arXiv:2310.20583v2 [math.PR] 2 May 2024

Conformal welding of quantum disks and multiple SLE:
the non-simple case

Morris Ang* Nina Holden' Xin Sunt Pu Yu®

May 3, 2024

Abstract

Two-pointed quantum disks with a weight parameter W > 0 is a canonical family of finite-volume
random surfaces in Liouville quantum gravity. We prove that the conformal welding of the forested
variant of this disk gives a two-pointed quantum disk with an independent SLE, for x € (4,8).
Furthermore, we show that the conformal welding of multiple forested quantum disks gives a surface
arising in Liouville conformal field theory decorated by multiple SLE, for x € (4,8), such that
the random conformal modulus contains the SLE partition function as a multiplicative factor. In
partiuclar, this gives a construction of the multiple SLE,; associated with any given link pattern. As
a corollary, for k € (4,8), we prove the existence of the multiple SLE partition functions, which are
smooth functions satisfying a system of PDEs and conformal covariance. This was open for k € (6, 8)
and N > 3 prior to our work.

1 Introduction

In the last two decades, two dimensional random conformal geometry has been an active area of research
in probability theory. This article concerns the connections between the three central topics in this
area: the Schramm-Loewner evolution (SLE,), Liouville quantum gravity (LQG) and Liouville conformal
field theory (LCFT). SLE, is an important family of random non-self-crossing curves introduced by
Schramm [Sch00], which are natural candidates to describe the scaling limits of various two-dimensional
lattice models at criticality, e.g. [Smi01, LSW11, SS09, CDCH"14]. LQG is introduced by Polyakov in
his seminal work [Pol81] with parameter v € (0, 2], and has been shown to describe the scaling limits of
a large class of random planar maps, see e.g. [LG13, BM17, HS19, GM21]. As the fundamental building
block of LQG, LCFT is the 2D quantum field theory which is made rigorous by [DKRV16] and later
works. See [Law08, Varl7, GHS19, BP21, Gwy20, She22] for more background on these topics.

One of the deepest results in random planar geometry is the conformal welding of random surfaces.
Roughly speaking, when we glue two v-LQG surfaces together, we get another v-LQG surface decorated
by an SLE, curve with x = 2. This type of result was first proved in Sheffield’s quantum zipper
paper [Shel6] and extended to a broader class of infinite area surfaces in [DMS21]. In [AHS23], similar
results were proved for a class of canonical finite area LQG surfaces called (two-pointed) quantum disks.
When v € (v/2,2) and k = 16/72, it is shown in [DMS21, MSW21] that certain LQG surfaces with non-
simple boundaries, or generalized LQG surfaces can be conformally welded together with the interface
being SLE,, and CLE, curves. Our first result is the conformal welding of the generalized quantum disks
in this setting, which extends [AHS23] to the k € (4, 8) regime.

The convergence of interfaces in statistical physics models to SLE, can often be extended to the case
of multiple curves [Izy17, KS17, PW19], which gives rise to the notion of multiple SLE, [BBKO05]. For
k € (0,4], the multiple SLE is well-studied in both simply and multiply connected domains [Dub07,
Gra07, KP16a, KL06, Law09, JL18], and admits a natural partition function. On the other hand, the
K € (4,8) regime is far less understood. [Wu20, Pel19] give a probabilistic construction of global multiple
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SLE, for k € (4,6], and it is proved that the Loewner equations driven by the multiple SLE partition
functions generate the local multiple SLEs. In a recent work [Zha23], Zhan gave a construction of the
multiple SLE as a o-finite measure for x € (4, 8) based on similar ideas, and proved the uniqueness of the
measure. For s € (6,8), the finiteness of the multiple N-SLE measure when N > 3 remained an open
problem.

Our second main result is the construction of the global multiple SLE measure for x € (4,8) from
the conformal welding of multiple generalized quantum disks. In a concurrent work [SY23] by the third
and fourth authors, it is shown that the conformal welding of a certain collection of LQG surfaces can be
described by LCFT decorated with multiple SLE curves, and the density of the random moduli is given
by the LCFT partition function times the SLE partition function for the interfaces. In Theorem 1.5,
we prove an analogous result in the k € (4,8) setting, and the multiple SLE measure there agrees with
the ones in [Wu20, Pell9, Zha23]. We then further infer that the partition function is finite, which
completes the existence and uniqueness of the multiple SLE for x € (4,8). Moreover, we will show that
as probability measures on curve segments, the global multiple SLE for k € (4,8) agrees with the local
multiple SLE,; driven by the global multiple SLE partition functions.

1.1 Multiple SLE and partition functions

The chordal SLE,; in the upper half plane H is a probability measure ug (0, 00) on non-crossing curves from
0 to oo which is scale invariant and satisfies the domain Markov property. The SLE, curves are simple
when £ € (0, 4], non-simple and non-space-filling for k € (4, 8), and space-filling when x > 8. By conformal
invariance, for a simply connected domain D and z,w € 9D distinct, one can define the SLE,, probability
measure ip(z,w)* on D by taking conformal maps f : H — D where f(0) = 2, f(oc) = w. For
p=,pt > =2 SLE,(p~;p") is a variant of SLE,, studied in numerous works, e.g. [LSW03, Dub05, MS16a].

For N > 0, consider N disjoint simple curves in H connecting 1,2, ..., 2N € 0H. Topologically, these N
curves form a planar pair partition, which we call a link pattern and denote by o = {{i1,71}, ..., {in,in}}-
The pairs {i,j} in « are called links, and the set of link patterns with N links is denoted by LP .

Let (D;x1,...,x2n) be a topological polygon, in the sense that D C C is a simply connected domain
and x1,...,zon € 0D are 2N distinct boundary points appearing in counterclockwise order on boundary
segments. In this paper, we work with polygons where 0D is smooth near each of x; for j = 1,...,2V.
Consider a link pattern o = {{i1,71},...,{in,jin}} € LPy. Let Xo(D;x1,...,22n5) be the space of N
non-crossing continuous curves (11, ...,mx) in D such that for each 1 < k < N, n; starts at x;,, ends at
xj,, and does not partition D into components where some pair of boundary points corresponding to a
link in « belong to different components.

Now we introduce the following definition of the global multiple SLE.

Definition 1.1 ([BPW21, Zha23]). Let x € (0,8). Let N > 1 and fix a link pattern o € LPy. We
call a probability measure on the families of curves (n1,...,nn) € Xa(D;x1,...,22n5) an N-global SLE,
associated with «, if for each 1 < k < N, the conditional law of the curve N given N1, ..., Mk—1, Mk+1, ---» TN
is the chordal SLE, connecting z;, and xj in the connected component of the domain D\ Uk’ £k Mk
containing the endpoints x;, and x;, of ni on its boundary.

Theorem 1.2. Let k € (0,8), N > 1 and o € LPy. Let (D;x1,...,2an) be a topological polygon. Then
there exists a unique N-global SLE,, associated with o, which we denote by mSLE, o(D; 1, ..., xan)¥ .

Theorem 1.2 is already known when x € (0,4] [KL06, PW19, BPW21] or N = 2 [MW18]. For
k € (4,8), uniqueness is proved in [Zha23], and for k € (4, 6], existence is shown in [Wu20, Pell19]. For
k > 8, the existence is trivial while the uniqueness fails. The remaining part is the existence for x € (6, 8),
which shall be proved via Theorem 1.5.

One naturally associated object is the multiple SLE partition function. For k € (0,8), let

66—k

b 2K

be the conformal weight. Fix N > 0. Let Xon = {(21,...,7on) € R?N : 2, < ... < zox} be the
configuration space. Following [Dub07], a multiple SLE,; partition function is a positive smooth function
Z : Xon — Ry satisfying the following two properties:



(PDE) Partial differential equations of second order: We have

K 2 2b
5 0% 9; — Z(H; 1, ... —0 fori=1,..,2N. (1.1
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(COV) Mébius covariance: For any conformal map f : H — H with f(z1) < ... < f(zan),
2N
Z(H; w1,y man) = [[ £/ (@0)" x Z(H; f(21), ..o, f(@2n)- (1.2)
i=1

By (1.2), the notion of partition function can be extended to other simply connected domains. Let
(D; 21, ...,z2n) be a topological polygon. Then for any conformal map f : D — f(D), one has

2N
Z(Dsz1, s wan) = [ [ F/(@)" x Z(D; f(@1), .oos flwan))- (1.3)

i=1

The multiple SLE partition functions are related to another approach to construct the multiple SLE,,,
namely the local N-SLE,. One generates several SLE, curves by describing their time evolution via
Loewner chains. It is shown in [Dub07] that the local N-SLE, can be classified by the partition function
Z in terms of Loewner driving functions, while [PW19, Theorem 1.3] proved that the global N-SLE,
agree with local N-SLE,, when Z = 2, and k € (0,4]. See Section 4.4 for a detailed discussion.

The multiple SLE partition functions are constructed explicitly in [PW19] for « € (0, 4], [Wu20] for
k € (4,6], and [KP16b] (relaxing the positivity constraint) for x € (0,8)\Q. For x € (6,8), we have the
following result.

Theorem 1.3. Let k € (6,8) and N > 1. Then for each link pattern oo € LP, there exists an associated
positive smooth function Z, : Xony — Ry satisfying (PDE) and (COV). Moreover, the local N-SLE,
driven by Z, agrees with the initial segments of the global N-SLE,.

Prior to Theorem 1.3, the existence of the multiple SLE partition function for k£ € (6, 8) was unknown
for N > 3. One major difficulty is that b < 0 in this range, and the current technical estimates are
insufficient for building the partition function directly as in [PW19, Wu20].

For a conformal map ¢ : D — D and a measure u(D;z,y) on continuous curves from x to y in D, we
write @ o u(D, z,y) for the law of ¢ on when 7 is sampled from p(D;z,y). Given Theorems 1.2 and 1.3,
we define the measure

mSLE,; o(D; 21, ...,xaN) = Zo(D; 21, ..., xan) X mSLE, o(D; x1, ...,xQN)#. (1.4)

Then we have the following conformal covariance

2N

f OmSLEn,a(D;xla ...71'2N) = Hf/(xl)b X InSLEn,a(f(D); f(xl)a "'af(xQN)) (15)

i=1

whenever the boundaries of D and f(D) are smooth near the marked points.

In Theorems 1.2 and 1.3, the measure mSLE,; (D; z1, ..., ng)# and the partition function Z,(D; 21, ..., Tan)
will be defined via a cascade relation as in [Wu20, Zha23]; see Section 2.4. Under this inductive definition,
we will first prove Theorem 1.5 below, and infer that the partition function Z,(D;x1, ..., xon) is finite,
which further completes the induction for the proof of Theorems 1.2 and 1.3. Moreover, in Section 4.4,
we will show that the local multiple SLE, driven by the partition function Z, agrees with the global
multiple SLE,; associated to a.

1.2 Liouville quantum gravity surfaces and conformal welding

Let D C C be a simply connected domain. The Gaussian Free Field (GFF) on D is the centered Gaussian
process on D whose covariance kernel is the Green’s function [She07]. For v € (0,2) and ¢ a variant of the
GFF, the 4-LQG area measure in D and length measure on 9D is roughly defined by ji4(dz) = e7?(*)dz



and vy (dz) = e2?(@)dg, and are made rigorous by regularization and renormalization [DS11]. Two pairs
(D,h) and (D', ') represent the same quantum surface if there is a conformal map between D and D’
preserving the geometry; see the discussion around (2.1).

For W > 0, the two-pointed quantum disk of weight W, whose law is denoted by M$sk(W), is a
quantum surface with two boundary marked points introduced in [DMS21, AHS23|, which has finite

quantum area and length. The surface is simply connected when W > g, and consists of a chain of
countably many weight 42 — W quantum disks when W € (0, 72—2) For the special case W = 2, the two
boundary marked points are quantum typical with respect to the LQG boundary length measure [DMS21,
Proposition A.8].

As shown in [Cer21, AHS21], the quantum disks can be alternatively described in terms of LCFT.
The Liouville field LFy is an infinite measure on the space of generalized functions on H obtained by
an additive perturbation of the GFF. For i = 1,...,m and (8;,s;) € R x 0H, we can make sense of the

measure LF]gf i’si)i(dqb) =1L e%¢(si)LFH(d¢) via regularization and renormalization, which leads to the
notion of Liouwille fields with boundary insertions. See Definition 2.6 and Lemma 2.7.

Next we briefly recall the generalized quantum surfaces (or forested quantum surfaces) from [DMS21,
MSW21], which is based on the construction of the loop-trees in [CK14]. Fix v € (v/2,2). Given an
a-stable Lévy process (X¢)¢~o with no negative jumps and o = % € (1,2), we first determine the tree
structure as in [CK14]. This can be done by gluing a Poisson point process of loop-trees to one side of the
half real line. Then we assign a conformal structure to each of the loops using a (standard) independent
quantum disk. This defines the forested line as in [DMS21, Definition 1.14]. Points on the line corresponds
to the running infimum of (X;)¢~o, which we parameterize by the LQG length measure; the boundaries
of the loop trees are parameterized by generalized quantum length [MSW21]. The generalized quantum
surfaces are then constructed by truncating and gluing independent forested lines to the boundary arcs
of classical quantum surfaces. See Section 3.1 for more details.

For W > 0, we write M54 (W) for the law of the generalized quantum surface obtained by truncating
and gluing independent forested lines to both sides of its boundary according to the LQG boundary
length. We call a sample from M&d (W) a weight W forested quantum disk. For the special weight
W = 42 — 2, the two marked points are quantum typical with respect to the generalized LQG length
measure (see Proposition 3.16). By sampling additional marked points from the generalized quantum
length measure, we obtain a multiply marked generalized quantum disk. For m > 1, we write GQD,,,
for the law of the generalized quantum disk with m marked points on the boundary sampled from the
generalized quantum length measure; see Definition 3.17 for a precise description.

Given a pair of classical quantum surfaces, following [Shel6, DMS21], there exists a way to confor-
mally weld them together according to the length measure provided that the interface lengths agree; see
e.g. [AHS21, Section 4.1] and [ASY22, Section 4.1] for more explanation. In [DMS21, Theorem 1.15], it

is proved that for x = 18 by drawing an SLE. (% —4; 5§ —4) curve 1 on an independent a weight 2 — g
quantum wedge W, one cuts the wedge into two independent forested lines £4 whose boundaries are
identified via the generalized quantum length. Moreover, (W, ) is measurable with respect to £1. Note
in particular that in [DMS21], £4 determine (W, 7) in a weaker sense than what we have in conformal
welding. A somewhat stronger notion of uniqueness was proven in [MMQ21]. Finally, in light of the
recent work [KMS23] on conformal removability of non-simple SLEs for £ € (4, k), where g is some
constant in (4, 8), it is possible to identify the recovery of (W, n) from Ly as actual conformal welding

as in the x € (0,4) case.

In Proposition 3.25, we prove the analog of [DMS21, Theorem 1.15] for Mgisk(2 — l;) and segments
of forested lines. Following this weaker notion of uniqueness, we define the conformal welding of forested
lines or segments of forested lines to be this procedure of gluing them together to get a quantum wedge
or quantum disk decorated by SLE,(§ —4; § —4) curves.

The conformal welding operation discussed as above naturally extends to generalized quantum sur-
faces. Let M', M? be measures on the space of generalized quantum surfaces with boundary marked
points. For ¢ = 1,2, fix some boundary arcs ey, es such that e; are boundary arcs of finite generalized

quantum length on samples from M?, and define the measure M?(¢;) via the disintegration
M= [ ey
0

over the generalized quantum lengths of e;. For £ > 0, given a pair of surfaces sampled from the product



measure M*(¢) x M?(£), we can first weld the forested line segments of e; and ey together according to
the generalized quantum length to get an SLE,(§ — 4; § — 4)-decorated quantum disk D, and then weld
D to the remaining parts of M! and M? by the conformal welding of classical quantum surfaces. This
yields a single surface decorated with an interface from the gluing. We write Weld(M*(£), M?()) for
the law of the resulting curve-decorated surface, and let

Weld(M*, M?) ::/ Weld(M*(£), M?(¢)) dt
R

be the welding of M', M? along the boundary arcs e; and es. The case where both e; and ey have
infinite generalized quantum length can be treated analogously. By induction, this definition extends
to the welding of multiple generalized quantum surfaces, where we first specify some pairs of boundary
arcs on the quantum surfaces, and then identify each pair of arcs according to the generalized quantum
length.

Now we state our result on the welding of generalized quantum disks. See Figure 1 for an illustration.

Figure 1: An illustration of Theorem 1.4 in the case W_ > l; and W, € (0, g) If we draw an
independent SLE,(p—;p4+) curve on top of a generalized quantum disk of weight W_ + W, then the
curve-decorated quantum surface is equal to the welding of a pair of weight W; and W5 generalized
quantum disks conditioned on having the same generalized quantum length for the interface. If W < 72—2,
then the interface 7 is understood as the concatenation of SLE,(p_; p4) curves in each bead of the weight

W forested quantum disk.

Theorem 1.4. Let v € (v/2,2) and k = ,172. Let W_, W, > 0 and p+ = ,;1—2(2 — 4%+ Wy). Let
W=W,+W_+2-— l; Then for some constant ¢ € (0,00),

M5 (W) ® SLE(p—; p4) = ¢ / Weld(MES (W_; £), My® (W 0))de. (1.6)
0

One immediate consequence of Theorem 1.4 is the reversibility of SLE,(p_;p4+) with x € (4,8)
and pr > 5§ — 4. Namely, by viewing Figure 1 upside down, the reversed curve is the interface of
Weld(MEd- (W, ), MEd-(W)), which by Theorem 1.4 has law SLE,(py;p_). The reversibility of whole
plane SLE,(p) for x € (4,8) and p > § — 4 also follows similarly by welding a quantum disk to itself
into a quantum sphere; this can be done by first welding the two forested line segments of a sample from
MEQ(W) together by Proposition 3.25 and then applying [AHS23, Theorem 2.4]. Previously, the only
known approach for the reversibility of SLE,, when x € (4, 8) is through the imaginary geometry [MS16b],
while our conformal welding result provides a new perspective.



