM(M). For simplicity, assume that M is compact. Let w be a volume
element of M. Then, the positive square root \/w is a C*°-density of order %
For any C'*°-density u of order %, there uniquely exists a complex-valued C*°-
function f such that u = f+/w holds. For any complex-valued C'*°-functions

fiand fo, (fivw, faov/@)u = [y fifodw = (fi| fildw, fa| f2]dw)crrar holds.
O



3 Self-adjoint operator \/—1%

As R is the measurable space whose set of all measurable sets is the
topological g-algebra, R> denotes the product measurable space [], .y R.

Lemma 9: Let o, € R®. Let E be a subset of R®. Let E, := {x €
R®|z —a € E} and Eg := {z € R®|z—f € E}. Then, if E, is a measurable
set of R*, then Fj3 is a measurable set of R*.

Proof: Let M be the set of all subsets D of R* such that {z € R®|z —
(B — «) € D} is a measurable set of R®. Then, M is a o-algebra on R>.
Furthermore, for any & € N and any measurable set B of R, (]], . oy B) x
(IT.em ) R) € M holds. So, if D is a measurable set of R*, then D € M
holds. In particular, F, € M holds. Therefore, since on the other hand,
Esz ={x e R®|x — ( — a) € E,} holds, Ejs is a measurable set of R>*. W

Lemma 10: Let ¢ € R* and 7' € CM(R>). Let T}, be the map from
the set of all subsets £ of R such that {x € R®|x+a € E} is a measurable
set of R> to C defined as

T.(E) =T{x € R®z+a € E}).

Then, T, € CM(R>) holds.
Proof: From Lemma 9, it is easy. |
Definition 11 (translation): Let a € R*. Then, let a map 7, from
CM(R*>) to CM(R*) be defined as

(ruT)(E) == T({z € R®|z +a € E}).

O

Lemma 12: Let a € R*. Let p be a measure on R*. Let u, be the

map from the set of all subsets £ of R* such that {z € R®|z +a € E} is a
measurable set of R to [0, +00] defined as

pa(E) == p({z € Rz +a € E}).

Then, p, is a measure on R*. Let f be a complex measurable function on
R>. Let f, be the map from R*> to C defined as

fa(x) == f(z — a).

Then, f, is a complex measurable function on R*. If f € L'(u) holds, then
fa € LY (uq) and 7,(fdu) = fodp, hold.
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Proof: Although it is a natural result, we include the proof just in case.

From Lemma 9, u, is a measure and f, is a measurable function.

We show that if f is non-negative, then 7,(fdu) = f.dp, holds. There
exists a monotonic non-decreasing sequence {g,}, of non-negative simple
measurable functions such that for any =, lim, |g,(z) — f(x)| = 0 holds. For
n, let g, ,, be the map defined as g, () := gn(x—a). Then, {g4n}n is a mono-
tonic non-decreasing sequence of non-negative simple measurable functions
such that for any z, lim, |gon(z) — fo(x)| = 0 holds. So, for any measurable
set B, (zu(fdu)) (E) = (fdp)({e € B®|x +a € EY) = [, popynery fd =
hm”<f{:c6R°°|x+a6E} Gndp) = limy, ([, gandpta) = [5 fadpa holds. If f is non-
negative, then 7,(fdu) = f.dp, holds.

There exist hy, ho, hs, hy € L'(u) such that hy, hy, hs and hy are non-
negative and

f=(hi—ha) +V—1(hs — hy)
holds. Let hy1(x) = hi(x — a), hoa(x) = ho(z — a), has(z) =
and hg4(x) := hy(z — a). Then, 7,(hidu) = ha1dpa, Ta(hedp)
To(hsdp) = hg 3dp, and 7,(hadp) = hgadp, hold. Furthermore,

fa = (ha,l - ha,2) + v _1(ha,3 - h'a,4)

holds. So, for any measurable set F, (7,(fdu))(E) = (fdu)({z € R®|x +
a€ b)) = f{zeRw|m+aeE} fdp = (f{xeRw\:v+a€E} hydp — f{xeRw\x+a€E} hadp) +
\/_1(f{x€R°°\x+a€E} h3d/J, - f{xERw\x+a€E} h4d/J,) - ((h'ld'u’)({x < ROO|$ tac
E}) — (hodp)({z € R®|z +a € EY})) + V—1((hadp)({z € R®|z +a €
E}) — (hadp)({z € R®[z +a € E})) = ((ra(hadp))(E) = (Ta(hodp))(E)) +
V=1((Ta(hadp))(E) — (Ta(h4d:u))( )) = ((ha1dpa)(E) = (hapdpa)(E)) ++v/—1

hs(z — a)
- a2d,ua7

((h'a,?)d,ua)( ) (ha4d,ua) (fE ald,ua fE a2dﬂa)+\/_ fE a3d,ua
fE ha,4d,ua) fE Jadpta = (fadﬂa)( ) holds. u
Proposition 13: Let a € R>*. Then, 7, is a unitary operator in
CM(R>).
Proof: From Lemma 12, it is easy. |

