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We investigate the influence of local decoherence on a symmetry-protected topological (SPT) phase of the
two-dimensional (2D) cluster state. Mapping the 2D cluster state under decoherence to a classical spin model,
we show a topological phase transition of a Z;O) X Zél) SPT phase into the trivial phase occurring at a finite de-
coherence strength. To characterize the phase transition, we employ three distinct diagnostic methods, namely,
the relative entropy between two decohered SPT states with different topological edge states, the strange correla-

tion function of Zgl) charge, and the multipartite negativity of the mixed state on a disk. All the diagnostics can
be obtained as certain thermodynamic quantities in the corresponding classical model, and the results of three
diagnostic tests are consistent with each other. Given that the 2D cluster state possesses universal computational
capabilities in the context of measurement-based quantum computation, the topological phase transition found
here can also be interpreted as a transition in the computational power.

I. INTRODUCTION

Understanding symmetry-protected topological (SPT)
phases [1-8] has been one of the major topics in condensed
matter physics over the past decade, where SPT order can
be characterized by nontrivial many-body entanglement.
Recently, there have been growing interest in extending the
notion of SPT order to open quantum systems described by
mixed states [9-15]. While previous studies have suggested
that SPT phases of density matrices could still be classified
by group cohomology [11, 16], a universally accepted
definition and indicator of mixed-state SPT order has so far
remained elusive. Given that decoherence is inevitable in any
experimental system, it is of particular interest to figure out
whether or not SPT order can be identified in the presence of
decoherence, and if so, in what sense. There are, in general,
two types of decoherence: i) decoherence that can be linked
to a pure state with certain ancillas, such as local bit-flip
and phase errors [17, 18] and 4i) decoherence that cannot be
linked to a pure state with ancillas, such as thermalization
[19-22]. The primary goal of this paper is to focus on the
former and reveal the existence of mixed-state SPT phases
and their topological transitions.

From a broader perspective, an investigation of SPT phases
under decoherence has also attracted interest in quantum com-
putation. While topologically ordered states with anyons
allow for topological quantum computation [23-26], SPT
states with short-range entanglement can serve as resources
for measurement-based quantum computation (MBQC) [27-
31]. In this context, one of the notable SPT states is a
two-dimensional (2D) cluster state since it possesses univer-
sal computational power and relevant to a variety of noisy
intermediate-scale quantum platforms [32-36], where the ef-
fect of decoherence is crucial. This motivates the following
question: are there phase transitions in the 2D cluster state
under decoherence, and if so, do they signify transitions in the
computational capability of MBQC?

To address the above questions, we examine the influence
of local decoherence on a 2D cluster state, which is an SPT
state protected by the zero- and one-form symmetries. The de-

coherence is modeled by local bit-flip and phase errors, which
occur randomly with probabilities p, and p,, respectively. On
the one hand, our investigation shows that even the presence of
arbitrarily weak phase error can break the SPT order. On the
other hand, however, we find that a topological phase transi-
tion can occur at a nonzero bit-flip error rate, in which case the
transition can be understood as the paramagnetic (PM) to fer-
romagnetic (FM) phase transition in the corresponding clas-
sical spin model. These results are obtained by showing the
mapping between the Rényi entropies of the error-corrupted
mixed state and the partition functions of the Ising-type mod-
els.

To substantiate our results and characterize the topological
phase transition within the original quantum problem, we en-
counter two primary challenges. Firstly, the transformation
of the pure state into an error-corrupted mixed state can be
achieved through continuous unitary evolution involving an-
cilla qubits. As a result, no local order parameters are ex-
pected to exhibit singular behavior. Secondly, SPT phases
lack long-range entanglement, and there exist no readily avail-
able global measures to capture their entanglement structure,
such as the topological entanglement entropy being used for
detecting topological order. To address these challenges, we
employ the following three distinct diagnostic tools: 7) rela-
tive entropy between two decohered SPT states with different
topological edge states, ii) strange correlation function [37-
43] of the error-corrupted mixed state, and 4i¢) multipartite
negativity of the decohered SPT state on a disk, which is an
open-system analogue of multipartite entanglement entropy
[44—46]. Notably, these three measures possess the unique
property of being mapped onto certain observables within the
corresponding classical spin model and consistently exhibit a
phase transition at the same error rates. Our mapping thus pro-
vides a bridge between decohered mixed SPT states and clas-
sical statistical mechanical models, allowing us to elucidate
the nature of topological phases in open quantum systems.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the stabilizer Hamiltonian of the clus-
ter state on the Lieb lattice and analyze its symmetries, ground
states, and emergent boundary degrees of freedom. In Sec. I1I,



we investigate how local quantum channels alter the pure clus-
ter state and provide a perspective on the condensation of do-
main walls within the decohered mixed state. In Sec. IV,
we introduce three distinct diagnostic measures and eluci-
date their corresponding interpretations and phase transitions
within the framework of classical spin models. In Sec. V, we
give a summary of results and suggest several directions for
future investigations.