1.3 Multiple SLEs from welding of quantum surfaces
1.3.1 Statement of the welding result

We start with the definition of the welding of generalized quantum disks according to link patterns.
Fix N > 1. Let (D;x1,...,z2n) be a topological polygon. We draw N disjoint simple curves 7, ..., 7x
according to a link pattern «, dividing D into N + 1 connected components Si,...,Syy1. For 1 <
kE < N +1, let n; be the number of points on the boundary of Si, and let 7 1, ...,k m, be the in-
terfaces which are part of the boundary of Si. Then for each Sy, we assign a generalized quantum
disk with n; marked points on the boundary from GQD,,, , and consider the disintegration GQD,, =
fRik GQD,,, (k.15 -+, lr;my,) Ay 1ALy 1, OVer the generalized quantum length of the boundary arcs corre-

sponding to the interfaces. For (¢1,...,¢xn) € Rﬁ, let ¢y ; = ¢; if the interface 7y ; = 7;. We sample NV +1

quantum surfaces from ijv;ll GQD,,, (¢x,1, -, Lk,m,,) and conformally weld them together by generalized

LQG boundary length according to the link pattern o, and write Weld, (GQDNT1) (¢4, ..., £x) for the law
of the resulting quantum surface decorated by N interfaces. Define Welda(GQDN H) by

Weld, (GQDY ) = [ Weld, (GQDN ) (44, ..., 0n) dly...dl.

N
R
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Figure 2: An illustration of Theorem 1.5. Left: Under the link pattern o = {{1,6},{2,5},{3,4}}, we are
welding two samples from GQD, (drawn in green and turquoise) with two samples from GQD, (drawn
in pink and yellow), restricted to the event E where the welding output has the structure of a simply
connected quantum surface glued to forested lines. Each generalized disk is composed of a countable
number of (regular) disks, and the (regular) disks that are used to connect two of the marked boundary
points of the generalized disk are shown in dark color, while the other disks are shown in light color. If we
let ¢1, {5, ¢3 be the interface lengths ordered from the left to the right, then the precise welding equation

can be written as [ps Weld(GQDy(¢1), GQD,(£1,42), GQD,(¢2,3), GQDQ(Zg))‘Edﬁl dly dls. Right: A
T

similar setting where the link pattern o = {{1,6}, {2, 3}, {4, 5}}, we are welding three samples from GQD,
(drawn in green, turquoise and yellow) with one sample from GQD; (drawn in pink). The corresponding

welding equation is given by fRi Weld(GQDQ(El),GQD2(£2),GQD2(£3),GQD6(€1,£2,£3))‘E¢M1 dly dls.

The forested line part of each generalized quantum disk is drawn in a lighter shade.

When m > 2, for a sample from GQD,,, consider the paths of disks connecting the marked points.
Shrink each path of disks connecting each pair of marked points into a curve. The resulting set of curves
form a tree 7 with at most 2m —3 edges and the number of leaf nodes equal to m. Then Welda(GQDN 'H)



induces a topological gluing of trees, and, different from the simple case, the marked points are not in
the same connected component if and only if in this gluing of trees, there exists an edge in some tree 7
not glued to any other edges.
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Figure 3: An illustration of the case where the event F in Theorem 1.5 fails to happen. The left two
panels illustrate weldings of generalized quantum disks following the same link patterns as in Figure 2. In
these examples the output surface cannot be described by forested lines glued to a single simply connected
surface. The right two panels indicate the corresponding topological gluing of trees, where in both cases
there exists an edge which is not glued to any other edge.

We are now ready to state our result for non-simple multiple SLEs and conformal welding of generalized
quantum disks. See Figure 2 for an illustration. Recall the multiple SLE measure mSLE, , defined
in (1.4).

Theorem 1.5. Lety € (v/2,2), k = 16/y% and 3 = %—%. Let N > 2 and o € LPy be a link pattern. Let
2N -1

c be the constant in Theorem 1.4 for W_ =W, = ~2 =2, and cy = FENFTN(Q=F)2N - Consider the curve-

decorated quantum surface (H7 ¢N707y1a - Y2N -3, ]-7 00, M1, ,nN)/N’Y where (d)Nayl, ey Y2N 3,71, 777N)
has law

CN/ [LFI%I@,O),<5,1>,<ﬂ,oo>,<ﬂ,y1>,...,<B7ym3>(d¢N)
O<y1<...<yan—3<1

(1.7)
X mSLE/{,a(Ha 0; Y1,y Y2N-3, 1; OO)(dnl an) dyl dy2N73'

If we truncate and glue an independent forested line to the quantum surface described above, then we
obtain the conformal welding Welda(GQDN+1) restricted to the event E where the welding output is a
simply connected surface glued with forested lines.

Theorem 1.5 is the analog of [SY23, Theorem 1.1], and gives a concrete coupling between Liouville
CFT and multiple SLE for x € (4,8). One key observation is that the conformal weight of the multiple

SLE (b = %#) matches with that of Liouville CFT (Ag = g(% + %)) in the sense b+ Ag = 1.



1.3.2 Overview of the proof

Different from the existing works [KP16a, PW19, Wu20], our proof of Theorems 1.2 and 1.3 rely on the
novel coupling between Liouville CFT and multiple SLE in Theorem 1.5. Theorem 1.4 has independent
interest and further applications as well. We first prove Theorem 1.4, and then prove Theorems 1.2, 1.3
and 1.5 via induction.

To show Theorem 1.4, by [AHS23], it would suffice to work on the case of forested line segments
(Proposition 3.25), which could be thought as the “W, = 0” case. We begin with the welding of forested
lines as in [DMS21, Theorem 1.15], and encode the locations of the cut points of the two independent

2
forested lines by the zeros of a pair of independent squared Bessel processes Z4 of dimension 2— %4-. Then

by the additivity of squared Bessel processes, the locations of the cut points of the weight 2 — g quantum
wedge are encoded by a squared Bessel process of dimension 4 — 42 € (0,2). Then we use the Poisson
point process description of quantum wedges to “cut” a weight 2 — l; quantum disk off the quantum
wedge. The location of the cut points then will be encoded by squared Bessel bridges, from which we
infer the welding equation (3.2). Finally, the measurablity result follows from [DMS21, Theorem 1.15] by
a local comparison.

The proofs of the theorems related to multiple SLE are based on an induction. For N = 2, The-
orems 1.2 and 1.3 are known from previous works [MW18]. To prove Theorem 1.5, we begin with
Theorem 1.4 with W_ = W, = 42 — 2. By definition, if we sample two marked points z,y from the
generalized quantum length measure and glue a sample from GQD, along the boundary arc between
x,y, then we obtain the desired conformal welding picture, and the N = 2 case for Theorem 1.5 follows
from the techniques in [AHS21, SY23]. Now assume Theorems 1.2, 1.3 and 1.5 hold for 2,..., N. For
a € LPy41, we first construct the measure mSLE,, , using the cascade relation in [Wu20, Zha23]; see
Section 2.4. Then we prove Theorem 1.5 for N +1 with the measure mSLE, . To prove that the measure
mSLE,, , is finite, we consider the event F{; where the generalized quantum lengths of all the boundary
segments in the welding described in Theorem 1.5 are between 1 and 2. On the one hand, the fact that
the two marked points on M54 (72 —2) are typical to the generalized quantum length measure allows us
to derive the joint law of boundary lengths of GQD,, (see Proposition 3.18), and it follows from a disinte-
gration that Weld,(GQD"?)[Fy] < co. On the other hand, in the expression (1.7), the event Fy is not
depending on mSLE,, . Therefore we infer that }mSLE,{,a (H,0,y1, ..., yan—1, 1, oo)| is locally integrable
in terms of (y1,...,y2n—1), and is in fact smooth following a hypoellipticity argument in [Dub15, PW19].
This proves Theorem 1.2 and Theorem 1.3 for NV + 1 and completes the induction.

1.4 Outlook and perspectives

In this section, we discuss some ongoing works and future directions regarding the multiple SLE and the
conformal welding of generalized quantum surfaces.

e Based on conformal welding of classical quantum surfaces, with Remy the first three authors have
proved a number of results on integrability of SLE and LCFT [AHS21, ARS21, AS21, ARS22]. Using
the conformal welding of generalized quantum surfaces, it is possible to extend the integrability
results from [AS21, ARS22] to non-simple CLE. Moreover, in a forthcoming work by the first,
third and fourth authors with Zhuang, we will give an explicit formula for the boundary touching
probability of non-simple CLE, where Theorem 1.4 is a critical input.

e In this paper, we focus on the chordal multiple SLE for x € (4,8). For k € (0,4], the multiple SLE
on multiply connected domains is constructed in [JL18], and taking a limit yields the multiple radial
SLE [HL21]. The existence of multiple SLE in general planar domains or radial setting remains
open for k € (4,8), and we believe that the conformal welding of generalized quantum surfaces
can be applied to settle these problems. An interesting problem is to determine the SLE partition
function in these settings.

e Our construction of the partition function Z, is coherent with [Wu20, Pell9] when s € (4,6]. In
this range, {2, : a € LPx} satisfy a certain asymptotic property as two of the marked boundary
points collide and a strong power law bound as in [PW19, Theorem 1.1], which uniquely specify the
partition functions by [FK15a, FK15b]. If one can prove the asymptotic property and the power



law bound for x € (6,8) as well, then {Z, : @ € LPx} in Theorem 1.3 gives the partition function
for the range x € (6,8) as in [PW19].

e Following the SLE duality [Zha08] one may also consider the mixed multiple SLE with both SLE;
and SLE,, curves where & = 22 € (0,4), i.e., replace some of the curves in mSLE,, , by SLE curves.
It would be interesting to con81der the partition functions in this setting, and their relations with
the conformal field theory.

We refer to the outlook of [SY23] for further future directions related multiple-SLE and conformal
welding.
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2 Preliminaries

In this paper we work with non-probability measures and extend the terminology of ordinary probability
to this setting. For a finite or o-finite measure space (2, F, M), we say X is a random variable if X
is an F-measurable function with its law defined via the push-forward measure My = X,M. In this
case, we say X is sampled from Mx and write Mx[f] for ff YMx (dzx). Weighting the law of X by

f(X) corresponds to working with the measure dM. x with Radon-Nikodym derivative ¢4x — f and

dMx
conditioning on some event E € F (with 0 < M[E] < oo) refers to the probability measure Aﬁﬁ;]] over
the space (E, Fg) with Fg = {ANE: A€ F}. If M is finite, we write |[M| = M(Q) and M# = I% for

its normalization. We also fix the notation |z|+ := max{|z|, 1} for z € C.

We also extend the terminology to the setting of more than one random variable sampled from non-
probability measures. By saying “we first sample X; from M; and then sample X5 from Ms”, we refer
to a sample (X1, Xs) from M; x Ms. In this setting, weighting the law of X by f(X32) corresponds to

working with the measure dMx with Radon-Nikodym derivative %(ml, x2) = f(x2). In the case
where M, is a probability measure, we say that the marginal law of X; is M;.

For a Mobius transform f : H — H and s € R, if f(s) = oo, then we define f'(s) = (— f( ) lw=s-
Likewise, if f(co) = s, then we set f'(c0) = ((f7')'(s))~!. In particular, if f(z) = a + -2, then
f'(@)=X"1and f'(c0) = A. If f(2) = a+rz with a € R,7 > 0, then we write f/'(c0) = r~!. These align
with the conventions in [Law09].

2.1 The Gaussian free field and Liouville quantum gravity surfaces

Let m be the uniform measure on the unit semicircle HND. Define the Dirichlet inner product (f, g)v =
L[ Vf- Vg on the space {f € C®(H) : [;|Vf|* < oo; [ f(z)m(dz) = 0}, and let H(H) be the

closure of this space with respect to the inner product (f, g)v. Let ( fn)nzl be an orthonormal basis of

H(H), and (a;,)n>1 be a collection of independent standard Gaussian variables. Then the summation

h= i anfn
n=1

a.s. converges in the space of distributions on H, and & is the Gaussian Free Field on H normalized such
that [ h(z)m(dz) = 0. Let Py be the law of h. See [DMS21, Section 4.1.4] for more details.
For z,w € H, we define

Gu(z,w) = —log |z — w| — log |z — w| + 2log |z|+ + 2log |w]|; Gu(z,0) = 2log|z|4+.



Then the GFF h is the centered Gaussian field on H with covariance structure E[h(z)h(w)] = Gu(z, w).
As pointed out in [AHS21, Remark 2.3], if ¢ = h+ f where f is a function continuous everywhere except
for finitely many log-singularities, then ¢ is a.s. in the dual space H~!(H) of H (H).

Now let v € (0,2) and Q = % + 3. Consider the space of pairs (D, h), where D C C is a planar

domain and h is a distribution on D (often some variant of the GFF). For a conformal map g : D — D
and a generalized function h on D, define the generalized function g e, h on D by setting

geyhi=hog " +Qlog|(g7"). (2.1)

Define the equivalence relation ~., as follows. We say that (D, h) ~, (5,71) if there is a conformal map
g:D— D such that h = g e, h. A quantum surface S is an equivalence class of pairs (D, h) under the
equivalence relation ~., and we say that (D, h) is an embedding of S if S = (D, h)/~.. Abusing notation,
we will sometimes call (D, h) as a quantum surface, and we are then referring to the equivalence class
(D,h)/ ~~ that it defines. Likewise, a quantum surface with k marked points is an equivalence class of
tuples of the form (D, h,x1,...,zx), where (D, h) is a quantum surface, the points x; € D, and with the
further requirement that marked points (and their ordering) are preserved by the conformal map ¢ in
(2.1). A curve-decorated quantum surface is an equivalence class of tuples (D, h, 11, ...,m;), where (D, h)
is a quantum surface, 71, ...,n; are curves in D, and with the further requirement that 5 is preserved
by the conformal map ¢ in (2.1). Similarly, we can define a curve-decorated quantum surface with k
marked points. Throughout this paper, the curves ny, ..., n, are SLE, type curves (which have conformal
invariance properties) sampled independently of the surface (D, k).

For a y-quantum surface (D, h, z1, ..., 2 ), its quantum area measure py is defined by taking the weak

limit € = 0 of pp, = ez e=(*)d2%, where d?z is the Lebesgue area measure and h-(z) is the circle
average of h over 0B(z,e). When D = H, we can also define the quantum boundary length measure

vp = limg 07 e3<(*)dx where h.(z) is the average of h over the semicircle {z 4 g¢? : 6 € (0,7)}. It
has been shown in [DS11, SW16] that all these weak limits are well-defined for the GFF and its variants
we are considering in this paper, and that pp and vy, can be conformally extended to other domains using
the relation e,.

Consider a pair (D, h) where D is now a closed set (not necessarily homeomorphic to a closed disk)
such that each component of its interior together with its prime-end boundary is homeomorphic to the
closed disk, and h is only defined as a distribution on each of these components. We extend the equivalence
relation ~ described after (2.1), such that g is now allowed to be any homeomorphism from D to D that
is conformal on each component of the interior of D. A beaded quantum surface S is an equivalence class
of pairs (D, h) under the equivalence relation ~. as described above, and we say (D, h) is an embedding of
Sif S = (D, h)/~,. Beaded quantum surfaces with marked points and curve-decorated beaded quantum
surfaces can be defined analogously.

As argued in [DMS21, Section 4.1], we have the decomposition H(H) = H, (H) ® H(H), where H; (H)
is the subspace of radially symmetric functions, and Ho(H) is the subspace of functions having mean 0
about all semicircles {|z] = r, Im z > 0}. As a consequence, for the GFF h sampled from Py, we can
decompose h = hy + ho, where hy and ho are independent distributions given by the projection of h onto
H,(H) and Hy(H), respectively.

We now turn to the definition of quantum disks, which is split in two different cases: thick quantum
disks and thin quantum disks. These surfaces can also be equivalently constructed via methods in Liouville
conformal field theory (LCFT) as we shall briefly discuss in the next subsection; see e.g. [DKRV16, HRV18]
for these constructions and see [AHS17, Cer21, AHS21] for proofs of equivalence with the surfaces defined
above.

Definition 2.1 (Thick quantum disk). Fiz v € (0,2) and let (Bs)s>0 and (Es)szo be independent
2
standard one-dimensional Brownian motions. Fiz a weight parameter W > % and let f = v+ % <Q.

Let ¢ be sampled from the infinite measure %e(ﬁ’Q)cdc on R independently from (Bs)s>o0 and (és)szo'

Let
Boy +pBt+c for t>0,

v, =4 -
K {B_2t+(2Q—ﬂ)t+c for t <0,
conditioned on Boy — (Q — )t < 0 and By — (Q—P)t <0 for allt >0. Let h be a free boundary GFF
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on H independent of (Yi)ier with projection onto Ho(H) given by hy. Consider the random distribution
Y() =X 1og)| + ha(").

Let M$SK(W) be the infinite measure describing the law of (H,1,0,00)/~.. We call a sample from
MK (W) a quantum disk of weight W with two marked points.

We call vy ((—00,0)) and v4((0,00)) the left and right, respectively, quantum boundary length of the
quantum disk (H, 1,0, 00).

When 0 < W < 772, we define the thin quantum disk as the concatenation of weight 72 — W thick
disks with two marked points as in [AHS23, Section 2].

Definition 2.2 (Thin quantum disk). Fiz v € (0,2). For W € (0, g), the infinite measure M3S< (W)
on doubly marked beaded quantum surfaces is defined as follows. First sample a random variable T from
the infinite measure (1 — A/%W)_ZLeb]R+ ; then sample a Poisson point process {(u,D,)} from the intensity
measure 1;e(o,)dt ¥ MG (42 —W); and finally consider the ordered (according to the order induced by
u) collection of doubly-marked thick quantum disks {D,}, called a thin quantum disk of weight W.

Let M8 (W) be the infinite measure describing the law of this ordered collection of doubly-marked
quantum disks {D,}. The left and right, respectively, boundary length of a sample from M$SK(W) is set
to be equal to the sum of the left and right boundary lengths of the quantum disks {D,}.

