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Abstract

Motivated by experimental reports on chirality induced spin selectivity, we inves-

tigate a minimal model that allows us to calculate the charge and spin conductances

through helical molecules analytically. The spin-orbit interaction is assumed to be non-

vanishing on the molecule and negligible in the reservoirs (leads). The band-structure

of the molecule features four helical modes with spin-momentum locking that are anal-

ogous of edge-currents in the quantum spin Hall effect. While charge is conserved and

therefore the charge current is independent of where it is measured, - reservoirs or

molecule, - our detailed calculations reveal that the spin currents in the left and right

lead are equal in magnitudes but with opposite signs (in linear response). We predict

that transport currents flowing through helical molecules are accompanied by a spin

accumulation in the contact region with the same magnetization direction for source

and drain. Further, we predict that the spin-conductance can be extracted directly
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from measuring the (quasi-static) spin accumulation - rather than the spin current

itself, which is very challenging to obtain experimentally.
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Introduction

Charge currents are routinely measured and analyzed in molecular electronics.1 The discov-

ery of a family of phenomena that exhibit chirality induced spin selectivity (CISS) has led

to a resurge of interest in spin-related phenomena in this field.2–7 Specifically, experiments

report a strong correlation between molecular chirality and a preferred spin direction in sys-

tems that exhibit a (nominally) very weak spin-orbit interaction. At present, there is no

consensus concerning the explanation of many experimental CISS results.8

Motivated by the CISS phenomena, we here address charge and spin currents in chiral

molecular junctions within the framework of a minimal model. As a diagnostic tool of the

junction’s atomic structure, spin currents offer advantages as compared to charge currents:

Spin polarized currents can, in principle, be detected in charge-transport measurements

within an analyzer-polarizer setup employing, e.g., magnetized leads. However, they are

expected to manifest themselves only in the non-linear regime and not in the linear charge

conductance G(M). This is a consequence of Onsager’s reciprocity; its importance for the

theory of the CISS effect was emphasized by Yang, van der Wal and van Wees.9,10 i The

spin-conductance, on the other hand, is less restricted by Onsager symmetries. It can be

inferred, at least in principle, from measuring the pile-up of magnetization, e.g., in source or

iAs is well known, due to the Onsager relations magnetotransport experiments based on the polarizer-
analyzer setup will not detect spin-currents in the linear transport regime: even if a non-vanishing spin-
current is flowing, the charge conductance is independent of the magnetization direction G(M) = G(−M)
and therefore insensitive to the flow of spin.
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drain. A brief review of the symmetry properties of transport coefficients is available in the

Supporting Information, Sec. S1.

These considerations motivated us and other researchers11 to investigate a minimal model

for a chiral molecule in the presence of spin-orbit interactions. While Ref.11 has focussed on

the effect of contact-enhanced SOI, we adopt the model proposed by Michaeli and Naaman;12

it exhibits SOI on the entire molecule and has the extra benefit of allowing for an analytical

treatment. While Michaeli and Naaman have studied the transmission properties, our focus

is on (spin) conductances. As one would have expected, the spin conductance turns out to be

non-vanishing due to spin-orbit coupling. As a consequence, the transmitted and reflected

currents tend to build up a non-vanishing spin-accumulation near both contacts, source and

drain, already in the linear regime.13 In stationary non-equilibrium the magnitude of induced

magnetization is likely controlled by spin-relaxation processes. We predict the orientation

of the magnetization in both contacts to be the same, in agreement with requirements of

time-reversal invariance (TRI).11

Our work is of potential impact for constructing a molecular machine. Since total angular

momentum is conserved by the LS-coupling, spin-flip processes exert a mechanical torque

that can drive an engine. An analogue driving mechanism based on angular transfer has

been investigated in Ref.14

Results

Minimal modeling of a helical molecule

Following Michaeli and Naaman12 we consider electrons bound to a long tube. The left and

right side of the tube are of cylindrical shape and represent (semi-infinite) reservoirs; the

central region in between takes a helical shape to mimic a chiral molecule, see Fig. 1.

The Schrödinger equation that describes the free motion of a particle inside the helical
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tube reads
[
−ℏ2∇2

2me

+ VH(r) +
iℏ2

4m2
ec

2
σ ·∇VH(r)×∇

]
Ψ(r) = EΨ(r), (1)

where r is the position vector in three dimensions; VH(r) denotes an effective single-particle

potential that confines the electron to the tube (see Fig. 1) with tube radius d, helical radius

R and pitch b. The third term in the square brackets represents the spin-orbit interaction

(SOI).

In the limit of small d/R̃ the electronic wavefunction is tightly bound to the helix and the

quasi one-dimensional nature of the model becomes manifest; here, R̃ =
√
(2πR)2 + b2 > 0

denotes the distance covered when completing one helical turn. In this limit, the longitudinal

and transverse motion approximately decouple and the problem simplifies. Following this

idea, a systematic expansion of Eq. (1) in d/R̃ has been performed by Michaeli and Naaman12

and keeping only leading order terms a minimal model has been derived.

Limit of a narrow tube

Wavefunction factorization

The wavefunction Ψ(s, ϱ, θ) can be conveniently expressed in a local cylindrical coordinate

system: s denotes the longitudinal coordinate (distance along the helix); the motion in

the plane normal to the tangential vector ŝ is described by the radial coordinate ϱ, which

denotes normal distance from the center line of the tube (Fig. 1), and θ, which denotes the

corresponding angular coordinate.

For simplicity, we will assume local rotational invariance in the sense VH(r) = VH(ϱ).

In the small d/R̃ limit, the longitudinal and transverse motion nearly decouple,12 and the

wavefunction factorizes,ii Ψ(s, ϱ, θ) ≈ Ψ̄m(s)ΦN,m(ϱ) e
imθ. The quantum number N ∈ N0

governs the nodal structure of the wavefunction in the radial direction. Due to the stipu-

iiThe details of the confinement VH(ϱ) are not relevant for the main conclusions of our work. Focusing

on the lowest-energy eigenstates, we adopt a harmonic approximation VH(ϱ) ≈ 1
2

ℏ2

med4 ϱ
2: the resulting

wavefunctions ΦN,m(θ, ϱ) are eigenstates of a 2D harmonic oscillator with m-independent eigen-energies EN

and m restricted to −N,−N + 2, . . . , N − 2, N .
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lated rotational invariance, the ŝ-component of the angular momentum, −iℏ∂/∂θ, is a good

quantum number; we call it ℏm and m ∈ Z. Finally, owing to the presence of SOI, Ψ̄m(s)

represents a two-spinor in spin-space.

In leading order, Eq. (1) turns to

ĤN,m(s)Ψ̄m(s) = EΨ̄m(s),

where

ĤN,m(s) = EN −
ℏ2

2me

(
∂2

∂s2
+ i

2mb

R̃2

∂

∂s

)
+ Ĥsoi, (2)

with EN being the energy of the radial and angular motion. The second term on the right is

the kinetic energy operator of the longitudinal motion. The third term couples momentum

along s with the ŝ-component of the orbital angular momentum, ℏm. The origin of this term

is geometric, it arises due to a non-zero pitch b of the helix. The last term, Ĥsoi, is the SOI,

which we simplify further in the following.

Spin-orbit coupling term

In the narrow-tube limit an expression for the spin-orbit term was given in the Ref.,12

Ĥsoi = κm
[
σ̂x sin

(
2πλs

R̃

)
− σ̂y cos

(
2πλs

R̃

)
− σ̂z

b

2πR

]
(3)

where κ = λ(ℏ4R)/(4m3
ec

2d4R̃) and λ = +1 (−1) for a right (left) handed helix.

This expression adopts a transparent form on invoking a Cartesian representation

ŝ(s) = −2πR

R̃
sin

(
λ2πs

R̃

)
x̂+

2πR

R̃
cos

(
λ2πs

R̃

)
ŷ +

b

R̃
ẑ.

