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FINDING PRODUCT SETS IN SOME CLASSES OF AMENABLE GROUPS

DIMITRIOS CHARAMARAS AND ANDREAS MOUNTAKIS

ABSTRACT. In [KMRR22], using methods from ergodic theory, a longstanding conjecture of Erdés
(see [Erd73, Page 305]) about sumsets in large subsets of the natural numbers was resolved. In
this paper, we extend this result to several important classes of amenable groups, including all
finitely generated virtually nilpotent groups, and all abelian groups (G, +) with the property that
the subgroup 2G := {g+ ¢ : g € G} has finite index. We prove that in any group G from the above
classes, any A C GG with positive upper Banach density contains a shifted product set of the form
{tb;b;: i < j}, for some infinite sequence (byn)nen and some ¢t € G. In fact, we show this result for
all amenable groups that posses a property which we call square absolute continuity. Our results

provide answers to several questions and conjectures posed in [KMRR23].
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1. INTRODUCTION

In [KMRR22], Bryna Kra, Joel Moreira, Florian K. Richter and Donald Robertson, using meth-
ods from ergodic theory, proved that every subset A of the positive integers with positive upper
Banach density contains {b; + by + t : by # by € B} for some infinite set B C A and some ¢t € N.
This resolved a longstanding conjecture of Erdés (see [Erd73, Page 305]).

A natural question to ask is whether this result generalizes to other countable groups, such
as Z% for d > 2 or the discrete Heisenberg group, for example. The purpose of this paper is
to extend the result in [KMRR22] to several important classes of amenable groups, including all
finitely generated virtually nilpotent groups and all abelian groups (G, +) with the property that
the subgroup consisting of the elements 2g := g + g, where g € G, has finite index. To this end,
we first extend the result to all amenable groups satisfying a property that we call square absolute
continuity (see Definition 1.4). Then we show that our result applies to the aforementioned classes
of groups, by showing that they are (virtually) square absolutely continuous. Our main results
provide partial answers to some questions and conjectures posed in [KMRR23] regarding product
sets in large subsets of amenable groups.

Throughout, let G denote a countable group. Let us start with some basic definitions.

Definition 1.1. Let (G,-) be a group. A sequence ® = (®y)yen of finite subsets of G is:

e a left Folner sequence, if it satisfies

. lgenn@N| ) . |g®enAPN|

lim =———— =1 or equivalently, lim ——— =0
N—00 |<I>N| N—o0 |(I)N|

for any g € G, and

e a right Folner sequence, if it satisfies
dygN O DngAD

lim M =1 or equivalently, lim M =0
N—o0 ’(I)N’ N—o0 ‘(I)N‘

for any g € G.

If both conditions are satisfied, then ® is a two-sided Falner sequence.

We remark that if a group admits a left (or right) Felner sequence, then it admits a two-sided
Fglner sequence. Amenable groups, which are the central object of our study, are defined as follows:

Definition 1.2. A group (G, -) is called amenable if it admits a left Fglner sequence.

The most common example of an amenable group is Z¢, for any d € N. Other examples of
amenable groups are finite groups, abelian groups, solvable groups and finitely generated groups of
subexponential growth. In addition, products of amenable groups, and virtually amenable groups
are amenable. Fglner sequences are useful to define notions of density in amenable groups.
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Definition 1.3. Let (G,-) be an amenable group, ® a left (right) Felner sequence, and let A C G.
Then the left (right) upper density of A with respect to ® is defined as

_ ANd
dg(A) := limsup M
Nooo PN
We say that A has positive left (right) upper Banach density if it has positive left (right) upper
density with respect to some left (right) Felner sequence. We also say that A has positive upper

Banach density if it has positive upper density with respect to some two-sided Fglner sequence.

Note that if G is an amenable group, and A C G has positive left upper Banach density, then
this does not necessarily mean that A has positive right upper Banach density.
Given a group (G, ), for any g,h € G, Given a sequence B = (b, )neny C G, we define

B@B::{bibji’i<j},

B B :={bb; :i > j}.
and

B ® B = {bjbj :i # j}.
If G is abelian then B« B = B> B = B® B, which we also denote by B @ B if the group operation
in G is written using additive notation. We refer to the map sg : G — G,sg(g) = ¢?, as the
squaring map on G. The image of this map is the subset of G consisting of all the elements of the

form g2, where g € G. We denote this by G2, i.e. sg(G) = G?, and we often refer to it as the
subset of squares.

Definition 1.4. Let G be an amenable group and ¢ : G — G be a map. We say that G is ¢-
absolutely continuous if G admits two Folner sequences ® = (P )yen and U = (V) yen satisfying
the following: for any e > 0 there exists some ¢ > 0 such that for any v : G — [0, 1] satisfying

limsup —— Z
N—soo \‘PN\ frryl
we have that
lim sup Z
N—oo
gE‘PN

If, in particular, ¢ = sg, then we say that G is square absolutely continuous.
1.1. Main results. The first main theorem of this paper is the following:

Theorem 1.5. Let G be a square absolutely continuous group and A C G with positive left upper
Banach density. Then there exist an infinite sequence B = (by)neny C A and some t € G such that

B<aBCtA.
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Theorem 1.5 provides a positive answer to [KMRR23, Question 5.16], with the extra assumption
that G is square absolutely continuous, and under the weaker assumption that the set A has positive
left upper Banach density, instead of positive upper Banach density.

Remark 1.6. Note that Theorem 1.5 immediately implies an analogous result for right upper Ba-
nach density instead of left upper Banach density. Indeed, through the map g — ¢!, Theorem 1.5
is equivalent to the assertion that for any A C G with positive right upper Banach density, there
exists an infinite sequence C' = (¢ )neny C A and some r € G such that

CrC c Arh

Before continuing, let us recall the following definitions for a group G:

e (G is nilpotent if its lower central series is finite, that is to say
G=GODG11>---I>Gn = {eg},

where G411 := [G;,G] is the commutator group of G; and G, i.e., the subgroup of G
generated by the elements of the form hgh™'g™!, where h € G;,¢ € G.

o (G is finitely generated if there exist g1, ..., g, € G such that any element of G can be written
as product of g1,...,gn.

e (G is torsion-free if it does not have any non-trivial element of finite rank, that is to say, for
any g € G with g # eq and any n € N, we have ¢" # eq.

e If P is a property of groups, then we say that a group G is virtually P if it has a finite-index
subgroup that has the property P.

In any finitely generated nilpotent group G, there exist some s € N (depending on the degree of
nilpotency and the number of generators of ), some a; € G and some functions ¢; : G — Z, for

?(x) o at@ . The s-tuple (aq,...,as) is a

1 < < s, such that any = € GG can be written as x = a
Mal’cev basis and the s-tuple (t1,...,ts) is a Mal’cev coordinate system with respect to this Mal’cev
basis. If G is also torsion-free, then the coordinate maps are injective and hence we can identify G
with Z° and it is convenient to also identify any x € G with its coordinates (¢1(z), ..., ts(x)) € Z°.

The above facts about Mal’cev bases can be found in [KM79, Chapter 17.2].
Theorem 1.7. Every torsion-free finitely generated nilpotent group is square absolutely continuous.

Combining Theorems 1.5 and 1.7 we have that every torsion-free finitely generated nilpotent
group satisfies the conclusion of Theorem 1.5. In fact, we prove the following slight strengthening:

Corollary 1.8. Let G be a torsion-free finitely generated nilpotent group and A C G with positive
left upper Banach density. Then there exist an infinite sequence B = (by)neny C A and some t € G
such that

B<aBCtA.
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Moreover, given a Mal’cev coordinate system (t1,...,ts) on G, we can choose B so that the following
holds: for any finite set C C Z and any 1 <1i < s, the set {b € B: t;(b) € C'} is finite.

Furthermore, we are able to extend the first statement of Corollary 1.8 to all finitely generated
virtually nilpotent groups.

Corollary 1.9. Let G be a finitely generated virtually nilpotent group and A C G with positive left
upper Banach density. Then there exist g € G, an infinite sequence B = (bp)neny C g~ 1A, and
some t € G such that

B<«BcCt A

In particular, this holds for the group UT(n,F)', where n € N and F is any infinite, finitely
generated field.

Remark 1.10. Note that the class of finitely generated virtually nilpotent groups coincides, in
view of Gromov’s theorem, with the class of finitely generated groups of polynomial growth.

The final part of this subsection is concerned with sumsets in abelian groups. Let G = (G, +)
be an abelian group. We write 2¢g to denote the element g + g, for any g € G. Moreover, we refer
to the map sg : G — G as the doubling map and its image is now the subgroup of G consisting of
all elements of the form 2g, where g € G. We denote this subgroup by 2G, i.e., s¢(G) = 2G, and
we often refer to it as the doubling subgroup.

In [KMRR23, Conjecture 5.14], it is conjectured that in any countable abelian group G, every set
of positive upper Banach density contains a set of the form B® B+t = {by +bs +t: by # by € B}
for an infinite set B C G and some t € G. It follows from Corollary 1.9 that this conjecture holds
under the additional assumption that G is finitely generated, and moreover, it extends [KMRR22,
Theorem 1.2] from (N, +) to all finitely generated abelian groups. In fact, we are able to verify
[KMRR23, Conjecture 5.14], and hence extend [KMRR22, Theorem 1.2] to an even larger collection
of abelian groups, that contains all the finitely generated abelian groups along with some infinitely
generated ones. The following theorem allows us to do so:

Theorem 1.11. FEvery abelian group whose doubling subgroup has finite index is square absolutely

continuous.
The following corollary is an obvious consequence of Theorems 1.5 and 1.11:

Corollary 1.12. Let (G,+) be an abelian group such that 2G is a finite-index subgroup of G, and
let A C G with positive upper Banach density. Then there exist an infinite set B C A and some
t € G such that

BeBCA-t

LUT(n, F) is the unitriangular n x n matrix group with entries from F. Note that U(3,Z) is the well-known 3 x 3
Heisenberg group.
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In particular, this holds for:

e all finitely generated abelian groups,® and
e all (infinitely generated) abelian groups of the form (I}, +),3 where p is any odd prime.

Corollary 1.12 is in fact optimal, in the sense that 2G being a finite-index subgroup of G is a
necessary assumption. As shown in a recent paper of Ethan Ackelsberg [Ack24], if 2G has infinite
index in GG, then one can always find a set A with upper Banach density arbitrarily close to 1 which
does not contain any shifted sumset ¢ + B & B of some infinite set B.

We remark that Corollary 1.12 can also be proved independently of Theorem 1.5, meaning
that, by slightly modifying the proof of Theorem 1.5, one can directly obtain the result for abelian
groups with finite-index doubling subgroup without showing that such groups are square absolutely
continuous.

1.2. More product sets and open questions. The following remark shows that in the for-
mulation of Theorem 1.5 one can replace left shifts with right shifts and the statement remains
true.

Remark 1.13. Let G and A be as in Theorem 1.5. Then there exist some t € G and some
B = (by)nen C tAt~! such that
B<BcC At

To see why, let B’ C A and ¢t € G such that B’ B’ C t~'A, as guaranteed by Theorem 1.5, and
then let B = tB't~1.

Aside from replacing left shifts with right shifts, it is also natural to ask whether one can replace
product sets of the form B <@ B with those of the form B » B, and additionally when the restriction
B C A can be imposed. The following table addresses this question in the case when G is a square
absolutely continuous group.

Table 1: Product sets in sets of positive left upper Banach
density

BaB Ct A, for BC A | True (Theorem 1.5; for dg(A) > 0 for some left Fglner ®)

B< B C At~ for B C G | True (Remark 1.13; for do(A) > 0 for some left Fglner ®)

BaB C At™!, for B C A | False (Example 6.1; with dg(A) > 0 for some left Fglner ®)

2t is not hard to check that in finitely generated abelian groups, the doubling subgroup has finite-index.
315';” is the direct product of infinitely many copies of F, = Z/pZ, and it is clearly infinitely generated abelian.
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By B Ct !A, for BC G | False (Example 6.2; with dg(A) = 1 for some left Fglner ®)

BB C At~!, for B C G | False (Example 6.3; with dg(A) = 1 for some left Fglner ®)

The above table shows that Theorem 1.5 is optimal for sets of positive left upper Banach density
in non-commutative groups, in the sense that it is not necessarily true that one can find a product
set of the form B ® B (or even B » B) inside shifts of such sets. In addition, we remark that the
table above provides a partial answer to [KMRR23, Question 5.19].

It remains interesting to ask whether product sets of the form B @ B can be found in sets with
positive upper Banach density. Unfortunately, our methods here are insufficient to handle this case.
In this spirit, we conclude this section with the two questions below. We remark that the second
one is a special case of [KMRR23, Question 5.17].

Question 1.14. Let G be a square absolutely continuous group and A C G be a set of positive
upper Banach density. Is it true that there exists some set B C G such that

BoOBCt AU Ar?
for some t,r € G?

Question 1.15. Let G and A be as in Question 1.14. Is it true that there exists some set B C G
such that

BoBct tAr!

for some t,r € G?

1.3. Proof ideas. To prove Theorem 1.5, we follow an ergodic-theoretic approach and we employ
ideas similar to the ones used in [KMRR22] in the setting of (N,+). This approach is based
on methods that were introduced in [KMRR24]| to generalize another sumset conjecture of Erdds,
which was initially proved in [MRR19] by Moreira, Richter and Robertson. However, the generality
of the setting of amenable groups compared to (N, +) causes several issues and complications that
we need to handle differently. These issues, along with the new ideas we develop to deal with them,
are briefly discussed below.

After translating Theorem 1.5 into a dynamical statement (see Theorem 3.8), we reduce the
problem to finding certain dynamical configurations given by limit points of orbits of ergodic
measure-preserving G-actions, called Erdds progressions (see Definition 3.2). The natural envi-
ronment in which one can study such progressions is the Kronecker factor of a system, as Erdds
progressions are simply 3-term arithmetic progressions there.