II. LATTICE MODEL FOR A 2D CLUSTER STATE

Lieb lattice is an edge-decorated 2D square lattice, which
has two inequivalent sub-lattices. Sub-lattice A is defined on
the vertex of a NV x N square lattice and sub-lattice B is de-
fined at the edges of the square lattice. We put a spin—% on
each of A and B, which is labeled by 7, and o, respectively;
see Fig. 1(a). A 2D cluster state is given by the ground state

of the following frustration-free stabilizer Hamiltonian:

Hester = — Z Av - Z 367 (1)

vEA eEB

where A, = 170Z 0f 07 of and B. = og7; 7;,. We note
that all A, and B, mutually commute with each other and
satisfy A2 = 1, B2 = 1. The ground state of Hcyyger under the
periodic boundary conditions (PBC) is uniquely characterized

by the conditions A, = B, = 1 forall v, e:

1+ A 1+ B
(PBC) v e
sser’ = 11 II— 2)
vEA eceB

The 2D cluster state is protected by Zgo) X Zél)

Here, Zgo) represents the global, zero-form symmetry defined
on the vertex sub-lattice A, which is generated by [], . 4 7
it can be viewed as an extension of the Z, symmetry in one-
dimensional cluster states. Meanwhile, Zgl) is a subsystem,
one-form symmetry defined for a loop on the edge sub-lattice

symmetry.
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FIG. 1. (Left) Schematic illustration of the 2D cluster state. The sta-
bilizer Hamiltonian (1) gives rise to the cluster state (also known as
a graph state). The blue line indicates a generator of Zgl) symmetry.
(Right) Emerging boundary spin degrees of freedom. The black lines
delineate the boundary of the Lieb lattice, and a localized spin—% can
be defined at each vertex along the boundary.

B [47-49], which is generated by [, ¢ 00p on 5 7% » leading to
an exponentially large number of the conserved charges in the
thermodynamic limit (see Fig. 1(a)).

A smoking gun of a pure SPT state is the emergence of
boundary degrees of freedom associated with the ground-state
degeneracy under open boundary conditions. We argue that
this defining feature should continue to be crucial in diagnos-
ing mixed-state SPT phases, even though the concept of the
ground state becomes ambiguious. In the case of a pure 2D
cluster state with a boundary O M, there exist 2/7MI (nearly)
degenerate ground states, where |-| represents the perimeter.
To define the corresponding boundary spin—% operators that
commute with Hcyyger, Wwe can introduce the following opera-
tors on the boundary vertices u (see Fig. 1(b)):

— 707, 05,0%,

=2 3)

u?

Yy _ Yz 2z
Ty = Tu0e,06y0¢,5

S
gn 88

where m, = (7%, 7Y, 7%)T obeys the algebraic relations of
the spin-%.

To proceed with our discussion, we need to specify a par-
ticular ground state. To be concrete, we choose a ground state
where 7 = 1 for all u,

PSPT = H 1+27Ti H 1+2Av H 1236, “4)
u€OM vEA e€B

while we emphasize that its choice does not affect our main
results; another ground state can be obtained simply by per-
forming a boundary flip with 72 = 72. Since we have the
relation B, = 1 within the ground-state subspace, we can
define the following string operator S,, - that simultaneously
flips two boundary spins on v and u’:

Suw =[] oF, (5)

e€Yyu!

where v, represents a string on sub-lattice B that connects
through o operators between the boundary spins 7, and 7.
Importantly, this operator satisfies

tr[psprSu,u Psp1Su,ur] = 0, 6)

which means that energetically degenerate SPT states with
different edge states are orthogonal to each other.

III. EFFECTS OF LOCAL DECOHERENCE

In this section, we model decoherence as the combination
of two local quantum channels which describe the single-qubit
flip or phase error:

ie A

1—pa T pTH

| (1= pa)p + paclpo?

with « € {z,z}. Here, p, and p, characterize the spin-flip
and phase decoherence rates, respectively. For the sake of
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FIG. 2. (Left) Schematic of the domain-wall (Dw) configuration ppw
where Pauli operators are explicitly shown while identities are repre-
sented by unlabeled markers. The green zone labels a domain wall.
(Right) Schematic of gauge (Ga) configuration pg.. The green zone
represents the Zs flux with g = —1.

simplicity, we assume that these rates take the same values on
both sub-lattices A and B. The resulting mixed state reads as:

pp = [[N7 o N¥ [pser]. (®)

In the rest of this section, we will present pp within the
framework of the domain-wall condensing picture by utiliz-
ing a summation over domain configurations. To this end, we
represent each of the products resulting from the expansion of
[I,ea(1+ A,) by a certain domain wall (Dw). Specifically,
suppose that either 7% or identity operator is assigned to every
vertex on A. If an edge connects two vertices, one carrying a
7, and the other an identity operator, we place o, on this edge.
Each corresponding configuration is then associated with pp,
(see Fig. 2(a)). As such, we can interpret this problem in terms
of a classical spin variable s by identifying 7% as s = +1 and
the identity operator as s = —1.