For W > 0, one can disintegrate the measure M$%(1W) according to its the quantum length of the
left and right boundary arc, i.e.,

MW :/0 /0 MGEE(W 3 01, 02)dl dis, (2.2)

where M$K(W; £y, ¢5) is supported on the set of doubly-marked quantum surfaces with left and right
boundary arcs having quantum lengths ¢; and /s, respectively. One can also define the measure M$k(W; ¢) :=
fooo MKW, ¢, 0")dl’, i.e., the disintegration over the quantum length of the left (resp. right) boundary
arc. Then we have

Lemma 2.3 (Lemma 2.16 and Lemma 2.18 of [AHS23]). Let W € (0, 2+§). There exists some constant
c depending on W and -y, such that

=

2

M5 0)] = e

Finally the weight 2 quantum disk is special in the sense that its two marked points are typical with
respect to the quantum boundary length measure [DMS21, Proposition A.8]. Based on this we can define
the family of quantum disks marked with multiple quantum typical points.

Definition 2.4. Let (H, $,0,00) be the embedding of a sample from M3%(2) as in Definition 2.1. Let
L = v4(0H), and QD be the law of (H, ¢) under the reweighted measure L=2M$5%(2). For n > 0, let
(H, ¢) be a sample from %L"QD and then sample s1, ..., s, on OH according to the probability measure

n!- 151<.__<SnVf(dsl)...uf(dsn). Let QD,, be the law of (H, ¢, s1,...,8,)/ ~~, and we call a sample from
QD,, a quantum disk with n boundary marked points.

2.2 Liouville conformal field theory on the upper half plane
Recall that Py is the law of the free boundary GFF on H normalized to have average zero on 0D N H.

Definition 2.5. Let (h,c) be sampled from Py x [e=9%dc] and ¢ = h — 2Qlog |z|; + c. We call ¢ the
Liowville field on H, and we write LFy for the law of ¢.

Definition 2.6 (Liouville field with boundary insertions). Write 0H = RU{oco}. Let 5; € R and s; € OH
fori=1,....m, where m > 1 and all the s;’s are distinct. Also assume s; # oo for i > 2. We say that ¢
is ¢ Liouville Field on H with insertions {(8;, $;) }1<i<m if ¢ can be produced as follows by first sampling

(h,c) from Cﬁﬁ“si)iPH x [elz ZiZ1 Bi=Q)edc] with

mo B Q- m .
[ Isily @ )exp(% > imiv1 BiBiGu(si,s;)) if s1# 00

(Birsi)i _
Ch o mo . —Bi(Q@-F -5 Ls~m o 3.8.Gu(si, s ; =
[1:Zs Isil ¢ exp(y 25 i1 BiBiGu(si s;)) if s1=00
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and then taking
1 m
6(2) = h(z) = 2Qloglzly + 5 ) FiGa(si 2) +¢ (2.3)
i=1

with the convention Gy (oo, z) = 2log |z|+. We write LFﬁﬂBi’si)i for the law of .

The following lemma explains that adding a S-insertion point at s € OH is equivalent to weighting
3
the law of Liouville field ¢ by e ().

Lemma 2.7 (Lemma 2.8 of [SY23]). For 8,s € R such that s ¢ {s1,...,Sm}, in the sense of vague
convergence of measures,

Ehlz(l)g 4 62¢E(S)LF(/8@751)1, LF]g‘HBhsi)iv(ﬁvs). (24)
Similarly, for a, sy, ...,$m € R, we have
2
Rh_{nOO RQB- 5o (a)LF]%Iﬁi,Si)i _ LF]%IBivSi)iv(Bvoo). (2.5)

The Liouville fields have a nice compatibility with the notion of quantum surfaces. To be more precise,
for a measure M on the space of distributions on a domain D and a conformal map ¢ : D — D, let
.M be the push-forward of M under the mapping ¢ — 1 e, ¢. Then we have the following conformal
covariance of the Liouville field due to [HRV18, Proposition 3.7] when none of the boundary points are
00; we state a slight generalization by [SY23]. For 8 € R, we use the shorthand

s=5Q-5)

Lemma 2.8 (Lemma 2.9 of [SY23]). Fiz (8;,s;) € R x H for i = 1,...,m with s;’s being distinct.
Suppose ¢ : HH — H is conformal map. Then LFy = ¢.LFy, and

LF]g_Hﬁm’l/)(Si))z _ H W} | Ag, i), LF(B“S )z (26)

The next lemma shows that sampling points from the Liouville field according to the LQG length
measure corresponds to adding y-insertions to the field.

Lemma 2.9 (Lemma 2.13 of [SY23]). Let m >2,n > 1 and (B;,8;) € R x OH with 0o > 51 > $9 > ... >
Sm > —00. Let 1 <k <m—1 and g be a non-negative measurable function supported on [Si+1,Sk]. Then
as measures we have the identity

// 91, ooy T g (day ). v (dazy ) LE 7 ()
T1,. s €[Sk+1,5k] (27)

_/ /LF(B’ 0000 0n) (48 g (21 2y )da .
T1,e s T €[Sk41,5k]

Next we recall the relations between marked quantum disks and Liouville fields. The statements
in [AHS21] are involving Liouville fields on the strip & := R x (0, 7), yet we can use the map z — e to
transfer to the upper half plane.

Definition 2.10. Let W > 0. First sample a quantum disk from M$S5(W) and weight its law by the
quantum length of its left boundary arc. Then sample a marked point on the left boundary according to
the probability measure proportional to the LQG length. We denote the law of the triply marked quantum
surface by Md“k( ), where this newly added point is referred as the third marked point.

Proposition 2.11 (Proposition 2.18 of [AHS21]). For W > 72 and B =1
LF(ﬁ 20): (80001 e, (H, ¢,0,00,1)/~. has the same law as Md‘Sk( )

2(Q 2(Q-p)?

The proposition above gives rise to the quantum disks with general third insertion points, which could
be defined via three-pointed Liouville fields.

12



Definition 2.12. Fiz W > g,ﬂ =+ % and let B3 € R. Set MSjEk(W;Bg) to be the law of

(H, ¢,0,00,1)/ ~., with ¢ sampled from 2(Q%ﬁyLF]gﬂﬁ’O)’(’B’OO)’(BB’U. We call the boundary arc between the

two B-singularities with (resp. not containing) the Bs-singularity the marked (resp. unmarked) boundary
arc.

Next we turn to the W € (0, g) case. Recall the following fact from [AHS23].

Lemma 2.13 (Proposition 4.4 of [AHS23]). For W € (0, “’72) we have
2 s Ny
Mdlbk( ) (1 o ?W)2Mglbk( ) Mdlbk( W) % Mglsk(W)’

where the right hand side is the infinite measure on ordered collection of quantum surfaces obtained by
concatenating samples from the three measures.

Definition 2.14. Let W € (0, g) and B € R. Given a sample (S1,S2,S3) from

2 - - -
(1= WY MEE(W) x MEZH(* = W3 8) x M= (W),

let S be their concatenation in the sense of Lemma 2.13 with [ in place of v. We define the infinite
measure M3E(W; B) to be the law of S.

2.3 The Schramm-Loewner evolution

Fix k > 0. We start with the SLE, process on the upper half plane H. Let (B;);>o be the standard
Brownian motion. The SLE, is the probability measure on continuously growing curves 7 in H, whose
mapping out function (g¢)¢>o (i-e., the unique conformal transformation from the unbounded component
of H\n([0,]) to H such that lim.|_, [g:(2) — 2| = 0) can be described by

t
2

z)=z+ ——— ds, z € H|, 2.8

a) =2+ [ (2.8

where W, = /KB, is the Loewner driving function. For weights p~, p* > —2, the SLE.(p™; p*) process
is the probability measure on curves 7 in H such that (2.8) is still satlsﬁed except that the Loewner
driving function (W;);>o is now characterized by

Wy =VEBi+ > /W Vq
a€{+—} (2.9)

t=0F + /Vi ds q€{L,R}.

It has been proved in [MS16a] that the SLE.(p~; p*) process a.s. exists, is unique and generates a
continuous curve. The curve is simple for x € [0,4], has self-touchings for x € (4,8) and is space-filling
when k > 8.

The SLE, as a probability measure, can be defined on other domains by conformal maps. To be
more precise, let ug(0,00) be the SLE, on H from 0 to oo, D be a simply connected domain, and
f : H — D be a conformal map with f(0) = z, f(c0) = y. Then we can define a probability measure
pp(z,y)# = f o pw(0,00). Let

6 —k
2K
be the boundary scaling exponent, and recall that for x,y € 9D such that 0D is smooth near z,y, the
boundary Poisson kernel is defined by Hp(z,y) = ¢’ ()¢ (y)(o(z) — ¢(y)) 2 where ¢ : D — H is a
conformal map. Then as in [Law09], one can define the SLE,; in (D, z,y) as a non-probability measure
by setting up(x,y) = Hp(x,y)? - up(x,y)*, which satisfies the conformal covariance

Foup(z.y)=If' @)1 W) sy (f(2), f¥)

for any conformal map f: D — f(D).
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2.4 The multiple SLE and its partition function

In this section, we review the background and some basic properties of the multiple chordal SLE as
established in e.g. [Law09, PW19, Pel19]. In particular, we shall focus on the probabilistic construction
of the partition function and multiple SLE for s € (0, 6] in [Wu20, PW19], which will be the base of our
results for the x € (6, 8) regime.

Recall that for N = 1, the partition function for the SLE, in (D,x,y) is Hp(x,y)®. For N = 2, it
is shown that Theorem 1.2 holds for x € (0,8) [MW18]. Moreover, the solutions to (PDE) and (COV)
have explicit expressions, which have the form of the hypergeometric functions. This gives the partition
function Z, (H; 1, x2, 23, x4), which could be extended to other simply connected domains via (1.3).

For N > 2, the multiple SLE for x € (0,6] (x € (0,8) for N = 2) and the partition function can be
defined via the following induction. Let (D;x1,...,2on) be a polygon and o € LPy. We fix the following
notations:

e Let {i,j} € a with ¢ < j be a link and let & € LPy_1 be the link pattern obtained by removing
{i,j} from «;

e For a continuous curve 1 in D, let &, be the event where n does not partition D into components
where some variables corresponding to a link in a would belong to different components;

e On the event &,, let 157, be the union of connected components of D\n with some of the points
{z1,...,zon} on the boundary, i.e.,

D, = U D (2.10)
D c.c. of D\
Dfay,..zon P\ 2,2, }=0

e On the event &, define

Z@(Dn;xl,...,xi_1,$i+1,...,xj_1,$j+1,...,$2N) = H Zaf)(D;"') (211)
~ D c.c. of D\n
D{zy,zon I\ {zi,2,}#0

[43 7

where for each D, the ellipses stand for those variables among {z1, ..., zan }\{zs,2;} which
belong to 0D, and ap stands for the sub-link patterns of & associated to the components D C D\n.

The measure mSLE,, o(D; 1, ..., x2n) is defined as follows:

(i) Sample 1, as an SLE,; in (D;z;,x;) and weight its law by
L, Hp(wi,x;)" x Za(Dnys.0);
(ii) Sample (72, ...,nn) from the probability measure

11 mSLE, . . (D;...)%;
~ D c.c. of D\
Dfzy,..,egn I\ {zg,2;}1=0

(i) Output (11, ...,nn) and let mSLE, (D; 21, ..., x2n) denote its law, while Z,(D;z1, ..., x2n) is the
total measure of mSLE,; (D; 1, ..., Tan).

We remark that the above induction is well-defined since in each of mSLE, (D;...)# the number of
marked points is strictly less than 2N, and the resulting measure mSLE, o(D;x1,...,22n) does not
depend on the choice of the link {i,j} € a [Pell9, Proposition B.1]. It is then shown in [Wu20, PW19]
that the partition function above is well-defined and satisfies the following power law bound

Zo(Hyzy, o zon) < [l — il 7" (2.12)
{i,j}€a

Moreover, it is easy to verify from definition that the probability measure mSLE, o (D; 1, ..., zan)#
satisfies the resampling property in Theorem 1.2.
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Figure 4: Left: The graph of the Lévy process (X;)¢~o with only upward jumps. We draw the blue
curves for each of the jump, and identify the points that are on the same green horizontal line. Right:
The Lévy tree of disks obtained from the left panel. For each topological disk we assign a quantum disk
QD conditioned on having the same boundary length as the size of the jump, with the points on the red
line in the left panel shrinked to a single point. The quantum length of the line segment between the root
o and the point p; is ¢, while the segment along the forested boundary between o and p; has generalized
quantum length Y; = inf{s > 0: X < —t}.

Finally, we comment that for x € (6,8), if the partition function Zj is finite for any & € |_|,€N:_11 LPy,
then the measure mSLE,, o(D; 1, ..., x2n) is well-defined for any o € LP (which is not necessarily finite
at this moment) and does not depend on the choice of the link {4, j} € «. Indeed, using the symmetry
in the exchange of the two curves in the 2-SLE,, this follows from exactly the same argument as [Pell9,
Proposition B.1], where we may first sample the 2-SLE, and weight by the product of the partition
functions in the subdomains cut out by the two curves, and then sample the rest of the curves from the
multiple SLE probability measure.

3 Conformal welding of forested quantum disks for x € (4,38)

In this section, we work on the conformal welding of forested quantum surfaces. We start with the
definition of forested lines and forested quantum disks, and use a pinching argument to prove Theorem 1.4.
Then we will give decomposition theorems for forested quantum disks with marked points, and show the
resampling property of weight v2 — 2 forested quantum disks.

3.1 Generalized quantum surfaces

We start by recalling the notion of forested lines from [DMS21]. Recall that for the measure QD on quan-
tum surfaces from Definition 2.4, we can define the disintegration QD = fooo QD(¥¢)d¢ over its boundary

length, and |QD(¢)| = ™. Let (Xt)i>0 be a stable Lévy process of index § € (1,2) with only upward

jumps, so X 44 X, for any ¢t > 0. On the graph of X, we draw two curves for each time ¢ at which
X jumps: One curve is a straight vertical line segment connecting the points (¢, X;) and (¢, X,-), while
the other curve is to the right of this line segment connecting its two end-points. The precise form of the
second curve does not matter as long as it intersects each horizontal line at most once, it stays below the
graph of X, and it does not intersect the vertical line segment except at its end-points. Then we draw
horizontal lines and identify the points lying on the same segment which does not go above the graph of
(Xt)t>0- We also identify (¢, X;) with (¢, X;-) for every ¢t with X; # X;—. This gives a tree of topological
disks. For each jump of size L, we then independently sample a quantum disk of boundary length L from
QD(L)# and topologically identify the boundary of each quantum disk with its corresponding loop. The
unique point corresponding to (0,0) on the graph of X is called the root. The closure of the collection of
the points on the boundaries of the quantum disks is referred as the forested boundary arc, while the set
of the points corresponding to the running infimum of (X;);>¢ is called the line boundary arc. Since X
only has positive jumps, the quantum disks are lying on the same side of the line boundary arc, whose
points correspond to the running infimum of X. See Figure 4 for an illustration.

As discussed in [DMS21], forested lines are beaded quantum surfaces. Since the sum of the jumps
which occur in any non-empty open interval of time of an a-stable Lévy process is infinite, the sum of the
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lengths of the loops in a looptree is infinite. As such, any path connecting two points on the boundary
of different quantum disks has infinite quantum length, and the forested boundary arc shall instead be
parametrized by generalized quantum length.

Definition 3.1 (Forested line). For v € (v/2,2), let (X;)i>0 be a stable Lévy process of index $ > 1
with only positive jumps satisfying Xo = 0 a.s.. Fort > 0, let Y; = inf{s > 0 : X; < —t}, and fix the
multiplicative constant of X such that Ele™Y1] = e~. Define the forested line as described above.

The line boundary arc is parametrized by quantum length. The forested boundary arc is parametrized
by generalized quantum length; that is, the length of the corresponding interval of (X;). Equivalently, for
a point py on the line boundary arc with LQG distance t to the root, the segment of the forested boundary
arc between p; and the root has generalized quantum length Y;.

Next we gather some lemmas about the law of the generalized quantum length of forested lines.
Lemma 3.2. For~ € (v/2,2), sample a forested line and fort > 0, let p; be the point on the line boundary
arc at quantum length t from the root, and let Y; be the generalized quantum length of the forested arc

2
from py to the root. Then (Yi)i>o is a stable subordinator of index - € (0,1).

Proof. Recall the definition of a forested line in terms of a Lévy process (X;)s>o with index % > 1.

Since record minima of (X,) correspond to points on the line, we have
Y, =inf{s >0 : X, < —t}.
The process (Y;):>0 is increasing, the random variable Y; is infinitely divisible for each fixed ¢t > 0 (e.g. by
the Markov prope_rty of X we have Y; 4 Yo+ ﬁ /2 where Y is an independent copy of Y'), and satisfies
a scaling relation (Yi:)i>o0 < (k%Y;)tZO (inherited from (X,./.2,)s>0 4 (kXs)s>0). Therefore (V)i>0 is
ol

a stable subordinator with index T O

2
Lemma 3.3 (Lévy process moments). Forp < I,

P(-%

Conversely, for p > "’72, we have E[YF] = oo.

.. _ _a2/a
Proof. By our normalization, E[fe=*"1] = ¢="

F(—p)E[Yf’]zE[/ e_’\Yl)\_p_ldA]:/ E [e7 ] AP 1d)
0 0

for all A > 0. For p < 0, we have

2 4 4
_ / e_)\"f /4A_p_1d)\:F( 2p) .
0 R

Similarly, for p € (0, 1—2),

(e} oo
(1 -pEY]=E [ / Yle—”u—m] = / E [Yie 1] A7PdA
0 0

2

o0 72 4
= WI/ NV /A1p = AT gy r(l——p),
0 Y

and applying the identity 2I'(z) = I'(z + 1) yields the desired formula. Finally, for p > %, the integral
in the previous equation does not converge. O

Since this paper focuses on finite volume surfaces, we define the following truncation operation. For
t > 0 and a forested line £ with root o, mark the point p; on the line boundary arc with quantum length
t from o. By truncation of L at quantum length t, we refer to the surface £; which is the union of the line
boundary arc and the quantum disks on the forested boundary arc between o and p;. In other words, L,
is the surface generated by (X;)o<s<y, in the same way as Definition 3.1, and the generalized quantum
length of the forested boundary arc of L; is Y;. The beaded quantum surface £; is called a forested line
segment.
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Definition 3.4. Fiz v € (v/2,2). Define ME" as the law of the surface obtained by first sampling
t ~ Lebr, and truncating an independent forested line at quantum length t.