One of the main obstructions we had to overcome in our proof is the lack of commutativity of
G. The most notable among the issues that this leads to is that the Kronecker factor does not
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have the structure of an abelian group, but instead, it is a homogeneous space Z = K/H, for some
compact group K. This makes the study of Erdos progressions more technically challenging. To be
more precise, the abelian nature of the Kronecker factor in the setting of (N, 4)-actions is heavily
used in [KMRR22]. Consequently, due to the absence of commutativity in our case, many of the
techniques in [KMRR22] do not generalize easily to our setting. Another difficulty that arises in
non-commutative groups is the erratic behavior of the set of squares G2. In particular, orbits of
points along G? may be trapped in zero-measure regions, which causes serious trouble in finding
Erdés progressions. The assumption that G is square absolutely continuous is critical in avoiding
this scenario. In addition, we need an extension of a result of Host and Kra ([HK09, Proposition
6.1]) concerning actions of (N,+), to the more general setting of amenable group actions (see
Lemma 3.5, proof in Appendix A).

Acknowledgements. We would like to thank Joel Moreira and Florian K. Richter for their
insightful suggestions, beneficial comments and constant support throughout the writing of this
paper. We also want to thank Ethan Ackelsberg and Felipe Hernandez Castro for their useful
comments on earlier drafts of this paper.
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grant TMSGI2-211214. The second author is supported by the Warwick Mathematics Institute
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Chancellors’ International Scholarship scheme.

2. PRELIMINARIES

In this section, we state all the preliminaries that will be useful in the rest of the paper regarding
classic notions and theorems of ergodic theory of actions of amenable groups. So, for the rest of
the section, G' denotes an arbitrary countable and discrete amenable group.

Basics on G-systems: Given a compact metric space X = (X,dx), a continuous action T =
(Ty)gec of G on X is a collection of continuous functions T, : X — X such that for any g1, g2 € G,
Ty, 0Ty, = T4 4,. Given such an action, we call the pair (X,T’) a topological G-system.

Given a topological G-system (X,T') and a point x € X, we define its orbit as Op(x) = {Tyx :
g € G}, and we say that the point is transitive if Op(z) is dense in X.

Fix a topological G-system (X,T). Let M(X) denote the space of Borel probability measures
on X, equipped with the weak* topology, which is compact and metrizable. A measure u € M (X)
is said to be T-invariant, if it is invariant under Ty for all g € G. The subset of M (X) consisting
of T-invariant measures is denoted by M7 (X), and it is a closed and convex subset of M (X). The
Borel o-algebra on X is denoted by Zx or just 4, if no confusion may arise.

For € M7 (X), the action T on the Borel probability space (X, x1) is called a measure-preserving
G-action and (X, pu,T) is called a measure-preserving G-system. Note that we omit writing the
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symbol for the o-algebra, and from now on, whenever this happens, the implied o-algebra will be
the Borel. For simplicity, we refer to the above as G-actions, and G-systems, respectively.

Given a G-system (X, u,T'), one can define an action, which by abuse of notation will again be
denoted by T = (T,)geq, of G on L*(X) by T, : L*(X) — L*(X), T,f = f o T,. It is not hard see
that for all g € G, T}, is an isometry of L?(X). Note also that since G acts from the left on X, then
G acts from the right on L?(X).

We remark that we are only considering G-systems where G acts on the prescribed space from
the left, and then any associated Fglner will be considered left, without mentioning it, unless it is
necessary.

Product G-system: Given two G-systems (X, u, T) and (Y, v, S), we define the product G-system
(X xY,uxv,T xS), where the underlying o-algebra is the product of the Borel o-algebras on X
and Y, which coincides with the Borel o-algebra on X x Y, and the action is T x S = (T, X Sg)gec-
Factors of G-systems: Given two G-systems (X, pu,T) and (Y,v,S), we say that (Y,r,S) is a
factor of (X, pu,T) if there exists a measurable map 7 : X — Y, which we call a factor map,
satisfying: (7 'E) = v(E) for any measurable E C Y and for any g € G, 10T, = S;om -
almost everywhere on X. When the former is true, we say that v is the push-forward of © under
m, and we write 7 = v. When, additionally, the factor map 7 is continuous and 7 o Ty, = S, o7
holds everywhere on X for any g € G, we say that 7 is a continuous factor map and (Y,v,S) is a
continuous factor of (X, pu,T).

Ergodicity and ergodic theorems for G-systems: A G-system (X, pu,T) is called ergodic if
for any measurable set A the following holds:

1y _ _ _
T, A=Aforallge G = p(A)=0or u(A)=1.

Given a G-system (X, u,T), let </ be a sub-o-algebra of %. For f € L*(X, u), the conditional
expectation of f on <, denoted by E,(f | 47), is defined as the orthogonal projection of f on the
closed subspace L%(X, .7, 1) of L?(X, ). We also denote the sub-c-algebra of the T-invariant sets
by Z = Z(T); that is,

I=I(T):={E€®:T,'E=E forall g€ G}.

Theorem 2.1 (Mean Ergodic Theorem for G-systems, see [Gla03, Theorem 3.33]). Let (X, u,T)
be a G-system, and let ® be a Folner sequence. Then, for any f € L*(X),

. Z Tof = Eu(f 1)

|DN| ol

as N — oo in L*(X). In addition, if the system is ergodic, the ergodic averages above converge to

Jx [ dp.

Measure disintegration and ergodic decomposition: When X is a compact metric space,
the space M (X) of Borel probability measures on X can be endowed with a o-algebra M such that
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the space (M(X), M) is a standard Borel space. The following theorem about disintegrations of

measures is very useful.

Theorem 2.2 (Disintegration of measures, see [HK18, Chapter 2, Section 2.5]). Let X be a compact
metric space, B the Borel o-algebra on X and p a probability measure on (X, %B). Let also 9
be a sub-o-algebra of . Then there is a (2, 1)-almost everywhere defined and measurable map
(X,2) - (M(X),M), &+ uy with the following properties:
e For every f € L'(X,p), the function  — [y f dug is in LY(X, 2, ), and for all D € 9,
we have [, f dp = [, (fo d,um) dp(z). In particular, this implies that [y f dp, =
E.(f | 2)(x) for (2, p)-almost every x € X.
* pe([z]g) =1, where [x]g = NyepegD.
The map satisfying the above properties is unique modulo (2, u)-null sets, and is called the disin-
tegration of the measure p over the sub-o-algebra &. In that case, we write p = fX g dp(x).

In this paper, we will extensively make use of disintegrations over (continuous) factor maps. Let
m: (X,u, T) = (Y,1,5) be a factor map between two G-systems. In the setting of Theorem 2.2,
let 2 = 771 (By), where By is the Borel o-algebra on Y. Then Theorem 2.2 gives a disintegration
y = piy defined on Y, which is unique up to v-null measure sets, and satisfies the following:

e for v-almost every y € Y,
(21) B 1Y) =Bl | 2)0) = [ f duy,

e for v-almost every y € Y, p, (771 ({y})) = 1, and finally,
e for any g € GG and for v-almost every y € Y, (Ty)py = ps,y-

Let (X, u,T) be a G-system. Consider the (unique) disintegration of p with respect to Z = Z(T)
given by Theorem 2.2. This disintegration is called the ergodic decomposition of u. Equivalently,
we say that the disintegration z — pu, is the ergodic decomposition of u, if for any f : X — C
measurable and bounded,

(2.2) /X f e = B,(f | T)(@)
holds for (Z, u)-almost every z € X.

Theorem 2.3 (Ergodic decomposition of G-systems, see [Gla03, Theorem 3.22]). If (X, u,T) is
a G-system as above, then for (Z,u)-almost every x € X, the measure p, is T-invariant and the
system (X, pz, T) is ergodic.

Generic points and the support of a measure: In addition, we will need the notion of generic

points:
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Definition 2.4. Let (X, u,T) be a G-system and let ® be a Fglner sequence. A point a € X is
called generic for p along @ if for all f € C(X) we have

. 1
A}E}noo@ Z f(Tga):/Xf dp

gedN

or equivalently if

where §, is the Dirac mass at € X and the limit is in the weak® topology. If a is generic for pu
along ®, then we denote this by a € gen(u, ®).

Moreover, we will need the notion of the support of a measure. The support of a Borel probability
measure p on a compact metric space X is the smallest closed full-measure subset of X and is
denoted by supp(p). We will need the following lemma, which says that generic points for a
measure have dense orbit in the support of the measure. Its proof is quite standard, and we only
include it for completeness.

Lemma 2.5. Let (Y,v,S) be a G-system and let y,w € Y. Ify € gen(v,®) for some Folner
sequence ®, and w € supp(v), then Sy, y — w, for some infinite sequence (gn)nen in G.

Proof. Fix a compatible metric on X and let B(w,e) be the open ball centered at w with radius
€ > 0 with respect to this metric. By Urysohn’s lemma, for every € > 0 there exists a continuous
function f: X — [0,1] with f =1 on B(w,e/2) and f = 0 outside B(w,¢). Since w € supp(v), it
follows that fY f dv > 0. Now, using that y € gen(v, ®), we have that

which implies that Sgy € B(w, ) for infinitely many g € G. The result then follows. g

We will also make use of the following result of Lindenstrauss:

Proposition 2.6 (see [Lin99, Theorem 1.2 and Proposition 1.4]). Let (X, p,T) be a system and ®
be a Folner sequence in G. Then there is a subsequence ¥ of ® such that for all f € L'(u),

lim L' S Tof (@) =Eu(f | T)(a)

N—oo |\If N gETN
for p-almost every r € X.
The next two lemmas follow easily from Proposition 2.6:

Lemma 2.7. Let (X, pu,T) be an ergodic G-system. Then for any Folner sequence ® there exists
some subsequence U such that p-almost every v € X is in gen(u, V).
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Lemma 2.8. Let (X, u, T) be a G-system, let ® be a Folner sequence, and let x — . be the ergodic
decomposition of p. Then there exists some subsequence W of ® such that p-almost every x € X is

in gen(ji,, ¥).

Finally, it will be useful to have the following generalisation of [Fur81, Proposition 3.9], whose
proof is again the same as for actions of (N, +), but we include it for the convenience of the reader.

Lemma 2.9. Let G be an amenable group, let (X, u,T) be an ergodic G-system, and let a € X be

a point such that p is supported on Or(a). Then there exists some Folner sequence ¥ such that
a € gen(u, V).

Proof. By Lemma 2.7, there exists some xg € Op(a) that is generic for y along some Fglner sequence
®. Let F = (fr)ren be a dense subset of (C(X), || - [|eo) and let (P, )nen be a subsequence of @

such that for every n € N and for every j =1,2,...,n,
1 1
G O Ta - [ f du‘ <-.
‘|<I>Nn|g§;vn e X ! n

Since zg € Or(a), there exists some (g, )nen C G such that T, a — x¢, so that we may assume that
the equation above holds if we substitute x¢ with 7, a. Consider the Fglner sequence ¥ = (V,,)
given by ¥, = ®5_g,. It follows that for every n € Nand any j =1,2,...,n,

1 1
— g (Tya) — o d —.
'|\Iln| gev, fj( ga) /Xf] M‘ = n

Since F is dense in C'(X) the conclusion follows as before. O

Kronecker factor and the Jacobs-de Leeuw-Glicksberg decomposition: Let (X, u,T) be
a G-system. A function f € L?(X) is called:

e compact, if m is compact with respect to the strong topology on L?(X).

o weak-mizing, if for any Fglner sequence ®, and any f’ € L?(X),

We define the compact component of L?(X) as H(T) = span{f € L2(X) : f is compact}, and
the weak-mizing component of L?(X) as Hym(T) = {f € L*(X) : f is weak-mixing}. When no
confusion may arise, we simply write H. and Hy respectively.

In case that GG is an amenable group, the Jacobs-de Leeuw-Glicksberg decomposition theorem
applies, stating that these two components give a decomposition of L?(X).

Theorem 2.10 (Jacobs-de Leeuw-Glicksberg decomposition, see [KL16, Theorem 2.24]). If (X, u, T)
1s a G-system, then
L*(X) = He ® Hym-
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Now we will give a description of the factor of (X, u,T) corresponding to the subspace H. of
L%*(X). Note that if f € H, then for all g € G, Tyf € Hc, so Hc in invariant under the action
of T on L*(X). Let A be the smallest o-algebra with respect to which all functions in H. are
measurable. Then A is T-invariant o-algebra contained in the Borel g-algebra of X. Therefore,
the system (X, A, u,T) is a factor of the original system, with the factor map being the identity
id : X — X. This factor is called the Kronecker factor of (X, u,T).

Our goal now is to give a nice algebraic description of the Kronecker factor when the G-system
(X, 1, T) is ergodic.

Proposition 2.11. [Mac64, Theorem 1] Let (X, u,T) be an ergodic G-system. Then there exist
a compact group K, a closed subgroup H of K and a continuous group homomorphism o : G — K
with dense image such that the Kronecker factor of (X, u,T) is measurably isomorphic to the G-
system (Z,m, R) given as follows: Z = K/H is a homogeneous space, m is the normalized Haar
measure on Z and R = (Ry)geq, where for each g € G, Ry : Z — Z is given by Ry(z) = a(g)z.
The system (Z,m, R) is called a rotation on the homogeneous space Z.

This proposition allows us to identify the Kronecker factor with a rotation on a homogeneous
space, whenever (X, u, T) is ergodic.
Characteristic factors for G-systems: The notion of characteristic factors will play a funda-
mental role later in one of our proofs. Characteristic factors are relevant to the ergodic averages
in question, in each different problem. Here we have the following theorem for the characteristic
factors with respect to some double averages that will concern us.

Theorem 2.12. Let (X, pu,T) be an ergodic G-system, let (Z,m, R) be its Kronecker factor and ®
be a Folner sequence Then for any f1, fo € LOO(X), we have

leloor@m Y. Lih©Tyfz= lim @— > TE(f1|2) @ T,Eu(f2] Z)
gedN gePN

in L>(X x X,p x ). We say then that the characteristic factor for the averages in the left-hand
side of the above is the Kronecker.

The proof of this theorem will follow easily from the following lemma.

Lemma 2.13. Let (X,u,T) be a G-system. Then
Hym(T) @ L*(X) C Hym(T X T) and L*(X) @ Hym(T) C Hom(T x T).

Proof. We will only prove the first inclusion, as the second follows in an analogous way. Let ® be
any Fglner sequence, and let f; € Hywm(T) and fo € L?(X). We may assume that || fi||2, || f2]]2 < 1.