Similarly, each of the products obtained by expanding
[I.c5(1 + B.) can be considered as a certain gauge configu-
ration (Ga) on the dual lattice. Namely, either 0® or identity
operator is assigned to every edge on B, and if there are an odd
number of edge qubits surrounding a vertex qubit, we place a
77 on the vertex. Identifying each ¢” (identity operator) on B
as s = 1 (s = —1), we can interpret the corresponding con-
tribution pg, in terms of the gauge configuration where the
product of four classical spins {s;} on the square (J surround-
ing a vertex qubit 7, is constrained to be ¢ = [[5s; = —1
(see Fig. 2(b)).

The density matrix for the pure state then reads as:

1
PSPT = 557 > pow Y PGas )
Dw Ga

where the summations run over all possible domain-wall and
gauge configurations, and every term has the same coefficient.
The local quantum channels only change the coefficients be-

fore ppw and pg,. Specifically, the bit-flip error is given by

/\/;X[pr] _ {(1 _2px)pr

o7 € df)main wall (10)
PDw otherwise

1—-2p, 77 € vertex with flux —1
-/\[Z‘X[pGa] _ {( % )pGa

PGa otherwise
(11)

while the phase error is

1—2p, s; = 1 on vertex
N {ppu] = {( =)o . (12)
PDw otherwise

s; = 1 on edge

N [pea] = {(1 ~ 2pe)rs (13)

PGa otherwise

As a result, the decohered mixed state can be represented as
a superposition of operators where the coefficient before each
operator is determined from the corresponding classical spin
configurations. To see this, we can factorize pp into the con-
tributions associated with each of sub-lattices denoted by p?,
and p?B as follows:

1 _
o = sww 30— 200711~ 29 g
Dw
1 __ =
oB = s 00— 20971~ 2p.) ",
Ga

Here, |0D| represents the length of the domain wall, |s = +1]
is the number of classical spins having s = +1, and |¢ = —1]
is the number of fluxes having ¢ = —1. The coefficients for
each configuration can be related to statistical weights of a
classical spin model. Specifically, we have

pp = PHPD
x Z e_H'Si"g/2pr Z e_HG““ge/ngm (14)
Dw Ga

where both summations run over all the possible classical spin
configurations on a square lattice, and Hygng and Hgayge are
given by

Higng = —J Y sis;—h Y si, (15)
(i) i

Hgage = —UZsisjsksl — tZsi. (16)
O %

Here, we define the coupling strengths by J =
—In(1-2p;), h = —In(1-2p,), U = —In(1—2p,),
and t = —In(1—2p,). Consequently, the second-order
Rényi entropy of the decohered mixed state can be obtained
by

trp, = tr(pp)? tr(pP)? < Zising ZGauge: (17)

where Zygne, and Zgayge are the partition functions of Higng
and Hgauge, Tespectively. It is well-known that the 2D Ising



gauge theory (16) does not exhibit a phase transition be-
cause its Wilson loop operator always displays an area law
behavior, e WICl o e—AraofC  Ag such, nonanalytic be-
havior of the second-order Rényi entropy, if any, should be
attributed to the partition function of the Ising model, which
undergoes a phase transition between PM and FM phases at

pe = pP = V2L 01782 and p. = 0. Said dif-
ferently, this observation indicates that even arbitrarily weak
phase error p, > 0 can break the SPT order. In fact, our anal-
ysis is consistent with the fact that no SPT order is expected
when a state is protected solely by the average symmetries,
which are satisfied only after taking the ensemble average
over quantum trajectories [16] (see the discussion below and
Appendix A for further details). Since our primary focus is
on the decoherence-induced topological phase transition, we
shall assume p, = 0 and focus on the effects of the bit-flip
error from now on.