With L = mℏŝ it is easy to see that

Ĥsoi = β L · σ, β = − λℏ3

8πm3
ec

2d4
. (4)
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As s increases along the helix, L(s) precesses around the z-direction. This spatial depen-

dency of L(s) is the main entry point of helicity into the quasi-one-dimensional model. The

precession of L invites an analogy with a magnetic moment µ in a rotating magnetic field

with “Zeeman energy” |µ · B| = ℏβm and B = B[sin(Ωs)x̂− cos(Ωs)ŷ +Bz/B ẑ]; s being

the effective “time” and oscillation frequency Ω = 2π/λR̃. Motivated by this observation, in

the following paragraph we adopt a transformation to the rotating frame.15

Non-Abelian gauge transformation

To highlight the conservation of angular momentum in this model, we rewrite (4) introducing

ladder operators

Ĥsoi = β
[
σ̂+L̂−(s) + σ̂−L̂+(s) + σ̂zL̂z

]
(5)

= κm

[
σ̂+ ie−iΩs − σ̂− iei Ωs − σ̂z

b

2πR

]
(6)

where σ̂± = (σ̂x ± iσ̂y)/2 and L̂± = L̂x ± iL̂y.

In the representation (6), flipping the spin boosts the momentum along the tube axis

by a reciprocal lattice vector 2π/R̃. Alternatively to s, one can label the helical motion

with an angle δ = λ2πs/R̃ that takes unique values on the entire real axis; moving up one

pitch implies a change of δ 7→ δ±2π. From this perspective, the phase-factors in (6) boost

the angular δ-dependency of the spinor Ψ(δ λR̃
2π
, ϱ, θ) by an extra factor eiδ, and in this sense

angular momentum is conserved.

While the phase factor in (6) accounts for the conservation of the total angular momentum

and therefore is crucial, it also obstructs an easy analytical solution of the model because

it is not translationally invariant. The Hamiltonian considerably simplifies after a gauge

transformation, Ψ̄m(s) 7→ eiλσ̂zπs/R̃Ψ̄m(s), and accordingly for operators.iii

iiiAll operators transform as

Â 7→ eiλσ̂zsπ/R̃Âe−iλσ̂zsπ/R̃.
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The gauge-transformed Hamiltonian of the spin-orbit interaction follows from (6),

Ĥsoi 7→ Ĥsoi = −κm
[
σ̂y + σ̂z

λb

2πR

]
. (7)

Whilst the term ∝ σ̂z in (6) remains invariant under the transformation, the rotating trans-

verse components of the SOI in (6) collapse onto a single spatial direction, σ̂y. The latter

direction does not follow from the geometry of the helix, but from our gauge-choice that

associates the identity operator with the position s = 0.

Minimal model Hamiltonian

The effect of the gauge transformation on the longitudinal momentum operator is given by

a spin-dependent “boost” −i∂/∂s 7→ −i∂/∂s− λπ
R̃
σ̂z. Along with (7) the application of the

gauge transformation to the Eq. (2) leads to

ĤN,m(s) 7→ ĤN,m(s) =
ℏ2

2me

(
−i ∂
∂s
− λ π

R̃
σ̂z +

mb

R̃2

)2

− κm
(
σ̂y + σ̂z

λb

2πR

)
(8)

where we discarded EN and a constant |m|-dependent energy shift. The analysis simplifies

upon introducing dimensionless variables ĤN,m = ℏ2π2

meR̃2 Ĥ
′
N,m and s = s′ R̃

π
, leading to

Ĥ ′
N,m(s

′) =
1

2

(
−i ∂
∂s′
− λσ̂z + γ̃m

)2

− κ̃m
(
λσ̂y + σ̂z

b

2πR

)
. (9)

In the above expression, κ̃ = ℏ2RR̃
4π2m2

ed
4c2

> 0 and γ̃= b
πR̃

.

The γ̃-term corresponds to a momentum shift and thus represents a ”synthetic” vector

potential. It can formally be removed from Ĥ ′
N,m by dressing the wavefunctions with a

To understand the action of the exponential operator on the spin raising and lowering operators in Eq. (6),
one recalls that σ̂+ (σ̂−) annihilates spin up (spin down) states. Therefore the transformed operator

eiλσ̂zsπ/R̃σ̂+e
−iλσ̂zsπ/R̃

annihilates a spin-up state - as it would without being transformed - or equip a spin-down state with two

times the same phase factor, i.e. e2iλsπ/R̃. As a consequence, the transformation indeed removes the phase
factor of σ̂+ seen in Eq. (6).
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gauge-factor eiγ̃ms′ ,16 and therefore leaves the spectrum invariant. If γ̃m has a natural

interpretation as a vector potential, the term proportional to b/R in the second line of

(9) is the corresponding ”synthetic Zeeman term”. Notice that vector potential, γ̃m, and

the Zeeman term change sign under m 7→ −m; they do not break TRI because the full

Hamiltonian sums over all m.

Dispersion relation

The model Hamiltonian (9) is straightforward to analyze. We focus on the effect of spin

flips and therefore discard synthetic fields. Translational invariance of the Hamiltonian (9)

suggests a representation in Fourier space

ĥm(k) =
1

2
(k − λσ̂z)2 − λκ̃mσ̂y. (10)

The model (10) exhibits a two-band dispersion Em,α(k), where α = ±1; see Supporting

Information, Sec. S2, for explicit expressions.

Fig. 2 shows the dispersion law; the horizontal shift of the two parabolæ, red and blue,

reflects the non-Abelian gauge transformation. The spin-orbit term is effective only at the

crossing of parabolæ, where it opens a spin-orbit gap, 2|m|κ̃, as is easily confirmed by

degenerate perturbation theory at the crossing point k = 0. Chirality-induced spin-selective

phenomena are expected to be strong in this region of energies.

In the gap region there remain four ungapped bands, - a factor of two for spin and an-

gular momenta each, - where the spin projection and the sign of the velocity, dEm,α(k)/dk,

are locked. In all four bands, the projection of spin onto the direction of velocity equals −λ

(”spin-momentum locking”). Such states are termed helical, in full analogy to the helicity

concept for edge states in the quantum spin Hall effect.17 The band-structure arising from

(10) was also discussed in the context of Rashba quantum wires18,19 and chiral carbon nan-

otubes,20 although the physical origin of the terms of the Hamiltonain was different from our
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situation. Specifically, the gap of the minmal model (7) opens due to the SOI term, −λκ̃mσ̂y,

while in Rashba wires and nanotubes such term originated from a transverse magnetic field.

Spin and charge transport

Molecule bound to straight tubes

To facilitate transport studies, we attach two straight tubes, Fig. 1, which serve as reservoirs.

Formally, the reservoirs are included by extending the model (9), so that γ̃, κ̃ = 0 if s′ < 0 or

s′ > L. Importantly, the non-Abelian gauge transformation restores translational invariance

also after attaching leads provided that it is performed in the reservoirs, too. Similarly,

the synthetic vector potential, γ̃(s′)m, can still be removed by applying a (non-local) gauge

factor eimΓ̃(s′), with γ̃(s′) = ∂s′Γ̃(s
′).

Basic definitions

A finite bias drop µL− µR = eV causes the flow of charge and spin, described by the charge

current I(V ) and spin currents I
(L)
i (V ), I

(R)
i (V ) in each lead and each spatial direction

i = x, y, z. Charge conductance G and spin conductances G
(L)
i , G

(R)
i are defined by the

linear response relations

I(V ) = GV +O
(
V 2
)

(11a)

I
(L)
i (V ) = G

(L)
i V +O

(
V 2
)

(11b)

I
(R)
i (V ) = G

(R)
i V +O

(
V 2
)

(11c)

Due to local charge conservation, the charge current is well defined and, in particular,

independent of where it is measured along the current flow. In contrast, spin is not locally

conserved in the presence of spin-orbit coupling. It is only in the leads of the extended

model where (longitudinal) spin-currents are well defined observables. Notice that due to

the loss of spin-conservation in the central region, 0 < s < L, spin-currents in left- and right-
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reservoirs, I
(L)
i and I

(R)
i (V ), may differ in a quasi-stationary non-equilibrium situation.