Definition 14 (L}(R*), (H}(R>), 2 5.-)): Let k € N. Then, there
uniquely exists e, € R* such that ey, = 1 holds and for any n € N\ {k},
ekrn = 0 holds.

(1) Let L2(R>) denote the set of all u € CM(R>) such that

}51110 [ The,tt — ullorrresy = 0



holds.
(2) For uy,up € Li(R*), let (u1, us)12ge) € C be defined as

(u, U2>L§(Ro<>) 1= (U, Ug) oM (R)-

(3) Let H}(R*>) denote the set of all u € C' M (R*) such that the following
holds. There uniquely exists v € C M (R*) such that

. Theku —u _ —
}}115?0 Hih Vlleamme) =0
holds.
(4) Let u € H}(R*). Then, there uniquely exists v € C'M(R*>) such that
TheU— U _
Jimm || = vllomee) =0
holds. Let 8“ € CM(R*) be defined as a = —u. O

Lemma 15 Let &k € N. Then, the followmgs hold.

(1) H:(R>) C L?(R>) holds.

(2) LZ(R*>) is the set of all u € CM(R>) such that the following holds.
For any € > 0, there exists § > 0 such that for any tg,t;,t2 € R, if [t; —t5] <
holds, then ||7;,¢, (Trpe, %) = Ttoer (Troer )|l crr(rey < € holds.

(3) LE(R>) is a closed linear subspace of C'M(R>).

(4) Let u € H{(R*). Then, —g% € L(R>) holds.

Proof: (1) It is easy.

(2) Because of Ttiep, (Ttoeku) — Tizey, (Ttoeku) = “Ttoer Tties, (T(t2—t1)€ku - u) =
FThoer Taer, (T(t1 —ta)e, & — u), from Proposition 13, it follows.

(3) From Proposition 13, it is easy.

(4) From (1), (2) and (3), it follows. |

Theorem 16: Let £ € N. Then, the followings hold.

(1) The domain of \/—_1% is H}(R>).

(2) \/—_1% is a self-adjoint operator in L% (R*).

Proof: (1) It is obvious.

(2) From Proposition 8, Proposition 13 and Lemma 15, it follows. |



4 Non-negative self-adjoint operator —Ap~

Definition 17 (H!'(R>)): (1) Let H'(R>) denote the set of all u €
Nken HL(R™) such that

ST VT e < 400

keN

holds.
(2) For uy,us € H'(R™), let (u1, us) iy € C be defined as

ou 8u
(U1, Ug) g1 (roey 1= (U1, U2) Crr(Rov) +Z V= 8:6,1 2>L2 (Ro)-

keN

U
Proposition 18: H'(R>) is Hilbert space.
Proof: It is easy that H'(R>) is an inner product space. Let {u,}, be

Cauchy sequence in H'(R>). Then, we show that there exists v € H'(R>)
such that limy, |u, — v|| g1 ®e~) = 0 holds.

There exist v and {wy}ren such that lim, [|u, — v||cp@e) = 0 holds
and for any £ € N, lim, HV—lgﬁ — wil[r2r~y = 0 holds. For any k €
N, because {u,}, is Cauchy sequence in L?(R*>), lim, ||u, — Vll2@ey = 0

holds. So, from Theorem 16, (because self-adjoint operators are closed,) for
any k: €N, v— a” = wy, holds. Hence, for any k € N, lim,, ||/ =124 —

oxy,
V- Bmk || L2 (ree) = O holds Because for any n, K € N,

ou,, 8un
vV — >L2 (R>) < sup <Um, um>H1(R°°) < 400
8$k meN

(V-1

M=

e
Il
—

holds, for any K € N,

[M] =

<\/_85L’k \/_ >L2(ROO) < Sup<um7um>H1(Roo) < —'—OO

meN

e
Il
—

holds. Therefore, v € H*(R*) holds.
Let € > 0. Then, there exists N € N such that

n>Nm>N = ||uy — Un|mge) <

Do ™
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holds. For any K € N,

—
K
O(Up, — Upy) O(Up, — Upy)
(U, — U, U um>CM(R°°) + Z< v—1 oz V=1 oz >L§(R°°)
k=1
€42
<)
holds. So, because of
n>N
—
K
A(uy, — v) A(u, — v)
<un — U, Up — U>C’M(R°°) + ;<V —].Txk, V _1871»k>l’i(Roo)
€
< _ 2
< (57
nZN — ||un—v||H1(Roo) < % <e€
holds. [ |