It is noteworthy that higher-order Rényi entropies could
also be factorized and mapped to classical partition functions
as follows:

rpy = t(pp)" w(pp)” < Z4ZE, (18)

where Z7 is the partition function of the (n — 1)-flavor Ising
model

n—1 n—1
In (@) (a) (@) (a)
Hn:—7§ O s s+ I s s, a9
(i) a=1 a=1

and Z73 is the partition function of the (n — 1)-flavor Ising
gauge model,

n—1 n—1
Hy = =S 68+ T o), (20)
a=1

O a=1

which exhibits no phase transition [50]. The critical deco-

herence error rate pi" associated with the (n — 1)-flavor
Ising model (19) monotonically increases with the replica in-
dex n [17, 18, 51]. In particular, in the limit n — oo, the
model becomes a solvable decoupled Ising model, for which
p§°°) = % ~ 0.2929. A quantum-information interpreta-
tion of this increasing sequence of critical error rates is that,
while qubit errors in general degrade the computational power
of the cluster state, more copies of the system can still provide
available resources. Nevertheless, there is ultimately a funda-
mental limit on the error rate, p£°°>, above which no matter
how many copies of the mixed state are available, one cannot
extract any quantum computational resource from them.

We here comment on the symmetries of the decohered
mixed state. Namely, in order to define a SPT phase in open
quantum systems, one must preserve all the relevant symme-
tries in a certain sense even in the context of a mixed state.
There are two ways to define a unitary symmetry for a density
matrix. The first way is the so-called exact or strong sym-
metry condition denoted by pp = U(gr)ppU'(gr), where
U(gr.r) are the unitary operators associated with g;, g € G.
This is the direct generalization of the symmetry condition for

a quantum state and guarantees that the symmetry is satisfied
for every individual quantum trajectory. The second one is re-
ferred to as the average or weak symmetry condition, which is
represented as pp = U(g)ppUT(g) with g € G [16, 52], and
this is the condition satisfied after taking the ensemble aver-
age over all trajectories. One can check that the mixed state
of our primary focus, namely, pp with p, = 0 and p, > 0,
satisfies the exact Zg]) X Zél) symmetry, while nonzero p,
immediately renders both symmetries average ones. We note
that a decohered SPT state with an exact-average mixed sym-
metry, such as Zgzvg X Zgl) or Zéo) X Zé}gvg, have been studied
in terms of strange correlation functions [15] and separability
[53]. We refer to Appendix A for further details about how
different quantum channels correspond to distinct symmetry
conditions.

IV. DIAGNOSTICS OF TOPOLOGICAL PHASE
TRANSITION

In the previous section, we discuss a phase transition in the
Rényi entropy of the decohered mixed state. However, it re-
mains unclear whether or not this nonanalytic behavior is ac-
companied by a topological phase transition. In this section,
we present three diagnostic methods for identifying the nature
of the SPT phase transition. In particular, we show that the
PM to FM phase transition found in the second-order Rényi
entropy indeed corresponds to the topological phase transi-
tion, where the PM (FM) phase in the classical spin model
is the SPT (trivial) phase in the quantum problem. Further-
more, diagnostic tests based on higher-order Rényi entropies
and replica limit will also be discussed.

A. Rényi relative entropy

The existence of nontrivial boundary states is one of the
defining features of SPT phases. As a diagnostic test for
SPT states in open quantum systems, we here examine the
fate of the boundary degrees of freedom in the presence of
decoherence. This can be achieved by measuring the differ-
ence between the decohered mixed state pp = N[pspr] and
ps = N[Su’u/pSpTS;i,], where we recall that S, , is the
string operator that flips two boundary spins 7 at u and u’;
see Eq. (5). For this purpose, we introduce the Rényi relative
entropy between pp and pg:

L topps!
1-n trp?,

D™(ppllps) = (21

When n is taken to be 1, Eq. (21) reproduces the von Neumann
relative entropy, D' (pp||ps) = S(ppllps) = trpp(Inpp —
In pg). In the absence of decoherence, D" (pp||ps) diverges
since pp and pg are orthogonal pure states. Under weak de-
coherence, we expect the boundary spins to be less localized
compared to those of the pure SPT state, and flipping two
boundary spins nearby would have negligible impact on the
system. In contrast, when |i — j| > 1, the boundary degrees



of freedom should still be distinguishable, and D™ (pp||ps)
is expected to diverge as |¢ — j| goes to infinity. Meanwhile,
in the topologically trivial phase without nontrivial boundary
spins, no matter how large |i— j| is, the relative entropy should
give a finite value. These distinct long-distance behaviors of
the relative entropy can be used as a diagnosis of the topo-
logical phase transition. We note that such disappearance of
distinguishable boundary states can be interpreted as a compu-
tational power phase transition in the context of MBQC since
the target qubits are decoding on the boundary of the 2D clus-
ter state.