We adopt here the following sign convention for the spin currents: The I
(L)
i measures

spin entering the junction from the left (L) contact and I
(R)
i (V ) measures spin exiting the

junction into the right (R) contact. This is fully analogous to the definition of the charge

current.

Transmissions and Landauer Formulæ

The Landauer formalism relates conductances to the spectral transmission probabilities: for

the transmission from R to L, T
(LR)
σσ′,m(E), and vice versa, T

(RL)
σσ′,m(E), and to the corresponding

reflection amplitudes, R
(LL)
σσ′,m(E) and R

(RR)
σσ′,m(E); see Ref.21 for an overview. Here, the right

(left) subscripts and superscripts of the transmission probability label the quantum numbers

of an incoming (outgoing) wave, respectively. For example, T
(RL)
↑↓,m denotes the probability to

transmit an electron with spin down from the left lead to the right one while flipping its spin

in eigenchannel m. The charge conductances and the z-components of the spin conductances

are given by

G =
e2

h

∑

m

∑

σσ′

T
(RL)
σσ′,m(EF), (12a)

G(R)
z =

e

4π

∑

m

∑

σσ′

σT
(RL)
σσ′,m(EF), (12b)

G(L)
z =

e

4π

∑

m

∑

σσ′

(−σ)R(LL)
σσ′,m(EF) (12c)

=
e

4π

∑

m

∑

σσ′

σT
(LR)
σσ′,m(EF), (12d)

where EF indicates the Fermi energy (the Supporting Information, Sec. S5, offers a standard

derivation within the scattering formalism). The expression for G chosen here emphasizes

transmission of all spin species from left to right. From that expression the right spin

conductance is obtained by multiplication by 1
e
ℏ
2
σ in the right lead. The left spin conductance

expressed in the Eq. (12c) can then be understood as due to the reflected flux in the L-lead.
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Particle conservation (unitarity, see Supporting Information, Sec. S4), leads to the equivalent

form, Eq. (12d).

Transport Results

We address the transport problem by calculating the scattering matrix using conventional

wavefunction matching. In this process, angular momentumm matches at the two interfaces:

it is conserved in the scattering process; for further details see Supporting Information.

As example we focus on N = 1, so that m = ±1. We further continue to ignore the effect

of the synthetic fields. In passing, we briefly mention that their effect is to assign a preferred

spin direction, up or down, to a given angular momentum m. Hence, they will result in

a circulating (transverse) spin current. In the following our focus is on the longitudinal

currents.

The energy dependence of the resulting conductances for charge and spin in this model

is displayed in Fig. 3. We offer a few comments:

• With EF well outside the spin-orbit gap, the effect of spin-orbit coupling is small and

translational invariance is hardly broken. In this case, back-scattering is weak and the

(charge) conductance reaches a maximum of four conductance quanta reflecting two spin

and two orbital (m = ±1) channels.

• In the off-gap regime mesoscopic oscillations are visible. The oscillation frequency (in EF)

is seen to decrease with the inverse length, L−1 and therefore we assign the oscillations to

Fabry-Pérot interference.

• With EF inside the spin-orbit gap, backscattering inside the the wire is suppressed and

the Fabry-Pérot oscillations quickly die out.

• In the in-gap regime, electrons can tunnel via two evanescent modes that result from

the two ‘gapped’ bands. Accordingly, the charge conductance in the middle of the gap

approaches 2 conductance quanta from above.
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• The absolute value of the spin conductances in either one of the leads approaches 2 e
4π
.

This can be understood from Fig. 2: in the spin-orbit gap the right (or left) moving modes

have identical spin regardless of m, i.e. there are two channels distinguished only by the

orbital angular momentum.

• Importantly, the spin conductances are non-zero for energies even far from the spin-orbit

gap, where the oscillations peak at ≈ 0.2 e
4π
. It can be shown that that G

(L,R)
x (EF) = 0 for

any EF since the Bloch functions have zero average σ̂x. Moreover, G
(L,R)
y = 0 because the

expectation values of σ̂y change sign along with the sign change of m (see Fig. 2), while

the lead Hamiltonian is m-independent. In other words, the y components of outgoing

waves exactly cancel upon the summation over m.

• Remarkably, the L and R spin conductances differ only up to a sign. By combining

TRI and left-right reflection it is possible to derive relations between scattering matrix

elements that lead to the exact identity G
(R)
z = −G(L)

z at any energy. (See Supporting

Information, Sec. S4,S5 for the details of this symmetry analysis.) In realistic molecular

junctions a symmetry of couplings to the left and right leads can not be expected. We

show in the next section that in this more general situation, the magnitude of G
(R)
z and

G
(L)
z no longer is the same, while the sign is still opposite due to TRI.

Qualitative understanding of spin transport

A frequent misconception

We begin the discussion by addressing a common misconception of the minimal model: Fig. 2

is frequently interpreted as predicting a nonzero spin current even in equilibrium. Indeed,

Fig. 2 seems to suggest that for a Fermi level situated in the spin-orbit gap there is an

excess of spin-up right movers (velocity dEm,α(k)/dk > 0) over spin-down right movers.

Taken at face value this observation would imply that due to the wire connecting L and

R reservoirs, both reservoirs would become magnetized at equilibrium. Clearly, such a
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transport of magnetization is violating the second law of thermodynamics. The vanishing of

equilibrium spin currents is a rigorous consequence of unitarity, see Supporting Information,

Sec. S5. The fact that spin transport can not be derived from the band-structure alone is

known in the field of two-dimensional materials, see Sec. 4.1 of Ref.23 for a review and a

discussion in the context of CISS in Ref.9 The paradox will be resolved on a more intuitive

level in the subsequent discussion.

Long helix limit

We consider λ = −1 and the limit L≫ d,R and Fermi energy, EF, inside the spin-orbit gap.

In this limit, at observation points deep inside the one-dimensional wire all up-spin fermions

flow one direction, while all down-spin fermions flow into the other direction, see Fig. 2. We

infer that T
(LR)
↓↓,m , T

(RL)
↑↑,m ≃ 1; there is no spin-flip inside the wire. On the other hand, deep

inside either reservoir the spin-orbit gap vanishes. Therefore, spin-up and spin-down currents

flow alike in either direction. It is easy to see that both limits match if R
(LL)
↑↓,m, R

(RR)
↓↑,m ≃ 1.

The situation is illustrated in Fig. 4(a). The central region of the junction shows counter-

propagating electrons with opposite spin, as suggested by Fig. 2. These modes are properly

interpreted as carrying a conductance quantum for charge, because charge is conserved inside

the wire; hence, in Fig. 3 the conductance is seen to be G ≈ e2/h per angular-momentum

channel inside the gap. These same modes are not properly interpreted in terms of spin-

conductances, however, because spin is not conserved inside the wire.

The propagation pattern of current channels in the leads is also displayed in Fig. 4(a);

the matching condition at the interface shown there follows from bulk limits. Since spin

is conserved inside the reservoirs, the channel pattern may be interpreted in terms of spin

currents. As one would expect, there are no net spin currents inside the reservoirs in equi-

librium, because the propagating spin-current is exactly compensated by the (reflected)

counter-propagating current.

Upon applying a finite bias, states with energy inside the bias window are incoming only

13



from one reservoir. In this case a spin current of one spin-conductance quantum (per angular

momentum channel) survives inside the reservoirs. Also with respect to spin-conductances

the Fig. 4(a) and Fig. 3 provide a consistent picture.

The qualitative discussion given here is fully backed up by an explicit calculation of all

scattering probabilities; for explicit results, we refer the reader to the Supporting Informa-

tion, Figure S2.

Reservoirs accumulating spin

An implication of spin-flip scattering is that both reservoirs accumulate spin in the presence of

a current flow. To see how this happens we once again consult Fig. 4(a). For a charge current

flowing from L to R, the drain acquires a spin up magnetization (red). Simultaneously, the

incoming flow of spin down particles (blue) is reflected and spin flipped, so that the L-lead

acquires a spin up magnetization (red), too. The observation represents a one-dimensional

analogue of the Rashba-Edelstein effect.24

The parallel magnetizing of both leads is formally expressed by the anti-symmetry of

spin conductances

G(R)
z = −G(L)

z . (13)

The identity can be proven to hold under general conditions (e.g. at arbitrary energy) pro-

vided the coupling to both leads is symmetric. We present a formal proof in the Supporting

Information, Sec. S5. Importantly, if mirror symmetry is broken, the sign of conductances

remains opposite, as we demonstrate in the next section below.