Definition 19 (L?*(R*)): Let L*(R*) denote the closure of H'(R*>)
in CM(R>®). For uj,us € L*(R™), let (uy,us)r2re)y € C be defined as
(U1, Ug) 2 (roe) i= (U1, Ug) oM (R).- O

Proposition 20: L?(R*) is a closed linear subspace of C M (R*). L?(R>)
is Hilbert space. H'(R*) is a dense linear subspace of L?(R>). For any
u e HI(ROO), ||u||L2(Roo) < HUHHI(Roo) holds.

Proof: It is easy. [

Definition 21 (elliptic equation, (1 — Agw~)™'): Let f € L?(R™).
Then, there uniquely exists u € H*(R*>) such that for any ¢ € H'(R>),

<U>S0>H1(R°o) = (f, <P>L2(Roo)

holds. Let (1 — Ags)~!f € HY(R*>) be defined as (1 — Ag=) "' f 1= w.
Proof: From Proposition 18 and Proposition 20, existence and unique-
ness are easy (by Riesz theorem). |
Proposition 22: For any f € L*(R®), [|(1—Aree) " fll g1 gee) < |||l 12re0)
holds. (1 — Age)~! is an injective self-adjoint operator in L?(R*).
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Proof: (fi,(1-Age) ™" fo) 2oy = (1=Dgee) 7 fi, (1= Do) ™! fo) ey =
(1= Apee) o, (1 = Apee) "L f1) moey = (f2, (1 = Dgree) 71 f1) 2oy = (1 —
ARoo)_lfl, f2>L2(Roo) holds.

I(L = Do) ey = (f (1= Bree) T 2oy < [fllze@e)I(1 -
ARoo)_lfHLQ(Roo) holds.

There exists a sequence {g, }, in H'(R>) such that lim,, ||gn — f||p2re) =
0 holds. So, if (1—Age) ™" f = 0 holds, then (f, f) 2oy = limy, (f, gn) r2r) =
lim,, (1 — Aree) " f, gn) 1oy = 0 holds. |

Definition 23 (Ag~): Let u be an element of the range of (1 — Age)~'.
Then, let Agwu € L?(R*) be defined as

Ageott :=u — ((1 — Agee) 1)t

U
Theorem 24: (1) The domain of —/\g is a linear subspace of H!(R>).
(2) —Age is a non-negative self-adjoint operator in L?(R>).
Proof: (1) The range of (1 — Ag~)~"! is a linear subspace of H*(R>).
(2) From Proposition 22, —Age is self-adjoint. (—Apeotu,u) 2oy =
<((1 - ARoo)_l)_lu, u>L2(Roo) — (u, u>L2(Roo) = (u, 'LL)HI(ROO) - (u, u>L2(Roo) >0
holds.
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5 Product complex measure

We may use the following simple lemma without specific mention.

Lemma 25: Let 2; and €2y be measurable spaces. Let u; be a o-finite
measure on €. Let py be a o-finite measure on Qy. Let p; be a [0, +00)-
valued measurable function on €. Let py be a [0, +00)-valued measurable
function on Qs. Then, pypedurdps = (prdpy)(pedis) holds.

Proof: Although it is a natural result, we include the proof just in
case. Let E; be a measurable set of ;. Let E5 be a measurable set of 5.
Then, (p1padpndps)(Er % Ea) = [ . proadmdus = [ ([, p1pedun)dps =
([, Prdi)([5, padpia) = ((prdpa)(Er))((padpsa)(E2)) holds. u

Definition 26 (product complex measure): Let u; and uy be com-
plex measures. Then, there uniquely exists a complex measure v such that
the following holds. There exist o-finite measures i1, pio and f; € L*(uy), fo €
L' (o) such that uy = fiduy, uy = fodps and v = fi fodpidus hold. Let the
complex measure u; - us be defined as uq - us 1= v.