Lemma 3.5 (Law of forested segment length). Fiz ¢ € R. Suppose we sample t ~ lisot~%dt and
2 2
independently sample a forested line L. For q < 2, the law of Yy is Cy - 1oL~ T4 T =1L, where

'72 _
Cy = %E[YIT((Z 1)] < oo. If ¢ > 2, then for any 0 < a < b, the event {Y; € [a,b]} has infinite measure.

Proof. Write 8 = % and M for the reference measure describing the law of ((X;);>0,t). Then for
0<a<hb,

MMEMW:/‘f@%ewmﬁ:/tﬁ/bmmMWﬁ
0 0

1 by e 1 a1 (Y
:E// 81771},1@ dsdP:B]E[Ylﬁ ]/ 575 lds.

where we applied Fubini’s theorem and the change of variable s = t?Y;. Then the claim follows as the
finiteness/infiniteness of E[Y{] < oo is given by Lemma 3.3. O

Now we introduce the formal definition of generalized quantum surfaces. Let n > 1, m > 0, and
(D, ¢, w1, ..., Wi, 21, ..., 2n,) be an embedding of a connected possibly beaded quantum surface S of finite
volume, with z1,...,z, € 0D ordered clockwise and w1, ..., w,, € D. We sample independent forested
lines £', ..., £, truncate them such that their quantum lengths match the length of boundary segments
[21, 22], ..., [#n, 21] and glue them to D correspondingly. Let S¥ be the output beaded quantum surface.

Definition 3.6. We call a beaded quantum surface ST as above a (finite volume) generalized quantum
surface, and ST together with its marked points a generalized quantum surface with marked points. We
call this procedure foresting the boundary of S, and say S is the spine of S7.

When n > 2, the spine S can be recovered from S7 in the following way. Let (DS, ¢7, 21, ..., z,) be an
embedding of S/. Let D c D be the domain with 2, ..., 2, on the boundary, such that the boundary
arc of D from zj to zp4+1 consists of the “shortest” (i.e., intersection of all possible) clockwise path from
2k t0 23,41 within D/, Then S = (D, ¢/, 2y, ey Zn) [~y

Definition 3.7. For any W > 0, write M54 (W) for the infinite measure on generalized quantum
surfaces obtained by first taking a quantum disk from M$SK(W), then foresting its two boundary arcs. A
sample from MY (W) is called a forested quantum disk of weight W .

Our definition of the generalized quantum surface is based on the forested lines in [DMS21]. The gen-
eralized quantum surfaces are also defined in [MSW21, HL22] using a different formalism. In Section 3.2
we will see that their definitions are equivalent with ours; see Remark 3.12.

Lemma 3.8. For W € (0,72), the law of the generalized quantum length of the left (resp. whole) boundary
2
of a forested quantum disk from MY (W) is given by 1L>00L_1_%+77dlx for some constant c.
When W > ~2, the mass of forested quantum disks with generalized quantum length in [1,2] is infinite.

Proof. This follows immediately from Lemma 3.5 and Lemma 2.3. O

Recall the disintegration (2.2) of the quantum disk measure. By disintegrating over the values of Yz,
we can similarly define a disintegration of M5!

MY = / ME(t; ) dt de.
R2
2
where M&1(¢;£) is the measure on forested line segments with quantum length ¢ for the line boundary arc
and generalized quantum length ¢ for the forested boundary arc. We write M&(¢) := [7° ME"(¢; £)dt,

i.e., the law of forested line segments whose forested boundary arc has generalized quantum length ¢. A
similar disintegration holds for the forested quantum disk, namely,

Mg.d.(W):/O /0 MES (W 01, 0) dey des. (3.1)
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Figure 5: An illustration of the proof of Proposition 3.11. Left: We sample a time v > 0 from the
Lebesgue measure. Right: The Lévy tree of disks obtained from the left panel with the marked point.
The collection of green disks, which we shall prove to have law cM3%(42 — 2), correspond to the jumps
of (Xu—t)te[0,u) hitting running infimum.

Indeed, this follows by defining the measure M5 (W; 4y, £5) via

/ M (b3 00) x MKWty t2) x My" (t; £2) dirds.
R

2
3.2 Forested line as a Poisson point process of forested disks

In this section we study the Poissonian structure of forested lines and prove the resampling property
of the weight v2 — 2 forested quantum disks. The results are implicitly stated in [MSW21, Section 2.2]
and can be proved following ideas from [CK14]. Here we include the precise statements and proofs for
completeness.

Definition 3.9. Let GQD, := M&d (42 — 2) be the infinite measure on generalized quantum surfaces,
and let GQD, denote the corresponding measure when we forget one of the marked points and unweight
by the generalized quantum length of the forested boundary.

Lemma 3.10. Let ()?t)tzo be a stable Lévy process with index 3 = % € (1,2) with only downward
jumps, and let ft_ = infyey X, be its (infinitesimally lagged) infimum process. The process ()Aft — ft_)
is comprised of an ordered collection of excursions, each_starting from 0 and ending at the first time it
takes a negative value (this corresponds to times when X; jumps past its previous infimum). Let M be
the excursion measure of (X — I;-). For an excursion e ~ M, let u = —e(7) and v = e(7), where T is

the duration of e. Then the M-law of (u,v) is c(u+v)~t=P for some constant ¢ > 0.

Proof. The lemma follows from [DK06, Example 7]. There, they fix > 0 and consider an index-f3 stable
Lévy (X;)i>0 process started at 0 and run until it first time it hits or exceeds x. We specialize to the
case where it only has upward jumps, so the positivity parameter is p =1 — % (see e.g. [Ber96, Chapter
VIII, above Lemma 1]), so [DK06, Example 7] gives

- (x —y)"?
IP’[X,J —z€du,x—X + €dvz—X + € dy] = const - Ly uy>0 - m dy du dv,
where X;_ := limgp Xs, X¢— = sup,, Xs, and 7,7 is the first time ¢ that X; > z. Integrating out y
then sending = to 0 yields the analogous result for excursions with only upward jumps. Flipping the sign
then yields the lemma. O

Proposition 3.11. Sample a forested line, and consider the collection of pairs (U,D{:) such that D{j s a
generalized quantum surface attached to the line boundary arc (with its root defined to be the attachment
point) and u is the quantum length from the root of the forested line to the root of Df. Then the law of
this collection is a Poisson point process with intensity measure cLebr, X GQD, for some constant ¢ > 0.
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Proof. Let 8 = %, and recall that the forested line is defined by a stable Lévy process (X;);>o (with
exponent ) with only upward jumps. Let I; := infs,<; X, so the process (X; — I;) decomposes as an
ordered collection of excursions. The process —I; is a local time at 0 for (X; — I;) [Ber96, Chapter VII,
Theorem 1]. Thus, if M is the excursion measure of (X; — I;), the set of pairs (u,e,), where e, is an
excursion of (X; — I;) and w is the value of I; during this excursion, is a Poisson point process with
intensity measure Lebg, X M. For a sample e ~ M, as in Section 3.1, one can construct a generalized
quantum surface by sampling an independent quantum disk for each jump of e; let M’ be its law. By the
construction of the forested line, the collection (u, D{:) is a Poisson point process with intensity measure
Lebg, x M’, so we need to show that M’" = cGQD, for some constant c.

Sample a point from the (infinite) generalized quantum length on the forested line and let D/ be
the generalized quantum surface attached to the line boundary arc which contains this point. Note that
DS has two marked points: the sampled point, and the root of Df. Sampling a point from generalized
quantum length measure corresponds to picking a time a € Ry from the Lebesgue measure and looking
at the excursion e, of (X; — I;) containing a. The law of e, is M weighted by excursion duration, so the
law of Df is M’ weighted by generalized quantum length and with an additional marked point sampled
according to the probability measure proportional to generalized quantum length. Therefore it suffices
to show that the law of D7 is cMEd (42 — 2) for some constant c.

Let (jzt)te[o,a] be the modification of (X,—¢ — Xa)¢e[o,a) Which is right continuous with left limits, so
the marginal law of a is Lebesgue measure on R, and the conditional law of ()N(t)te[o,a] given a is an index-
B stable Lévy process with only downward jumps stopped at time a. Let A = {t > 0 : inf <, X, = )?t}.
Using ()?t)te[o,a] we define a beaded quantum surface Df as follows:

(i) For each time T € A, let u, = 5(:77 —infycr )?S, vy = infgor )?Sf)?ﬂ and ¢, = u,+v,. Independently
sample a quantum disk D, from QD(4,)#, uniformly choose a marked point z, € 9D, from the
probability measure proportional to the boundary quantum length measure, then mark the point
Yr € 9D, which is v, units of quantum length clockwise of .

(ii) For each D, forest its left and right boundaries to get Df.

(iii) Concatenate the surfaces @f according to the ordering induced by 7 at the points x., y. to get DI,

We first show that DI < D/, then check the law of Df is cMEd (42 — 2) to complete the proof.

We decompose X in terms of its excursions above its infimum. Let F'* and F*&b be the forested
parts to the left and right of the marked point, so Df = F'*f*UDUF" 8" and D is a doubly marked beaded
quantum surface. Then as in Figure 5, note that the disks (D;),ea of D correspond to the downward
jumps hitting the running infimum of ()?t)te[07a]. Each D, carries two marked boundary points; the left
and right boundary lengths of D, are equal to u, and v,, and D is obtained by concatenating all the
D, ’s together. Furthermore, for each excursion with starting time ¢ and ending time 7, the left boundary
side of D, is glued to a segment of forested line generated by (Xs)a—r<s<a—o (which is determined by
(X4)ocs<r). Moreover, by the Markov property of (X;);>0, the segment F™8" is independent of (F'ft, D)
given the right boundary length of D, and has the law of a forested segment of that length. From this
construction we see that the surfaces D/ and D/ have the same law.

On the other hand, by Lemma 3.10, the joint law of (u,,v,) is given by cly »>o(u + v) "1 =?dudv,
whereas |M$5%(2; 0, 7)| = cly~o(¢ + r)"17# [AHS23, Proposition 7.7]. Since stopping at a Lebesgue-
typical time a for (X);>0 is equivalent to stopping at a Lebesgue-typical local time of ()?t —infe<y )Z's)
at 0, it then follows that D has the same law as a sample from ¢ M9 (42 —2). This concludes the proof
of the proposition. O

Remark 3.12. Our definition of generalized quantum surfaces is via gluing independent forest lines as
in [DMS21]. In [MSW21] as well as [HL22, Definition 5.8], the generalized quantum disk is defined in
a similar manner to Definition 3.1 via excursions of the stable Lévy process of index =, where there is
one marked point on the boundary corresponding to the starting point of the excursion. The generalized
quantum half plane there is defined via gluing a Poisson point process of generalized quantum disks to
weight ¥2 — 2 quantum wedges. It is proved implicitly in [MSW21, Section 2.2] that their definition
and our definition are equivalent. By decomposing (Xy — I)i>0 into excursions as in the proof above,
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it immediately follows from Proposition 3.11 that the generalized quantum disks defined in [MSW21]
and [HL22, Definition 5.8] equals (some constant times) GQD;.!

The following is a corollary of Proposition 3.11 via the argument of [AHS23, Lemma 4.1].

Lemma 3.13. Fiz ¢ > 0. The following three procedures yield the same infinite measure on generalized
quantum surfaces.

o Sample a forested line L and truncate it to have quantum length €. Then take a point from the
generalized quantum length measure on the forested boundary arc (this induces a weighting by the
forested arc length).

o Sample a forested line £ and truncate it to have quantum length (. then independently take (u, DY)
Jrom Lebjg ¢ x MEY (2 —2). Insert DI into L at the point with distance u from the root.

e Take (u, DY) from Lebig g x MEA-(42—2), then independently sample two forested lines and truncate
them to have quantum lengths u and £ — u. Concatenate the three surfaces.

Definition 3.14. Let W > 0. First sample a quantum disk from M5 (W) and weight its law by the
generalized quantum length of its left boundary arc. Then sample a marked point on the left boundary
according to the probability measure proportional to the generalized quantum length. We denote the law
of the triply marked quantum surface by Mgd,(W)

The following is a quick consequence of Lemma 3.13 by recalling that the third marked point for a
sample from M55 (W) (Definition 2.10) is sampled from the quantum length measure.

Lemma 3.15. Let W > 0. A sample from ./\/lgd.(W) can be produced by

(i) Sampling (D, D) from MGEW) x My (y* —2), and concatenating DY to D at the third marked
point of D;

(ii) Foresting the boundary of D.

Now we are ready to prove the following analog of [DMS21, Proposition A.8] in the setting of forested
quantum disks.

Proposition 3.16. Let (D', ¢,z,y) be an embedding of a sample from ME (42 —2). If we independently
sample ',y € ODI from the probability measure proportional to the generalized quantum length measure
on ODY, then the law of the quantum surface (D, ¢, 2’ y') is still MEL (42 — 2).

Proof. Following Lemma 3.15 and Definition 2.14, if we weight the law of (Df, ¢, 2,%) by the generalized
quantum length of 9D and sample 2’ € 9D/ from the probability measure proportional to the generalized
quantum length measure, then the law (D7, ¢, x, 5, 2') is a constant multiple of M4 (72 —2) x MEd- (42—
2) x MEd (52 —2) x QD{;, i.e., we first sample a surface from QD5 and concatenate three independent
forested quantum disks from M9 (42 —2), and then glue truncated forested lines to the boundary arcs of
QDs. In particular, this implies that if we forget the marked point z, the quantum surface (DS, 6,2, y)
has the law of Mbd:(42 — 2) weighted by its total forested boundary length. Applying the previous
argument once more yields the proposition. O

Definition 3.17. Let (Df,¢,2,y) be an embedding of a sample from M (v? —2), and L be the gen-
eralized quantum length of the forested boundary. Let GQD be the law of (D7, ¢) under the reweighted

measure L2 M54 (42 —2). For n > 1, let (D7, ) be a sample from ﬁL"GQD and then sample

5150y Sn on OD' ordered clockwise according to the probability measure proportional to the generalized
quantum length measure. Let GQD,, be the law of (DY, ¢, 51, ..., $p)/~~, and we call a sample from GQD,,
a generalized quantum disk with n boundary marked points.

We have the following law on the boundary lengths of generalized quantum disks.

INote that in [HL22] the generalized quantum disk is represented as an excursion along with a simply connected LQG
surface for each jump, but the authors could equivalently have viewed the generalized quantum disk as a beaded quantum
surface as we do in this paper.
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Proposition 3.18. Letn > 1. For a sample from GQD,,, let {1, ..., ¢, be the generalized quantum lengths
of the n boundary segments. Then for some constant c, the law of ({1, ...,4y,) is

2
Loy tnsolls 4 oo 4 £,) TN L.

Proof. The n = 1 case is immediate from Lemma 3.8 and Definition 3.9. For n = 2, the claim follows
from the same argument as [AHS23, Proposition 7.8] via Lemma 3.8 and Proposition 3.16. Assume the
statement has been proved for n. If (D, ¢,s1,...,s,) is an embedding of a sample GQD,, with s1, ..., 5,
ordered clockwise, then as we weight the law of (Df, @, 81, ..., Sp) by the generalized quantum length ¢,
of the forested boundary segment between s,, and s;, and sample s, 1 on this segment from the prob-
ability measure proportional to the generalized quantum length measure, the law of (D7, ¢, s1, ..., 5,11)
is GQD,, ;. Let £, be the generalized quantum length of the boundary arc between s,, and s,,1. Then

2
the joint law of (€1, ..., €n, £},) is clyy . 0, >0,0<0, <0, (€1 + ... + Kn)’%’ldél...dﬁndé’n. Therefore the claim
follows by setting ¢/, | = £,, — ¢;, and a change of variables. O

3.3 Welding of forested quantum surfaces

In this section we prove Theorem 1.4. The idea is to start with the quantum wedge counterpart in [DMS21,
Theorem 1.15] and use a pinching argument. We start with the definition of thin quantum wedges.

Definition 3.19 (Thin quantum wedge). Fiz W € (0, "2—2) and sample a Poisson point process {(u, Dy)}
from the measure Lebgr, ® MGk (42 — W), The weight W quantum wedge is the infinite beaded surface

obtained by concatenating the D, according to the ordering induced by uw. We write M;Vedge(W) for the
probability measure on weight W quantum wedges.

The following is from [DMS21, Theorem 1.15].

Theorem 3.20. Let k € (4,8) and v = %. Consider a quantum wedge W of weight W = 2 — 7—;, and
let n be the concatenation of an independent SLE.(§ —4; § —4) curve on each bead of W. Then n divides
W into two independent forested lines L_, L, whose forested boundaries are identified with one another

according to the generalized quantum length. Moreover, (W, n) is measurable with respect to (L™, LT).

Recall that SLE, has double points but no triple points for x € (4,8) (see e.g. [MW17]). To view
L+ as beaded quantum surfaces, suppose p is a double point and 7 visits p at times 0 < t < t'; pick
e € (0,¢' —t). If n(t’) hits n((0,t + £)) on the left (resp. right) side, then we view 7(t) and n(t') as two
different points on the boundary of £, (resp. £_) staying infinitesimally close to each other. Under this
point of view, £_ and £ can be embedded on the closure of the union of the bubbles cut out by 7 lying
on the left and right side of 7, respectively.

In light of Theorem 3.20, we can extend the notion of generalized quantum length to SLE, curves on
v-LQG surfaces with k = % € (4,8). In fact, the generalized quantum length of n as above agrees with
the quantum natural parametrization of SLE, up to a constant. The quantum natural parametrization is
roughly the quantum version of natural time parameterization of SLE [LS11, LZ13]; see [DMS21, Section
6.5] for more details.