We want to show that

2

(2.3) ]\}1—H>100 ‘CI)N‘gEZ; ‘ (Ty x Tg)(fr® f2), F)p2(uxpy| =0
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for any F € L?(X x X, x p1).

Let F € L*(X x X, x p) and € > 0. We may assume that [l 2(uxpy = 1. Now, since
finite linear combinations of functions of the form f| ® f}, where f{, f5 € L?*(X), form a dense
subset of L?(X x X,p x i), we can find F' = Zle ci(f1; @ f5;) with || F"|[12(ux ) < 1 such that
| F' = F'[| L2(uxp) < €/2. Then by the Cauchy-Schwarz inequality we have

((Ty X Ty) (1 @ fo) F) 2| = ((Ty % Ty) (f1 @ f2), ) 2 (Fy (Ty X Ty) (1 @ f2)) 12
= ((Ty X Ty)(fr @ f2), F") p2 ey (F's (Ty X Ty) (f1 © f2)) 12 ()

Ty)(f1 @ f2), F') 2y (F — F', (Ty X Ty) (f1 © fa)) 12 (uxps)

Ty)(f1 @ fo), F = F') p2 () (F, (Ty X Ty)(f1 @ f2)) 12 (o)

Gici(Ty x Ty)(f1 @ f2), [10 @ Fo) 12 (uxp) (F15 @ foj5 (Ty X Ty)(f1 © f2)) 12 (uxp) + €

(T,
(T,

< 2
1<ij<k
< Y @il faallall el foll2 Ty frs f10] + e
1<i,j<k
Therefore, using that f; is a weak-mixing function, we have that
2
lim sup —— |<I>N| Z ‘ (Ty x Ty)(f1 ® fa), >L2(M><M)| =

N—o0

gePN
- Z cic]”f2 ZHQHfl,]H?”fZ]H?hmsup ’ Z ‘ T flafl z>’ te=e¢.
1<i,j<k g€<I>N
Since € > 0 was arbitrary, then (2.3) follows. The proof is complete. O

Proof of Theorem 2.12. Let ® be Fglner sequence, and let fi, fo € L?(X). Then we write

| N‘gng1®Tf2 ycp \gEZ;N E.(fi|2) @ Ty(f2 —Eu(f2| 2))
onT g;N W(f112) @ TyE,(f2 | 2)
|<1> %TE (F112) @ Ty(f2 = Eulf2| 2))
(2.4) e ‘gg}; TR (f1|12) @ T,E,(f2 | Z).

Note that the limits of all the terms above exist by the mean ergodic theorem (Theorem 2.1) applied
to T x T. By Theorem 2.10, the functions f; — E,(f1|Z), fo — Eu(f2| Z) are both weak-mixing.
Then, by Lemma 2.13, the functions (fi —E,(f1|2))® (f2—E.(f2]12)), (fi —E.(f1|2))QE.(f2| Z)
and E,(f1 | Z) ® (fa —Eu(f2| Z)) are weak-mixing with respect to 7' x T. Hence, the limits of
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the first three terms in the right-hand side of (2.4) are 0 in L?(X x X, x u). Then the theorem
follows. .

A correspondence principle: Finally, we need the following instance of the correspondence
principle, whose proof is classical, and we include it here for sake of completeness.

Theorem 2.14 (Correspondence principle). Let G be an amenable group, let A C G and assume
|Aﬁ<I>N|
EN

an ergodic G-system (X, i, T), a clopen set E C X, a Folner sequence ¥, and a point a € gen(u, V)
such that ((E) > de(A) and A ={h € G : Tha € E}.

that there exists a left Folner sequence ® such that dep(A) = limy 00 exists. Then there exist

Proof. Consider the compact metric space X := {0,1}¢ = {x = (2,)gec : 7, € {0,1} V g € G},
equipped with the Borel o-algebra. We define the continuous action 7" on X by Tj(z4)geq =
(xgh)geq, for any h € G and (z4)45ec € X. Now, consider the point a = (14(9))gec € X and the
clopen set E = {x = (24)g9ec¢ € X : z¢, = 1}. By the choice of a, for h € G we have that h € A
if and only if Tha € E, and therefore A = {h € G : Tha € E}. Consider the sequence of Borel
probability measures on X defined by

1
N puy = — Z 0Ta
@] hedy

let 1/ be a weak® limit point of that sequence. Then p/(E) = dg(A), and p’ is T-invariant, but
not necessarily ergodic. Let 2 — p/, be the ergodic decomposition of y/. Then p/ = [ !, dp/(x),
so there exists xg € X such that for the measure p = ugo, we have that (X, u,T) is ergodic and
w(E) > de(A). For all N € N, py is supported on the orbit closure of a, and hence p is also
supported on the orbit closure of a. Therefore, we may assume that p is also supported on the orbit
closure of a (as this is the case with p!, for y/-almost every x € X). Then it follows by Lemma 2.9,
that a € gen(u, V) for some Folner sequence . 0

3. REDUCTION OF THEOREM 1.5 TO DYNAMICAL STATEMENTS

In this section we translate our first main theorem, namely, Theorem 1.5, in a dynamical lan-
guage. This will allow us to approach the problem through ergodic theoretic techniques.

3.1. Dynamical reformulation via correspondence principle. Usually in ergodic theory, cor-
respondence principles serve as bridges between combinatorial and dynamical statements. Thus,
we can use the correspondence principle (Theorem 2.14) to show that Theorem 1.5 follows from
Theorem 3.1 below, which is more dynamical in nature.

Theorem 3.1 (First dynamical reformulation of Theorem 1.5). Let G be a square absolutely con-

tinuous group and (X, pu,T) be an ergodic G-system. Let a € gen(u, ®) for some Folner sequence
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® and E C G be clopen with u(E) > 0. Then there exist an infinite sequence B = (by)neny C {h €
G :Tha € E} and some t € G such that

t-Ba4B C{heG:Tha € E}.

Proof that Theorem 3.1 implies Theorem 1.5. Let A C G have positive left upper Banach density,
|AND N |
B3N
have passed to a subsequence). Then consider (X, u,T), F, ¥ and a, as insured by Theorem 2.14,

satisfying u(FE) > de(A) > 0 and {h € G : Tha € E} = A. Tt follows then by Theorem 3.1 that
there exist an infinite sequence B = (b, )nen C A and some ¢t € G such that t - B« B C A. O

so that there exists some Fglner sequence ® such that de(A) = limy_e0 > 0, (where we

3.2. Erdoss progressions. The conclusion of Theorem 3.1 is still a rather combinatorial statement,
so we need to reformulate it again into a dynamical statement. For this to be achieved, we will use
the natural notion of Erdés progressions, as defined in [KMRR22|, which is a dynamical variant of
arithmetic progressions.

Definition 3.2. Given a topological G-system (X, 7)), a point (xg,z1,22) € X? is a 3-term Erdés
progression, if there exists an infinite sequence (g, )nen in G such that

(3.1) (Tgn X Tgn)(xo,xl) — (ml,xg)

We refer to 3-term Erdds progressions simply as Erdos progressions. Through the notion of
Erdés progressions we are able to reformulate Theorem 3.1 as follows:

Theorem 3.3 (Second dynamical reformulation). Let G be a square absolutely continuous group,
and let (X, u, T) be an ergodic G-system and a € gen(u, ®) for some Folner sequence ®. If E C X is
a clopen set with u(E) > 0, then there existt € G, 1 € E and x4 € T, 'E such that (a,r1,22) € X3
forms an Erdds progression.

For the reduction of Theorem 3.1 to Theorem 3.3 we provide the following lemma.

Lemma 3.4. Let G be a group. Let (X, T) be a topological G-system, and let E, F' C X be open sets.
Assume that there exists an Erdds progression (a,r1,2) € X with 1 € E and xo € F. Then there
exists an infinite sequence B = (by)nen C {g € G : Tya € E} such that BaB C {g € G : Tya € F'}.

To see how Theorem 3.1 follows from Theorem 3.3 just take F' = T, "' E in the above lemma.

Proof of Lemma 3.4. By assumption there exists an infinite sequence (g )nen in G such that (7, x
Ty, )(a,z1) = (x1,22). Since Ty, a — 1 € E and E is open, we get that T, a € E for n sufficiently
large, so we may assume without loss of generality that (g,) C {g € G : Tya € E'}. Therefore we
will construct the sequence B to be a subset of (g,).

We construct the sequence B = (b, )nen inductively.

e Since Ty, x1 — x2 € I' and F is open, we can pick b; € (g,) such that T, 21 € F. Then
(x1,m2) € (Tb_llF) x F which is open.
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e Since (T}, x Ty, )(a, 1) — (x1,22), we pick by € (gy) such that (Ty, x Ty, )(a,x1) € (szlF) X
F and by # by (this is possible since there are infinitely many choices). Then

—1 —1
a € Tblsz and 1z € Tb2 F.

e Induction step: Assume we have found by, bs,...,b, € (g,) all distinct to each other such
that
—1 -1
(3.2) a€ m TbibjF and 1z € ﬂ T, F.
1<i<j<n 1<m<n

Since (Ty, x Ty, )(a,z1) — (x1,22) € (mlgmgn Tb:an) x F and this set is open, we can
pick bp+1 € (gn) such that

Bhy % T € () T1F) <
1<m<n
and by41 & {by 1 1 < m < n} (since there are infinitely many choices). Combining this
with the inductive hypothesis, we obtain that
-1 ~1
a € ﬂ TbibjF and 1z € m Tbm F
1<i<yj<n+1 1<m<n+1

Taking B = (by,)nen we clearly have an infinite subset of (g,) and since (3.2) holds for any n € N
by construction, we get that B« B C {g € G : Tya € F} as desired. O

3.3. Continuous factor maps to the Kronecker factor. On our way to show Theorem 3.3, it
will be useful to have the extra assumption of the G-system having a continuous factor map to its
Kronecker factor. The reason for that will become clear towards the proof of our main theorem.
As we will see below, it is possible to make such an assumption.

We begin by generalizing a result of Host and Kra in [HK09] from actions of (N, +) to actions
of amenable groups.

Lemma 3.5. [HK09, Proposition 6.1 for group actions| Let G be an amenable group, let (X, u,T)
be an ergodic G-system, (Z, m, R) be its Kronecker factor and p : (X, u, T) — (Z,m, R) be a factor
map. If a € X is a transitive point, then there exists a point z € Z and a Folner sequence ¥ such
that

(3.3) lim —— Z f1 T(I ngZ / f1 fQOp)
geEY Ny

holds for any fi1 € C(X) and fo € C(Z).
We remark that the result still holds if we replace (Z,m,R) by any factor of (X,u,T) that is
distal as a topological system.

Proof. The proof of this lemma is given in the Appendix A. O
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Remark 3.6. Let (X, u, T') be an ergodic G-system, and let a € gen(u, ®) for some Fglner sequence
®. From Lemma 2.5 we have that every point in supp(u) belongs to the orbit closure of a, and
therefore u(m) = 1. This implies that we can replace X with Oz (a) without affecting the
ergodic theoretic properties of the system, and then the generic point a is also transitive. Therefore,
whenever we have a generic point in a system, we may assume without loss of generality that it is

also transitive.

Proposition 3.7. Let (X,u,T) be an ergodic G-system, and let a € gen(u,®) for some Folner
sequence ®. Then there exists an ergodic extension (X 1, ) of (X, 1, T), a Folner sequence ® and
a point @ € gen(fi, ®) such that:

(i) There exists a continuous factor map 7 : X — X with 7(@) = a.
(ii) (X,7,T) has continuous factor map to its Kronecker factor.
(ii) If (a,x1,22) € X3 is an Erdés progression, then (a,x1,12) € X2 is an Erdds progression,
where x; = w(x;), fori=1,2.

Proof. The proofs of (i) and (ii) are identical to those in the case G is the semigroup (N, +), and
they can be found in [KMRR24, Proposition 3.20]. Therefore, here we only provide a sketch of the
proof.

Let (Z,m, R) be the Kronecker factor of (X, u,T), and let 7 : X — Z be a factor map. Define
X = XxZand T = T x R, consider the map p : X — X, given by p(z) = (z, 7r( )) and then define
i = pp. Then the map p : X — X is an isomorphism of the G-systems (X, %, T) and (X, u, T),
and therefore, since (X, pu,T) is ergodic, we get that (X ,,u,T) is also ergodic. In addition, the
projection on the first coordinate 7 : X — X is a continuous factor map of the systems.

By Remark 3.6, we may assume that the point a is transitive. Then we can use Lemma 3.5 to
find a point z € Z and Fglner sequence ® such that (3.3) holds for all f; € C(X) and f, € C(Z).
Using the definition of the measure f, it is not too difficult to see that for any continuous function
F e C(X),

hm; F(T, x Ry)(a,z :/FdN,
I g 2 PG < Res) = [ F
which means that the point @ = (a, z) is in gen(fi, ®). In addition, 7(ad) = a.

Now, as the systems (X, u,T) and (X,71,T) are isomorphic, their Kronecker factors are also
isomorphic, so we may assume that (Z,m, R) is the Kronecker factor of ()A(: S 1, f) Then the
projection on the second coordinate p : X — Z is a continuous factor map from ()Z' " f) to its
Kronecker factor.

Now, let us prove (iii). By assumption, (Tvgn X Tvgn)(?i, Z1) — (1, Z2) for some (g, )nen in G. We
now notice that

Ty (a) = Ty, (7 (@) = 7(Ty,) = 7(@1) = a1,

since 7 is a continuous factor map. Similarly, we get T, (1) — x2 and the result follows. O
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This proposition allows us to reduce Theorem 3.3 to the case of ergodic G-systems with contin-
uous factor maps to their Kronecker factor as desired. Evidently, Theorem 3.3 follows from the
following:

Theorem 3.8 (Reduction to G-systems with continuous factor maps to the Kronecker factor).
Let G be a square absolutely continuous group, let (X, u,T) be an ergodic G-system admitting a
continuous factor map to its Kronecker factor, and let a € gen(u,®) for some Folner sequence
®. If E C X is clopen and p(E) > 0, then there exist t € G, x1 € E and x5y € T, 'E such that
(a,x1,72) € X3 forms an Erdés progression.

The proof of Theorem 3.8 will be given in the next section.