Intriguingly, the Rényi relative entropy (21) can be mapped
to the logarithm of the boundary spin-spin correlation function
in the 2D Ising model. To prove the mapping, we firstly write
down the domain-wall expansion of pg:

1 _He
ps = gz D (~)FI e ol 2pn o8 (22)

Dw

where #S N Dw counts how many times the string operator
Sy, crosses the domain wall, which accounts for the sign
difference between the boundary spins s, and s,/. We then
get

n
woppy o 25 [ D0 (-0 et @3)
a=2 Pw(a)

where « is the replica index, and we use the fact that only

the terms satisfying [])_; pgi;) = 1 contribute to the trace.

Using the relation []"_,(—1)#SM0w™ — (—1)#8mow® _
51(})553,), aside an irrelevant constant term we obtain

1 ! (1) (1)~ H,
17n1n27228i s;e

1
= - 1n<8§1)3§‘1)>Boundary~ (24)

D" (ppllps) =

Here, we note that the string operator commutes with any term
in the gauge configuration, and the Ising gauge theory does
not contribute to the final result. Since the spin-spin correla-
tion function decays exponentially in the PM phase, the rela-
tive entropy D™ (pp||ps) is proportional to the distance |i — j]
between ¢ and j, indicating that the mixed state retains distin-
guishable boundary states. In the FM phase, in contrast, the
correlation function acquires a distance-independent constant
due to the long-range order, and the relative entropy has a fi-
nite constant even if |¢ — j| > 1, indicating that the mixed
state loses its boundary degrees of freedom.

B. Strange correlation function

Detecting SPT phases without open boundaries is rather
nontrivial since SPT phases are symmetry-preserved gapped
systems with only short-range entanglement. One possible
way for this is to use the strange correlation function. Specif-
ically, for a G-SPT phase, the strange correlation function is

defined by

trpo O
C = 0o P7
trpop

(25)

where p is a state to be detected, and pg = |Q2) with (Q] be-
ing a product state. The operator O itself carries a nontrivial
G charge or is the correlation of operators carrying nontrivial
G charge. The state p is trivial if the correlation function de-
cays quickly, while p is topological if the correlation function
saturates to a constant.

In our model, the symmetry G is Zgo) X Zgl); for the sake
of concreteness, we shall focus on the decoherence effect
on the one-form symmetry Z(Ql) here. The one-form charge
or one-form defect is carried by a string operator defined as
O = [].c, 0Z, where 7 is a loop on sub-lattice B. The Zgl)
charge associated with O is trivial (nontrivial) if the string
intersects with loop-like symmetry operators an even (odd)
number of times. As the reference product state, we choose

Q) = |1>®2N2 H—>®N2, where all the qubits on sub-lattice A
(B) satisfy 7, |+) = |+) (72]1) = |1)). The strange correla-
tion function of our model is then given by

_ trpo HCE’Y ngD

C
) trpopp

; (26)

which has an alternative expression in the corresponding clas-
sical model by

O(,Y) — eflaingfj:lsing/'y. (27)

Here, Figng/~ is the free energy of the modified Ising model
in which all the bonds crossing loop  are cut. This result
can again be proved by the domain-wall expansion. To do
so, we firstly move the quantum channel from pgérc) to po as
follows:

trpopp = N [PO]P(;BTC)

14+ (1—2pg)o?
— <\IISPT|H%
ecB

1+77
< [ =5 1%ser), (28)
vEA

where |WUgpr) is the unique ground state of the stabilizer
Hamiltonian under periodic boundary conditions. Since only
the configurations where o*’s form a closed loop and its inside
is filled with 7%’s contribute to the final result, we obtain

1
tpopp = gz (1= 2p2) P! o Zuing. (29)
Dw

Similarly, we can rewrite the numerator of Eq. (26) as

trpo, ON [pspr] =
1+o0f 1+ (1—-2p)o? 1+ 77
<‘1’spT|H 5 : H 5 2 H 5 [Wspr),
c€y c€B/y vEA

(30)



where B/~ denotes sub-lattice B without loop . If the do-
main wall does not intersect with , the probability of the do-
main wall appearing is related to the perimeter of the domain
wall, which corresponds to a coupling strength — In(1 — 2p,,)
in the Ising model. However, if the domain wall intersects
with the closed loop +, the part overlapping with ~ acquires
a factor of (1 — 2p,). This effectively sets the Ising coupling
strength to be 0; in other words, it divides the Ising model
along +y into two parts. Hence, we have

tTPOON[,OSPT} X leing/fyv (31)

which proves Eq. (27).

The consequence of Eq. (27) is readily apparent; in the
deep PM phase, the leading order of the free energy change
is AF = o(p2), and C() is almost insensitive to the length
of the loop, which is denoted by |v|. In the FM phase, in con-
trast, the Ising interaction contributes to the free energy of this
model, and the leading order becomes AF = O(]v|). Con-
sequently, C'(y) decays exponentially as || is increased. We
also demonstrate this by performing a classical Monte Carlo
stimulation of the free-energy excess in the Ising model as
shown in Fig. 3.