Proof: Existence is easy. We show uniqueness. Suppose that (v, g1, po1,
fi1, f21) and (vo, p1.9, f2.2, f12, f2.2) each satisfy the condition of the defini-
tion. Then, there exist finite measures vy, 5 and [0, +00)-valued measurable
functions pi1, pa;1, p1,2, P22 such that piy = pradvr, pip = prpdvy, po) =
p2.1dve and pg o = p2odis hold. So, because fi1p1,1dvy = uy = fi2p1,2d11 and
Ja1p2,1dve = up = fr9p2 2d1o hold, dvydis-ace., fi1p11f210210 = fi2p12f2,202:2
holds. From Lemma 25, vy = fi1fo1dpiadps = fiapiifoipedvidr, =
f1,2/)1,2f2,2p2,2d1/1d1/2 = f1,2f2,2dM1,2dM2,2 = vy holds. n

Proposition 27: Let uy, us and ug be complex measures. Then,

(w1 - ug) - uz = uy - (ug - u3)

holds.
Proof: It is easy. |
Proposition 28: Let (; and {2y be measurable spaces. Then, the fol-

lowings hold.
(1) Let uy,v; € CM(§) and ug, vy, € CM(£3). Then,

((u1 - ug,v1 - v2)) = ((ur, 1)) - ((uz,v2)),

(ul s U2,V - 02>CM(le92) = <u17Ul)CM(Ql)<u27U2>CM(Qg)

hold.
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(2) The map (uq, ug) — uy - ug from CM(§2;) x CM(2s) to CM (€2 x )
is bi-linear.

Proof: (1) There exist finite measures 1, s and fi, g1 € L*(p1), f2, 92 €
L2(M2> such that Uy = fl\f1|d,u1,1)1 = g1|g1|d,u1,u2 = f2|f2‘d/112 and Vg =
g2|g2|d,u2 hold. Then, from <<U1,U1>> = flﬁd,ul, <<U2,U2>> = fg%d,ug and
((u1 - ug,v1 - va)) = fig1 fagzdpndps, it follows.

(2) It is easy. |

We may use (2) of the following remark without specific mention, as it is
a natural result.

Remark: (1) Let ©Q be a set. Let A be an algebra on 2. Let B be
the smallest o-algebra on €2 such that A C B holds. Let u; and us be real
measures on the measurable space whose set of all measurable sets is B.
Suppose that for any E € A, ui(E) = ug(E) holds. Then, u; = us holds.

(2) Let ©; and €2y be measurable spaces. Let uy,us € CM(Q; x Q).
Suppose that for any measurable set E; of ); and any measurable set E5 of
QQ, U1 (El X Eg) = UQ(El X Eg) holds. Then, U1 = U2 holds.

Proof: (1) Let |u;| be the total variation of u;. Let |ug| be the total
variation of us. For a measurable set E, let pu(FE) = |u|(E) + |us|(E).
Then, there exist [—1,+1]-valued measurable functions f; and f, such that
w = fidp and uy = fodp hold. Let Ef <, == {z € Q|fi(z) < fo(z)} and
Eppeqs = {u € Qfa(a) < filx)}.

Let ¢ > 0. Then, from basic facts about Carathéodory outer measure
(especially, Hopf extension theorem), there exists a sequence {E,}>°, in
A such that Ey .5, C U,E, and ) u(E,) < u(Ep<p,) + 5 hold. Let
E;L = ETL\UZ;%EK Then, because Zn /’L(E;’L\Efl<f2) = /’L(Un(E’;L\Ef1<f2)> =
t((UnE)\Efi<py) = i(UnEy) — (B <) < 5 and Ej, € Ahold, fEf1<f2 | fi—
Poldp =32, Jeyrp,, -, (o = F)dn = 32, ([, (fo = fO)dp = [g\p, _ (f2 =
f)dp) =3, fE,@\Ef1<f2 (fi — fa)du < 3. sz\Eth 2dp < e holds. There-
fore, fEf1<f2 |f1 — faldu = 0 holds. Similarly, fEf2<f1 |f1 — faldp = 0 holds.

(2) From (1), it follows |
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6 Embedding finite-dimensional evolution
{GMARNt}tG(—oonLoo) and {GARNt}te[o,+oo)

Let N € N. As R is the measurable space whose set of all measurable
sets is the topological o-algebra, let RY denote the product measurable space
[I)_,R. Let dz denote the (ordinary) measure [[._, dz, on RY. Let Agwn
denote the (ordinary) Laplacian in L?(RY).

In Section 3, we defined {a%k}keN. However, in RY x R*, the variables
x1, %9, -, oy conflict. For notational consistency, we introduce the following
definition.