4. MEASURES ON ERDOS PROGRESSIONS AND THE PROOF OF THEOREM 3.8
In this section we prove Theorem 3.8, and consequently, Theorem 1.5.

4.1. Measures on Erd6s progressions. In what follows we fix a square absolutely continuous
group G. We also fix an ergodic G-system (X,u,7"). In addition, as per the assumptions of
Theorem 3.8, we assume that (X, u,T) admits a continuous factor map to its Kronecker factor.
The Kronecker factor of (X, u, T) is denoted by (Z,m, R) and 7 : X — Z stands for the continuous
factor map. According to Proposition 2.11, Z = K/H where K is a compact group and H is a
closed subgroup of K. We denote by p the natural projection p : K — K/H, p(k) = kH. We also
fix a bi-invariant metric dx on K, that is a metric on K compatible with the topology on K such
that for all u,v,w € K, dg (uwv,uw) = di (v,w) = dg (vu, wu).

Moreover, m is the (left) Haar measure on Z, which is given as the push forward of the (left)
Haar measure my in K by the natural projection K — Z = K/H. We remark that since K is
compact, it is unimodular, so mg, and consequently m, are two-sided invariant. Finally, the action
R = (Ry)g4ec is given by Ry(z) = a(g)z, where o : G — K is a continuous group homomorphism
with dense image. Also, m; : X x X — X denotes the projection to the i-th coordinate, for ¢ = 1, 2.
Moreover, z — 1, is a fixed disintegration of u over the continuous factor map .

Definition 4.1. Consider the squaring map sx : K — K, si (k) = k%, on K. We define the Borel
probability measure mg2 on K as the push-forward of the Haar measure mg under the map sg,
i.e., the measure on K, given by my2(A) = mg(si'(A)), for each Borel A C K.

We will prove the following lemma, which is a key ingredient that will allow us to define the
measures in order to study Erdés progressions.

Lemma 4.2. The measure my2 is absolutely continuous with respect to mg .

Before we prove Lemma 4.2, let us state and prove an auxiliary lemma that will be used through-
out this section:
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Lemma 4.3. Let ¥V = (VY nx)nyen be any Folner sequence in G. Then the sequence of measures

(vN)Nen defined as

VN = da(g)
N |\IJN| Z (9)

ge¥N

converges in the weak® topology to the Haar measure my on K.

Proof. The space of Borel probability measures on K is weak®™ compact and metrizable, so in order
to prove the result, it suffices to prove that if (vn;)jen is a convergent subsequence of (vn)nen,
then it converges to the Haar measure mg.

Let (I/Nj )jen be a subsequence of (vn)nven which converges in the weak® topology to a measure
v on K. To prove that v is the Haar measure on K, it Sufﬁces to prove that for all continuous
functions h on K and all k € K, we have that [} h(ky) dv(y) = [ h

Let dx be a translation invariant metric on K. Let also h K — (C be contlnuous, k € K and
e > 0. Since K is compact, we have that h is uniformly continuous, so there is 6 > 0 such that if
di (y1,y2) < 0, then |h(y1)—h(y2)| < €. Recall that (a(g))gec is dense in K, so there is gy such that
dg (k,a(go)) < 0. We then have that for all y € K, dg (ky, a(g0)y) < 9, so |h(ky) —h(a(g0)y)| < e,
and we obtain that

[ )~ [ ) avto)| < | [ ) )~ [ tatan) avio|+

[ watanys) avtw) - [ nii) du<y>'

<| [ ) avt) - [ mato) du<y>'+a-

From the continuity of h and the definition of v we have that

/Kh(a(go)y) dv(y) = lim —— h(a = lim L Z h(a(gog))

j—o0 ’\I’NJ gE‘I/ j—00 ’\I’Nj’ gl
1
= lim —— h(« = lim —— h(a
joroo |\11N | Z joroo [N | > hialg)
gego¥n;, 7 9e¥nN;

= / h(y) dv(y),
K

so combining with the previous we get that ‘ [ h K — [ h e h(ky) du( )| < g, and since €
was arbitrary, we obtain that [ Py f K k‘y dl/ (y), which proves that v = my, and
concludes the proof. O
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Proof of Lemma 4.2. As K is compact and metrizable, the measures my,mg2 are regular. In
particular, for each Borel A we have
mg(A) = sup mg(C)= inf mg(O) and mg2(A) = sup mg2(C) = inf mg2(0).

CCcA OCA CCA OCA
C' compact O open C' compact O open

Therefore, to prove that mg-= is absolutely continuous with respect to mg, it suffices to prove that
for each compact set C C K, if mg(C) = 0, then my=2(C) = 0.
Let C' C K be a non-empty (for otherwise the result is trivial) compact with mg(C) = 0 and let
e > 0. As @ is square absolutely continuous, we know that there are two Fglner sequences ® and
U in G and a § > 0 such that for any u : G — [0, 1] satisfying lim supy_, o @—11\]‘ D gedy ulg) <4,
we have that imsupy_, o ﬁ D gety u(g?) < e. Since
0=mg(C)= inf mg(O),

OCA
O open

we can pick an open set O O C with mg(O) < 0. By Urysohn’s lemma, we know that there is a

continuous function f : K — [0, 1] such that f =1 on C' and f = 0 outside O. By Lemma 4.3 we
then have that

6> mg(0) > /Kf(k) dmy (k) = lim L > flalg)),

and by the choice of § we get that

where for the third equality we use that a is a group homomorphism. So after all we have m 2 (C) <
Jx f(k) dmp2(k) < e, and as € was arbitrary, we have that my2(C') = 0. This concludes the
proof. O

Now, we define measures o on X x X, and we want o to be defined as natural measures to study
Erdés progressions. It is not hard to see that Erdés progressions on K/H are exactly the triplets
of the form (z,kz,k?z) for some k € K and z € K/H. Therefore, following the definition given in
[KMRR22|, we will define these measures as the natural measures on points (z1,z2) € X x X to
find Erdés progressions on K/H starting at 7(a), namely (7(a), kn(a), k®w(a)), for k € K.

Definition 4.4. We define the measure o on X x X, given by

(4.1) o= /Kmm(a) X M2 r(a) dmrc (k).
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Let us comment on why the measure o is indeed well-defined. Let ky € K such that 7(a) = koH.
Since all the maps involved are measurable, we get that the map K — M(X), k = @) ¥
M7 (a) dm K (k) is indeed a Borel measurable map on K. It remains to prove that it is mg almost
everywhere defined, and then the integral will induce a well defined Borel probability measure on
X x X.

Since 7 is m-almost everywhere well-defined on Z, we can consider a set Z' C Z with m(Z') =1
such that 7, is well-defined for all z € Z’. Since pmy = m, the set K’ = p~1(Z’) has mg (K’') = 1.
Then also my (K'ky ') = 1, and then it is not difficult to check that the map K — M(X), k + Nker(a)
is well defined on K'ky ! On the other hand, from Lemma 4.2, we have that m - is absolutely
continuous with respect to my, so 1 = mya(K'ky') = m (st (K'ky')), and again it is not too
difficult to check that the map K — M(X), k > 2.y is well defined on s (KR ).

So, after all, the map K — M (X x X), k = jr(a) X Mk2r(a) is well defined on K'ky'nsid (K'kg )
and mp (K'ky ' N s[_{1 (K'kgh)) =1, ie., ks Nir(a) X Mk2r(a) 18 Mi-almost everywhere well-defined,
which was to be proved, and therefore o is indeed well-defined.

Using the invariance of mg we can express o as

(42) o = / nkk()H X UkaOH de(k’) = / NkH X nkkalkH de(k’)
K K
Proposition 4.5. The measure o has the following properties:

(i) mo = .
(il) w0 is absolutely continuous with respect to .

Proof of Proposition 4.5. (i) Using (4.2), we have that

mo = / e dmg (k) = / 1, dm(z) = p.
K z

(ii) From the definition of o we have that ma0 = [, Nj2r(a) dmi(k). Fix kg such that 7(a) = koH.

Let A C X with p(A) = 0. Then u(A) = [,1.(A) dm(z), so we get that there is a set Z' C Z
with m(Z") = 1 such that for all z € Z', n,(A) = 0. As pmg = m, we have mg(p~1(Z')) = 1
and then also m((p~'Z2")ky ') = 1. Finally, using Lemma 4.2 we get that my2((p~' 2"k, ') =
m (st ((p71 2"k ') = 1. Foreach k € s ((p~'Z")ky ') we have that k*m(a) € Z/, so Ne2r(a)(A) =
0, and therefore mao(A) = 0. O

Theorem 4.6. For any set E C X with u(E) > 0, we have that

J(E < Tt_1E> > 0.

teG
Proof. Let E C X with p(E) > 0 and recall that we want to show that the set £ x (J,c T, 'E has
positive measure 0. We begin by expressing this set as

E x U:Q—lE:(ExX)m<X>< UT;1E>.

teG teG
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By Proposition 4.5 (i), we have that o(F x X) = u(FE) > 0. Therefore, it is enough to show that
(4.3) 0<X < T;1E> =1.
teG

Notice that the set | J,cx Tt_lE is clearly T-invariant and since u is ergodic and p(E) > 0, it follows
that ,u(UteG Tt_lE) = 1. By Proposition 4.5 (ii), mo0 is absolutely continuous with respect to p,

1= 7120< U T;1E> = 0<X < T;1E>,
teG teG
which concludes the proof. O

SO

4.2. A continuous ergodic decomposition. In this subsection we will define measures A(;, ,)
for (z1,22) € X x X, in a way that (z1,22) = A, 4,) Will be a continuous ergodic decomposition
of pu x p. We follow the definition given in [KMRR24, Eq. (3.10)] and [KMRR22, Eq. (3.1)].

Definition 4.7. For (71,72) € X x X we define the measures \(;, ,,) on X x X by

(44) /\(xl,xz) = /Knkw(:cl) X Nk () de(k)

Given z1,x2 € X, we let ki, ko € K be such that w(x;) = k;H, for ¢ = 1,2. Then, using the

invariance of my, we can write
(4.5) Nar,ze) = /Knkle X Neko it A (k) = /KUkH X Mgty A (k).

Theorem 4.8. The map (x1,72) = Az, o) 18 @ continuous ergodic decomposition of p x i in the
following sense:
(i) It is a continuous map.
(ii) It satisfies [y, v Mayzg) Al X ) (21, 22) = 1 X pu.
(iii) The G-system (X X X, Az, 20), T x T) is ergodic for p x p-almost every (r1,r2) € X x X.

In addition, for any x1,x9 € X we have that

(4.6) >‘(I1,I2) = )‘(Tgl’lngm)
for any g € G.

Proof. For the proof of (i) and (ii) we refer to [KMRR24, Proposition 3.11], as the proof there can
be directly adapted to our case. We will now prove (iii). It is not too difficult to see that for all
(z1,72) € X x X and for all g € G, (Ty X Ty) Nz 20) = Nai,z2)> 1€ A@y,zp) 18 T x T-invariant.
Therefore, to prove (iii), it suffices to prove that there is some Fglner sequence ¥ in G such that
for (u x p)-almost every (z1,x2) € X x X and all bounded and measurable functions F' on X x X,

1
lim —— Ty xTy)F = F dA
‘\I/N‘ Z( g 9) (

1,22)7
N—o0
geEU N XxX
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in LA(X X X, Mg, 20))-

Now, since X is a compact metric space, there is a countable family of continuous functions
(fx)ken which is dense in LP(v) for all p € [1,4+00) and all Borel probability measures v on X.
Then, it is not too difficult to see that the set consisting of finite linear combinations of functions
the form (f;, ® fj,)j joen is dense in L?(p) for all Borel probability measures p on X x X. Hence,
using an approximation argument, it suffices to prove that there is a Fglner ¥ in G and a set
W C X x X with (% p)(W) =1 such that for all (x1,2z2) € W and for all jj, jo € N

1

i > Ty x Ty)(f, @ fi,) = / Fiv ® fio ANy ,20)s
geU N XxX
in L2(X x X, )‘(901,902))‘
Step 1. Let ® be any Fglner sequence in G. Then, using Theorem 2.12, we get that for each
J1,J2 €N,

. 1 . 1
A}E}noo mggN(Tg x To)(fi @ fi,) = A}E}noo MQ;:N(TQ X Ty)(Eu(fjy | 2) @ Eu(fiy | Z))

in L?(p x p). Combining this with (ii) yields

. 1
38 ool 25 B 00 0

2

~ @ STy < Ty E(fi | 2) @ By | 2)) (51, 39)| ANor oy (01, 92) A X ) (1, 25) = 0.
geEP N

Then for each ji,j2 € N we can find a sub-Fglner sequence ® of ®, depending on j1, j2, such that
for (u x p)-almost every (r1,z2) € X x X, we have

1
i o T s 0 5
1 2
- |&) | (Tg X Tg)(EM(fjl ’ Z) ®Eu(fj2 ‘ Z)) d)‘(m,xz) =0,
N ~
geEPN

and since the limits of both averages above exist by Theorem 2.1, we have that, for (u X p)-almost
every (x1,x2) € X x X,

. 1 ) 1
i R (Ty x Ty)(fi @ fi,) = [Jim G| & (Ty x To)(Eu(fir | Z2) @ Ep(fo | Z))
gedn gePN
in L?(X x X, A(z1,2))- Since the family (f;, ® fj,);, j,en is countable, then using a diagonal argument

one can find a Fglner sequence ¥ and a set W1 C X x X with (u x p)(W1) = 1 such that for all
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(r1,22) € Wy and j1,j2 € N, we have that

(47) Jim W > (T x T)(f @ fi,) = Jim W > (T x T) Byl | 2) © Byl fi, | 2)

N—o0
geY N gev N

in Lz(X x X, )‘(m x2))

Step 2. Consider the sequence of probability measures on K defined by vy : I‘If i > gETN da(g)-
From Lemma 4.3 we know that vy — mg as N — oo in the weak™ topology.