Recall the law of the perimeter of a sample from GQD; has law cﬁ_ﬁ_ldﬁ For 0 < d < 2, a squared
Bessel process (Z;);>0 of dimension 0 < d < 2 can be constructed by sampling a Poisson point process
{(u,ey)} from 1,50du x € and concatenating the e,’s according to the ordering of u, where £ is the It6
excursion measure. Moreover, the law of the duration of an excursion from & is ¢/ £-24¢ for some constant
c. Using the Poissonian description of forested lines from Proposition 3.11, we obtain the following:

Lemma 3.21. Let Z be a squared Bessel process of dimension d = 2 — 72—2 Consider its Ité decompo-
sition {(u,e,)} of excursions over 0. Fix a line L and parametrize it by quantum length. For each u,
independently sample a generalized quantum disk from GQD, conditioned on having generalized quantum
boundary length equal to the duration of e,, and attach it to L at distance u to the root. Then L is a

forested line.

Lemma 3.22. In the setting of Theorem 3.20, let {(u,D,)} be the decomposition of W as in Defini-
tion 3.19, and let £,, be the generalized quantum length of n in D,,. Then for some constant ¢> 0, {(u, £,)}

2
is a Poisson point process on Ry x Ry with intensity measure cl,~odu X Tosol™ = dl.

21



Proof. Let Z* be the associated squared Bessel processes of £4 as in Lemma 3.21. Then the cut points
of W corresponds to common zeros of Z~ and Z7, while Z := Z~ + Z7T is a squared Bessel process of
dimension 4 — v% < 2 (see e.g. [RY13, Section XI.1]). This finishes the proof. O

Proposition 3.23. Letd € (0,2) and & be the Ité excursion measure of the d-dimensional squared Bessel
process above 0. The laws of Z and Z sampled from the following two procedures agree:

(i) First sample T from 1ysodt. Then sample a Poisson point process {(u,e,)} from locy<rdu x € and
concatenate the e,’s according to the ordering of u to generate the process (Z;)o<i<L-

(ii) First sample L from lg>o€7%d€. Then sampﬁe a d-dimensional squared Bissel bridge (Zt)ogtgz,

i.e., a d-dimensional squared Bessel process (Z;)i>o from 0 conditioned on Zz = 0.

Proof. Let M denote the law of the process Z from (i). By a direct computation similar to [AHS23,
Lemma 2.18], the law of the duration of Z is lesol~2dl. Thus, writing M(£)# to denote the law of a
sample from M conditioned to have duration ¢, we have M = fooo M(0)# =% dl. Therefore, it suffices
to prove that for each £ > 0 the probability measure M({)# agrees with the law of the duration ¢
d-dimensional squared Bessel bridge.

Let (B;)i>0 be a d-dimensional squared Bessel process started from 0. Let 7 = sup{t < ¢: B, = 0}
and o = inf{t > ¢ : B; = 0}, and define the event E. = {0 < £+ e}. We will show that the law of
(B)o<i<¢ conditioned on E. converges to M({)# as e — 0, and it also converges in law to the duration
£ squared Bessel bridge. This would complete the proof.

Since the law of the length of an excursion from & is Cg%—%w’ the proofs in [AHS23, Section 4] can
be carried line by line if we replace the measure Mk (42 — W) there by &, M3 (W) there by the law
of d-dimensional squared Bessel process from 0, the quantum length measure by Lebgr, and Mk

there M, where W = %. In particular, it follows from the identical proofs that:
e By [AHS23, Corollary 4.3], conditioned on the event E., the law of ((B;)o<i<r, (Bi)r<i<o) agrees

with M x € conditioned on E! , where E! is the event that the durations (x,y) of a pair of processes
satisfies ¢ < £ < & +y < £+ €. Then the joint law of (z,y) is

d d
—d d_g
7 loco<t<zty<trex 2y2 “dzdy
l,e

)

where Z; . x_gy%_Q dxdy. Thus, conditioned on 7, the conditional law of

= ff0<m<€<rc+y<€+s
(Bi)o<t<r is M(7)#. Moreover, conditioned on E., we have 7 — ¢ in probability as ¢ — 0, since
for any ¢ > § > 0 we have

fzfa f-ake g 82 0y

0o Je— -0

Plr <l{—06| B =3 r—r =30
Jo Joon a2y 2 dyda

e We have the weak convergence M(¢)# — M({)# as £/ — (, with respect to the topology on
function space corresponding to uniform convergence on compact subsets of (0,¢). This follows
from [AHS23, Corollary 4.7].

Combining the above two inputs, we conclude that the law of (B;)o<:<¢ conditioned on E. converges in
law as € — 0 to M(£)%.

On the other hand, given E. we have 9B, Ly 0 as € — 0. This is immediate from the transition
densities and hitting times of Bessel processes given in [Lawl8, Section 3]. Next, given F. and By, the
process (By)o<i<r is a squared Bessel bridge from 0 to 9B,; indeed this is trivially true when conditioning
only on B/, and since B is a Markov process the further conditioning on E. does not affect the law of
(B¢)o<t<¢- Finally, the law of the duration ¢ squared Bessel bridge from 0 to b converges as b — 0 to the
law of the duration ¢ squared Bessel bridge from 0 to 0 [RY13, Section XI.3]. We conclude that (B;)o<i<¢
conditioned on FE. converges in law as € — 0 to the duration ¢ squared Bessel bridge. O

The following corollary is immediate from Definition 3.4, Proposition 3.11 and Proposition 3.23.
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Corollary 3.24. For ¢ > 0, a sample from ME“()# can be generated by a squared Bessel bridge
(Zt)o<t<e of length £ from the same method as in Lemma 3.21.

Proposition 3.25. Let k € (4,8) and v = %. Consider a quantum disk D of weight W = 2 — 772, and
let 7) be the concatenation of an independent SLE.(§ —4; 5§ —4) curve on each bead of D. Then for some

constant ¢, 1 divides D into two forested lines segments L_, L, whose law is
¢ / MEL () x MEY () de. (3.2)
0

Moreover, L+ a.s. uniquely determine (D, ) in the sense that (D,7) is measurable with respect to the
o-algebra generated by L4 .

Proof. We start with the setting of Theorem 3.20, and let Z* be the squared Bessel process of dimen-
2

sion d = 2 — % associated with L. as in the proof of Lemma 3.22. Then following Lemma 3.22 and

Definition 3.19, the curve decorated surface (W, n) can be generated by

(i) Sample a squared Bessel process (Z;);>o of dimension 4 — 42, and decompose it into excursions
{(uv eu)}§

(ii) For each excursion (u, €,), sample a curve-decorated surface (Dy,7,,) from M35 (y2—W)®SLE, (4 —
4; 5 — 4) conditioned on the interface length being the excursion length of e,;

(iii) Concatenate all the (D,,n,)’s together according to the ordering induced by w.

Moreover, Z is coupled with Z* such that Z = Z+ 4+ Z~. By Definition 2.2, if we sample T from 1,~qdt
and concatenate the (D, 7,)’s with u < T, then the output surface has law M3**(W)®@SLE, (§—4; £ —4).
Therefore here and below we assume (D,7) and (W, n) are coupled as above. On the other hand, for
¢ > 0, by Proposition 3.23, conditioning on the interface length being ¢ is the same as conditioning
on Z; = Z; = Z, = 0. Then (Z, )o<i<¢ and (Z; )o<i<¢ are independent squared Bessel bridges of
length ¢. Indeed, if we let oy = inf{¢t > ¢ : Z, = 0} and condition on E, := {{ < 0y < { + €}, for any
6 >0, as e — 0, the joint law of (Z;“)Ogtg,g and (Z; )o<t<¢—s converges to that of independent squared
Bessel bridges of lengths ¢ truncated at time £ — §. This is because, conditioned on ZZE, (Zti)ogtg are
squared Bessel bridges from 0 to Z ZE, while Z, + 72 2‘ converges to 0 in probability. Since given (Z;")o<i<s
and (Z; )o<i<e, the surfaces to the left and right of 7 are collections of generalized quantum disks with
perimeters matching the duration of the excursions of Z * above 0, it then follows from Corollary 3.24 that
L_ and L, are independent forested line segments of forested boundary length ¢. Moreover, following
the same argument as [AHS23, Lemma 2.18], by Lemma 3.22, the law of the generalized quantum length
2

of 7 is ¢f™= ~2d¢. On the other hand, by taking ¢ = 0 in Lemma 3.5, the law of the generalized quantum
2

length of the interface in (3.2) is £ ~2d{. Therefore the law of (£_, L) agrees with (3.2).

To prove the final measurability statement, for fixed ¢ > 0, let (D!, 1) be the collection of concatena-
tion of (Dy,n,) with v < t, and (L%, £!) be the part of (£_, L) in D*. Then (D', ") is independent of
(W\D*,n\n"). In particular, this means ((D*,n'), (L%, L)) is independent of (L_\L", L \L!). More-
over, (D¢, n') is measurable with respect to (£_, L) by Theorem 3.20. Recall that if A, B, C are random
variables such that (A, B) determine C' and (A, C) is independent of B then A determines C'. Applying
this result in our setting we get that (D, 7') is measurable with respect to (L%, £ ), and thus (£_, L)
on the event T" > ¢. Since ¢t can be arbitrary, we conclude the proof.

O

To prove Theorem 1.4, we recall the following result on the conformal welding of quantum disks.

Theorem 3.26 (Theorem 2.2 of [AHS23]). Let v € (0,2),& =% and W_, Wy > 0. Then there exists a
constant ¢ := cw_ w, € (0,00) such that

MISE(W_ 4+ W, ) @ SLER(W_ — 2, W, — 2) = ¢ Weld( M$S(W_), Mk (w,)).

Proof of Theorem 1.4. Let k = %. Consider the welding of samples (D_, Z,, Z+7D+) from

/ MKW 0-) x MEM(0_50) x MEM(0450) x MGSK(W s 04) de_dl,de. (3.3)
R

3
+
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By Proposition 3.25 and a disintegration, for fixed ¢4 in (3.3), we may first weld (E_,£~+) together,
yielding a sample (Do, 7o) from MZk(2 — “’72;6_,64_) ® SLE.(§ —4;5 —4). Then we may glue D_ to
Dy, and from Theorem 3.26 we get a weight W_ + 2 — g quantum disk decorated by an independent

SLEz(W_ — 2; —%) process. Finally, we glue D, to the right boundary of Dy. By Theorem 3.26, the
surface and interfaces (D,7-, 10,74 ) has law M$=K(W) ® P, where P is the probability measure with

following description. For W > 72—2, when D is embedded as (H, ¢,0,00), then under P, (i) 4 is the

SLE:(W_ — £; W, —2) from 0 to oo (ii) given 7, 71— is the concatenation of SLEz(W_ — 2; —&) curves
in each connected component of H\n, to the left of ny and (iii) given ny, 7o is the concatenation of
independent SLE,(§ —4; § — 4) curves in each pocket of H\(n_ Un,) between the two curves. On the

other hand, following the SLE duality argument [Zha08, Theorem 5.1] and [MS16a, Theorem 1.4 and

Proposition 7.30], the law of the union n of (n—,ne,ny+) agrees with SLE,(p—;p4). T W < l;, the same
argument applies for each bead of D and the interface is the concatenation of independent SLE,(p—; p4)
curves. Therefore we conclude the proof by foresting the boundary arcs of (D, n). O

4 Multiple-SLE via conformal welding

In this section we prove Theorems 1.2, 1.3 and 1.5. The proof is based on an induction. We first prove
Theorem 1.5 for the N = 2 case, and Theorem 1.2 and Theorem 1.3 for N = 2 hold by [MW18]. For
the induction step, we apply the probabilistic construction in Section 2.4 to define the measure mSLE, ,
for « € LPy41 and show that Theorem 1.5 holds in this setting. Then using the welding result from
Theorem 1.5, we prove that the measure mSLE,,  is finite, and the N + 1 case of Theorem 1.2 and
Theorem 1.3 follows by the same arguments in [Pell19]. This finishes the entire induction and concludes
the proof of Theorems 1.2-1.5.

4.1 Multiple-SLE via conformal welding: two-curve case

For B € R, p~,p" > max{—-2, § — 4}, define the measure S—I\JJE},{(p*; pT:B) on curves i from 0 to oo on
H as follows. Let D, be the component of H\»n containing 1, and 1, the unique conformal map from
D,, to H fixing 1 and sending the first (resp. last) point on 9D,, hit by 1 to 0 (resp. oo). Then our

S/fJf]R(p_;p+; B) on H is defined by

dSLE,(p_; p+; )

dSLE.(p—; p1) (n) = W;;(l)w (4.1)

This definition can be extended to other domains via conformal transforms. )
For 8 € R, recall the notation Mngk(W; ) from Definition 2.12 for W > %- and Definition 2.14 for

W e (0, g) We write Mg‘i(W, B) for the law of the generalized quantum surface obtained by foresting
the three boundary arcs of a sample from Mg'<(W; 3).2
The following is immediate from [AHS21, Proposition 4.5], Proposition 3.25 and Theorem 3.26.

Proposition 4.1. Let k € (4,8) and v = %, Suppose W, W_ > 0 and let cw_ w, € (0,00) be the

constant in Theorem 1.4. Let p+ = 7%(2 2+ Wy), and W =W_ + Wy +2— g Then for all B € R,

MES(W;8) ® SLE, (p—; p43 1 — Ag) = ew_ w, Weld(MES (W), MEL (W, 8)), (4.2)

).

Proof. The proof is almost identical to that of Theorem 1.4. We consider the the welding of samples
(D_, ,C_, £+, D+) from

[N]js

where we are welding along the unmarked boundary arc of ./\/lgd,(I/[/+7 B) and Ag = g(Q —

/ MG(W_;£2) x M (-5 0) x My (045€) x MEES(Ws 85 6y) dE_dEde, (4.3)
R

3
+

2Note that Mgffk(W; v) = Mgfik(W), while M‘;ﬂ'(W; v) is different from Mg‘i(W)
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where Mgfik(W+; B;¢4) is the disintegration over the quantum length of the unmarked boundary arc.
Then we may first apply Proposition 3.25 to glue L_ to £~+ to get (D, o), then apply Theorem 3.26 to
glue D_ to Dy from the left, and finally apply [AHS21, Proposition 4.5] to weld D4 to Dy on the right
to get (D,n—,n0,n+). The interface law follows from the same SLE duality argument, and we conclude
the proof by foresting the boundary arcs of D. O

We also need the disintegration of Liouville fields according to quantum lengths and the argument of
changing weight of insertions in the conformal welding.

Lemma 4.2 (Lemma 3.2 of [SY23]). Letm > 2 and 0 = 51 < 59 < ... < 8, = +00. Fiz [1,...,8m < Q.

Let C[gﬂﬁi’si)i and Py be as in Definition 2.6, and h = h — 2Qlog| - |4+ + L3 BiGul(si,-), and L =

i81)i 7 . 1) Bj—20)-1
5 ((—00,0)). For >0, let LFI(fﬁ@,? i be the law of h+ % under the reweighted measure 24—~ —

v i)
C’H(fi’si)iPH(dh). Then LFI(EEZ’S”"' is supported on {¢ : vs((—00,0)) = £}, and we have
BisSi)i OO BisSi)i
LE{0)s = /O LEL 1 de. (4.4)

Lemma 4.3 (Lemma 3.3 of [SY23]). In the setting of Lemma 4.2, for fized j € {2,...,m} and B; < Q,
we have the vague convergence of measures

pl2-p2 pl-p; e N (B s
lim e ez CILFEYY ) (dg) = LEY y 7 ) (dg).

e—0

Proposition 4.4. Theorem 1.5 holds when N = 2.

At high level the proof is organized as follows. In Step 1 we conformally weld GQD, and GQD4
via Proposition 4.1 and add another boundary point from generalized quantum length measure to get
S_{, see the left panel of Figure 6. The welding S_{ with another sample S7 from GQD, would give the
desired welding picture. In Step 2 we re-embed the surface S_{ as in the middle panel of Figure 6. In
Steps 3 and 4, we work on the conformal welding of a sample ST from MEd (42 — 2) and a sample S’_{_
from Mg‘i (v — 2; B) as in Proposition 4.1. We modify the surface S’fr such that the welding of S/ with
gi agrees in law with the welding of ST with Sfr, as in the right panel of Figure 6.

Proof. Step 1: The setup. We start with the conformal welding of two samples from GQD, and GQDs.
Let ¢ € (0,00) be the constant in Proposition 4.1 for W_ = W, = 4? — 2. By Theorem 1.4 (where we
sample a marked point on the boundary from the generalized quantum length measure), we obtain a curve-

decorated quantum surface S_{_ whose law can be written as 0’1/\/157‘1' (% —2)®SLE,;. By Lemma 3.15,

S7 can be constructed by (i) sampling ((S1,71), S2) from ¢! (Mg‘f%% —2) ® SLE,,) x MJsk(42 - 2),
(ii) concatenating S to Sy at its third marked point and (iii) foresting the boundary arcs of Sy U Ss.