Comparison to a spin filter

For further illustration, we confront the spin-flip scattering in the helical junction with the

more familiar case of a magnetized junction that operates as a spin-filter, Fig. Fig. 4(b). Also

in this archetypal situation the reservoirs accumulate spin, however they do so in opposite

directions (see the schematics of scattering in Fig. 4). The key difference to the previous case
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is that spin is conserved everywhere, so that the (minority) spins removed from the source

accumulate in the drain.

Magnetizing reservoirs with imperfect contacts

Realistic molecular junctions exhibit contact resistances that are not included in the minimal

model. To investigate the effect of contact imperfections we add a potential term to the L

contact,

v(s′) = c δ(s′) · σ̂0. (14)

This potential barrier is readily built into the scattering formalism as a modification of the

matching conditions between the wire and the leads (Supporting Information, Sec. S3).

Fig. 5 displays the conductances for increasing barrier strength. The charge conductance

exhibits a gradual cross-over from the transparent, weak-barrier limit, c≪ 1, to the strong-

barrier limit, c ≫ 1, in which the transmission grows linearly with EF. Concomitantly, the

spin-conductances evolve in a strikingly asymmetric fashion. For qualitative insight to the

strong barrier limit we consult again Fig. 4(a). For a current flowing from L to R and

EF inside the spin-orbit gap, the barrier suppresses the transmitted current and spin-flip

processes alike; hence, G
(L)
z is strongly suppressed inside the source. Conversely, the spin-

current flowing in the drain equals the transmitted current (in units of the conductance

quanta). Our argument implies that the spin conductances continue to exhibit opposite

signs in the presence of asymmetries. Therefore, we propose that the property of source and

drain to magnetize into the same direction upon a current flowing is a general result robust

with respect to generic deformations of the minimal model (14).
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Beyond the minimal model: Spin-flip reflection processes

The qualitative analysis of scattering from the Fig. 4 indicates that spin-flipping reflections

play a crucial role in the spin transport within the minimal model. Indeed, within our phase

coherent approach we can cast the spin conductances into the form

G(R)
z =

e

4π

∑

m

(
R

(RR)
↓↑,m −R

(RR)
↑↓,m

)
(15)

G(L)
z =

e

4π

∑

m

(
R

(LL)
↓↑,m −R

(LL)
↑↓,m

)
(16)

(see Supporting Information, Sec.S5.3). This expression demonstrates that spin conduc-

tances and reflections are closely related to each other; one cannot exist without the other.

Note that these formulæ are independent on the details of the junction’s Hamiltonian and

only assume the presence of two orbital channels, labelled by m, related by TRI. Therefore it

is not surprising that the close connection between spin-currents and reflectivities also holds

in other models. For instance, Yang, van der Wal and van Wees have demonstrated within an

incoherent single channel model that spin-flip reflections must be non-zero for spin-currents

to exist in a chiral TRI conductor.9

Induced spin and charge densities in the contact

We supplement the transport results with expressions for the charge and spin density in

the L-lead (s < 0) in linear response. The latter quantities will be given in units of e

and ℏ/2, respectively. Our formulæ follow from scattering theory and are thus independent

on the microscopic details of the Hamiltonian. The details of the derivation are moved to

Supporting Information, Sec. S6, for the sake of brevity.

The charge density evaluates to the expression

n(s) = n(s)
∣∣∣
V=0

+ V ϱL(EF)

[(
4− h

e2
G

)
+ 2

∑

m

Re
{
e−i2qsr

(LL)
↑↑,m

}]

E=EF

+O
(
V 2
)
. (17)
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where r
(LL)
↑↑,m = r

(LL)
↓↓,−m has been used reflecing TRI (see also Supporting Information, Sec. S6).

The first term is the equilibrium charge density; as shown in Supporting Information,

Sec. S6.2, it reveals a familiar contact Friedel oscillation caused by quantum interference

with reflected waves in a Fermi ground-state.

In the linear response term in (17) we factored out the expression

ϱL(EF) =
1

2π

∑

q>0

δ

(
EF −

q2

2

)
=

1

4π2qF
, (18)

being a (homogeneous) local density of states of right movers (per spin) in a single channel

homogeneous wire. The square brackets in Eq. (17) contain two terms: a homogeneous

(s-independent) term,
(
4− h

e2
G
)
, represents the enhancement of the charge-density that is

associated with the reflected particles. The reflection-induced enhancement of the charge

density also leaves a trace in the Friedel-oscillations, which is expressed by the second term.

Notice that unlike spin-conserving processes, spin-flip processeses, such as incorporated

by r
(LL)
↓↑,m, do not contribute to the oscillating term in (17) because the superposition of two

probability currents with opposite spins has no cross (interference) term. Spin-flip terms do

enter the conductance, G, of course.

The induced spin density in the left lead reads

nz(s) = −V ϱL(EF)
4π

e
G(L)

z + O
(
V 2
)
; (19)

there is no spin density in equilibrium because of TRI. The (linear) spin imbalance represents

the the loss of spin-density associated with the transmitted spin-current. For this reason,

Eq. (19) implies that a measurement of the linear response of the local spin-density yields

(up to trivial factors) the transport coefficient G
(L)
z . Notice that in striking contrast to the

charge density, the spin density does not display Friedel oscillations even in linear response;

ultimately, as we show in the Supplementary Information, the reason is TRI.

We further note that the current-induced spin-accumulation, (19), goes hand in hand
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with a spin-split chemical potential if a self-consistent description of the quasi-static non-

equilibrium situation is employed:25

µ
(L)
↑ (V )− µ(L)

↓ (V ) = − V π

2e
G(L)

z + O
(
V 2
)
; (20)

the formula follows from (19) and is also derived in the Supplementary Information, Support-

ing Information, Sec. S6. We offer two comments on this expression: First, the coefficient

multiplying V can reach 1
4
if EF lies in the SOI gap, i.e. the spin accumulation is non-

perturbative in the SOI strength. Second, assuming that the reservoirs ultimately relax

spin (and charge), but do not introduce backscattering, the spin accumulations can be mea-

sured in the vicinity of the contact by a four-terminal setup, or by Hanle spin precession, as

suggested by Yang, van der Wal and van Wees.10,26

Further remarks

• The (experimental) measurement of spin currents and spin accumulation is a central topic

in the field of Spintronics.27,28 In particular, the possibility of spin accumulation near

interfaces between materials with and without spin-orbit interaction is well understood;29

the results we here report on the minimal level confirm the validity of the general picture

down to the molecular scale.

In Sec. 2 we have mentioned that the bands for energies in the spin-orbit gap are analo-

gous to edge states associated with a quantum spin Hall device. As a consequence, the

minimal model exhibits spin-momentum locking with the consequence that backscattering

off defects is suppressed. In other words, we expect that our transport results are robust

against weak (non-magnetic) disorder.

• Recently, a related work on parallel spin-accumulation and spin transport has been pub-

lished.11 The tight-binding chain investigated by these authors is essentially equivalent to
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our toy model with a distinctive difference: in Ref.11 the SOI is confined to the contact

bond, only, while in our toy model the SOI is a property of the molecule and non-vanishing

along the entire helical structure.

The spin conductances reported in Ref.11 show the same symmetry, G
(L)
z = −GR)

z , as in

our work. However, the energy dependences of the spin conductances exhibit pronounced

differences: G
(L/R)
z (E) in Ref.11 does not exhibit a fixed sign; in our case it does, so that

the sign of the spin accumulation is independent of the Fermi energy. This difference can

be traced back to the different ways how SOI is implemented; it may, at least in principle,

be used to discriminate one situation from the other, experimentaly.