C. Multipartie negativity

As an alternative diagnosis of SPT phases in open quan-
tum systems, we finally discuss the multipartite entanglement
entropy, which is defined by I(L; R|M) = Spy + Svr —
Sy — Spavr where regions L and M are sufficiently sep-
arated; see Fig. 4. References [44-46] have proposed that
nonzero values of I(L; R|M) can serve as a means to detect
nontrivial many-body entanglement and distinguish between
SPT and trivial phases. It would be interesting to calculate
an entanglement measure similar to the multipartite entan-
glement entropy in the present setup if at all possible. For
this purpose, we introduce a multipartite negativity denoted

o Free energy without defect
« Free energy with y=10x10
«  Free energy with y=6x6 e

-=- p=pc

m
8

Free energy —F
g

\

0.05 0.10 015 0.20 025 030 035 0.40
Error rate p

FIG. 3. Monte Carlo computation of free energy is illustrated both
with and without bond crossing +. The red curve represents the free
energy of the original Ising model. The green and blue curves rep-
resent the Ising model with loop defects of sizes v = 10 x 10 and
v = 6 X 6 respectively. Simulations were conducted on a 20 x 20
lattice with 10° sampling iterations. There exist noticeable free-
energy differences in the FM phase with p, being high, while the
free-energy excesses vanish in the PM phase with a small error rate.

by N(L; R|M), which should serve as an open-system ana-
log of I(L; R|M). Below we demonstrate that the tripartite
negativity N (L; R|M) exhibits the singular behavior similar
to that of I(L; R|M) across the topological phase transition.
We note that Refs. [54-59] have also utilized the negativity to
study the topological phases of matter.

The negativity of a subsystem L is defined as follows [60—
62]:

ELp) =Mp"™ |1, (32)

where T, represents the partial transpose of all degrees of
freedom in subsystem L, and |[|-||; is the trace norm. Addi-
tionally, we consider a series of Rényi negativities

Tr(pTL )Qn

T (33)

2n
£ (p) =In
which reduce to the trace-norm negativity £, as n approaches
1 [63]. The Rényi tripartite negativity is then defined by
n 2n 2n 2n 2n
NEO(L; RIM) = 757 + R — €577 — E57p, (34
which serves as our detector for nontrivial topological phases.
We here note that, in general, phases with nonzero I(L; R|M)
or N(L; R| M) can belong to either topological or symmetry-
breaking phases [64]. Nevertheless, in our mixed state the
symmetry is always preserved, and nonzero information quan-
tities must always indicate the topological phases.

In a decohered mixed state, Egn) can be given by the free-
energy excess in the corresponding classical model where a
constraint is added on the Ising model such that no domain
walls are allowed to cross the boundary of subregion L:

ECM = AFL. (35)

To prove the relation, we again expand the density matrix in
the domain-wall picture:

plr = Z z:(_1)y(pmpc,u)prpGae—HGuuge/2—Hmng/27 (36)

Dw Ga

FIG. 4. Cuttings of a 2D disk into three parts L, M and R where L
and R are well separated. [; and > label the lengths of cutting lines.



where y(ppwpca) is the number of the Pauli Y operators in the
region L, and we use the fact that only the Pauli Y operators
contribute to the partial transpose. For the sake of simplicity,
in the rest of this section, we set the error rates of sub-lattice
L to zero or, equivalently, the interaction strength U in Hg,yge
to zero, which allows us to calculate the summation exactly;
we note that this assumption does not affect our conclusions
that are independent of the details of the Ising gauge partition
function. Accordingly, we get

twr(pp )" = Z(_l)nz: vlon v YTzt iy Py ) = Hn
Dw Ga
(37

To rewrite the expression, we introduce sgn(pi, p2) = +1
depending on the commutation relation of p; and p, in the
subregion L, where sgn(pi,p2) = 1 if p; commutes with
p2; otherwise sgn(p1,p2) = —1. Utilizing the fact that
(—1)¥(err2) = (—1)¥(P1) (—1)¥(P2)sgn(py, p2) and all ppy or
pGa commute with each other, we have

n—1 n—1
wlop )" =33 1 TI sl p e
Dw Ga a=1la'=1l,a/#«a

(38)

The summation 3¢, [T} Zle17a,¢asg11(p]()(37p(c(z,)) can
be done by noticing that pp,, and pg, always commute. So
sgn will always be +1 if pg, does not cross the boundary of
L; otherwise the sign fluctuation will force the summation to
be zero. As a result, we get

n—1 n—1 n—1
SIL T sento) o)) o TL ot 1) 39)

Ga a=1la'=1,a'#a a=1

We note that §( pgv)v, L) is equal to 1 if no domain walls cross
the boundary of region L. This can be interpreted as a con-
straint on the Ising model. Denoting the partition function of
the Ising model with this constraint by 2, we finally obtain
Eé%) (p) =In % = AJFr, which proves Eq. (35).