Moreover by Proposition 2.11, we may assume (S1,71) is embedded as (H, ¢, 71,0, 00, 1) where

v (8,0),(B,00),(7,1)
————LFy p (0, 0o 4.5
2¢(Q — B)? % (0, 00), (4.5)

and S is sampled from M3®K(42 — 2) and embedded as (D3, ¢2,1, ) with Dy NH = {1}, and Sf; is
obtained by foresting the boundary of (HU Da, ¢ Ll ¢2,0, x,00), where ¢ LI ¢o is the distribution given by
¢ (resp. ¢2) when restricted to the domain of ¢ (resp. ¢2), and 8 = % — 3. We sample a marked point

(¢,771) ~

2’ on the boundary arc of Si from 0 to z from the generalized quantum length measure; this induces a
weighting by the generalized quantum length of this boundary arc, so we get the conformal welding of
GQD, and GQD,. Restrict to the event that z’ lies on the boundary arc of S_{ from 0 to 1. See the left
panel of Figure 6.
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Figure 6: An illustration of the proof of Proposition 4.4. Left: The setup in Step 1. The welding S_{ of
a surface (pink) from GQD, and a surface (yellow) from GQD5. In the proof, the large disk S; in the
picture is embedded as (H, ¢, 0, 1, c0), while Sy is the chain of (dark) yellow disks connecting 1 and z. We
sample a marked point z’ on the boundary arc of Si from 0 to z from the generalized quantum length

measure, which gives the welding of GQD, and GQD,. By further welding a sample ST from GQD, to
S/ along the red boundary arc, we obtain the welding of GQD,, GQD, and GQD, as in the statement,
and restricting to the event that the spine of the output is simply connected is the same as requiring =’
falling on the boundary arc between 0 and 1. By Lemma 3.13, this can be done by sampling a point ¢ on
the spine Sp from the quantum length measure and then concatenating an independent GQD, (green) at
the point £&. The points £, 1 are marked blue. Middle: The re-embedding of Si from the left panel in

Step 2. Applying the conformal map fe(z) = 5(;7__51) to the embedding of Si, the points (0,&,1,00) from

the left panel are mapped to (1,00,0,¢). Right: The welding S7 of a surface ST (grey) from GQD, and
a sample Sﬂ{ (turquoise) from Mgcl (72 — 2; 8) as in Proposition 4.1. The field Y is embedded on the
spine of S/, and X is the restriction of ¥ to the component D,, with 1 on the boundary. In Steps 3 and
4, we sample a point y on the boundary of D, from quantum length measure and change the singularity
of Y near y. By drawing an SLE, from y to 1 in D,, 5’_{_ would have the same law as the S_{_ in the
middle panel. In particular, the turquoise surface would agree with the surface S_{_ in the middle panel,

and the conformal maps between the three panels map the marked points to the marked points with the
same color.

Note that if one were to further glue a sample ST from GQD, to Sj: along the forested boundary
arc between x and ', then one would obtain the conformal welding of two samples from GQD, and one
sample from GQD,. The restriction on z’ lying between 0 and 1 corresponds to the spine of the conformal
welding being simply connected, as in the theorem statement.

Step 2: Add the new marked point and re-embed the surface Si. Following Lemma 3.13, to construct

the surface Sfr with 2’ on the boundary, we can (i) weight the law of (¢, 7:) from (4.5) by v4([0,1]) and
sample a point ¢ € (0,1) from the quantum length measure on [0,1] and (ii) sample a surface SJ from

MEd (42 — 2) and attach it to S_{_ at the point £. By Lemma 2.9, the law of (¢, &) after procedure (i) is
now

1
v 10),(8,00), (v, 1), (7,
T /O LR (D0 () g (4.6)
On the other hand, if we perform the coordinate change z — fe(2) := 5(;:51)

, then by Lemma 2.8, when
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viewed as quantum surfaces with marked points, (4.6) is equal to

1
QC(Q 5 /0 fé(O)Agfgl(Oo)Agfg/(g)AWfé(l)AwLFéﬂﬁ,fg(O))a(ﬁ,fé(00))»(’va§(§))v(%f£(1))(d¢) d¢

1
gl - 0),(8:6).(8.1), (7,00
_ 26(@_5)2/0 (1 — £)22s =2 LR BO.(5.1).(19) (g 5y g

In other words, as shown in the middle panel of Figure 6, the quantum surface Si can be constructed by
(i) sampling S; := (H, ¢, 0,1, 00, &) where (¢, &) is from the law (4.7) and drawing an independent SLE,,
curve 1; from ¢ to 1 (ii) sampling S, S3 from Mgsk(y2 — 2) x M$k(42 — 2) and concatenating So, S3
to 57 at the points 0 and oo and (iii) foresting the six boundary arcs of Sp U So U Ss.

Step 3: Add a typical point to the welding of M&d (42 — 2) and MEL (42 — 2;8). We work on

the conformal welding S/ of a sample S7 from ME4 (72 —2) and a sample Sf from M5 (42 - 2;8).
By Proposition 4.1 and Definition 2.12, the surface can be constructed by forestmg the boundary of
(H,Y,n,0,1,00) with (Y, n) sampled from

(4.7)

v (8,0),(8,1),(8,00) 1 (1)1-A
————LF 1 g (0 dn). 4.8

26(Q _ 6)2 H X 1/}77( ) I'LH( ,OO)( 77) ( )
In this step and next step, we shall add a marked point to S_{_ and change the boundary insertion via
Lemma 4.3. The surface S_{ will eventually have the same law as S_{_ as in the conclusion of Step 2, and

the welding of S _{ with S7 will agree in law with that of S _{_ with S7. Moreover, the law of this conformal
welding is (4.15), completing the proof.

Let D, (resp. D,J{ ) be the union of the connected components of H\7 whose boundaries contain a
segment of (—o0,0) (resp. (0,00)), and (recall the notion of v, and D, in (4.1))

X =You, " +Qlog|(vy,")]. (4.9)

Let S_ = (Dy,Y)/~n, S, = (DY)~ Si = (H, X,0,00,1)/~,. Then S_ and S, are the spines of
ST and S’f We sample a marked pomt € on S; from the measure Leeqo, 1)(1 — £)2257 2y (d€). Then by
Lemma 2.9, the surface S, is the concatenation of two samples Sy and S3 from MJ*5(42 — 2) with a
sample (H, X,0,&,1,00) from

2 1
;/ (1 — £)225-2 LFGO-(rO-(B:0:00) (130 e, (4.10)
0

The surfaces 5’2 and 5'3 are attached to the latter surface at the points 0 and co. The constant % follows

from Proposition 2.11, Definition 2.14 and (1— (V,YQQ) )2 (QZ'YV = % On the other hand, for y = 1/);1(5),

the law of (Y, n,y) is given by

o [ 285-2 , (8.0),(8,00),(8.1) 1-As -
2:(Q — B)? [/0 E,, (1= 1y(y)) v (dy) LFy (dy)} P, (1) pm(0,00)(dn), (4.11)

where E,, , is the event where y and 1 lie on the boundary of the same connected component of H\7. By
Lemma 2.9, (4.11) is equal to

1
20(@7—5)2[/ ]lEmy(l—?l)n(y))zAﬁ*Q LFéﬂﬁ’O)’(ﬂ’w)’(ﬂ’ ) ﬂ/)(dy) da:] ,¢ (1)1 AB,U]HI(O,OO)(d’I]). (4.12)
0

2772 —~
Step 4: Change the insertion fromy to 5. We weight the law of (Y, 7, y) from (4.12) by ﬁeﬂ Tt X))
where X is given by (4.9) and £ = ¢,,(y). Then following from the same argument as in [AHS21, Propo-
sition 4.5], we have:

(i) Given the LQG length ¢ of 5, the law of S7 is unchanged and is given by M&5% (42 — 2:/). By
Lemma 4.3, as ¢ — 0, given the quantum length £y of vx ((—o0,0)), the law of (S1,€) from (4.10)
converges in vague topology to

1
i - ,0),(8,y),(8,1),(v,0
2¢(Q - B)? /0 (1= &2 2 LR D0 dg) d. (4.13)
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In particular, by comparing with (4.7), the conformal welding of 57 and S_{_ (after changing the
singularity from v to 8) agree in law with the conformal welding of S I and S _{_

(ii) The law of (Y,n,y) is weighted by
) 522

P P e(vew@uesle V@) - ( 8 ) TRy ()
1¢(Q — B)? 4e(Q = B)* \ Uy (v) !

(4.14)
where 07 is the push-forward of the uniform probability measure on B.(y) N H under Yy I and we
used the fact that log|(4;")(z)| is a harmonic function along with Schwartz reflection. As argued
in [AHS21, Proposition 4.5], by Girsanov’s theorem, under the weighting (4.14), as € — 0, the law

of (Y,n,y) from (4.12) converges in vague topology to m = cg times

1
1—-A — o0),(b,1),(b, -
[ / Ly [0 ()]0 (1 = 4y (1)) 2202 LEL O Eo0 BB (qyy ay |t (1)12% 1 (0, 00) (dy).

(4.15)
Intuitively, this is because when € — 0, 67 is roughly the uniform measure on B —— N H and the
Y
conclusion follows by applying Lemma 4.3 with € replaced by ﬁ(y) !
n
lfAﬁ

On the other hand, observe that 1 — Ag = %% = b and (1 — 1/Jn(y))2Aff*2|w;7(y)| 7%(1)17@3 =
Hp, (y, 1)°. This implies that if we further draw the interface 1; in D, from y to 1, from the construction
of the multiple SLE in Section 2.4, the joint law of (Y, y,n,71) in (4.15) can be described in terms of (1.7).

This concludes the proof for the N = 2 case. O

4.2 Multiple-SLE via conformal welding: general case

In this section we work on the induction step for the proof of Theorem 1.5. To be more precise, we prove
the following;:

Proposition 4.5. Suppose Theorems 1.3-1.5 holds for1,2,..., N. Let a € LP 41, and define the measure
mSLE, o as in Section 2.4. Then Theorem 1.5 holds for o.

We first show that the expression (1.7) has the following rotational invariance. Given two link patterns
a = {{in,71}, ., {in,in}} and o = {{¢}, 51}, .. {¢y,in}} in LPy, we say o and o' are rotationally
equivalent if there exists some integer 0 < m < 2N — 1 such that for every 1 <k < N, ¢, =i, +m and
Jr. = jr +m (mod 2N), and we write o = a + m.

Lemma 4.6. In the setting of Proposition 4.5, the measure mSLE,, ,, satisfies the conformal covariance
property (1.5). Moreover, for any 0 < m < 2N + 1, the expression (1.7) for N + 1 when viewed as a
(non-forested) curve-decorated quantum surface is equal to

H,0,y1, ..., y2n—1, 1,00)dy1...dyan 1.
(4.16)

CN+1/
0<y1<...<ya2n-1<1

Proof. From the conformal covariance of the measure mSLE,; o, for o € |_|f€V:1 LPy, it is straightforward
to verify that the measure mSLE,, . satisfies (1.5) for any conformal map f : H — H. Combining this
with the conformal covariance of Liouville fields (Lemma 2.8) and using the relation Ag+b = 1 gives the
result; see [SY23, Lemma 3.6] for a similar computation. O

For o € LPy and (11, ...,nn) € Xo(D; 21, ..., 22n), suppose n, links z;, and x;,. We call )y, a good link
if jx = ix + 1(mod 2N), and 21, ..., T4, 1, Ti, +2, -.., T2y are lying on the boundary of the same connected
component of D\ny.

Proof of Proposition 4.5. The proof is similar to Proposition 4.4 based on induction. By Lemma 4.6,
without loss of generality we may assume {1,2N + 2} € «, and let & € LPy be the link pattern induced
by a\{1,2N +2}. On the event E, let E; be the event where the link {1,2/N 42} in the conformal welding
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Figure 7: An illustration of the proof of Proposition 4.5 for N + 1 = 3. Left: The surface Si con-

structed in Step 1. If we glue a sample S7 from GQD,, we obtain the welding Welda(GQD4) for
a = {{1,6},{2,5},{3,4}} restricted to the event E; that the spine is simply connected and {1,6} is a

— z2—&2

good link. Middle: The re-embedding of S_{_ in Step 2 via the conformal map fe, ¢,(2) — and a

change of variables. Right: The welding S/ of a surface S (grey) from GQD, and a surface S‘fr (union
of pink, green and yellow) from ./\/lgcl (72 — 2; B) as in Proposition 4.1. In Steps 3 and 4 we modify the
surface S”j: as in Proposition 4.4 such that S’fr agrees in law with the surface Sfr in the middle panel.
This will give the expression of Welda(GQD4) restricted to the event E7, and in Step 5 we remove this
extra constraint from Ej.

picture Weld, (GQD""?) is a good link. In Steps 1 and 2, we begin with the welding Welds (GQDY 1)
restricted to the event that the spine is simply connected as from induction hypothesis. We construct
and re-embed the surface Sfr by adding two new marked points and re-embedding, such that the welding
of S_{ with a surface SY from GQD, gives Welds (GQD™ 1) restricted to the event F;. In Steps 3 and
4, we begin with the welding of 57 and Sf; as in the proof of Proposition 4.4 and modify gfr such that
the law of S'fr would agree with that of Si. Finally, in Step 5 we remove the extra constraint Fj.

Step 1: The setup. We first prove Theorem 1.5 when restricted to the event F;.

Let (H, ¢, y1, ..., Y2N—3,M1, ---,Mn ) be a sample from (1.7) with link pattern & where the multiple SLE
is sampled from mSLE,, 4(H, 0, y1, ..., yan—3, 1,00). We truncate and glue independent forested lines to
the boundary to obtain the curve-decorated quantum surface S _{_ By our induction hypothesis, we obtain
the conformal welding Weldd(GQDN H) restricted to the event where all the marked points are on the
same connected component. We weight the law of S fr by the generalized quantum length of the forested
boundary segment between —oo and 0 and sample two marked points from the generalized quantum
length measure on this segment. As in the proof of Proposition 4.4, we restrict to the event where the
two points are on different trees of disks. From Lemma 3.13 and Lemma 2.9, this is the same as sampling
(H, ¢, 1,82, Y1, s Y2N—3, M1, -, ) from

CN/ LF]%IB’yl)"”’(ﬁ’yQN)’(%fl)’(%&) x mSLE,; 4(H, y1,...,y2n) | dy1...dyan_3d&1dEs,
£1<62<0<y1<...<yan-3<1
(4.17)

foresting the boundary, and insert two samples from Mbd (72 —2) x ME4 (42 — 2) to the points &1, &s.
Here we used the convention (yon—2,yan—1,%2n) = (1,00,0). If we glue a sample S? from GQD, to Sfr
along the two newly sampled marked points, then the output equals Weld, (GQDY )| g, A&

Step 2: The re-embedding of the surface ST. For & < & < 0, consider the conformal map fere(2) =
% from H to H sending (&1,&2,00) to (00,0,1). Let 21 = fe, £,(0), xon—1 = fe,,6,(1), 2oy = 1 and
zp = feieo(Yn—1) for 2 < k < 2N — 2. Then by Lemma 2.8 and (1.5), when viewed as the law of
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curve-decorated quantum surfaces, (4.17) is equal to

2N

Bifeq, s (Byfeq, 3(7150), (7,00

) @07 (&) T[ J g ) LGS0 0 000 )
£1<€2<0<y1<...<yan-_3<1 k=1

x mSLE, 4 (H, fe, e, (y1)s -, fer,6,(Y2n)) | dyr...dyan —3dE1dEo
(4.18)

where we used Ag+b = A, = 1. Then by a change of variables x = f¢, ¢, (yr—1) for 2 < k <2N-2, (4.18)
is equal to

fé1,§2 (gl)fé11§2 (£2)f§/1,§2 (O)fél,& (1)f§l1,§2 (00):-

CN/
0<fey .65 (0)<w2<...<@an—2<fey 6, (1)<1

ceny LL‘QN_Q) dxg...dng_ngldfg.

(4.19)

Since 21 = f¢, £,(0) = %, Ton—1 = fe,6,(1) = tgi, it is straightforward to check that

O(x1,xan—-1) __&—&
0(&1,&) &1 —¢&)*

On the other hand, we may compute

S &1
Gl —&)?
Therefore by a change of variables to (4.19), the law of (H, ¢, n1,..., 08, 0,91, ..., yan—3,&1,§2,1,00)/ ~y

agrees with that of (H,(&,m, s INS &1 ey TaN—1,0,1,00)/ ~, where (¢, 71, ..., N, X1, ..., Tan—1) 1S sam-
pled from

fﬁlhﬁz (fl)féhiz (52)f§/17€2 (O)fflhfz (l)ff/h& (OO)

(4.20)

Step 3: Add boundary typical points to the welding of M5 (v —2) and Mg‘i (72 = 2; ). Parallel to
Step 2 the proof of Proposition 4.4, consider the conformal welding of a sample 57 from MEd- (42 - 2)
and a sample 5’{: from Mgfi (72 — 2;8). Define Y,n, X, 5',755”5’1 in the same way as in the proof of
Proposition 4.4. By Lemma 2.9, as we sample 2N — 1 marked points on 85, from the measure

10<w1<4..<w21\/71<1 . Z&(Hvxlv ey T2N -1, 1)Vx(d.1‘1)...Vx(d$2N_1),

the surface S, is the concatenation of two samples Sy, S3 from M$%(~2—2) with a sample (H, X, 0, z1, ...,
Zon-—1,1,00) from

2 x x oo
,/ |:LFI(H?7 1)y (122N —1),(8,1),(7,0),(7,00) X Z@(H,Il,...,$2N_1,1) dxl...dng_l. (421)
Y Jo<zi<...<zan_1<1

at the points 0 and oo. On the other hand, for s = w;l(:ck) and £k = 1,...,2N — 1, the law of
(Y,n,s1,...,8an—1) is given by

m /0<Sl<~u<82N1<1 {]IE"’SI""'SZN* e (]HL Ynls1), s ¥nls2n-), 1)VY(d51)MVY(d52N_1) .

1) »0 ? »O0 -
LFﬁf 1),(8,0),(8 )(dy) ,%(1)1 25 SLE, (dn), (422
4.22
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where ) 5, ... s,n_, is the event where s1, ..., so5_1,1 lie on the boundary of the same connected compo-
nent of H\n. By Lemma 2.9, (4.22) is equal to

B
m \/0<Sl<‘..<52N1<1 |:]1E777511---152N—1 Zé‘ (H’ 1/}71(51)’ e 1/}71(82]\7—1)’ 1)

LEG 1) (oszv=n) (B DB08:29 (4y) s, .dsan 1 | -4/, (1) 27 SLE,(dn).
(4.23)

Step 4: Change the insertion from ~y to 3. We weight the law of (s1, ..., San—1,Y,n) from (4.23) by

2N—-1

T (5 ),

k=1

where X is given by (4.9) and xj, = v, (s%). Following Step 4 of the proof of Proposition 4.4, as we send
¢ — 0, by comparing with (4.20), the conformal welding of 57 and Si agree in law with the conformal
welding of ST and Sfr. Meanwhile, the law of (sy,...,sany-1,Y,n) converges weakly to

2 2N—1
CNY

Ti0 A g, o oony 26 (H, n(s1), oy Y (s2n— ey (s)' 20
4C(Q_ﬁ)2 /O<s1< .<san-1<1 |: . At ( 77( 1) e 1 H

. ¢;(1)1—AB . LF]%IB’Sl)""’(ﬁ’sm”1)’(B’1)’(5’0)’(6’O°)(dY) dSl...d82N1:| SLE,(dn).