• It is well-known in Spintronics that spin conductances are non-zero in junctions with

multiple conduction channels only (see Supporting Information, Sec. S1, Principle 1). In

our model, the absence of spin polarization for a single channel is immediately obvious

by setting m = 0 in Eq. (9). Molecular junctions generically exhibit multiple channels

and are thus prepared for hosting spin currents (e.g. see Ref.30 for a channel analysis of

helical peptides). Frequently employed molecular linker units (e.g. thiol groups linked

to Au) effectively suppress all conduction channels but one. Moreover, the generation

of significant spin currents benefits from two conduction channels of similar transmission

probabilities, which in turn requires quasi-degenerate molecular orbitals. To favor such

conditions, linker-free benzene-type structures are natural candidates. They can be func-

tionalized with heavier elements (see e.g. Ref.31) to boost the spin-orbit coupling and

promote chirality.

Summary and conclusions

We have investigated charge and spin transport in a minimal model of a helical molecule

with spin-orbit coupling attached to two spin-conserving leads. The minimal model was

first devised by Michaeli and Naaman and allows for a full analytic treatment of transport
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properties. While the earlier authors have focussed on spin polarizations, we calculated the

full conductance matrix, including charge and spin conductances.

The band-structure of the minimal model hosts four helical bands that exhibit spin-

momentum locking. We first clarify the connection between transport properties and band-

structure. In particular, first glances could suggest the existence of an equilibrium spin

current, which sometimes is used as an argument against the validity of the model. We

explain the origin of the misunderstanding, which results from neglecting the contact scat-

tering that always exists in a transport geometry. In actuality, there is no equilibrium spin

transport in this model.

Our explicit calculation of charge and spin conductances in the Landauer formalism

show that the spin conductance reaches a maximum (e/2π) for energies inside the gap,

corresponding to 2 fully polarized conduction channels. Outside the gap region the spin

conductances remain sizable, too. Further, we find that at small biases and for incoming

currents being unpolarized, there are spin currents with opposite signs in each lead.

Upon a current flowing, spin accumulates in the vicinity of each contact as a consequence

of the spin currents; the magnetizations at left and right contacts are the same and reverse

with voltage and helicity. The magnitude of the accumulated spin polarization is directly

proportional to the spin conductance of the respective lead; therefore, we reveal a new route

towards the measurement of G
(L/R)
z , as has also been proposed for specific device geometries

by Yang et al.26

We add a remark on spin-accumulation in mesoscopic systems: accumulated spins have

a feedback on the transport currents in first order in the applied biases. In particular, spin

accumulations can drive charge currents as well as charge currents can drive spin currents,

reflecting an Onsager reciprocity. Seemingly, this reciprocity has not been widely appreciated

in previous theories of the CISS effect.

The minimal model therefore directly reveals important features of analytic structure

of spin transport in helical molecules. It can serve as a guidance for the interpretation of
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ab-initio calculations of transport coefficients in chiral molecular systems, e.g., based on

nonequilibrium Green’s functions. Further, it lends itself to straightforward generalizations,

e.g., the analytic calculation of current-induced mechanical torques in a quantum model.

Methods

The band-structure of an infinite helical wire was obtained by diagonalizing the Eq. (10).

Explicit analytic expressions are given in the Supporting Information, Sec. S2. The junction

was modelled with a central helical element of length L attached to a pair of semi-infinite

straight tubes (Fig. 1). Hamiltonian eigenstates were obtained by wavefunction matching,

see Sec. S3. Spin conductances (12) were obtained from the scattering matrix in Landauer

approach; the respective formulæ were re-derived in Sec. S5 for reference purposes. The

local magnetization density was calculated from explicit wave-functions in presence of two

chemical potentials, Sec. S6.
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Figure 1: Top: Scheme of the molecular junction consisting of a helical tube (center) and
a pair of semi-infinite straight tubes, left and right. The radius R, pitch b, thickness 2d are
indicated. Bottom: Illustration of helical coordinates s, ϱ, θ: Green line shows part of a helix
that evolves along the z axis (dash-dotted line) with unit vector ẑ. At any given point on
the helix, the unit vector n̂ is perpendicular to ẑ and the unit tangent vector ŝ. In helical
coordinates, s is the distance along the helix; θ and ϱ are polar coordinates in a plane normal
to ŝ; θ measures from n̂.

27



−2.5 0.0 2.5

k [π/|R̃|]

0.00

0.25

0.50

0.75

E
[h̄

2
π

2
/m

R̃
2
]

m = −1

−2.5 0.0 2.5

k [π/|R̃|]

m = +1
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In Figure 2a, we plot the spectrum, illustrating that the Rashba-
like term splits the energy of spin-up and -down electrons,

while the Zeeman field opens a partial gap at energies

mRsoc 2

2 2

2S Sκ κΔ ± | | = ± | |π ℏ
̃ . Typical parameters for organic

molecules, R, b ≈ 0.3 nm and κ = 5 meV, correspond to
/ 10soc SκΔ | | ≈ for 1S = , where a delocalized band with the

free electron mass me is assumed. For socSκ| | < Δ , the states
within the partial gap are quasi-helical; the spin is almost
perfectly locked to the momentum direction as shown in
Figure 2b. As we show next, the coupling of the spin to the
electron velocity in this energy window gives rise to CISS.
To find the spin-dependent transmission coefficients,24 we

consider the setup illustrated in Figure 3a; the molecule (spiral
tube) is connected to straight cylindrical leads of the same
radius a0. Thus, the only difference between the molecule and
the leads is in the curvature effects, which are absent in the
latter. Consequently, the electronic states in the leads are
characterized by the same quantum numbers N, S, and k.
However, the energy spectra of the two differ, most crucially in
that the ones of the leads are spin-degenerate
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,
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S = +↑ ↓ ℏ . We studied the spin-dependent scatter-

ing matrix24 and the probability T ( )N , ,S εσ for an electron with

spin σ and energy ε (as well as quantum numbers N and S) to
be transmitted through a molecule of length L. The scattering
matrix is found by matching the boundary condition at the
points where the molecule is connected to the leads.
In Figure 3b, we show that the spin polarization,
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= −

+
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, becomes of order unity at energies within

the partial gap. Because of the helical nature of the electronic
states in this energy window, the polarization is reversed for
transmission in the opposite direction. Moreover, the helicity
of electronic states inside the partial gap, and consequently the
polarization direction, is determined by the handedness of the
helix (the sign of the Rashba-like term). We emphasize that the
sign and magnitude of the spin polarization, N ,7 S, are
independent of the sign of S, that is, N N, ,7 7S S= − . Moreover,
we demonstrate in Figure 3c that within the partial gap, one
helicity has a higher transmission probability than the other.
Finally, we show in Figure 4 that for incident current with spin
polarized in the x-direction, the outgoing states are never-
theless spin-polarized along the z-direction.
One-dimensional electronic systems described by Hamil-

tonians similar to eq 6 with VD = 0 have attracted a lot of
attention in recent years as a platform for engineering
topological superconductors.21−23 In these systems, it is
essential to apply an external magnetic field to create the
Zeeman term. This is because in strictly one-dimensional
systems, helical states can only emerge once time-reversal
symmetry is broken. Although for a given value of S and N our
model is effectively one-dimensional, the Zeeman term, ySκ σ , is
inherited from the curved geometry, which can only exist in
three-dimensional space. Moreover, once both the positive and
negative values of S are taken into account, it is clear that our
model does not break time-reversal symmetry. Importantly,

Figure 2. Electronic band structure for VD = 0. (a) N = 1 bands,
schematically shown as a function of linear momentum k along the
helix axis, that are split by a large energy difference from the N = 0
band. (b) Exact spectrum for the N = 1 band featuring a partial gap
opening for κ ≠ 0 (upper panel) but not for κ = 0 (lower panel). For
the derivation, we assumed b = R = 0.3 nm as well as a delocalized
bandwidth of ℏ2/2m ≈ 1 eV Å2. The arrows indicate the spin
direction of the electronic state.