Let ¢1,¢2 : Z — C be continuous. For each 21,22 € Z, consider the function ¢, ., : K — C
defined by ¢., ., (k) = ¢1(kz1)¢p2(kz2). Then, ¢, ., is continuous, so we have that

/¢1 k’Zl ¢2(k722 de /¢21,Z2 de(k): hm |\I’N| Z ¢21722

geV¥

N—oo

= lim !\I’N\ Z 1 (a(g)z1)p2(a(g)22)

geEY N
= lim ——
= Jim !\I’N\ Z (Ry x Ry)(d1 ® ¢2)(21, 22).
geEY N

Since the previous holds for all z1, zo € Z, using the dominated convergence theorem, we get that

2

Z (RgXRg)(¢1®¢2)(21=Z2)—/K 1(kz1)p2(kzo) dmy (k)| d(mxm)(z1,22) =0,

geY N

1

lim
W]

N—oo YA

i.e., the sequence \\1/—11\;\ > gewy (Bg X Rg)(¢1 @ ¢2) converges in L*(Z x Z,m xm) as N — oo to the
function (z1, 22) — [f ¢1(kz1)2(kzz) dmg (k).

Step 3. Given two bounded measurable maps hy, hy : Z — C, approximating them in L?(Z, m)
s (B X By) (11 ©
ha) converges in L?(Z x Z,m xm) as N — 0o to the function (21, 22) — [i h1(kz1)ha(kzo) dmg (k).
Since 7 : (X, u,T) — (Z,m, R) is a factor map, it is not too difficult then to see that

by two continuous functions ¢1, ¢2 and using Step 2, one can prove that ﬁ >

(4.8) ‘\PN’ QE%:N (T x Ty) (b 0w ® hy o) = [(21,22) o> /Khl(kﬂ(xl))hg(km(xg)) dmi ()

as N — oo in L2(X x X, ju X pu).

For each j € N, E,(f; | Z) can be viewed either as a function on Z or as a function on X
measurable with respect to 77!(Z). In this proof, we always view E,(f; | Z) as a function on X
measurable with respect to m71(Z). For each j € N, let 1; be E,(f; | Z) when viewed as a function
on Z, so we have that for y-almost every x € X, ¢jom(xz) = E,(f;|Z)(x). Then for each ji,jo € N
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and (z1,72) € X x X, we have

/ F51 ) F (32) sy (1, 32) = / / S ) Fia (92) A(nton) X Thon(en)) (@1 32) dmc (k)
XxX KJXxX
:/ / fin(y1) dmm(ml)(yl)/ Fin(Y2) Aoy (y2) dmpc (k)
KJX X
(4.9) - /K i (b (a0 )) g, (e () dime (k)

where the last equality follows using (2.1). After all, combining (4.8) and (4.9) we get that for each
Ji,j2 €N,

el > Ty Tl | 2) ©Ealf | 2) [(o1,22)

[in @ fi, d)‘(xl,:cg)]
XxX

as N — oo in L*(X x X,u x p). Now, since the family f;, ® fj, is countable, using (ii) and a
diagonal argument as in Step 1, one can find a sub-Fglner sequence of ¥, which by abuse of notation
we again denote by ¥, and a set Wy C X x X with (u x p)(W3) = 1 such that for all (z1,z9) € Wo
and J1,J2 € N,

(4.10) lim S (T, x T)Eulfy, | 2) @ Eu(f, | 2)) = / £ ® £y oy
XxX

in L2(X % X, Az, 0))-
Let W = Wp N Wa. Then (pu x p)(W) = 1, and combining (4.7) and (4.10), we get that for all
(x1,22) € W and all jl,jg eN,

J\}E)noo |\I’N| Z f]l ® sz) = /X ijl ® fj2 d>\(x1,x2)

geEY Ny X

in L?(X x X, A(z1,22)), Which was to be proved.
To conclude the proof we are left with showing (4.6). To this end, using the invariance of my,
for any g € GG, we have that

/\(Tg:cl,Tgxg) = /ana(g)ﬂ(xl) X Nka(g)m(x2) de(k) = /an‘ﬂ(l‘l) X N () de(ka(g)_l)

= /anmr(ml) X NMir(zs) AMrc (k) = Nz 20)-
The proof of the theorem is now complete. O
Theorem 4.9. We have that
o({(z1,72) € X X X : (z1,22) € supp(A\(z,,20))}) = 1.
Theorem 4.10. There exists some Folner sequence ¥ such that

O'({(l‘l,l‘Q) e X xX: (a,$1) S gen()\(thz), \If)}) =1.
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We first deal with Theorem 4.9. Let us first state and prove some results that will be useful in
order to prove Theorem 4.9.

Let F(X) be the family of the closed, nonempty subsets of the compact metric space (X, dx).
We endow this family with the Hausdorff metric D, defined by

D(A7 B) = max { sSup dX(.Z', B)7 sup dX(y7 A)}7
€A yeB

for any A, B € F(X).
We will need the following two lemmas, the proofs of which are omitted, as they can be found
in [KMRR22]:

Lemma 4.11. [KMRR22, Lemma 3.8] Let W be a compact metric space, M (W) the space of
Borel probability measures on W endowed with the weak* topology, and F (W) the space of closed,
non-empty subsets of W with the Hausdorff metric. Then

e The map v+ supp(v) from M (W) to F(W) is Borel measurable.
o If x — py is a measurable map from W to M (W), then {x € X : x € supp(py)} is a Borel
set.

Lemma 4.12. [KMRR22, Lemma 3.9] The disintegration z +— 1, satisfies that the subset
{r € X :x € supp(n,)} of X is Borel measurable and

p{z € X : @ € supp(n,)}) = 1.

Using those, we can now prove the following proposition, which is a variant of [KMRR22, Propo-
sition 3.10].

Proposition 4.13. There exists a sequence 0; — 0 such that for p-almost every x € X there exists
w € K with m(x) = wH such that for any open neighborhood U of x, we have

. mg({k € K:mpu(U) >0} NBx(w,d;))
(4.11) ]lggo mK(BK(w,éj)) =1

where Bi (w, ;) denotes the ball centered at w € K and with radius 6; in K with respect to the
fized metric di .

Proof. Let F : K — F(X) given by F(k) = supp(nxg). The natural projection p : K — Z
is continuous, hence Borel measurable, the map z +— 7, is Borel measurable, as (1n,).cz is a
disintegration and by Lemma 4.11, the map v — supp(v) is also Borel measurable, thus, we obtain
that their composition F' is also Borel measurable. By Lusin’s theorem [AB06, Theorem 12.8], for
any j € N there exists a closed K; C K with

(4.12) mp(Kj) >1—277
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such that F|f; is continuous. For j € N, using the fact that K, and so K, is compact, we obtain
that F'|k, is uniformly continuous. Therefore, for any j € N, there exists some §; > 0 such that for
any ki, ks € K; we have

dic (ks ko) < 6; —> D(F(k), F(ks)) < %

Fix j € N. Then by the invariance of m, there is ¢; > 0 such that for all k € K, mg (Bg (k,;)) =
¢j. The regularity of the measure mg implies that there is a compact set C; C Bg(ex,d;) such
that mg(Cj) > ¢j — g—; Now, by Urysohn’s lemma, there is a continuous function f; : K — [0, 1]
such that f; =1 on C; and f; = 0 outside Bg (ex, ;).

Consider the set

Note that

Then we can consider the function
K —[0,1], xi(k) = —2

and moreover, we let

Aj:{keK:Xj(k)zl—%}.
Then we see that
(4.13) W; = K;NA;.

We will show that the set W; is closed. Using the dominated convergence theorem and the
fact that f; is continuous, one can show that if (k¢)sen is a sequence in K and ky — k, then
ij fi(wk, b dmg(w) — ij fi(wk™1) dmg(w), and this proves the continuity of x;. As a result,
the set A; is a closed subset of K, and since Kj is also closed, it follows that W; is closed.

Now, using Fubini’s theorem and the invariance of mg we deduce that

. m _ ! (wk™? w) dm m (w
J o dmictt) = s [ itk ) dmis) dmco

Tk fj(w)lde(w) /K Lic;(w) /Kfj(k‘) dmp (k) dmg(w)
= mic(Kj) > 1 o

and then we have that

1—%<A}MWMMMﬁA .

i (k) dmic(k) < mc(A;)+ (1 _ 3>mK<A;> -1 1 mdd)

<
J
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which gives that

(4.14) mic(4;) > 1— 23_]

Combining (4.12), (4.13) and (4.14), we obtain that

> omi(K\W;) = mg(K\ (K; N Ay)) Z

JeN JeN JjeN

Let W = Ujen ﬂj> g W;. It follows by the Borel- Cantelli lemma, using the last equation
above, that mg(W) = 1. Now let L := {z € X: 2 € supp(1(;))} N7 ' (p(W)). Observe that
p(W) = UJeNp(ﬂsz W;). For each J € N, ;> Wj is a closed subset of K, thus it is compact
and since p is continuous, we get that p(ﬂ > Wj) is also compact, thus it is Borel measurable.
As a result, we get that p(W) is indeed a Borel subset of Z. In addition, p~'(p(W)) > W
and since myx (W) = 1 we have that mg(p~'(p(W)) = 1. Therefore, m(p(W)) = 1 and hence
w(m=t(p(W))) = 1. Then, in view of Lemma 4.12, it follows that L is a Borel subset of X and
w(L) = 1.

We now show that elements of L satisfy (4.11) and this will conclude the proof. Let z € L =
{r € X:2 € supp(p(z))} N7 (p(W)). Then x € = '(p(W)) so there is w € W such that
m(x) = p(w) = wH. Let U be an open neighborhood of x. Then we have that there exists J € N
such that for any j > J, w € W; and B(z, %) cU.

We now claim that

BK(w,éj) N Kj - {k‘ e K: nkH(U) > 0}.

To prove this, we let w' € Bg(w, ;)N K. Then di(w',w) < §; and so, D(F(w'), F(w)) < jl Notice
now that F'(w) = supp(nw#) = supp(7x(z)), and so, z € F(w), as v € L. Then, by the definition of
the Hausdorff metric, there exists 2’ € F(w') with dx(z,2') < %, and so, 2’ € U, which, combined
with the fact that 2’ € F(w'), yields U N F(w') # (. Tt follows that 1,y (U) > 0.
It follows from the above claim that
(4.15)
mK({kGK: T]kH(U) >0}ﬂBK(w,5j)) > mK(BK(w,éj)ﬂKj) fK ]lBK )( )]IKJ( ) de(u)
mg Bk (w,;)) — mk(Br(w,d)) mg (B (ex, 65))

The denominator in the right-most term in (4.15) is smaller or equal to 2] 1m k (C}), which then

is smaller or equal to m S5 fi(u) dmg(u), and therefore the expression in (4.15) is greater or
equal to

(4.16)

e L (w5 (W) K, (u) dmg(w) < 1 >

Jre f3(w) dm(w) Ty
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Observe that for all u € K, 1g, (y,5,)(uw) = Lp; (¢, 5,) (1), SO We have that
/K Lp e (w,s;) (W 1k, (w) dmg(u) = /K Lg e (w,s;) (W) L (uw) dme (u)
= /K Lpy(exc,s;) (W) Lk, (uw) dmg (u) > /Kfj(u)]lKj(uw) dmp (u)

_ / Fi(ww ) L (u) dmge () = / £t dmg (u).
K K;

Combining the last equation with (4.15) and (4.16), we get that

mK({k e K: T]kH(U) > 0} ﬂBK(w,éj)) S ij fj(uw_l) dm (u) < - i)
mi (Bx (w,d;)) T Sk £ilw) dmic(u) 2

(- 1)(3)

where the least inequality is due to the fact that w € W;. Then, taking the limit as j — oo we

obtain that
lim mK({k € K: T]kH(U) > 0} N BK(w,éj))
j—o0 mK(BK(w,éj))

and this concludes the proof. ]

=1

We are now ready to prove Theorem 4.9.

Proof of Theorem 4.9. Let S = {(x1,72) € X x X: (z1,22) € supp(A(z, 4,))}. By Lemma 4.11, S
is a Borel subset of X x X. Consider a sequence §; — 0 such that Proposition 4.13 is satisfied,
and let L C X be the set of x € X that satisfy (4.11). By Proposition 4.13, u(L) = 1. Following
the argument in [KMRR22, Proposition 3.11] we will show that (L x L) =1 and L x L C S.
Consequently, we will have that o(S) = 1, concluding the proof.

We start by showing that o(L x L) = 1. We write L x L = (L x X) N (X x L) and so it is
enough to show that both sets in this intersection have full measure o. By Proposition 4.5 (i), we
have that o(L x X) = mo(L) = u(L) = 1. By Proposition 4.5 (ii), the measure my0 is absolutely
continuous with respect to p, and since p(L) = 1, it follows that o(X x L) = meo(L) = 1.

To conclude the proof, we show that L x L C S. Let (1, x2) € L x L. To show that (z1,z2) € 5,
it is enough to show that for all open neighborhoods Uy, Us of x1, 2 we have /\(x1,x2)(U1 x Us) > 0.

Let Uy,Uz be open neighborhoods of x1,zy respectively. By writing A, z) = fK Nl X
Mok oo H dmp(k), where ky,ko € K are such that 7(z1) = k1H, w(x2) = keoH, we see that it
suffices to show that the set W = W (ky, k2) := {k € K : i (U1) > 0 and nkk;1k2H(U2) > 0} has
positive measure my, for some choice of the ki, ko as above. By Proposition 4.13, we can choose
the elements k1, ko € K such that

mg({k € K :ng(Ur) > 0} NBg(k1,6))

(4.17) m (B (k1,6))

3
> 2
— 4
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and
mk ({k € K : ey (Uz) > 0} NBg ko, 0))
mK(BK(k‘Q,é))

for some § > 0. Now using (4.18) along with the bi-invariance of both dx and my, we have that

mK({k c K : nkkflsz(UQ) > O} M BK(k1,5))
mK(BK(kl,é))
mr({k € K : npg(Us) > 0} - ky kg NBx(ka, 8) - ky M hey)
mx (B (ka, 0) - ky 'k1)
mg({k € K : g (Us2) > 0} N Bk (k2,0))
mi (Bx (k2,6))

3
4.1 > -
(1.18) =]

3
4.1 > .
(4.19) =
Combining (4.17) and (4.19) yields —=&M) __ > 1 This implies that m (W) > 0 and concludes
mK(BK(kl 6)) 2
the proof. 0

It remains to show Theorem 4.10. To this end, we need the following lemma, which is the analog
of [KMRR22, Lemma 3.7] in our setting.