Definition 29 (N-shift): Let u € CM(R*>). Then, let uf, denote
the map from the set of all subsets £ of []>° . R such that {{z,}nen €
R¥{zn- N} ni1 € E} is a measurable set of R™ to C defined as

uy(E) = w({{zn}nen € R¥{n-n}iinyi € E}).

U
Lemma 30: For any u € CM(R*), uj; € CM ([, ., R) holds. The
map u — uf from CM(R*) to CM([]," ., R) is a unitary operator.
Proof: It is easy. |
Definition 31 (®): Let f € L*(RY) and u € CM(R*). Then, let
f®@u e CM(R™) defined as

feu:=(f|fldx) - (uy).

[
Lemma 32: Let fi, f, € L2(RY) and uy, us € CM(R*). Then,
(fi ®@u1, fo @ uz)enmre)y = (f1, f2) L2y (U1, Uz) cnrree)
holds.
Proof: From Proposition 28 (1) and Lemma 30, it is easy. |

Lemma 33: The map (f,u) — f ® u from L?*(RY) x CM(R™) to
CM (R®) is bi-linear.

Proof: From Proposition 28 (2) and Lemma 30, it is easy. |

Lemma 34: Let a € RY. Let f be a complex measurable function on
RY. Let f, be the map from R" to C defined as

fo(x) = f(z —a).

15



Then, f, is a complex measurable function on RY. Let £ be a measurable
set of RY. Let
E,={zxcR"z—acE}.

Then, FE, is a measurable set of RY. If f € L'(R") holds, then f, € L'(R")
and [ fade = [, fdz hold.
Proof: It is well known. |
Lemma 35: Let {a,}neny € R®. Let f € L2(RY) and u € CM(R>).
Let frq,3~ | be the map from R to C defined as

Fanyr, (2) = [z = {an}nly).

Then,

T{an}nGN(f ® u) = f{an N ® (T{QN+n}n€Nu>

n=1
holds.

Proof: Although it is a natural result, we include the proof just in case.

Let F' be a measurable set of RY. Let G be a measurable set of [[7° .| R.
Then, from {z € R®|z + {a,}>2, € F x G} ={z € RN |z + {a,})_, € F} x
{r e [Ty iRz + {an}yZyyy € G} and Lemma 34, (774,30 (f ® u))(F x
G) = (fu)({r € R¥[o+{an)22s € FXGH) = ([,1 oy, cr J11de) ({2 €
[y Rl an ey € GH) = (Jr fanpy, [ o, 142) (Tay e, )0 (G))
holds. So, from Remark (2) at the end of Section 5, (g} (f ® u) =
(fiamyy | franyy, ldz) - (Tfan e, w)y) holds. u

Lemma 36: Let k € N, u € H}(R®) and f € L*(RY). Then, f ® u €
HY . (R*) and

e _ o

0T N4k 0wy,

hold.
Proof: There uniquely exists e, € R* such that e;; = 1 holds and
for any n € N\ {k}, er,, = 0 holds. There uniquely exists enyr € R>®

such that enyrn+x = 1 holds and for any n € N\ {N + k}, enipn = 0
TheN+k(f®u)_f®u

holds. Then, from Lemma 35, Lemma 33 and Lemma 32, ||

R
u F&(The, w)—fOu u The, U—U

f o & lemp=y = =%+ ® gtllome=) = |If © (F5— +

a%)HCM(Rm) = || fll2@m)|| hekh + %||CM(Rm) holds. [ ]

Lemma 37: Let k € {1,2,---, N}. Then, there uniquely exists e} € RY
such that ey, = 1 holds and for any n € {1,2,---, N} \ {k}, e/, = 0 holds.
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Let f,g € L*(RY). Suppose that

fl@—hey') — f(x)

hi+0 h

+ g(2)|| 2@y = 0

holds. Let uw € CM(R*). Then, f ® u € H}(R*) and

f @ u)

8LL’k g

hold.

Proof: There uniquely exists e, € R* such that e;; = 1 holds and

for any n € N\ {k}, ex,, = 0 holds. For a € R, let f,(x) := f(z — a).

Then, from Lemma 35, Lemma 33 and Lemma 32 ||w +9®
fheN®u f®u

ullemme) = |+ 9 @ ulleue=) = ||(

|| heN

) ® ullemmsy =

+g||L2(RN ||u||CM(Roo holds. |
Temma 38: (1) Let f € HY(RY) and u € HY(R*®). Then, f @ u €
H'(R*) holds.
(2) Let f € L*(RY) and u € L*(R*™). Then, f ® u € L?*(R>) holds.
Proof: (1) From Lemma 37 and Lemma 36, f ® u € NgenH} (R*) holds
and for any k € {N+1, N+2, .-}, 24w = f®z Ou — holds. So, from Lemma

oxy,

32, Y oie ot 1252212 ey = 11172 @y (ke HakaCM k) < ILFI172@m
||u||H1 Roo) holds.