(4.24)

From our construction in Section 2.4, if we first sample 7 from py(0,00) and weight its law by

2N—-1

]lEn,sl,...,SQN_lzd(van(sl) v'l/}n SON— 1 H VJJ 1 As 'w;(l)liAﬁa

and sample (71, ..., 7y ) from mSLE, 4(Dy; s1, ..., sanv—1, 1)# (here we used the conformal covariance (1.3)),
then the joint law of (1, 71, ..., nx) is the mSLE,; ,(H;0, s1, ..., S2n—1, 1, 00) restricted to the event E; that
n is a good link. This proves Theorem 1.5 when restricting to the event E;. By the rotation symmetry
in Lemma 4.6, Theorem 1.5 extends to general o € LP 7 when restricted to the event Ej where the
link starting from k in « is a good link on both sides of the equation.

Step 5. Remove the extra constraint E1 and conclusion. Let (D;n1,..,MN+1;Z1,...,TaN+2) be an
embedding of the spine of Weld,, (GQD" ) restricted to the event E. We first show that (1y,...,n41) €
Xo(D; 21, .oyzant2). For 1 <k < N+1,let nf (vesp. nft) be the left (resp. right) boundary of n. If we
only work on the conformal welding of the two generalized quantum disks whose interface is 7, then by
Theorem 1.4, 1y is an SLE, process in the spine of a weight 3;’ — 2> L forested quantum disk (with
a number of marked points on the boundary). In particular, since the left boundary of an SLE, from
(0, 00) would not touch (0, 00), this implies that nr Ny NOD = @, from which we further deduce that
(M, sMN+1) € Xa(D; 1, ..., xan+2). On the other hand, from a simple induction, one can show that if
(M, -y mN+1) € Xa(D; 21, ..., xan+2), there must exist some 1 < k < N + 1 such that » is a good link.
Therefore £ = uiﬁ 1+ 2E), and we conclude the proof. O

4.3 Finiteness of multiple-SLE partiton function and consequences

In this section we work on the induction step of Theorems 1.2 and 1.3. In particular, we aim to prove
the following.

Proposition 4.7. In the setting of Proposition 4.5, the measure mSLE,, , is finite for a.e. x € Xon4a.
If Z,(H;x1,...,xan+2) is the size of mSLE, o(H; x1,...,xan+2), then Z, is lower semicontinuous and
is in the space Li _(Xan+2). Moreover, if Zo(H;x1,...,zan12) < 00, then mSLE, o(H;x1, ..., man12)7
satisfies the resampling property as in Definition 1.1.
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Lemma 4.8. Let v € (v/2,2), N > 2 and Bo, ..., fan—1 < Q. Let Xon = {(z1,...,man_3) € R2N=3.0 <
21 < ... <xon_3 < 1}. Let 2™, x € Xon with 2™ — z. For x = (z1,...,xan—_3) € Xap, set

2N -1
1

fa(2) = b} Z BiGu(w;, z) — 2Qlog |2|+, (4.25)
j=0

where (o, zan—2,Tan—1) = (0,1,00). For h ~ Py, let ¢3 = h+ fy, and

Iy = (vg0 ((=00,0)), g0 ((0,21)), .., vg9 (w2 -3, 1)), Vg (1, 00))).
Then we have Izn — I, in probability.

Proof. Since on |fyn(2) — fz(2)| converges uniformly to 0 on (—o0,0) U (1, 00), it is clear that
(g, (50, 0)), 0, (1,50))) = (g0 ((~50,0)), vgn (1,¢))

almost surely, and this convergence extends to intervals with positive distance from z as well. Therefore
it suffices to show that for any 1 < k < 2N — 3 and € > 0, there exists some Ny,d > 0 such that,
for all n > No we have vy ((xr — d,2x + 0)) < e with probability at least 1 —e. To see this, we

pick & such that vgo ((zk —735, T} + 30)) < § with probability at least 1 — 5. Define g,(z) = i—%‘z,
Fr = fun(2)0g +Qlog (g 1)| and ¢ = hog;1+f"_ Then for sufficiently large n, Vd,;n((ack—& zp+0)) <
Vg ((z — 30,z + 36)), and 1F7(2) = ful(2)] < o5 on (z — 30,25, + 38). Moreover, by our choice of

normalization and the conformal invariance of the unnormalized GFF, ho g, ! has the same distribution
as h— hzk (0), where hzk (0) is the average of h on the semicircle {z € H : |z]| = f”—’“} On the other hand,

he (0) —> 0 in probablhty as n — 0o. Therefore it follows that for sufficiently large n,

Tr
oy
€
IP’(I/Q;”(( — 30,z +30)) >¢) < P(yh+fz(z)+100 i(o)((mk — 38,z 4+ 30)) > 1) <e
g
and the claim follows. O

Now we prove the following lemma on the boundary lengths of Liouville fields.

Lemma 4.9. Let v € (v/2, 2), N>2and B=2—-12. Let Xon = {(z1,...,mon_3) ERFN 3.0 <2y < ...

< xan—3 < 1} and K be a compact subset of XQN Then there exists a constant pg > 0 such that for all

(21, ..., xan—3) € K, the following holds. For ¢ sampled from the measure LF(B 00),(8,1),(8,00),(B@1),....(B,w2n - 3)

we forest the boundary of (H, ¢,0,x1, ...,xan—3,1). The event Fy where the genemlzzed quantum lengths of
all the forested boundary segments between (=0,0),(0,21), ..., (xan—3, 1), (1,00) are in [1,2] has measure
at least pg.

Proof. By the continuity of the constant Cy (Bisi)i oyer s; in Definition 2.6, it suffices to show that for
(h,c) ~ Py x [eVB=Q)edc], if we let ¢, = h+ f, +c = ¢2 + ¢, then the event Fy has measure at least pg
for any z € K, where f, is defined in (4.25). a

Now let z",z € Xon with 2" — z. Let G(z) be the measure of the event F for ¢, under
Py x [eNVB=@edc]. Tt is easy to check that G(x) > 0 for any fixed z, and recall that a positive
lower semicontinuous function on a compact set has uniform lower bound. Therefore it suffices to prove
G(z) < liminf,_ G(z"). Following Lemma 3.2, for £ > 0, let g(¢) be the probability that a forested line
of segment ¢ has generalized quantum length between 1, 2]. Then ¢(¢) is continuous in ¢, and by Fatou’s
lemma and Lemma 4.8 we have

0<Gla / /[ oo,o»)g((e%m((o,xl)))-'-g(e%%«l,m)))]PHwh)e(NﬁQ>Cdc

~y

< [ timint [ [g(e3 oy (500D (€3, (0,20))) (63t (1, 090) | Pl ah)e P~

n— oo

<t [~ / (630 (50,0 (€30, (0,00))) (6 Ft (1, 090) | Pl )P~

n—oQ

= liminf G(z

n—roo
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and the claim follows.
O

Proof of Proposition 4.7. Draw a planar partition of H according to the link pattern a € LPy 41, and let
S, be the collection of the domains of this partition. We label the links by 1, ..., N 4+ 1, and the boundary
segments by N + 2,...,.3N + 3. For D € S, let Zp be the set of indices of the links on 9D, and Bp be
the set of indices of the boundary segments on dD.

For the conformal welding Welda(GQDN *1), on the event E, let Fyy be the event where the generalized
quantum lengths of all the 2N + 2 boundary segments are in [1,2]. Then following the definition and
Proposition 3.18, we have for some constant C' > 0 depending on x and N,

Weld, (GQDY ) [E N Fy]

2
( Z s; + Z Ei)77771(161...d€N+1dsN+2..-d83N+3
JEBD i€Zlp

,Y2
< C/ H L+ D" 6)" " dldly .
£1,....tN+1€(0,00) p

i€Llp

<c /
SN+2;--,53N+3€[1,2] AN 4+1€(0,00) pes,

It is easy to show that there exists an injective map f from {1,....N + 1} to S, such that for each
1 <i< N+1,i € I, ie., one can assign each interface 7; to a unique domain with 7; on the
boundary. Therefore

5 N+1
/ I a+> w) TNl </ H (0 +1) ~T1gp, . [dly g1 < 00, (4.26)
L1y fn4+1€(0,00)

DeS,, i€Lp

If we apply (4.26) to the expression (1.7), we observe that the integral

/ |:LFI(£’0)’(671)’('8’00)’(/8’1/1)"”’(67y2N1)[F0] X |mSLEH,a(H,O7y1, ey YN -1, 17 OO)‘ dyl...dyQNfl
0<y1<...<yan-1<1

(4.27)

is finite. By Lemma 4.9, if we set Z,(H; 0,91, ..., yan—1, 1,00) = |mSLE, o (H,0,y1, ..., y2n—1,1,00)|, then
the function (y1,...,92n-1) = Za(H;0,y1, ..., y2n—1,1,00) is in the space L%OC(§2N+2). Then from the
conformal covariance property in Lemma 4.6, the measure mSLE,, , can be extended to any polygons,
and the function (21, ..., zan+2) — Zo(H; 21, ..., Tan+2) is in the space Li (Xon12).

To prove that Z, is lower semicontinuous, we first assume that {1,2N + 2} is in the link pattern c.
For an SLE, curve n; in H from 0 to oo, let Zg4 (Hm;yl, »YaN-1,1) be 1g, times the expression (2.11)
for N+1 and (D; 1, ...,zon+2) = (H, 0,41, ..., y2n—-1, 1,00), where &,, is the event defined above (2.10).
Then from the construction in Section 2.4, Z,(H;0,y1,...,yan-1,1,00) is equal to the expectation of
Zd(]I:]Im;yl, ., Yan—1,1). Moreover, since the probability of the SLE, curve hitting a given boundary
marked point is 0, from the induction hypothesis that Z,, is smooth when «o; € |_],€N:1 LPy, one can
infer that Z4(H,,; 97", ..., ¥5h_1,1) = Za(MHy 391,50 ¥2nv—1,1) as. as (Y7, ., ¥dn_1) = (Y1, Yan—1)-
Fatou’s lemma thus implies that (yi,...,yan-1) = Za(H; 0,91, ..., y2n-1, 1, 00) is lower semicontinuous in
Xont2, and Z, is lower semicontinuous by conformal covariance. The other cases follow analogously by
the conformal covariance.

Finally, for (n1,...,nn+1) sampled from mSLEn’a(D;ml,...,x2N+2)#, given any 1 < k < N 4+ 1 and
Nk, from the construction the law of the rest of the IV curves are mSLEﬁ ag in the corresponding domain

D’s of D\ny. Therefore from the induction hypothesis the resampling properties immediately follow and
we conclude the proof. O

To show that Z, is smooth in Xsn42, we use a martingale property along with a hypoellipticity
argument. This proof strategy is outlined in [Pell9, Lemma B.4], where a brief proof sketch is given.
For notational simplicity assume {1,2} € «; the same proof works if we replace the number 2 by any
3 <k < 2N +2. Let & be the link pattern obtained by removing {1,2} from a. Let n be an SLE, in H
from x7 to x3. Recall the notations 11:1177 and Z4 (]1:]177; x3, ..., Tan42) from (2.10). We parameterize n via the
Loewner equation (2.8) and let (Wy);>o be the driving function. Let 7. = inf{t > 0: |g;(z2) — Wi| = €}.
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Then thanks to the domain Markov property of the chordal SLE, and the conformal covariance of Zj,
for z € Xon4o with Z,(H; z) < oo (which is a.e. by Proposition 4.7),

Mipr, = E[Z4(H,; 23, ..., an42) | 7([0,E A 7])]
2N+2

= kl;[g g;/\‘rg (xk)bE [Z& (genr. (Hn)§ Ginr.(23), -0y Ginr. (Tan42)) [ ([0, A Ts])] (4.28)

2N+2
= H géAfs (mk)b X (gt/\rg (w2) — Wt/\TE)2b X Zq (H§ Winr., Ginr. (x2), ooy JtATE ($2N+2))
k=3

defines a martingale. Indeed, to sample an SLE,, curve from x; to x2 and weight its law by Z4 (H:H,,; X3y ooy T2N42),
one may (i) sample 7|(g ta-.] , (ii) sample an SLE, 7’ from n(tA7.) to 2o in H\n([0,tA7.]), and (iii) weight

the law of 1)’ by Z4 (H,; 23, ..., zan +2). By conformal covariance, (ii) and (iii) can be replaced by (ii’) sam-

ple an SLE, 7' in H from Wia,, to co and (iii”) weight the law of 77’ by Hii’;z Ginr. (@) Za(ginr. (H,);

Ginr. (T3)y .oy Ginr. (Tan42)) and set 7' = gtj\lTE of’. This justifies the second line of (4.28), while the third

line follows from the definition of Z,. Let Xy = (Wi, g¢(22), ..., gt (xan+2), 95 (22), ..., gt (zan+2)). Then
following the SLE coordinate changes [SWO05], n evolves as an SLE, (k — 6) process from x; to oo with

the force point located at x2, i.e., (X;)i>0 solves

k—6 2dt 2g;(x;)dt
W g ) = Gy T, ) = ey e

where j = 2,...,2N 4+ 2 and (By):>0 is a standard Brownian motion. The infinitesimal generator of
(Xt)t>0, when acting on smooth functions, is

dW; = /kdB; + (4.29)

K K—6 2 2y,
A= 20} ) dj — 0 . 4.30
2% T e 1+jg2 (%‘1’1 T (- ) 2N+1+J) (4:30)
Consider the function F' defined by
2N+2
F(x1,...,0oN42; Y2, ., YoN42) = H yp X (22 — 21)*" x Zo (H; 21, ..., Tan42). (4.31)
k=3

By Proposition 4.7, F' is a locally integrable and lower semicontinuous function of (z,y) := (z1, ..., Tan+2,

Y2y -y YaN+2) € Xonta X RiNH. Let 7 be the first time when 7 hits [z2, 00), i.e.,
T=inf{t > 0: g:(x2) = Wi}. (4.32)

Then it follows from (4.28) by sending e — 0 that {F(Xar)}e>0 is a martingale. Moreover, since dg;(z) =
—%dt, for as, ...,azn42 > 0, if welet Xy = (Wi, g1(22), ..., gt (T2n+2), 4291 (22), ... aan 129, (T2n+2)),

then (X;)¢>0 solves the (4.29) as well and starts from (z1, ..., Zan+2, @2, ..., aan+2). We infer the following.

Lemma 4.10. For a.e. (z°,3°) = (29, ..., 23512 Y3, s Yn o) € Xans2 x RIVT the following holds. Let
(X¢)e=0 be a solution of (4.29) starting from (z°,y°), and let 7 be defined as (4.32). Then F(Xiar)i>0
s a martingale.

To prove the smoothness of Z,, the first step is to use the martingale property to prove that F is a
distributional solution to the differential equation AF = 0, then use the hypoellipticity of the differential
operator A to prove that F' is smooth. Recall that a differential operator ® is hypoelliptic on domain
U C R™ if for any open set O C U, for any f € (C&)*(0), Df € C>(0O) implies f € C*°(0). For
smooth vector fields X; := >, a;k(2)9 on U where j = 0,...,m and ajj, are smooth functions in U,
consider the differential operator

D= X7+ Xo+b (4.33)

Jj=1

where b € C®(U). From [H67], if the Lie algebra generated by X, ..., X,, has full rank at every point
z € U, then ® is hypoelliptic.
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Lemma 4.11. The operator A defined in (4.30) is hypoelliptic.
Let A* be the dual operator of A, i.e.,

2N+2 .

T; —T1

for smooth function g.

Proposition 4.12. F is a distributional solution to AF = 0, i.e., (F,A*g) = 0 for any test function
g e OSO(XQ]\H_Q X R3N+1).

Proposition 4.12 is a consequence of Lemma 4.10. Lemma 4.11 and Proposition 4.12 shall be proved
in Appendix A. Similar statements are considered in [Dubl5, PW19].

Proposition 4.13. The function Z,(H; x1, ..., xant2) is smooth in Xon 2, and solves the PDE (1.1).

Proof. Let DY) = £07 + SNF2(2_9, — —2b_) be the differential operator in (1.1) for i = 1.

=2 \zj—xzq I (zj—z1)?
By Lemma 4.11, Proposition 4.12 and [Hé?, Theorem 1.1], F' is smooth in Xon 42 X R?FNH. Therefore
Zo(M; 21, ..., xan+2) is smooth in Xanio. A direct computation shows that AF = oMz, =0, ie.,
Zo (H; @1, ..., x2n42) solves the PDE (1.1) for N + 1 and i = 1. The equation for i = 2 follows from the
reversibility of SLE, [MS16b], and for other ¢ > 3 follows from the exchangebility of the 2-SLE,, process
as in Section 2.4. O

Proof of Theorems 1.2, 1.3 and 1.5. For N = 2, Theorem 1.3 and Theorem 1.2 hold by [MW18], where
Theorem 1.5 follows from Proposition 4.4. Suppose the theorems hold for 1,...,N. Then for N + 1
Theorem 1.5 follows by Proposition 4.5. Theorem 1.2 and and the first part of Theorem 1.3 follows from
Proposition 4.7 and Proposition 4.13. The second half of Theorem 1.3 follows from Proposition 4.16 in
Section 4.4. This concludes the induction step and the whole proof. O

4.4 Relation with local multiple SLE

In this section, we show that the global multiple SLE mSLE,, , agrees with the local N-SLE, driven by
the partition function Z, as studied in [Dub07, Gra07, KP16b]. To begin with, we recall the definition
of local multiple SLE,; from [Dub07] and [KP16b, Appendix A].