Lemma 4.14. For o-almost every (r1,72) € X x X, we have A\(qz,) = Az 20)-

Proof. By the definition of ¢ and the fact that z — 7, is a disintegration, it follows that for o-
almost every (x1,x32), we have 7(x1) = wn(a) and 7(x2) = wn(xy), for some w € K. For any such
(21, x2), using the right invariance of mg, we have

Ay o) =/ Ner(wy) X Mer(zs) dK (K) =/ Nkwr(a) X Mhwr(z:) MK (k)
XxX XxX

= / Nk (a) X Mk (z1) de(kw_l) - / Nkre(a) X Mkr(ar) de(k) = )‘(a,xl)'
XxX XxX
This concludes the proof. O
We are now ready to prove Theorem 4.10.

Proof of Theorem 4.10. Consider the measure v, := 6, X i, where J, denotes the Dirac mass at a.
Claim. There exists some Fglner sequence ¥ such that

I/a({(l’o,l’l) e X x X (:E(],:El) c gen()\(xom),\lf)}) =1.

From the definition of v,, it is clear that for v,-almost every (xg,x1) € X x X, g = a. Therefore,
assuming the Claim we have that

va({(a,71) € X X X : (a,21) € gen(A(q0,), V) }) = 1,
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which, by the definition of v, implies that
p({xy € X : (a,z1) € gen()\(am),\ll)}) =1.
Then, by Proposition 4.5 (i), we have that m o = p, and therefore
o({(71,72) € X x X : (a,71) € gen(A(gz,), ¥)}) = 1.
From Lemma 4.14, we know that A4 ;,) = A(z, 4,) for o-almost every (z1,x2), and consequently,
o({(z1,22) € X x X : (a,21) € gen()\(xlm), U} =1,

which was to be proved. Now, to finish the proof of Theorem 4.10, it only remains to prove the
Claim.

Proof of Claim. In this proof we follow the argument used in the proof of [KMRR24, Theorem 7.6].
Apply Lemma 2.8 for the ergodic decomposition (zg,x1) — A(zo,a1)> 1O Obtain a Folner sequence ®
such that

(4.20) (ux p){(zo,21) € X X X : (xg,21) € gen()\(xo,xl), ?)}) =1.

Consider the map X — M(X), s — vg = ds X u, where 05 denotes the Dirac mass at s. It is quite
straightforward to see that s — v; is a continuous disintegration of 1 X u, and moreover, satisfies

(4.21) (Tg X Tg)Vs = VTys

for any s € X. By (4.20) and the fact that s — vy is a disintegration of u x pu, it follows that for
p-almost every s € X, vs-almost every (wo,71) € X x X is in gen(A(y 4,), ®). Fix b € supp(u).
Then

(4.22) vp-almost every (z9,21) is in gen(A(y 4,), ®)-

By Lemma 2.5, there exists some sequence (gn)nen in G such that T, a — b, and now by continuity
of the disintegration s — v, combined with (4.21), it follows that

(4.23) (Ty, % Ty, )Va = Up.
Now, let F = (F))ren be a dense subset of C'(X x X) and for k, N € N, consider the sets

1
W Z Fj((Tg x Tg)(x()?xl)) - /X><X F;j d)‘(roﬂﬂl)

ApN = {(mo,xl) € X x X : max
gePN

1<j<k

1
< —>.
<i)
Using (4.22) and the monotone convergence theorem, it follows that for any k£ € N there exists
some N (k) € N, such that
(4.24) vp(Ap Ny = 1—27%.
For k, N € N, we define

1
Bk,N = {(l‘o,l‘l) c X xX: dXxX((JEOHEI),Ak,N) < E},
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where dx« x is the metric on X x X. Then for k sufficiently large, we have

1
T E:ﬂwpdmmmn—/ Fy A\ (2o
XxX

(4.25)
P
P (k) seom

2
<_7
~k

max
1<j<k

for any (w0, 1) € By, n(k)- The sets Ay n are open, while the sets By v are closed subsets of X x X,
and also Ay n (k) C By n(k), so by Urysohn’s lemma, we can find, for all k € N, continuous functions
fre: X x X —[0,1] such that

fk’Ak,N(k) =1 and fk‘(XXX)\Bk’N(k) =0.

By (4.22), for each k € N, there exists n(k) € N such that

/ (Tgn(k) X Tgn(k))fk drg _/ fre dvp
XxX XxX
Let (hi)ren be the subsequence of (g,,)nen defined by hy = g,,(x), for £ € N. Then, by the equation

<27k

above, we have
(T % o) Brw) = [ @ x T dvaz [ fodu— 27t
XxX XxX
> (A ng) — 278 > 1—27F1 (by (4.24)),

for any k£ € N. Therefore, it holds that

Zya((Thk X Thk)_lBk‘,N(k;)) = 00,

E>1
and then, by the Borel-Cantelli lemma, it follows that v,-almost every (zg, 1) € supp(v,) belong
to all, but finitely many, sets (Tj, X T, ) "By, N(k)- Then by (4.25), it follows that for v,-almost
every (xg,x1) € X x X and k sufficiently large, we have

Y (% 1) o) -

= Fy AN, <1y, )(xo,21)
|‘Ijk| %X J (h,c hy )(T0,%1
geEY

2
<_7
~k

max
1<;<k

where VU is the Fglner sequence defined by W; = hy®y), for k € N. Using (4.6), the above
equation becomes

2
< —.
Tk

1
G 2 BTy x ) (wo.0) - /X F; d\ap.on)

man
1<5<
=)= gew, x X

Sending k — 0o, we have shown that

) 1
i e 3 F(T, < T ) = [ F e
XxX

holds for v,-almost every (zg,x1) € X x X and for any F' € F. An approximation argument
concludes the proof of the Claim. A

The proof of the theorem is complete. O
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4.3. The proof of Theorem 3.8. We are now ready to prove Theorem 3.8.

Let G be a square absolutely continuous group, let (X, u, T') be an ergodic G-system admitting
a continuous factor map to its Kronecker factor, and let a € gen(u, ®) for some Fglner sequence
. Let also E be a clopen subset of X with pu(E) > 0. Consider the measure o given in (4.1). By
Theorems 4.9 and 4.10, we have that there is a Fglner sequence ¥ such that

(4.26) o({(z1,22) : (a,71) € gen(A(z, 4v), ¥) and (71, 22) € sUPP(A(y, 20))}) = 1.

On the other hand, by Theorem 4.6 we have that

(4.27) a<E < | T;lE> > 0.
teG

Combining (4.26) and (4.27) we get that there exists (x1,22) € X x X such that for the T x T-
invariant measure A := A(;, ;,) we have that (a,71) € gen(\, ¥), (z1,72) € supp(\) and also
(x1,29) € E X (UteG Tt_lE). Hence, there is t € GG such that 1 € E and 29 € Tt_lE. Finally,
applying Lemma 2.5 for Y = X x X, S =T x T, y = (a,z1) and w = (x1,22), v = A and for
the Fglner sequence W we get that there is an infinite sequence (g, )nen in G such that (T, x
T,.)(a, 1) — (z1,72) in X x X. Therefore, (a,r1,22) € X forms an Erdds progression, and this
concludes the proof of Theorem 3.8.

5. PROOF OF THE COROLLARIES OF THEOREM 1.5

We start by showing Theorem 1.7, and then we will prove Corollaries 1.8 and 1.9. We split the
proof of Theorem 1.7 into the following three lemmas:

Lemma 5.1. Let G be an amenable group, let M > 0 and let ¢ : G — G be a map such that for
every g € G, |¢7*({g})| < M. Suppose that there exist two Folner sequences ® and ¥ in G and
some n > 0 such that for any N € N, we have that $(Vy) C ®n and

lp(¥ )|
|PN| 2

Then G is ¢p-absolutely continuous.

Lemma 5.2. Let G be a torsion-free finitely generated nilpotent group. Then the squaring map sg
on G is injective.

Lemma 5.3. Let G be a torsion-free finitely generated nilpotent group. Then there exists some
Folner sequence ¥ in G and some 1 > 0 such that for any N € N, we have that sqg(Vyn) C Uni1
and

lsa(¥n)|
(5:1) Ul
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It is clear that Theorem 1.7 follows immediately from Lemmas 5.1, 5.2 and 5.3, where Lemma 5.1
is applied for ¢ = sg, ¥ the Fglner guaranteed by Lemma 5.3 and ® the Fglner given by &5 =
YNt
Proof of Lemma 5.1. Let G, ¢, P,V and n be as in the assumptions of Lemma 5.1. We will prove
something stronger than we require namely that for any u : G — [0, 1] we have

M
lim sup ) < — hm sup
N| > ul N| > ul

N—oo geV N N—oo gedn

and then for any ¢ > 0, taking 6 = ne/M > 0 yields that G is ¢-absolutely continuous. Let
u:G —[0,1], and let (¥, )gen such that

> ulole)) = lmsup N| R

9e¥n, N=oo ge¥N

i
hovoo [T, |

For each k € N, using the assumption on ® and ¥, we have that ¢(¥y,) C ®n, and |¢$}\1]V"'|)| >n
k

Then for every k € N we have

1 M M 1
Ua Z u(é(g)) < [6(Tn )| Z u(g) < 7 Ton] Z u(g),

g
‘ N 9€¥n, klgedy,

so letting k — oo we obtain that

1 M M
lim u(o(g)) < — limsup u(g) < — limsup ——
k—oo |, | g‘lf;vk N kooo PN 962‘1’;% N Noco !@N\ ;;N
which concludes the proof. O

Let G be a torsion-free finitely generated nilpotent group and fix a Mal’cev coordinate system
(t1,...,ts). By [KM79, Theorem 17.2.5], we have that for any 1 <i < s, there are polynomials p;
in 7 — 1 variables, with rational coefficients, satisfying p;(Z~!) C Z such that for any = € G, we

have
(5.2) ti(2?) = 2t;(z) + pi({t;(2): j <i}).
Proof of Lemma 5.2. The proof becomes obvious by using (5.2). O

Proof of Lemma 5.3. Let G be a torsion-free finitely generated nilpotent group and fix a Mal’cev
coordinate system (t1,...,ts). We identify the group G with Z* as implied by the Mal’cev coordinate
system. Let (p;)i<i<s be the sequence of polynomials satisfying (5.2) and for each ¢ we denote the
number of terms of p; by ;. Now we will define three integer-valued sequences (b;)1<i<s, (¢i)i1<i<s
and (d;)1<i<s that will help us to construct the Folner sequence ¥ with the required properties.
We start with the latter one and we define it recursively as follows: Let dy = 1. Now let 1 <7 <'s
and suppose that d; has been defined for all 1 < j < i. Given a monomial m(x1,...,z;—1) =

i—1

ot .x with ej > 0 for any 1 < j < 4, we let d(m) = > 1<j<i€jdj, and then we also let
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d(p;) = max{d(m): the monomial m appears in p;}. Then we define d; = max{d(p;), 1}. The other
two sequences are defined as follows: Let by = 0. Now we fix 1 < ¢ < s. We denote by m; the
monomial m appearing in p; with maximal coefficient in absolute value such that d(p;) = d(m).
Then we define b; to be ceiling of the absolute value of the coefficient of m;. Finally, for any
1 <i<s, welet ¢; =~;b; +2. We also note that d; = d(m;) for each 1 <1 < s.

Let us now define the Fglner sequence W. By the definition of (b;)1<i<s and (d;)1<i<s, we have
that for any 1 <i < s, if |z;| < M% for every 1 < j < i, for some M > 0, then |m;(x1,...,7,-1)| <
biM9%, and then, |p;(z1,...,2;_1)| < ybiM%. It follows that for any 1 < i < s, the following
implication holds:

Nd; o .
(5.3) lzjl <e¢; 7 V1<j<i=|pi(z1,...,2-1)] < ’yibicf.vdl.

Given M > 0, we use the notation [M] := (=M, M]NZ. Now, for any N € N, we define

(N—l)dl] " [CgN—l)dz]

Uy =[q N_l)ds]-

x e [l
It is not hard to check that ¥ = (V) nen is Folner sequence in G. We show that s(¥x) C Uy
for every N € N. Let V € N and then

(N—l)di]

s(Wn) = {(2ti(x) + pi((tj(2))1<j<i) 1<ics: ti(x) € [ V1<i<s}).

Let 22 = (t1(z?),...,ts(2?)) € s(¥y). We claim that for each 1 < i < s, we have that

(5.4) ti(z?) € [N,

)

Let 1 <14 <s. For any 1 < j < i, we have that ¢;(x) € [C(N_l)dj]

: , and then we have that

ti(2?) = 2ti(z) + pi((t;(2): j <))

€ (pil(t5(@)1<jci) — 268 % pi((t5 (@) 125<i) + 26 VU0 (Z + pi(t(2))125<0)

where the last one follows from that |p;((¢;(z))i1<j<i)| < ’y,-bicZ(N_l)di, by (5.3), and from the defi-

nition of ¢; along with that d; > 1. This shows (5.4) and hence that s(¥x) C Uny;.

It remains to prove (5.1) and we show it for the Fglner ¥ and with 7 := [],.,-, % >0, In

7

other words, we prove that for any N € N we have

(5.5) M_ H o

- 7
W N1 1Zics

Let N € N. By Lemma 5.2, s¢ is injective, and since ¥ is finite, we have that

sl == T 2(I] )

1<i<s 1<i<s
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Moreover, we clearly have
N
vl =TT (I <) -
1<i<s 1<i<s
and so (5.5) follows from comparing the last two equations. This concludes the proof. O

Having established Theorem 1.7, we are ready to prove Corollary 1.8. Before we prove it, let us
make some remarks.

Let se Nand 1 <7 <s. We say that a non-empty set L C Z?° is a line in the i-th coordinate if
there is a non-empty interval I in Z, i.e. a set of the form {m,..., m + r} for some m,r € Z with
r > 0, and some integers x;, j € {1,...,s}\ {i} such that

L={x1}x - x{xim1} x I x{xig1} x - x{zs}.
We refer to the length of the interval I as the length of the line L.