(2) There exists a sequence {g, }, in H'(R") such that lim,, || g,—f|| p2e~x) =
0 holds. There exists a sequence {v,}, in H'(R>) such that lim, ||v, —
| 2y = 0 holds. Then, from (1), for any n, g, ® v, € H'(R*>) holds.
On the other hand, from Lemma 33 and Lemma 32, lim, ||g, ® v, — f ®
UHCM(R(X’) = 0 holds. [ |

In order to examine (Apnf) ® u and f ® (Ar~u), we introduce ®-
contraction (oy and o).

Definition 39 (oy, ¢x): Let v € CM(R™).

(1) Let f € L2(RY). Then, there uniquely exists w € C' M (R>) such that
for any u € CM(R>),

(f @ u,v)onmme) = (U, W)or(ree)

holds. Let foy v € CM(R*™) be defined as f oy v := w.

17



(2) Let u € CM(R>). Then, there uniquely exists g € L?(R") such that
for any f € L*(RY),

(f @ u,v)emme) = (f, 9) 2@™)

holds. Let uox v € L*(RY) be defined as u o4 v = g.

Proof: Existence and uniqueness are easy (by Riesz Theorem). n

Lemma 40: (1) Let f € L*(RY) and v € CM(R>). Then, |f oy
vllemme) < || fllz2@m)llvllemes) holds

(2) Let u,v € CM(]ROO) Then, ||u Coo 'UHL2(]RN) S ||u||CM(Roo)||v||CM(Roo)
holds.

Proof: It is easy. [

Proposition 41: (1) Let k € N, v € Hy,,(R*®) and f € L*(R"). Then,
fonv € HY(R™) and

0(f<>Nv)_f<> Jv

N
Oxy, 0T N4k

hold.
(2) Let k € {1,2,--- N}, v € H(R*®) and v € CM(R*>).

be the (ordinary) generalized partial differential operator in L?(R™). Then,
U Ox U 15 an element of the domain of ﬁ and

O(u 00 V) Cue v

aSL’N,k * 8l’k

holds.
Proof: (1) From Lemma 36 and Theorem 16, because for any u €

HI(ROO) (u, fo Nax?v+k>CM R) = (f®u aaxN+k>CM(R°° :—<f®£ci >CM(R°°)
—(2% fon v)cme= holds, foy 72— = —(52)*(f oy v) = 2L polds,

0T N1k
(2) In the same way as (1), from Lemma 37 and Theorem 16 1t follows.

|
Lemma 42: (1) Let ¢ € HY(R*) and f € L?*(RY). Then, foy ¢ €
H'(R*) holds.
(2) Let ¢ € HY(R*®) and u € CM(R*). Then, u oy ¢ € H'(RY) holds.
(3) Let f € L*(RY). Let u be an element of the domain of Agw~. Then,
FO(brmt) € (RS, fE € el (B) and Xy | 2222
+00 hold. For any ¢ € H'(R>),

0 U 0
([ ® (Bp), )y = SLEW B0y

0Nt OTN4

+k(R°°




holds.
(4) Let u € L*(R*) and f € H*(RY). Then, (A~ f) ® u € L?(R*®) and
f®@uen_ HY(R>®) hold. For any ¢ € H'(R*>),

N
0
—((Ar~ f) @ u, ) 2reey = Z<87zk’ 8—Ik>Li(R°°)

holds.

Proof: (1) From Proposition 41 (1) and Lemma 40 (1), it follows.

(2) From Proposition 41 (2), it follows.

(3) From Lemma 38 (2), f ® (Agrwu) € L*(R*) holds. From Theorem
24 (1), w € H(R™) holds. So, from Lemma 36, f ® u € NgenHy_ 1 (R™)

and Y, || 8xf1\(7®fk 12, (o) < OO hold. From (1), Proposition 41 (1) and
Lemima 36, (f ® u, ¢oree) — (f © (Dast), @) ey = {(1 — A, f o

90>L2(R°°) = (u, f<>N90>H1(R°° (u, f<>N<P>CM(R°° +ZkeN<8xk fo NaxiM)CM(Rw) =

o(fu 0
<f X u, 90>CM(]RO<>) + ZkeN( ag]ii[j, Wﬁrk>L?\7+k(Rw) holds.