In our model, the negativity of the entire system con-
sistently remains zero, i.e., 5221&)3 = 0. Additionally,
Refs. [18, 65] have argued that the leading-order in the ex-
cess free energy AJFy, is directly proportional to the length
of OL in both PM and FM phases for a large enough subre-
gion L satisfying |0L| > &, where ¢ is the correlation length
[66]. The leading contribution thus satisfies the area law; for
instance, 522”) =cly and Sj(\jn) = ¢(ly + l2), where I (I2) is
the perimeter of the boundary between L and M (M and R)
and c is some constant [67]. Meanwhile, the topological na-
ture manifests itself as the nontrivial subleading contribution
to the excess free energy. Namely, in the PM phase, there is
an additional crucial contribution from the boundary entropy,
which is — In 2, as the spins on the boundary can be either up
or down. In the FM phase, however, all spins must align with
the same direction since it is not allowed to have a fluctuating
domain wall when the size of domain wall is larger than the

correlation length £. All in all, we finally arrive at the follow-
ing conclusion:

0 FM phase

; (40)
In2 PM phase

NCY(L; RIM) = {

which implies that the multipartite negativity can indeed play
the role as a probe of the SPT order in mixed states, in a sim-
ilar manner as the multipartite entanglement entropy does in
the case of pure states.

V. CONCLUSION

In this article, we explore a topological phase transition of
a 2D cluster influenced by local decoherence. We find that
the 2D cluster state under the bit-flip error can represent a
SPT phase protected by the exact or strong Zéo) X Zgl) Sym-
metry. This work, combined with previous studies[15, 53],
contributes to a systematic understanding of how 2D clus-
ter states endure under decoherence and aid the transition
between pure-state SPT and average SPT orders. Further-
more, we map the decohered cluster state to Ising-like mod-
els, which significantly simplifies the calculations of various
SPT diagnostics motivated by different perspectives, translat-
ing the original quantum problems into analytically tractable
statistical mechanical models.

Our model demonstrates the transition of 2D bosonic SPT
order under the influence of local quantum errors. The theory
underlying such states is of particular importance, as it attracts
significant interest in the context of noisy intermediate-scale
quantum platforms, which aim to realize various topologi-
cal phases even in the absence of quantum error correction.
There, it will be crucial to identify operational quantities that
are nonlinear functions of the density matrix. It is also natural
to explore whether or not there exist critical behaviors beyond
the currently known universal classes. Moreover, the develop-
ment of a quantized entanglement index [68—70] for detecting
SPT order in open systems remains an open area of research.

Another exciting avenue for further exploration is the realm
of decohered fermionic systems. It merits further study, for in-
stance, to explore the behavior of free fermions in the 10-fold
way [71] under decoherence. It is plausible to hypothesize the
emergence of diverse symmetry-preserved decoherence chan-
nels for topological insulators and superconductors. Mean-
while, the original gapless topological phase transition points
may also change by decoherence in a nontrivial manner, po-
tentially leading to a richer understanding of critical behaviors
in open quantum systems [72, 73].
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Appendix A: Symmetry conditions of quantum channels

In this appendix, we review different symmetry conditions
for the density matrix and examine them in the decoherence
models, particularly those involving only phase and qubit er-
rors. This analysis is conducted from the perspectives of
mixed states and Kraus operators, similar to analyzing the
symmetry of pure states from state and Hamiltonian perspec-
tives, respectively.

* Average (weak) symmetry condition: Consider a state
|¥) in Hilbert space with a symmetry group G. When
a group element g acts unitarily on |¥), the transfor-
mation is |¥) — U(g)|¥). For a density matrix p, a
natural assumption is the action of U (g) and its adjoint
U'(g) on p, leading to

p="U(g)pU'(g).

This is known as the average or weak symmetry condi-
tion as it holds true only after taking the ensemble av-
erage in general. We note that a weak symmetry alone
is not expected to support any SPT state because the
sum of cohomology classes corresponding to U(g) and
Ut (g) is always zero.

(A1)

Exact (strong) symmetry condition: To define SPT
phases in open quantum systems, a stronger symmetry
condition is required. Specifically, one can consider the
left and right operations separately, represented as

p= U(QL)PUT(QR%

where g7, g € G. We note that, for a pure state density
matrix p = |U)(¥|, Eq. (A2) is nothing but the usual
symmetry condition for a state vector.