Let G be a torsion-free finitely generated nilpotent group and (t1,...,ts) a Mal’cev coordinate
system. For each 1 <1 < s, let e; be the element with coordinates (egl), .. .,egl)), where el(.l) =1
and ey) =0 for j # i. Every g € G has a unique representation as (t1(g),...,ts(g)) € Z°, and this

defines a bijective map from G to Z°®. From now on, we identify each g € G with its coordinates
(t1(g9),...,ts(g)) € Z*, and every set E C G with the corresponding set of coordinates in Z*. We
freely pass from viewing a set £ C G as a subset of Z® and vice versa, without stating it, as it will
be clear from the context.

If E is a finite subset of G and 1 < i < s, then E can be written as a finite disjoint union of
lines in the i-th coordinate, and this can be done in many ways. We want to write £ as a union of
lines which is going to be maximal in some sense that is going to be useful for us in our proof of
Corollary 1.8.

More precisely, if ' is a finite subset of G, and 1 < ¢ < s, then we can always write it as a
disjoint union F = |_|§:1 LU) such that the sets LU) are lines in the i-th coordinate, and for each
j, the line L) is maximal within F, meaning that for each 1 < j < s, ;L) is not a subset of E.
Note that although there always exists such a choice of lines, it may not be unique, but uniqueness
is not necessary for our purposes. We are now ready to prove Corollary 1.8.

Proof of Corollary 1.8. The first part of Corollary 1.8 follows immediately by combining Theorems
1.5 and 1.7. It remains to prove that if G is a torsion-free finitely generated nilpotent group, then
given a Mal’cev coordinate system (t1,...,ts) on G, we can choose B so that for any finite set
C CZ and any 1 < i < s, the set {b € B:t;(b) € C} is finite.

Let GG be a torsion-free finitely generated nilpotent group, let A have positive left upper Banach
density, and ¥ = (¥ y)nen a left Folner sequence such that dy(A) > 0, where the previous density
exists. In addition, let (t1,...,ts) be any Mal’cev coordinate system on G.

Claim. There is a Fglner sequence ¥’ such that dy/(A) > 0 and for any finite set C' C Z and any
1 <i<s,theset {N € N:¢;(Vy)NC # 0} is finite.
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Assume that we have proved the Claim. Then we can consider the set A" := (Jycny A4 N Wy
Then we have that dg/(A) > 0, so by Corollary 1.8, there is an infinite sequence B C A’ C A and
some ¢t € G such that t- Ba« B C A’ C A. Let C' C Z be finite and 1 <i < s. For each N € N, ¥/,
is finite and {N € N : ¢;(¥y) N C # 0} is also finite, so since B C |Jyoy ¥’y is infinite, one easily
sees that {b € B : t;(b) € C'} is finite. So it remains to prove the Claim.

Proof of Claim. We know that dy(A) = limy_ 00 I‘Tgil‘\’l > 0. Foreach 1 <i<sand N €N, let

‘\I/NA(GZ'\I’N)’

SiN =
N U]

Since ¥ is a Fglner sequence, for all 4, 6; v — 0 as N — oco. Then we can choose a sequence @ of
natural numbers such that Qn — 0o as N — oo and for all i, Qnd; v — 0 as N — oo.
Step 1: For each N € N, W is a finite subset of (G, so we can write it as a disjoint union of lines

(1)

in the 1st coordinate, which are maximal within ¥y. Let ¥’ be the union of those lines whose
length is greater that Qn, and mpy be the number of those lines whose length is less than or equal

to Qn. Then

WAy - Qumy _ [Un]| — 8]

) =
OO = OV TG E T S

Therefore, ‘ﬁ,gi)" — 1as N — 0o, from which one gets that U(}) = (\I’g\l,)) NeN is a left Fglner sequence
in G. In addition, it is not difficult to see that the density dy)(A) exists and dy0)(A) = dy(A).
Recall that for each N € N, \Ilg\l,) is a disjoint union of some lines in the 1-st coordinate
LN LUNN) whose length is greater than Qn. Let N; = 1 and set \T/gl) = \Ilgl). Since
\Ifgl) U in the first coordinate is also finite. For each N € N, let

is finite, the projection P; of \Ifg

Vi = {g e vl : ti(g) ¢P1}—u{geL<ﬂN ti(9) ¢ P1}.
7j=1

Then \1’5\1,’2) C \1’5\1,) and

W) S g € LON () ¢ P} S5 (L0 - [Py

] SN LG TN LG
N
_ _ sl >1—€N‘P1‘ :1—@.
SN LGN T INQN QN

v i?)|

t ‘P1| s (1)| — 1 as N — oo. Hence,

Since Qn — o0 as N — oo, we have tha —0as N — o0, s0

(1 2) ~
we can pick No € N, Ny > Nj such that “ (1)“ > % Set \Ijél) = \1'5\1/;2)'
No
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~ (1)

Now since \I/é
N e N, let

1)

is finite, the projection P» of \T/é in the first coordinate is also finite. For each

N
WY ={ge v i) ¢ LURY = | [{g€ LN iti(g) ¢ PLUR}.
j=1

Then \Ilg\l,’g) - \Ilg\lf) and as before, we have that

1,3
R YR TS
oy Qn
(1,3)
Again, since Qn — oo as N — 0o, we have that M —0as N — oo, so |\p1\(’ || —las N — oc.
N

v 3>\
N3

|
o2 Set T = w9,

Hence, we can pick N3 € N, N3 > Ny such that B
N3
Continuing inductively, we find a strictly increasing sequence of natural numbers (Ng)gen such

(1) (1)
that for all k € N, \I/(l) C \I/(l) C Uy, and “ (1)|| > 1—+. Then “\Iju)l' — 1 as k — oo, from which one

gets that g = (\I/( )) ren is a left Folner sequence in G. In addition, it is not difficult to see that

the density dg)(A) exists and dg,)(A) = d o), (A) = dga)(A) = dy(A). In addition, from
(‘I’Nk)keN

the construction of ¥(), we have that for any finite set C' C Z, the set {k € N : tl(\ff,il)) NnC #0}
is finite.

Step 2: Repeat Step 1 with ¢ in place of W, which we write as a disjoint union of lines in the
1)

2nd coordinate that are maximal within \Tlgv , to obtain a strictly increasing sequence of natural
~ ~ ~ Ae)
numbers (Ng)iren and a left Folner sequence U2 guch that for all k € N, \11(2) - \Ilg\lfi, “\Iju)l' — 1

as k — oo and such that for any finite set C' C Z, the set {k € N : t5(¥, g2 )N C # (0} is finite. Then
we will also have that the density dg ) (A) exists and dg ) (A) = dgq, (A) =dyg(A).

Recall that U has the property that for any finite set C' C Z, the set {N eN: tl(\iﬁ’)mc £ 0}
is finite. As \I’,(f) C \TJE\I,Z for all £ € N, we get that for any finite set C' C Z, the set {k € N :
tl(\fll(f)) NC # 0} is finite. Hence, after all, for any finite set C C Z and any i € {1,2}, the set
{keN: ti(\i,(f)) N C # (0} is finite.

Repeating the same procedure, after s steps, we find a left Fglner sequence () guch that the
density dg . (A) exists, dg.)(A) = dg(A) > 0 and for any finite set C' C Z and any i € {1,...,s},
the set {N € N: t,(\Ilg\S, )N C # 0} is finite. Taking ¥ := U(®), we see that U’ satisfies the Claim,
thus concludes its proof. A

Since the Claim is established, the proof of the corollary is complete. O

Now, we have to show Corollary 1.9, but this is not hard using the fact that finitely generated
nilpotent groups are virtually torsion-free. Let us first show the following simple lemma:
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Lemma 5.4. Let G be an amenable group, H be a subgroup of G with |G : H| = r < oo and ® be
a Folner sequence in G. Then the following hold:

(i) do(H) = ;.
(ii) Letting Uy = ®n N H for each N € N, the sequence ¥V = (V) nen s a Folner sequence in
H.

In the following proof and onwards, we use the symbol U to denote the disjoint union.
Proof. (i) This is quite easy to check.
(ii) Let h € H and suppose for sake of contradiction that

Uy N
E:%m&llﬂ

< 1.
—00 | W N |

For any N € N, we have that
hoyNdy = (h\IfN N \IJN) (] ((hq)]v N (I)N) \H),

hence,
hon N On| _ [WIN x|  [(hey NEN)\H| _ RPN N U] [y [Py \ H]
O O] D] A2 D] [on|
Using (i), it follows that

hdy N 14 1
[heyoy| £, 1y
N—o00 |D | r r
which contradicts the fact that ® is a Folner sequence in G. Therefore, ¥ is indeed a Fglner
sequence in H and the proof of the lemma is complete. O

Proof of Corollary 1.9. Let G be a finitely generated virtually nilpotent group, ® = (®y)nen be
a Fglner sequence in G and A be a subset of G with dg(A) > 0. By passing to a subsequence for
which the limit exists, we may assume that dg(A) > 0. Let G’ be a nilpotent finite-index subgroup
of G. Since G is finitely generated, by writing it as a disjoint union of finitely many left cosets of
G’, it is easy to see that G’ is also finitely generated, and it is also nilpotent. By [KM79, Theorem
17.2.2], there exists a normal subgroup H of G’ with finite index, which is torsion-free. Hence,
H is a torsion-free finitely generated nilpotent group, which has finite index in G. By writing G
as finite disjoint union of left cosets of H, we can see that there exists some g € G such that
de(g " AN H) = de(ANgH) > 0. Again, by passing to a subsequence, we may assume that the
limit exists, so de(¢9 AN H) = de(ANgH) > 0. We let Uy = &y N H for each N € N and by
Lemma 5.4 (i), ¥ = (¥ y)nen is a Folner sequence on H. Hence for every N € N we have that
gt ANTN|  JgT'ANOyNH| [Py
Ul D] 7%

thus,
d(I)(g_lA N H)

d\I/(g_lAﬁH) = dcp(H)

>0,
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using Lemma 5.4 (i). Therefore, recalling that H is torsion-free finitely generated nilpotent group,
Corollary 1.8 yields an infinite sequence B C ¢ 'AN H C ¢ 'A and some t; € H such that
B« BC to_lg_lA N H C t~'A, where we have set t = gty € G. This concludes the proof. O

Once we have established the corollaries concerning finitely generated nilpotent groups, we move
on to showing the results corresponding to abelian groups, namely Theorem 1.11 and Corollary 1.12.
Obviously, the latter is an immediate consequence of the former and of Theorem 1.5, so it suffices
to show Theorem 1.11.

Proof of Theorem 1.11. Let (G,+) be an abelian group such that 2G has finite index in G, let ¥ be
any Folner sequence in G and consider the doubling map sg : G — 2G, g — 2g. We will show that

the assumptions of Lemma 5.1 are satisfied, which will yield that G is square absolutely continuous.
Then | ker(sg)| = |G : 2G| = r, hence

(5.6) s¢' (gDl <r, Vged.
By assumption, there exist » € N and g¢1, ..., g, € G, where g1 = eg, such that
G =] |(g+20)

i=1

We define ® = (tIDN)NeN by ®n = | ]i_;(g; +2¥x). Assuming that this is a Fglner sequence in G,
by taking 7 := =, we have that

lsc(Un)]  [2¥y]

61) so(ln)=2Un C By an @n] P20

Combining (5.6) and (5.7), we have that the assumptions of Lemma 5.1 are indeed satisfied. Thus,
it suffices to show that ® is a Fglner sequence in G.
Let g € G and € > 0. There exist 1 <14y <r and h € G such that g = g;, + 2h. Then

T

r
(5.8) (9+@N)NON = ( | |(gio +gi +2(h + \I’N))> N ( | | (g5 + 2‘I’N)>-
i1 j=1
Since the cosets g; + 2G are disjoint, it follows that for each 1 < ¢ < r, there exists a unique 1 <
Jj(i) < rsuch that g;, +g; € g;;)+2G, so there is y; € G such that gi, +g; = gj(;) +2y;- In addition,
if we assume that for i; # i we have j(i1) = j(i2), then we have that g;, — gi, = 2vi;, —2vi, € 2G, so
9i, +2G = ¢;,+2G, which is a contradiction. Therefore, the map j : {1,...,r} = {1,...,r},i— j(3)
is a bijection, and then (5.8) becomes

T

(g+2n) Ny = | | ((gj0)+2(wi+h+Tn) (g0 +2%n)) = | | (gje) + 2(wi +h+Tx)N20y)),
i=1 1=1
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thus, we have that

T

(g +@n)NON| =Y 2y +h+UN)N2UN)[ = [salyi +h+Un)Nsa(Ty))

i=1 i=1

(5.9) > lsa((yi+h+¥x) N Ty)|
i=1

Now since ¥ is a Fglner sequence in G, for N sufficiently large, we have that for every 1 < i < r,
|(yi +h+¥N)AVN| < 2[Wy], and then we have that

(5.10)

sc((yi +h+In) YN[ ) lsc(UNOWi+h+UN)) YN O(yi +h+ Tyl

sa(¥n)] - [sa(¥n)] - W]
where for the second inequality above we use that [sq(YNA(y;+h+¥N))| < (Y NA(yj+h+TYnN))|
and that [s¢(Vx)| > L|Wy], as Isg' ({z})] <7 for all z € G.
Then, combining (5.9) and (5.10) we get that for N sufficiently large

g+ en) N ON| iy (1= 2)lsa(¥n)|

21_67

=z =1-—c¢.
[N rlsa(Vn)|
Since € > 0 was arbitrary, it follows that limy_ % = 1. Thus, ® is a Fglner sequence
in GG, and the proof is complete. O

6. COUNTEREXAMPLES ON PRODUCTS SETS

To construct the counterexamples we introduce some convenient notation. We denote by Hg the
3 x 3 discrete Heisenberg group, that is the group of 3 x 3 upper triangular matrices with 1 in the
diagonal and integer entries. Using the obvious Mal’cev coordinate system in this group we identify
Hj with Z3 by writing elements of H3 as a = (a1, as,a3) where the group operation is given by
ab = (a1 + by, ag + by, az + by + a1be). For N € N, we denote [N] := [1, N|, where all intervals are
considered in Z, and [N] := [1, N] N (2Z + 1). All the counterexamples below are constructed on
the group G = Hs. By Corollary 1.8, we may assume that any infinite sequence B C Hj considered
below is infinite in all coordinates.

Example 6.1. We construct a set A C Hs and a Fglner sequence ® with dg(A) > 0 such that
there is no infinite sequence B = (b(n)),en C A satisfying B< B C At~! for some t € G.