(4) Similar to (3), from (2), Lemma 37, Lemma 38 (2) and Proposition
41 (2), it is shown. [

Lemma 43: Suppose that —oo < Ty < T} < 400 holds. Let f €
Cl([TQ,Tl]; L2(RN)) and u € Cl([TQ,Tl]; CM(ROO)) Then, f®u S Cl([T(),Tl]
; CM(R>)) and

d d d
S eu) = (FHoutfe (L)
hold.
Proof: From Lemma 32 and Lemma 33, it follows. [ |

Theorem 44: Let fy € L*(RY) and uy € L?(R*°). Then, the followings
hold.
(1) Let t € (—o0,400). Then,

6\/_71AR°°t(f0 ® UO) _ (eﬁARNtfo) ® (eﬁAthu0>

holds.
(2) Let t € [0, +00). Then,

5 fo @ ug) = (€= fo) @ (% ug)

holds.
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Proof: About (1), we show it. About (2), it can be similarly shown. Let
f(t) = eVt £ and u(t) = eV~ 1oty

First, we show that if fy € H*(R") holds and ug is an element of the
domain of Age, then eV=122=!(fo @ ug) = f(t) ® u(t) holds. From Lemma
43 and Lemma 38 (2),

f ®u € (=00, +00); L*(R™)),

Lo u) = VI((bre ) @ ut f @ (D)

hold. On the other hand, because from Lemma 38 (1), f ® u € H'(R>)
holds, from Lemma 42 (3) and Lemma 42 (4), for any ¢ € H'(R>),

(f @u, o) r2mee) = (Brn f) @ u+ f @ (Apeetr), 9) 2oy = (f @ u, ) 1 roe)
holds. So, f@u — ((Arvf)@u+ f @ (Areu)) = (1 — Are)(f ® u) holds.
(Apn f) @ u+ [ @ (Areou) = Dre(f @ u)
holds. Therefore, if fo € H*(RY) holds and wug is an element of the domain

of Agee, then eV=I18r=!(fy @ ug) = f(t) @ u(t) holds.

There exist a sequence {go, }» in H*(RY) such that lim,, || go.n—foll 2@~y =
0 holds. There exist a sequence {vg,}, in the domain of Age such that
lim,, ||vo,n — wol[z2re) = 0 holds. Let g,(t) := eV=1entg o and w,(t) ==

eV=18rotyy . Then, lim, |gn(t)—=f ()] L2ry = 0 and limy, ||v, (8) —u(t)|| L2 re) =
0 hold. From Lemma 32, Lemma 33 and Lemma 38 (2),

lim {|g, (£) @ vn(t) = f(t) @ u(t)]| 2@) = 0
holds. On the other hand, from lim,, ||go, ® vo, — fo ® uo|| L2y = 0,

lim leY =125 (go.n @ vom) — € TR (fy @ wp)|| 2meey =0

holds. So, because of e¥=T4x*(gy , @ vg,,) = gn(t) @ v (t), it follows, n
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7 Inseparability of L?(R>)

Lemma 45: Let {f,},en be a sequence of [0, 400)-valued measurable
functions on R. Suppose that for any n € N, || f,,||,2@) = 1 holds. Then, the
followings hold.

(1) Let m € N. Then,

( H fn(xn)zdxn)( H fn(xn)zdzn) = an(xn)2d1'n

ne{m} neN\{m} neN

holds.
(2) Let {a,}neny € R, Then,

T{an}neN(H fulxn)?dz,) = H fa(n — ay)?dxy,

neN neN

holds.

Proof: Although it is a natural result, we include the proof just in case.

Let N € N. Let {E,}"_, be a family of measurable sets of R.

(1) ([ gy Fr(@n)2d0) ([T cnny oy S (@) 2dn)) (TTnsy En) X [Ty 1 R)) =
11 ([ falzn)?dz,) holds.

(2) For n € {1,2,--- N}, let F,, :== {2z, € R|z, + a, € E,}. Then,
(T{an}nEN (HneN fn(xn)zdxn))((ngzl E,)x (HZO:NH R)) = (HneN fn(xn)zdxn>
((ngl F,) x (HZO:NH R)) = Hfj:le(fpn fn(xn)zdxn) = Hfj:l(f};n fulwn —
a,)?dzr,) holds. |

Lemma 46: Let {f,}men and {g,}nen be sequences of [0, +00)-valued
measurable functions on R. Suppose that for any n € N, || full2@) =
|gnllz2(r) = 1 holds. Suppose that there exists m € N such that (f,, gm)r2®) =
0 holds. Then, ([],,cy fo(2n)?dn, [T, e 9n(2n)?dzn)crr@sy = 0 holds.