Let (D;xy,...,22n) be a polygon, and (Uy, ..., Usn) be localization neighborhoods, in the sense that
zy, € Uy C D, D\Uy, is simply connected and U;NUy, = 0 for 1 < j, k < 2N with j # k. Consider 2N-tuples
of oriented unparameterized curves (71, ..., 72n ), where each 7;, is contained in U}, and connects z; and a
point 2, € OUj. Choose a parametrization such that ny, : [0, 1] — Uy, such that 15 (0) = x5, and ng (1) = ).
A local N-SLE,; in (D;x,...,xon) localized in (Uy,...,Uan), is a probability measure nglwlU;\]z)N) on
(N1, ., non ) with conformal invariance (CI), domain Markov property (DMP), and absolute continuity of
marginals with respect to the chordal SLE, (MARG) as follows:

(CI) If (1, -y 2v) ~ nglle;f)N), then for any conformal map f : D — f(D), (foni,....f omnn) ~
pUD)F (1), f (22)
(f(U1),...f (U2n)) ’
(DMP) Fix stopping times (71,...,7en) for (m1,...,m2n5). Given initial segments (11j0,7,]; - 72N [0,72n])
. o(DiF1,...,Tan)
~ 8 P(617~~-»[72N)
1 < k < 2N, Ty is the tip nr(7x), D is the connected component of D\( U Uk([O,TkD) with

the conditional law of the remaining parts (11ir, 17, -, 72N [[ran.1]) where for each

Z1,...,Lon on the boundary and Uy = DN Us.

(MARG) There exist smooth functions F;: ¥an — R, for j = 1,...,2N, such that for the domain D = H,

boundary points 1 < ... < xan, and their localization neighborhoods Uy, ..., Uz, the marginal law
P(H;117-~712N)

(Vs Ua) is the Loewner evolution driven by W, which solves

of n; under

AWy = VRdBy + Fj(VE, . VI W, VI L VEN) W = o

2
dvF = m; Vi =y for k # j.
t

(4.34)
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Dubédat [Dub07] proved that the local N-SLE,; processes are classified by partition functions as below.
We use the following version stated in [PW19, Proposition 4.7].

Proposition 4.14. Let k > 0.

(i) Suppose P is a local N-SLE,;. Then there exists a function Z : Xan — Ry satisfying (PDE) (1.1)
and (COV) (1.2), such that for all j = 1,....2N, the drift functions in (MARG) take the form

F; = k0jlog Z. Such a function Z is determined up to a multiplicative constant.

(ii) Suppose Z : Xon — Ry satisfies (PDE) (1.1) and (COV) (1.2). Then, the random collection of
curves obtained by the Loewner chain in (MARG) with F; = 0;1og Z, for all j = 1,...,2N, is a local

N-SLE,. Two functions Z and Z give rise to the same local N-SLE,; if and only if Z = const x Z.

Now we show that the initial segments of our global multiple SLE agrees with the local multiple SLE
driven by the parition function Z,. The argument is almost the same as [PW19, Lemma 4.8], except
that we perform truncations since a priori we do not have the strong power law bounds on Z, as in the
setting there.

Proposition 4.15. Let k € (4,8) and o € LPy. Fiz x1 < ... < xan. Assume {j,k} € «, and suppose
Wi solves (4.34) with F; = k0;log Z,. Let

T; =inf{t > 0: H;éln \ge(z:) — W | =0}
]
Then the Loewner equation driven by th is well-defined up to time 1. Moreover, it is almost surely
generated by a continuous curve up to and including time T}, which has the same law as the curve n; in
mSLE, o (H; 21, ..., van ) connecting x; and x), stopped at the time o; that it separates any of {x; 1 i # j}
from oo.

Proof. Let (Wt)tzo be the Loewner driving function for n;, and (9¢)e>0 be the associated Loewner maps.
For e, M > 0, let

Tem = inf{t > 0 : min [g:(x;) — Wt\ = ¢ or max |g¢(x;) — Wt| = M}.
i#] i#]

Thanks to the domain Markov property and conformal invariance of SLE,;, by (4.28) (with N +1 replaced
by N), n;lj0,7 ., can be produced by

(i) Sample an SLE, n in H from ; to x; parameterized via the Loewner equation (2.8). Let (W)i>0
be the driving function and (g:):>0 be the Lowener maps, then

kK—6
dW; = \/kdB; + ——dt. 4.35
¢ = VrdB, Wi — g¢(zr) (4.35)

Let 7o pr = inf{t > 0 : min,x; |g:(z;) — Wi| = € or max;x; [g¢(x;) — Wy| = M}, and 7; = inf{t > 0:
min;z; [g¢(x;) — Wil = 0}.
(ii) Weight the law of 7|+, ,,) by M., ,,, where

1
M; = 7 H 92(371‘)1) x (ge(wr) — Wt)% X ZQ(HQQt(xl)a o 9t (Tj-1), Wi, ge(@j41), -~,9t($2N))
i#5,k
where Z = Z,(H; 21, ..., Tan ).
Then (M¢ar. ,, )e>0 is a martingale for 5. For fixed T'> 0 and 0 < t < T'A 7. p, since for i # k, d(g:(x;) —

gi(zr)) = —2(gt(wi§‘7(;}z)_(gig’;giwt) and dg;(z) = _7(%(2:5){?2&)2’ one can check that |z; — zx| > |g¢(7;) —

gi(zk)| > |z — e"Te and 1 > lg)(zx)| > e~2T=™* | This implies that (Wi, ge(x2), .y gt (22N) o<t <r a
is contained in some fixed compact subset of Xon and thus (M ATe, wJo<t<T is a martingale bounded from
both above and below. Moreover, since Z, solves the (PDE) (1.1), it follows that

_ 2b
Mt 1th = \/E((aj ].Og Za — gt(l‘k)—wft)dBt

Therefore by the Girsanov theorem, if we weight the law of (Bt):ejo,rar. o] PY Mr. ,,, then (Wi)i>o
solves (4.34) up until T' A 7 ps. This proves the statement up until the time 7' A 7 5. Since k > 4,
7; < 00 a.s.. Therefore if we send M, T 1 oo and ¢ | 0, we have (T'A 7. ) T 7; and the claim follows. [J
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By Proposition 4.15, using the domain Markov property, conformal invariance and the reversibility of
SLE, for k € (4,8), we have the following.

Proposition 4.16. Let N > 1, a € LPy, and (D;x1,...,x2n) be a polygon. Suppose (n1,...,m2N) is a

sample from mSLE, o(D;x1, ..., mgN)#. Then for any localization neighborhoods (Uy, ..., Uan), the law of

P(D T,

1,...,N2n) when restricted to (Uy,...,Usn) agrees wi ’ riven by partition function Z, in
My ey Tl2n) when restricted to (Uy, ..., U th P 522 driven by partiti tion Z

.....

the sense of Proposition 4.14.

A Proof of Lemma 4.11 and Proposition 4.12

In this section we prove Lemma 4.11 and Proposition 4.12. The main idea at high level, which is the
same as [PW19, Lemma 4.4], is to consider the semigroup generated by the process (X;);>o and extend
the domain of its infinitesimal generator A. Then the martingale property would imply that F' is a
weak solution as in Proposition 4.12. However, there are several obstacles to directly apply the proof
of [PW19, Lemma 4.4]: (i) as pointed out by Dapeng Zhan, the extension of the A to the space of
generalized functions is not clear in the original proof; (ii) the martingale property in (4.28) is only valid
up to the stopping time 7; (iii) a priori we only know by Proposition 4.7 that F is lower semicontinuous
while in [PW19] F is assumed to be continuous; (iv) a further restriction in the proof in [PW19] is that
gi(xzj) =1 for t = 0 from the definition of the Loewner evolution and thus the starting point of (X;);>0
is not arbitrary.

We write down a complete proof to deal these issues. Issue (iv) is already treated in Lemma 4.10 using
the homogeneity of the equations for g;(z), and we prove in Lemma 4.11 that the operator A (rather than
the operator ©), as proved in [PW19]) is hypoelliptic. For (i), we apply truncation using the stopping
time o as below such that Lemma 4.10 is applicable and the terms in (4.29) are smooth. Then for (i),
in Lemma A.1 we show that the truncated proecss (Xia,)i>0 is Feller, and use Bony’s theorem? [Bon69)]
along with properties of the infinitesimal generator to rigorously Justlfy the integration by parts in the
proof of [PW19, Lemma 4.4]. Finally for (iii), we establish the integral equation in Lemma A.5 and apply
the monotone convergence theorem for general lower semicontinuous functions.

Proof of Lemma 4.11. To check the Hormander condition, we set Xy = 5.9, + 22N+2 ( 2 _9; —

T1—T2 Tj—xy

(xiwawﬂﬂ»), and X; = \/581. We write X(g I — Xo. Then for n > 1, by induction we have

2N+2
. 1 [n—1]7 _ 2 2(n+1)y;
Xy = n [817)(0 ] (29 — 21)7 1 gt Z — )t 9 — (acj — )2 82N+1+j) (A1)

and for 2N +2 <
0 AN+1
(01 ylan+

Consider the matrix A = (a;;)1<; j<an+2, where for 1 < j <2N +1, a;; = ﬁ,
<ij< >

J<4N+2, a: = *(752;%]7:;?)“ Indeed, to prove that the linear space spanned by X7, X
T,
has dimension 4N + 3, it suffices to show that det A ;é 0 for every (21, ..., Tan+2, Y2, .., Yan+2) € Xant2 X

Rﬁ_NH. Let A = (@ij)1<i,j<an+2 Where a;; = 7(%“ ) for 1 < j < 2N +1 and a;; = [ EmeyvTy L 2; 1.%1)1‘4

for 2N 4+ 2 < j < 4N + 2. Then det A # 0 if and only if det A # 0, and A is a confluent Vandermonde
matrix and hence invertible (see e.g. Eq. (1.3) in [Gau62]). This concludes the proof. O

To prove Proposition 4.12, it suffices to show that for any given (2°, go) € Xon42 X Rf_N *1 there exists
some neighborhood O such that (F, A*g) = 0 for any g € C2°(0O). In particular, we let O be the interior of
the convex hull in RiNJrS generated by {(z9+¢&10, ..., x8N+2+52N+2§0, YS9 +ean 1300, s 98N+2+54N+350) :
€1,...,€4n+3 = =1}, and choose dy > 0 sufficiently small such that O C Xon42 X RiNH. For the Ito
process (X;);>0 described by (4.29), let 0 = inf{t > 0: X, ¢ O}.

Lemma A.1. (Xias)i>0 5 a Feller process in 0.

Proof. For f € C(0) and x € O, define (P,f)(x) = E[f(Xiro)|Xo = x|. We need to show that

(i) P.f € C(O);

3We thank Eveliina Peltola for introducing us to this theorem.
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(ii) Ast — 0, P.f converges to f uniformly.

By [RY13, Proposition I11.2.4], to prove (ii) it suffices to show that P, f(x) — f(x) for any x € O, which
readily follows from the continuity of the paths of X and dominant convergence theorem. To prove (i),
for any given € > 0, we pick f € C*°(0O) such that || f — f||c(5) < ¢/3. By Dynkin’s formula, for x € O,

P, f(x) = f(x) + EX i ’ Af(X,)ds = f(x) + /O EX1,5, Af(X,)ds. (A.2)

Note that we have implicitly used the fact that P(c = s) = 0 for any s > 0. This is because, for
any X = (A1, ey Adavps) with Ay #£ 0, P(s < T;X - Xs = M) = 0 for any given A9 € R. One can
check this by applying the Girsanov theorem and comparing with the Brownian motion. Moreover,
using the continuity of solutions with respect to the initial value, if (X});>0 solves (4.29) with X = x/,
there exists a coupling such that 1,54(X])o<r<s converges uniformly in r in probability as x" — x to
1o5s(Xr)o<r<s; see e.g. [LG16, Theorem 8.5]. In particular, by applying dominant convergence theorem

o (A.2), |Pf(x) — P.f(x')| < ¢/3 and thus |P,f(x) — P,f(x')] < e for x’ sufficiently close to x. This
proves P, f € C(O). Now for x € 00, take ¢ € (0,¢) such that |f(x') — f(x)| < ¢/3 when |[x’ — x| < 0.
Without loss of generality, assume that x is on the right half of 90, i.e., x + Ae; ¢ O for any A > 0
where e; = (1,0,...,0). Let B; be the standard Brownian motion in (4.29). Then with probability
1 — 0-(1), we have supys<ys |Bs| < 6°/* while supgc g3 Bs > 67/%. Then for [x' — x| < 6%, one
can infer from (4.29) that for X; = ((X})', ..., (X;}V3)') starting from x’, with probability 1 — o.(1),
SUPg< g2 (X)) — (X3) > 0975 while supy. ;g [(X2)" — (X])| < 68/3 for j = 2,...,4N +3. In particular,
by our choice of O, with probability 1 — 0.(1), X’ exits O before time 6% and the exit location is within
d-neighborhood of x. Therefore P; f(x') — f(x) = P;f(x) for x € JO. This finishes the proof of (i). O

Let A be the infinitesimal generator of (X¢as)e>0 on C(O). Write D(g) for the domain of g, ie.,

Pf—

D(A) = {f € C(0) : lim T excists in C(O)}.

t—0

Lemma A.2. Suppose f € C°°(0) N C(O) such that Af(x,) — 0 as x, = x € 00. Then f € D(A),
and if we define Af(x) =0 for x € 00, then Af = Af.

Proof. For e > 0, let 0. = inf{t > 0 : dist(X;,00) < €}. Then (t Ao.) T (¢ Ao) as e = 0. By Dynkin’s
formula, for x € O,

E* f(Xino.) = F(x) + EX[ / " AF(X.)ds]. (A3)

Sending € — 0, by dominant convergence theorem,
tAo t
PG = 160+ B [ AF(X)ds] = £60 + B[ [ Af(Xp0)is] (A4)
0 0
since Af =0 on 9O. By definition, (A.4) continues to hold when x € 90. Meanwhile, by definition,
t t
Puf ) = 70 + X [ Af(Xep)ds] = 7o)+ [ P (x)ds. (A.5)
0 0

Therefore, since Af € C(O),

Pf— 1 [
of = f =7/ P,Afds — Af
t t J;
in C(O) as t — 0, which implies that f € D(A) and Df = Af. O

A vector v is called an exterior normal to a closed set F' at a point zy € F, if there exists an open
ball contained in R™\F centered at a point x7, such that xg belongs to the closure of this ball and
v = A(z1 — x0) for some A > 0. Let ® be a differential operator which can be written by (4.33) and
satisfies the Hormander condition. Write ® as © = 377, a;;(2)0; + 27— bi(2)9; + c(). Supgose
O C R™ is a bounded domain, such that for any = € 90, there exists an exterior normal v vector to O at
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x with szzl a;;j(x)v;v; > 0. Then in [Bon69, Theorem 5.2], Bony has proved that if ¢(z) < ¢y < 0 for

some constant ¢g in O, then for continuous functions f and g, the equation
Du=fin O; u=gondO

has a unique solution C(O). If f is smooth, then u is also smooth by [H67, Theorem 1.1]. In particular,
by our choice of O, combined with Lemma 4.11 we have

Theorem A.3. Let A > 0. Then for any f € C°°(0)NC(O) and g € C(O), the equation
(A=XNu=finO; u=g ondO (A.6)

admits a unique solution u € C°>(0) N C(O).

Lemma A.4. For any ¢ € D(A) and g € C°(0), (Ag, g) = (p, A*g).

Proof. By definition, @,ggp € C(0). Fix A > 0. Take v, € C*°(O) such that ||[tb,,, — (g— /\)go||c(5) -0
as m — 0o. By Theorem A.3, the equation

(A= Nty = in O; =Xty = Py, on 0O (A7)

has a unique solution u,, € C*°(0) N C(O). Then the boundary condition in (A.7) implies that Au,,(x)
converges to 0 as x goes to the boundary. Therefore by Lemma A.2, u,, € D(ﬁ) and /Tum = Auy,. In
particular,

(A= Nt = (A= Nt = P — (A= N in C(O). (A.8)
On the other hand, by the maximal principle, ||u,, — unHC(@) <A Y — 1/)"||C(5), which implies that
there exists some u € C(O) such that u,, — w in C(O). Since the infinitesimal generator of a Feller
semigroup is closed (see e.g. [Lax02, Theorem 34.4]), (A.8) together with u,, — u implies that u € D(A)
and (A—A)u = (A— ). Since A— ) is the inverse of the resolvent operator (see e.g. [LG16, Proposition

6.12]), this further implies that u = .
Now by the dominant convergence theorem, we have

(A= N)p,g) = lim (A= Nitm,g) = 1 {um, (A" = N)g) = (u, (A" = Ng) = {p, (A" = N)g),

m— 00 m— o0

and we conclude the proof by subtracting A(p, g). O
Lemma A.5. For any p € C(O) and g € C=(0), (Pip, g) = )+ fo Py, A*g) ds.

Proof. Since the domain of A is dense (see e.g. [Lax02, Theorem 34.4], we may pick ¢,, € D(A) such
that Pm — ¢ in C(O). Then for each m, by [LG16, Proposition 6.11], Psp,, € D(A) and Pp,, =
Om + fo (Ps@m)ds. Then by Lemma A.4,

t
(Prp,g) = lim (Pippy,g) = lim_ <<<pm,g> +/ (A(Pspm), 9) d8>

0

t
= lim ((gom,g>+/ <Ps§0m’A*g>dS>
o0 0

m—r

t
= (p,9) + / (Psp, A%g)ds.
0

O

Proof of Proposition 4.12. By Lemma 4.10, for ¢ > 0 and a.e. x 95, F(x) = E*F(X¢pno). Since F is
lower-semicontinuous and locally integrable, we may pick f,,, € C(O) with f,, T F. Then by Lemma A.5
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and the dominant convergence theorem, for any g € C°(0),

(F,g>:/OExF(XMU)g(X)dx: lim E* fn(Xino )g(x) dx

m— oo o

t
=l (Pefs) = Jin ((ss) + [ (PS4} )

m—r0o0

t (A.9)
= lim ((fm79> +/ / ]Exfm(Xs/\U)A*g(X) dXdS>
t
—(Fg)+ [ [ EP(Xun) Agx) dxds = (F.g) + (P A'g).
0 Jo
Therefore (F, A*g) = 0 for any g € C2°(0), which concludes the proof. O
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