Consider the Fglner sequence ® = (®y)yen with & = (2 + [N]) x [N] x [N?]. Tt is not hard
to see that @ is a left Fglner sequence, but not a right one. Let ® = (2 +[N]') x [N]’ x [N?]" and
consider the set A = Jyey . Clearly, dg(A) > 0. Suppose, for sake of contradiction, that there
exist an infinite sequence B = (b(n))n,en C A and some t € Hsz such that {b(i)b(j): i < j} C At~L
We denote t=! = (t1,t2,t3). We observe that B N @ # @ for infinitely many N € N. Let
b =b(i) = (b1,be,b3), for some i € N, such that b € ¢/, for some N large (compared to the t;’s).
Then we can find some j > i such that the element ¢ = b(j) = (c1, ¢2, c3) belongs in some ¥, for
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some M much larger than N, and then bc € At~!. It follows that bc € <I>’Qt_1, for some @ € N,
where

Dt =29+ [Q) +t1) x ([Q) +1t2) x ([QY +t5 + t2(2% + [Q))).
Then (be); = O(29) and on the other hand, (bc); = by + ¢ € 2V +2M 4+ [N + M]’, and hence we
have that (bc); = O(2M). Tt follows that Q and M are of the same order (and, in fact, we can show
that they are equal). We now want to show that ¢5 # 0. By the fact that be € <I>’Qt_1, we have that

be€ (2Z+1+t1) X (2Z + 1 +t9) x (2Z + 1 4 t3 + ta).
On the other hand, multiplying b and ¢, and using that b; and ¢; are odd for all 4, gives that
bc = (b1 + c1,bo + o, b3 + 3 —|—b102) € 27, x 27, X (2Z + 1).

It follows that all the t;’s are odd, and in particular, to # 0.
Now, since cb € <I>’Qt_1 and t9 # 0, we have that

(be)3 > 29 > oM,
On the hand, for M sufficiently large, we have that
(be)s = b3 + 3 + brea < N? + M2 4+ (2N + N)M < M?,
which yields a contradiction.

Example 6.2. We construct a set A C Hs and a Fglner sequence ® with dg(A) = 1 such that
there is no infinite sequence B = (b(n)),en C G satisfying B> B C 1A for some t € G.

Consider the same Fglner sequence ® as in Example 6.1. We observe that ® 5 N®,; = () for any
N #£ M, and in particular, the projections of any two such sets in the first coordinate are disjoint
subsets of Z. We define the set A = |Jyey @~ and clearly we have do(A) = 1. Suppose, for
sake of contradiction, that there exist an infinite sequence B = (b(n))nen C Hs and some ¢t € Hs
such that {b(i)b(j): i > j} C t~'A. We denote t = (t1,t2,t3) and b(1) = b = (b1, ba,b3). We
may assume without loss of generality that by # 0. We let B’ = (b(n)),>2. Moreover, we denote
b=! =y = (y1,%2,y3) and then we have that B’ C t~'Ay. It follows that B’ Nt 1®yy # () for
infinitely many N € N. Fix ¢ = b(i) for some i > 1 such that ¢ € B’ Nt~1®,y for some large
M € N. Then ¢b € t7' A, which implies that ¢b belongs in exactly one set of the form t~1®,. We
have that

(cb)y =c1 4+ by € 2M 4 [M] +t1 +y1 + by = 2M + [M] + 14,
hence cb € t~1®),. Then we have that (cb)s € [M?] + t;[M] + t3, which imples that (cb)s < M?,
for M sufficiently large. On the other hand, multiplying ¢ and b gives that

(Cb)g =c3+bg+cibyg > € 2M—|-[M] +t1 4+ y1,

which implies that (cb)3 > 2™ = 2M  for M sufficiently large, where the implied constant is again
absolute. This yields a contradiction.
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Example 6.3. Consider the same ® and A C Hj as in Example 6.2. Then we show that there is
no infinite sequence B C Hj satisfying B> B C At~!.

To see why, suppose, for sake of contradiction, that there exists such a sequence B and, as we
did in Remark 1.13, consider the sequence B’ =t~ 'Bt. Then we have that B’ » B’ C t~' A, which
cannot hold for this particular set A as we saw in Example 6.2. This yields a contradiction.

APPENDIX A. A RESULT OF HOST AND KRA FOR AMENABLE GROUPS

The purpose of this appendix is to prove Lemma 3.5. The proof follows the ideas in the proof
of [HK09, Proof of Proposition 6.1], adapted in our setting. We state the following classical result
(see for example [Rud91, Example 11.13 (a)]), which we will need in the proof of Lemma 3.5:

Lemma A.1. Let X be a compact metric space. Then the only linear multiplicative functionals on
the algebra C(X) are the point evaluations, i.e., ev,(f) = f(x), for x € X.

For convenience, we restate the lemma we want to prove:

Lemma 3.5. [HK09, Proposition 6.1 for group actions| Let G be an amenable group, let (X, u,T)
be an ergodic G-system, (Z, m, R) be its Kronecker factor and p : (X, u,T) — (Z,m, R) be a factor
map. If a € X is a transitive point, then there exists a point z € Z and a Falner sequence W such
that
(A1) im —— 3 £1(Tya) - fo(Ry2) = / i (fao p) du
N—oo ’\I’N‘ g€y X

holds for any f1 € C(X) and fo € C(Z).

We remark that the result still holds if we replace (Z,m,R) by any factor of (X,u,T) that is
distal as a topological system.

Proof. As in [HK09], we split the proof into two parts.

Construction of a common extension. Let A C {f : X — C: f is measurable and bounded} be
the closed (in norm) subalgebra that is spanned by C(X) and {fop: f € C(Z)}. This is a unital
commutative separable algebra, which contains the constants and is invariant under both complex

conjugation and T'. Consider the Gelfand spectrum of A, which is defined as
W ={x:A— C: x is linear and multiplicative}.

Note that W is compact and metrizable, since A is separable. By Gelfand’s theorem, there
exists an isometric isomorphism F : C(W) — A, satisfying F~1(f)(x) = x(f) for all f € A and all
x € W. Hence for all fe C(W) and all x € W, we have f(x) = X(F(f)) For ge G and y € W,
we define Sy(x) : A = C, Sy(x)(f) = x(f oT,). Then it is not too difficult to see that for each
g€ G,Sy: W — W is a homeomorphism, and we also let S = (5;)geq. Then for every x € W, we
have that

X(F(f 0 Sg)) = [(Se(X)) = Sy (F () = x(F(f) o Ty)
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for f € C(W) and any g € G. In particular, for every z € X, by considering the evaluation
functional ev, € W, it follows that

F(f 0 Sg)(x) = eve(F(f 0 Sy)) = eva(F(f) 0 Ty) = (F(f) o Tg)(x)
holds for any fe C(W) and any g € G. Thus, we have that

(A.2) F(foSg)=F(f)oT,
for every fe C(W) and for every g € G.

Now, we consider the embedding F_1|C(X) : C(X) = C(W). Given w € W, evy o F_1|C(X)
is a linear multiplicative functional on C'(X), and by Lemma A.1, there exists a unique = € X
such that ev,, o F‘llc(X) = ev,. Thus, we can define 7x : W — X by 7x(w) = « if and only if
evy o I _1\0( x) = evg. The last equation is equivalent to that for any f € C(X) and w € W,

fomx(w) = ey ) (f) =evwo F oo (f) = FH(f)(w).

Hence 7x is the unique map from W to X satisfying
(A.3) fomx =F7\(f)

for any f € C'(X). We claim that 7x is continuous and surjective.

To show continuity, we let (wy)neny in W such that w, — w € W. Then for any f € C(W),
we have evy,, (f) — evy(f). Hence, for any f € C(X), we have evy (y,)(f) = Vi () (f), that
is, f(nx(wy)) = f(rx(w)). Since X is compact, mx(w,) has a convergent subsequence, which
by abuse of notation we denote by mx(wy). Suppose for sake of contradiction that 7x(wy,) —
y # mwx(w). Then by Urysohn’s lemma, we can find some f € C(X) and some disjoint open
neighborhoods Uy > mx(w),Uz 3 y, such that f|y, = 1 and f[y, = 0. It follows that mx (w,) € Us
for large n, hence f(mwx(w,)) = 0 for large n, while f(wx(w)) = 1, but this contradicts the fact
that f(mx(wy)) — f(mx(w)). This shows that every convergent subsequence of mx (w,) converges
to mx (w), and since X is compact, it follows that 7x (w,) — 7x (w), showing the continuity of 7x.

To show that myx is surjective, let x € X and consider the linear multiplicative functional ev,
on C(X). Since F _1|C( x) is an embedding, it follows that I’ _1|C( x) 0 evy is a linear multiplicative
functional on C'(W). Then, by Lemma A.1, there exists some w € W such that F_1|C(X) oev, =
evy. Hence, mx(w) = x, showing that mx is surjective.

Moreover, for any g € G and any f € C(X), let f = F~1(f) € C(W), and then F(f) = f € C(X)

and by (A.2), F(foSy) = foT, € C(X). Then, using (A.2) and (A.3), we have that
foT,omx =F(foS))onx =foS,=F(f)onxoS,=forxoS,
for any g € G and any f € C'(X). It follows by Urysohn’s lemma that

(A4) Toomx =7x 08,
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for any g € G. Therefore, we have proved that W is an extension of X with mx being a continuous
topological factor map.

Similarly, by considering the embedding F_I\C(Z)Op : C(Z) op — C(W), there exists a unique
surjective continuous map 7z : W — Z such that

(A.5) fomz=F ! (fop)
for any f € C(Z), and
(A.6) Ryomz =mz08,

for any g € GG. Hence, W is also an extension of Z with 77 being a continuous topological factor
map.

Now we will find a measure on W, with which W will become a measurable extension of X and
Z. Since f ~ [ f dp is a positive linear functional on A, there exists a unique probability measure

v on W such that
[ rdu= [ P an
X w

for any f € A. By (A.2), we have that v is S-invariant, by (A.3), we have mxv = p and by (A.5),
we have mzrv = m. Consequently, mx and 7z are factor maps.

The last thing in this first step is to show that wx is actually a measurable isomorphism between
W and X and thus, that the measure v is ergodic. First, we want to extend (A.3) in C(W) ~ A.
For f € A, it holds f[;;, [F~*(f)]* dv = [ |f[* dp, and F~! is an isometry from A (with the
L?(X, ;) norm) into L?(W,v). Combining the facts that C(X) is dense in A (with respect to
the L?(X,p) norm) and that (A.3) holds for all f € C(X), we obtain that (A.3) holds for all
f € A, v-almost always. Then consider the map H : L?(X, u) — L*(W,v), such that f — fomy.
Then H(L?(p)) is closed in L?(W,v), since the map is an isometry, and notice that it contains
F~YA) = C(W). Thus, H(L*(X,pn)) = L?>(W,v), showing that mx is a measurable isomorphism,
and consequently, that (W, v, S) is ergodic. Finally, for any f € C(Z), using (A.3) and (A.5), we
see that fony = F~Y(f o p) = f o pomx holds v-almost always, and so, Tz = po Ty.

Construction of the Fglner sequence. Since (W, v, S) is ergodic, it follows that there exists wq €

gen(v, @) for some Fglner sequence ®.

Set x1 = mx (wy). Transitivity of a implies that there exists a sequence (hy)nven C G such that
(A7) lim sup dx(Tyx1,Tgnhya) =0,
where dx is the metric on the space X. Now set z; = mz(w1). Let E(Z, R) be the Ellis semigroup of
(Z, R), that is, the closure of R as an element of Z Z_where this space is equipped with the pointwise
convergence topology. Let Ro € (Rny ) ey C E(Z, R). By Proposition 2.11 R is a rotation, which
implies that is a bijection from Z to itself. In case that (Z,m,R) is any distal system (and not
necessarily the Kronecker factor), then we also have that R is a bijection (see by [Aus88, Chapter
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5]). Therefore, there exists zg € Z such that Ry(z9) = z1. Then there exists a subsequence of
(hn)NeN, which, by abuse of notation, we denote as (hn)nen, such that limy_oo Rpy20 = 21.

Therefore, there exists a further subsequence, which once again we denote in the same way, for
which it holds that

(A.8) lim sup dz(Rgz1, Rgny20) =0,

where dz is the metric on the space Z.
Let f1 € C(X), f2 € C(Z). By (A.7) and (A.8), we have that

lim sup [fi(Tgx1) — fi(Tynya)l =0 and hm sup |f2(Rgz1) — fa(Rghy20)| = 0.

We define the Folner sequence ¥ = (V) nen, by Uy = Pyhy for any N € N. It is easy to check

that since ® is a left Fglner sequence, then W is also a left Fglner sequence. It follows from the
above equations that

zvli—1>noo‘\\11 g;; f1(Tya) fa(Ry20) ~ oy ’g;: J1(Tyr1) f2(Ryz1)| =
:A}i_rgo'wgg (fi(Tynya )f2(Rgth0)_fl(Tgxl)f2(R9z1))‘
< lim sup | [1(Tynya) f2(Rgny 20) — f1(Tgz1) f2(Rg21)]
P gedy
< Jlim_ sup (1f1(Tgnya) fo(Rgny 20) — f1(Tynya) f2(Ry21)|
geEPN

+ | f1(Tynya) fo(Rygz1) — f1(Tyar) f2(Rgz1)])

< Jlim (I filloo sup [ f2(Rgny20) = f2(Rg21)] + [l falloo sup |f1(Tynya) = fi(Tyz1)])
= geEPN ged

(A9) =0
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Moreover, recalling that wy € gen(v, ®) and observing that f; o rx € C(W) and faomy € C(W),

we have that

lim —— Y fi(Tya1) fa( Rg1) = ]\}imooi > ATy(rx(w)) fa(Ry(mz(wn)))

N |<1> | & onl &
= lim > filex(Sqwn)) fa(mz(Sqwr))  (by (A4),(A.6))
N—o0 ’(13 N’
geEPN
= / (fiomx)(f2omz) dv
w
:/W(fwﬁx)(fzoPOWX) dv (since 7z = pomy)
(A.10) = / fi-(faop)du (since Txv = ).
w
Combining (A.9) and (A.10) yields the desired result. The proof is complete. O
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