Proof: From Lemma 45 (1) and Proposition 28 (1), it follows. |

Lemma 47: Let {f,},en be a sequence of [0, 400)-valued measurable
functions on R. Suppose that for any n € N, || f,||2r) = 1 holds. Let m € N.
Suppose that f,, € H'(R) holds. Then, [], .y fu(®y)*dz, € H,, (R*) and
g ([ o) = Ty o) ) ) oy )

old.

Proof: There uniquely exists e,, € R* such that e,,,, = 1 holds and
for any n € N\ {m}, ey, = 0 holds. From Lemma 45, for h > 0,

Thew ([nen fr(@0)?dzn) = (T gy fo(@n—)2dz) ([1enn gy fo(20)?d,) holds.
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Them ([Tpen fr(@n)?den) —TTnen fr(@n)?dan

So, because from Proposition 28 (2), - +
([ qmy F (@ (@) dn)-(Taer gy Jn(@n)2dan) = (TT ey (Lt Lelnd 4
fo )| LlentmdnCen) 4 g7 (3 o) (T s ) o () *d) holds, from Propo-
sition 28 (1), it follows. [
Lz(gi(;position 48: There exists an orthonormal system {u,},ery, 01y of

Proof: There exists f € C(R) such that [ [f]*dz = 1, for any = € R,
f(z) > 0 holds and for any z € R\ (0,1), f(z) = 0 holds. There exists a
sequence {L, }nen in (0, +00) such that

1
neN
holds. For 7 € [],cn10,1}, let
I 9
Uy 1= g(L_nf(L_% —7(n)))*dz,.

Then, from Lemma 46, {u; }r¢[7, {01} is an orthonormal system of C'M (R>).
On the other hand, because from Lemma 47 and Proposition 28 (1), for any
7 € [],en{0,1} and any n € N,

12512 e = 2
azn CM(ROO) L;ll LZ(R)

holds, for any 7 € [],cn{0, 1}, ur € H'(R®) holds. So, {ur}rery, (0.1} 1S an
orthonormal system of L?(R*). |
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8 Translation invariance of Ag~

Lemma 49: Let a € R* and k € N. Then, the followings hold.
(1) Let u € H{(R®). Then, r,u € H}(R*) and 2524 = 7,(£2%) hold.

(2) Let uy, up € HE(R). Then, (2Gett) 00uialy o o) = (S0 512} )

oxy
holds.
Proof: (1) From 7,7, = 7, and Proposition 13, it follows.
(2) From (1) and Proposition 13, it follows. [

Lemma 50: Let a € R*. Then, the followings hold.

(1) Let uw € H*(R*). Then, 7,u € H'(R>) holds.

(2) Let uy, us € H'(R*). Then, (7,1, TaUs) g1y = (U1, U2) 1 (reey holds.
Proof: (1) From Lemma 49 (1) and Proposition 13, it follows.

(2) From Lemma 49 (2) and Proposition 13, it follows. [
Lemma 51: Let a € R™ and f € L*(R*). Then, 7,f € L*(R*) holds.
Proof: From Lemma 50 (1) and Proposition 13, it follows. |

Proposition 52: Let a € R*. Let u be an element of the domain of Ag.
Then, 7,u is an element of the domain of Agx and Agre(T,u) = To(Arsct)
holds.

Proof: From Lemma 50, Lemma 51 and Proposition 13, for any ¢ €
HY(R™®), (Tqu—Ta(Dreett), @) 2Ry = (1= Apoo ) U, T_op) 2(Roe) = (U, T—a ) 11 (Ro)
= (TaU, @) g1 (ree) holds. So, T,u = (1 — Agee) " H7u — 74(Agew)) holds. M

Remark: (1) Gross ([1]) considered Laplace operator on infinite-dimensional
real Hilbert space. Gross Laplacian is translation invariant. However, Gross
Laplacian is not a self-adjoint operator.

(2) For p € [1,400), let L, be Ornstein-Uhlenbeck operator in LP(u) with
respect to Wiener measure p. L, is a generator of a contraction semigroup
and one of the main characters in Malliavin calculus (e.g., [4]). Lo is a self-
adjoint operator corresponding to infinite-dimensional Dirichlet form (e.g.,
[3]). However, L, is not translation invariant. O
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