Figure 3. Transmission through a helix-shaped molecule without a
dipole field. (a) Setup considered in the derivation of the transmission
probability assuming a helical molecule attached to two straight
cylindrical leads with the same parameters as the spiral system. The
spin polarization as a function of energy of incoming electrons with N
= 1 is shown in panel (b). The blue curve corresponds to transmission
of electrons with 1S = or 1S = − between the left and right leads
through a right-handed molecule. The green curve illustrates that the
opposite polarization is obtained when the current is sent from right
to left. The shaded regions mark the energies of the partial gap. (c)
Transmission per spin clearly shows the reduced probability for one
helicity compared to the other.
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In Figure 2a, we plot the spectrum, illustrating that the Rashba-
like term splits the energy of spin-up and -down electrons,

while the Zeeman field opens a partial gap at energies
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/ 10soc SκΔ | | ≈ for 1S = , where a delocalized band with the

free electron mass me is assumed. For socSκ| | < Δ , the states
within the partial gap are quasi-helical; the spin is almost
perfectly locked to the momentum direction as shown in
Figure 2b. As we show next, the coupling of the spin to the
electron velocity in this energy window gives rise to CISS.
To find the spin-dependent transmission coefficients,24 we

consider the setup illustrated in Figure 3a; the molecule (spiral
tube) is connected to straight cylindrical leads of the same
radius a0. Thus, the only difference between the molecule and
the leads is in the curvature effects, which are absent in the
latter. Consequently, the electronic states in the leads are
characterized by the same quantum numbers N, S, and k.
However, the energy spectra of the two differ, most crucially in
that the ones of the leads are spin-degenerate
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be transmitted through a molecule of length L. The scattering
matrix is found by matching the boundary condition at the
points where the molecule is connected to the leads.
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states in this energy window, the polarization is reversed for
transmission in the opposite direction. Moreover, the helicity
of electronic states inside the partial gap, and consequently the
polarization direction, is determined by the handedness of the
helix (the sign of the Rashba-like term). We emphasize that the
sign and magnitude of the spin polarization, N ,7 S, are
independent of the sign of S, that is, N N, ,7 7S S= − . Moreover,
we demonstrate in Figure 3c that within the partial gap, one
helicity has a higher transmission probability than the other.
Finally, we show in Figure 4 that for incident current with spin
polarized in the x-direction, the outgoing states are never-
theless spin-polarized along the z-direction.
One-dimensional electronic systems described by Hamil-

tonians similar to eq 6 with VD = 0 have attracted a lot of
attention in recent years as a platform for engineering
topological superconductors.21−23 In these systems, it is
essential to apply an external magnetic field to create the
Zeeman term. This is because in strictly one-dimensional
systems, helical states can only emerge once time-reversal
symmetry is broken. Although for a given value of S and N our
model is effectively one-dimensional, the Zeeman term, ySκ σ , is
inherited from the curved geometry, which can only exist in
three-dimensional space. Moreover, once both the positive and
negative values of S are taken into account, it is clear that our
model does not break time-reversal symmetry. Importantly,

Figure 2. Electronic band structure for VD = 0. (a) N = 1 bands,
schematically shown as a function of linear momentum k along the
helix axis, that are split by a large energy difference from the N = 0
band. (b) Exact spectrum for the N = 1 band featuring a partial gap
opening for κ ≠ 0 (upper panel) but not for κ = 0 (lower panel). For
the derivation, we assumed b = R = 0.3 nm as well as a delocalized
bandwidth of ℏ2/2m ≈ 1 eV Å2. The arrows indicate the spin
direction of the electronic state.

Figure 3. Transmission through a helix-shaped molecule without a
dipole field. (a) Setup considered in the derivation of the transmission
probability assuming a helical molecule attached to two straight
cylindrical leads with the same parameters as the spiral system. The
spin polarization as a function of energy of incoming electrons with N
= 1 is shown in panel (b). The blue curve corresponds to transmission
of electrons with 1S = or 1S = − between the left and right leads
through a right-handed molecule. The green curve illustrates that the
opposite polarization is obtained when the current is sent from right
to left. The shaded regions mark the energies of the partial gap. (c)
Transmission per spin clearly shows the reduced probability for one
helicity compared to the other.
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Figure 2: Dispersion relation of the helical tube
for m = +1 and �1 is shown with dots. Color
indicates the expectation value of �̂z (red=+1,
blue=-1, green=0). Grey arrows represent the
expectation value of spin in the yz-plane (�̂y
(�̂z) is the horizontal (vertical) component, re-
spectively). For comparison, the thin solid lines
depict the dispersion of a straight tube. The
horizontal spin-dependent shift of the parabo-
las is due to the gauge transformation. Param-
eters: ̃ = 0.1,� = 1. The eigen-energies are
m-independent.

in the scattering process. We calculate the
scattering matrix by wavefunction matching de-
tailed in the Supplementary Information.

Before discussing linear response to voltage,
we remark that the band structure in Fig. 2 per-
mits a nonzero spin current in the ground state.
Indeed, it can be easily seen that if the Fermi
level lies in the avoided crossing, then the Fermi
sea contains an excess of spin-up right-moving
electrons (velocity dEm,↵(k)/dk > 0) over the
spin-down right-movers. It is known that band-
structures of solids with nonzero spin-orbit in-
teraction can host equilibrium spin currents.5

However, upon contacting a finite helix to semi-
infinite leads (as introduced in the above para-
graph), the spin current vanishes at zero bias
voltage (we refer to the Supplementary Infor-
mation for details). There is no equilibrium
spin transport between leads in agreement with
thermodynamics. Yet, when the symmetry be-
tween the left-movers and right-movers is bro-
ken by the voltage, the peculiar spin band-
structure manifests in the properties of spin
conductances, as we show now.

A finite bias drop µL � µR = eV causes the
flow of charge and spin, described by the charge
current I(V ) and spin currents I(L)i (V ), I(R)

i (V )
in each lead and each spatial direction i = x, y
or z. Obviously, the charge current in the left
lead equals the charge current in the right lead
due to charge conservation. Nonetheless, the
left and right spin currents generally differ be-
cause of the loss of spin conservation in the he-
lix. Charge conductance G and spin conduc-
tances G

(L)
i , G

(R)
i are defined by the relations
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Expressions for these transport coefficients
are commonly derived in Landauer formalism
from the transmission probabilities per energy,
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lead, respectively (see Ref.6 for an overview),
and from corresponding reflection amplitudes:
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eters: ̃ = 0.1,� = 1. The eigen-energies are
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ties, our focus is on conductances, especially
the spin conductance. As one would have ex-
pected, the spin conductance turns out to be
non-vanishing due to spin-orbit coupling. [RK:
As a consequence In absence of spin relaxation
processes,] the transmitted and reflected cur-
rents tend to build up a non-vanishing spin-
polarization in both contacts, source and drain.
Perhaps surprisingly, the orientation of of the
magnetization in either contacts turns out to
be the same.

2 Minimal modeling of a
helical molecule

Following Ref.,3 we consider electrons bound to
a long tube. The left and right side of the tube
are of cylindrical shape and represent (semi-
infinite) reservoirs; the region in between takes
a helical shape to mimic a chiral molecule.

2.1 Hamiltonian of electrons
bound to a helical tube

We derive an effective Hamiltonian that de-
fines the minimal model. Let us denote the
radius of the cylinder d, the radius of the he-
lix R and its pitch b. By Pythagoras theorem,
the latter dimensions combine to yield the dis-
tance covered when following one helical turn
R̃ =

p
(2⇡R)2 + b2. Further, VH(r) denotes

the effective single-particle potential that con-
fines the electron to the tube; r is a position
vector in three dimensions. The corresponding
Schrödinger equation reads

h
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2me
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+
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4m2
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� ·rVH(r)⇥r

i
 (r) =

= E (r), (1)

where the third term on the right-hand side is
the spin-orbit interaction.