(A2)

To discuss how different symmetry conditions apply to
quantum channels given by completely positive trace preserv-
ing (CPTP) maps with symmetry (G, we consider the action
of Kraus operators K, on the pure state p = |¥)(¥|, where
the transformation of the state by a CPTP map is given by

* Average (weak) symmetry condition: Here, the com-
bined action of all Kraus operators should respect the
symmetry of the original state. This implies that the re-
sulting state after the CPTP map should remain invari-
ant under the group G. The condition can be expressed
as:

Ul(g) <Z KapKl> Ul(g)=> KapK] VgeG.
a o (A3)

In the basis of Karus operators, it can be shown that
U(9)Ky = €% K, U(g) (A4)

where the phase factor can’t be canceled by redefinition
of U(g).

Exact (strong) symmetry condition: In this case, each
Kraus operator must individually respect the symme-
try. Specifically, each of { K, } must commute with the
symmetry operation for all g € G as follows:

U(g)Ka = KaU(g) Va,Vg €G (AS)
This ensures that every quantum trajectory in the quan-

tum channel preserves the symmetry.

Reference [11] has shown that the strong symmetry condi-
tion can protect SPT phases in open quantum systems, with
classification given by H?+1(G,U(1)), where G is the full
symmetry group. Moreover, Ref. [16] has proposed that a
combination of the average (weak) and exact (strong) symme-
tries can still protect SPT phases, with cohomology classifica-
tion given by Zﬁii HIFI=P(G,HP(K,U(1))), where G is
average and K is exact. We remark that the models studied
in Refs. [15, 53] exhibit SPT phases protected by such mixed
average-exact symmetry, where phase error is acted on either
of vertex or edge qubits in the 2D cluster state. Meanwhile,
in the setup discussed in Sec. IV of the present work, bit-flip
error is acting on all qubits and, consequently, the SPT phase
is protected by the exact symmetry. For the sake of complete-
ness, we shall discuss this point in more detail below.

* Bit-flip error: The density matrix for a state under bit-
flip errors is given by

A B — Hiing /2 — Hising Gauge / 2
pp = pppp =Y e m/2pp N " e o2 g,
Dw Ga

where h and ¢ in Eq. (16) are set to be zero. First,
we consider the Zéo) generator, which transforms pp
as pp — [l,ea 7o pp. The operation [, . 4 75 ppw Te-
sults in a domain wall configuration where all 77 are
transformed to identity, and identities on vertices are
transformed into 7. In the classical Ising model, this
operation flips all Ising spins. When the magnetic field
h is zero, the energy before and after the flip remains
the same, leaving > e~ /2 pp unchanged. As a
result, the left group action alone does not change the
state pp, since pg pB commutes with each other’s right

group action. Similarly, a Zél) generator acting on the
gauge configuration [, ¢jo0p on 3 ¢ PGa ONly shifts the
Zo flux in the corresponding Ising gauge theory from
one place to another, resulting in a new state with the
same energy. This fact can be easily verified from the
Kraus operators’ perspective, as every local quantum
channel can be decomposed into K 11 =1 —p.l; and
K? = \/pzo? /¥, all of which should commute with
the generators containing only Pauli X operators re-
spectively.



* Phase error on sub-lattice A (vertex qubits): With
phase errors acting only on sub-lattice A, the density
matrix is given by

PD = pgpg = Z e % Ppw Z PGa-
Dw Ga

When the Zgo) generator acts on pp, from either
left or right, it will change ) .s; and result into
a different state, i.e., [[,ca 78 Y py € "2 % ppy #
S b € X% ppy. To keep this term invariant, we
need to act the symmetry generator from both left and
right, ie., [[,ca7d > pw e hisippy, [loea™™ =
> pw € 2% ppy,. Thus, the zero-form symmetry is
average, while, from the similar discussion in the case
of bit-flip error above, one can check that the one-form
symmetry is exact. The resulting SPT phase is protected

0 1
by Z8) @ 7).

2,avg

* Phase error on sub-lattice B (edge qubits): With
phase errors acting only on sub-lattice B, the density
matrix is given by

pp = pPeD =Y _ pow e i pg,.

Dw Ga

It is evident that Zgo) remains invariant under both left

and right actions. Meanwhile, the Zél) symmetry gen-
erator flips s; in the corresponding classical Ising model
and changes the coefficient e 7t 2 % before pg,. To re-
store the symmetry, we need to act the one-form sym-
metry generator on both the right and left sides simul-
taneously, rendering the one-form symmetry average.

The resulting SPT phase is protected by Zéo) ® Zgzvg.
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