In the limit of small d/R̃ the electronic wave-
function is tightly bound to the the helix. To
describe the longitudinal motion it is conve-

nient to introduce the length along the helix
s as a (dimensionless) coordinate. An effective
Hamiltonian was derived by Michaeli and Naa-
man3 as a leading order term in the expansion
in d/R̃. To proceed it is necessary to define a
gauge transformation.

k

k

k

R
k

k

R

(
)

1 2

i
1

4

/

1

4

/

2

2
2
2

2

2

2
2
2

2
S

S

S

κ

π

κ

π

Ψ

=

−

−

+
̃

+

+
̃

−

L NM M M M M M M M M M M M M M M M M M M M

\ ^] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]
(7b)

w
ith
energies

E

k

E

E

m

m
R

k m

k
m
R

(
)

2

2

2

2

N

N

,

2
2
2

2
2 2

2
2

2

2

2
2

S S

S

S

γ

π

π

κ

=
+
Δ
−

ℏ

+
ℏ

̃+
ℏ

±

ℏ
̃

+

±

L NM M M M
\ ^] ] ] ]

In
Figure
2a,w
e
plotthe
spectrum
,illustrating
thatthe
R
ashba-

like
term
splits
the
energy
of
spin-up
and
-dow
n
electrons,

w
hile
the
Z
eem
an
field
opens
a
partial
gap
at
energies

m
R

soc

2
2
2 2

S

S

κ

κ

Δ
±
|
|=

±
|
|

πℏ ̃

.
T
ypical
param
eters
for
organic

m
olecules,
R,
b
≈
0.3
nm
and
κ
=
5
m
eV
,
correspond
to

/

10

soc

Sκ

Δ
|
|≈
for

1
S=
,
w
here
a
delocalized
band
w
ith
the

free
electron
m
ass
m
e
is
assum
ed.
For

soc

Sκ
|
|<
Δ
,
the
states

w
ithin
the
partial
gap
are
quasi-helical;
the
spin
is
alm
ost

perfectly
locked
to
the
m
om
entum
direction
as
show
n
in

Figure
2b.A
s
w
e
show
next,the
coupling
of
the
spin
to
the

electron
velocity
in
this
energy
w
indow
gives
rise
to
C
ISS.

T
o
find
the
spin-dependent
transm
ission
coe
ffi
cients,24
w
e

considerthe
setup
illustrated
in
Figure
3a;the
m
olecule
(spiral

tube)
is
connected
to
straight
cylindrical
leads
of
the
sam
e

radius
a
0.T
hus,the
only
difference
betw
een
the
m
olecule
and

the
leads
is
in
the
curvature
e
ffects,
w
hich
are
absent
in
the

latter.
C
onsequently,
the
electronic
states
in
the
leads
are

characterized
by
the
sam
e
quantum
num
bers
N
,
S ,
and
k.

H
ow
ever,the
energy
spectra
ofthe
tw
o
differ,m
ostcrucially
in

that
the
ones
of
the
leads
are
spin-degenerate

E

k

E

(
)

N

N

k m

,,

22
2

S

=
+

↑↓

ℏ
.W
e
studied
the
spin-dependent
scatter-

ing
m
atrix

24
and
the
probability
T

(
)

N
,,S
ε
σ

for
an
electron
w
ith

spin
σ
and
energy
ε
(as
w
ellas
quantum
num
bers
N
and
S )
to

be
transm
itted
through
a
m
olecule
oflength
L.T
he
scattering

m
atrix
is
found
by
m
atching
the
boundary
condition
at
the

points
w
here
the
m
olecule
is
connected
to
the
leads.

In
Figure
3b,
w
e
show
that
the
spin
polarization,

N

T

T

T

T

,

N

N

N

N

,,

,,

,,

,,

7
S

S

S

S

S

=

− +
⃗ ↑

↓

↑

↓,
becom
es
of
order
unity
at
energies
w
ithin

the
partialgap.Because
of
the
helicalnature
of
the
electronic

states
in
this
energy
w
indow
,
the
polarization
is
reversed
for

transm
ission
in
the
opposite
direction.M
oreover,the
helicity

ofelectronic
states
inside
the
partialgap,and
consequently
the

polarization
direction,is
determ
ined
by
the
handedness
ofthe

helix
(the
sign
ofthe
R
ashba-like
term
).W
e
em
phasize
thatthe

sign
and
m
agnitude
of
the
spin
polarization,
N
,

7
S,
are

independent
of
the
sign
ofS ,that
is,
N

N

,

,

7

7
S

S

=
−
.M
oreover,

w
e
dem
onstrate
in
Figure
3c
that
w
ithin
the
partial
gap,one

helicity
has
a
higher
transm
ission
probability
than
the
other.

Finally,w
e
show
in
Figure
4
thatforincidentcurrentw
ith
spin

polarized
in
the
x-direction,
the
outgoing
states
are
never-

theless
spin-polarized
along
the
z-direction.

O
ne-dim
ensional
electronic
system
s
described
by
H
am
il-

tonians
sim
ilar
to
eq
6
w
ith
V
D
=
0
have
attracted
a
lot
of

attention
in
recent
years
as
a
platform
for
engineering

topological
superconductors.21−

23

In
these
system
s,
it
is

essential
to
apply
an
external
m
agnetic
field
to
create
the

Z
eem
an
term
.
T
his
is
because
in
strictly
one-dim
ensional

system
s,
helical
states
can
only
em
erge
once
tim
e-reversal

sym
m
etry
is
broken.A
lthough
for
a
given
value
ofS
and
N
our

m
odelis
e
ffectively
one-dim
ensional,the
Z
eem
an
term
,

y
Sκσ
,is

inherited
from
the
curved
geom
etry,
w
hich
can
only
exist
in

three-dim
ensionalspace.M
oreover,once
both
the
positive
and

negative
values
ofS
are
taken
into
account,it
is
clear
that
our

m
odel
does
not
break
tim
e-reversal
sym
m
etry.
Im
portantly,

Figure
2.
Electronic
band
structure
for
V
D
=
0.
(a)
N
=
1
bands,

schem
atically
show
n
as
a
function
of
linear
m
om
entum
k
along
the

helix
axis,that
are
split
by
a
large
energy
difference
from
the
N
=
0

band.(b)
Exact
spectrum
for
the
N
=
1
band
featuring
a
partialgap

opening
for
κ
≠
0
(upper
panel)
butnotfor
κ
=
0
(low
er
panel).For

the
derivation,w
e
assum
ed
b
=
R
=
0.3
nm
as
w
ellas
a
delocalized

bandw
idth
of
ℏ

2 /2m
≈
1
eV
Å

2 .
T
he
arrow
s
indicate
the
spin

direction
of
the
electronic
state.

Figure
3.
T
ransm
ission
through
a
helix-shaped
m
olecule
w
ithout
a

dipole
field.(a)
Setup
considered
in
the
derivation
ofthe
transm
ission

probability
assum
ing
a
helical
m
olecule
attached
to
tw
o
straight

cylindricalleads
w
ith
the
sam
e
param
eters
as
the
spiralsystem
.T
he

spin
polarization
as
a
function
ofenergy
ofincom
ing
electrons
w
ith
N

=
1
isshow
n
in
panel(b).T
he
blue
curve
correspondsto
transm
ission

of
electrons
w
ith

1
S=
or

1

S=
−
betw
een
the
left
and
right
leads

through
a
right-handed
m
olecule.T
he
green
curve
illustrates
that
the

opposite
polarization
is
obtained
w
hen
the
current
is
sent
from
right

to
left.T
he
shaded
regions
m
ark
the
energies
of
the
partialgap.(c)

T
ransm
ission
per
spin
clearly
show
s
the
reduced
probability
for
one

helicity
com
pared
to
the
other.

The
Journalof
PhysicalChem
istry
C

A
rticle

D
O
I:10.1021/acs.jpcc.9b05020

J.Phys.Chem
.C
2019,123,17043−
17048

17045
b d

R

ẑ
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Figure 1: Top: Scheme of the molecular junc-
tion consisting of a helical tube (center) and
a pair of semi-infinite straight tubes, left and
right. The radius R, pitch b, thickness d are
indicated. Bottom: Illustration of helical coor-
dinates s, %, ✓: Green line shows part of a helix
that evolves along the z axis (dash-dotted line)
with unit vector ẑ. At any given point on the
helix, the unit vector n̂ is perpendicular to ẑ
and the tangent vector ŝ. In helical coordinates,
s is distance along the helix; ✓ and % are polar
coordinates in a plane with a normal vector ŝ;
✓ measures from n̂.

Approximate decoupling. The wavefunc-
tion  (s, %, ✓) is expressed in the helical coordi-
nate system; see Fig. 1. A local rotational sym-
metry of the tube is assumed, VH(r) = VH(%).
By an expansion of Eq. (1) in powers of d/R̃
and keeping second-order terms only, Michaeli
and Naaman showed that the wavefunction fac-

2

Figure 4: Schematic representation of scattering processes in the helical junction (a) and a
ferromagnetic polarizer (b). Panel (a) applies in the limit of a long helix (helicity λ = −1)
for energies in the spin-orbit gap. Red (blue) color indicates spin up (down) in the sense of
the helical axis. The red line on the top indicates that the electron with spin ↑ coming from
the left (L) lead (normalized to probability 1) is transmitted and its spin is conserved. If the
incoming electron has spin ↓, it is reflected with a spin-flip due to TRI. Panel (b) illustrates
scattering off an ideal ferromagnetic polarizer that only transmits spin up electrons.
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S1 Review of symmetry properties of transport coeffi-

cients in molecular junctions

Principles of charge and spin transport in two-terminal devices were derived in the fields of

nonequilibrium statistical mechanics and spintronics. Here we recollect some of them that

are directly relevant for helical molecular junctions with SOC. Principles 1 and 2 impose

tight restrictions on the generation and detection of spin currents in nanoscale conductors. In

Principle 3 we show that TRI implies reciprocity relations between certain spin transport

coefficients.
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Principle 1: Absence of spin currents and spin filtering in single-channel non-

magnetic junctions. We consider a strictly one-dimensional conductor with spin-orbit

coupling. Assuming a single-particle scattering scenario, it can be shown that an unpolarized

incident electron flux can not lead to polarized outgoing fluxes if the leads carry a single

channel. This was shown by Kiselev and Kim1 as a consequence of time-reversal invariance.

Therefore, spin currents can not be induced by the voltage bias even in the non-linear

regime, unless the above conditions are relaxed. The same negative statement applies to

spin filtering.

Principle 2: Absence of chirality-induced linear magnetoconductance. Now let

us consider attaching a ferromagnetic lead with magnetization M to the helix. The number

of conduction channels can be arbitrary. Of interest is the difference between currents at

reversed magnetizations: I(M) − I(−M) (magnetocurrent) and the related difference in

linear conductances, G(M)−G(−M) (magnetoconductance).

A system with magnetization M and a current flowing has the property that the modulus of

the current is invariant under time reversal, i.e. if one reverses the velocities of all particles

and inverts the sign of M . A consequence of this invariance is the well-known Onsager’s

relation for the charge conductance,2–4

G(M) = G(−M). (S1)

Note that the relation does not rely on the assumption of phase-coherence, unlike Principle

1. Furthermore, the relation also holds in presence of a magnetic field, if the latter is reversed

along with M . It was recognized by Yang et al.5 that Eq. (S1) prohibits the observation

of spin filtering of chiral molecules in the linear response in the above mentioned setup.

Nevertheless, magnetocurrent can be non-zero in the non-linear regime.

Onsager’s theorem also precludes magnetoconductance in standard ab-initio transport cal-

culations even in the non-linear response unless charge self-consistency with respect to the
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bias voltage is achieved. We detail this argument in Section S1.1.

Principle 3: Reciprocity of spin-transport coefficients. Linear response relations

shown in the main text involve charge and spin currents reacting to external voltage bias.

In order to introduce reciprocity we need a slightly more general formulation that includes

spin dependent chemical potentials. Following Nazarov and Blanter,4 we introduce spin

accumulations as differences in the respective chemical potentials between each spin species

(in the same lead). Namely, the z-components of the spin accumulations are

Wz
(R) =

(
µ
(R)
↑ − µ(R)

↓

)
/ℏ, (S2a)

Wz
(L) =

(
µ
(L)
↑ − µ

(L)
↓

)
/ℏ. (S2b)

Linear response of the currents to the voltage and spin accumulations is characterized by

coefficients of the expansion

I(V,Wz
(R),Wz

(L)) = GV + G̃
(L)
z Wz

(L) + G̃
(R)
z Wz

(R) + . . .

I
(L)
z (V,Wz

(R),Wz
(L)) = G

(L)
z V + G

(LL)
zz Wz

(L) + G
(LR)
zz Wz

(R) + . . .

I
(R)
z (V,Wz

(R),Wz
(L)) = G

(R)
z V + G

(RL)
zz Wz

(L) + G
(RR)
zz Wz

(R) + . . . ,

(S3)

where we suppressed terms of higher order. Naturally, additional measurements of spin in

other directions than z would bring up coefficients in these directions, too, but they are of no

relevance for the present work. See Ref.6 for a general formulation. Time-reversal invariance

implies the reciprocities6

G(R)
z = +G̃(R)

z (S4a)

G(L)
z = −G̃(L)

z (S4b)

G(LR)
zz = −G(RL)

zz . (S4c)
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We remark that the difference in signs of the right-hand sides above results from our defi-

nition of the currents that measure particles entering the junction through the left contact,

or, leaving the junction through the right contact.

In molecular junctions, these relations offer an alternative way to measure the spin currents

in linear response. Namely, the L and R spin currents induced by a finite V but zeroWz
(R/L)

are identical, up to a sign, to the charge current that results from the spin accumulation in

the L and R leads, respectively, at V = 0. The practical application of the above identity

is limitted by the ability to strictly separate bias drop from spin accumulations. Further

reciprocities emerge with the measurement of heat currents and temperature differences; see

Ref.6 for a review.

We re-derive explicit expressions for the transport coefficients in Landauer formalism in

Section S5 of this Supplementary Information. In Section S4 we review various symmetry

properties of the scattering operator that apply to the Michaeli-Naaman model and employ

them to derive cross-relations between spin conductances in Sec. S5, including Onsager rela-

tions. Explicit evaluation of the scattering operator for the model is detailed in Sections S2,

S3.

S1.1 Absence of chirality-induced magnetocurrent in common ab-

initio transport calculations

The state-of-the-art ab-initio method employs the Landauer formalism extended to non-

equilibrium. It assumes quantum coherence, effective single-particle states and thermody-

namic equilibrium in each lead. The electric current is given by the formula

I(V,M) =
e

h

∫ [
nF (E − µL(V ))− nF (E − µR(V ))

]∑

σσ′

Tσσ′(E, V,M) dE . (S5)

The central quantity in the above equation is the spin-resolved transmission probability

Tσσ′(E, V,M). We explicitly indicate its dependence on the voltage V and a static mag-
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netization of the junction M .i The Tσσ′(E, V,M) results from a quantum-mechanical cal-

culation, e.g., by the non-equilibrium Green’s function technique. The remaining factor in

the integrand contains the voltage-dependent energy window allowed by the Pauli principle.

The Fermi-Dirac distribution nF depends explicitly on the chemical potential of each lead,

µL/R(V ). The boundary condition µL(V ) − µR(V ) = eV is imposed by the external bias

voltage V . In this discussion we suppress the temperature dependence and assume that

both leads have equal temperatures.

The ab-initio calculations based on density-functional theory deliver both µR/L(V ) and

Tσσ′(E, V,M) from the Kohn-Sham system. An explicit calculation of the voltage depen-

dencies in the previous formulæ is rarely performed. A frequently employed approximation

Tσσ′(E, V,M) ≈ Tσσ′(E, 0,M) (S6)

when plugged into Eq. (S5), still delivers a non-linear IV curve.

Time-reversal invariance implies the following symmetry property of the transmission prob-

ability6

∑

σσ′

Tσσ′(E, 0,M) =
∑

σσ′

Tσσ′(E, 0,−M). (S7)

It follows trivially that the magnetocurrent I(V,M)− I(V,−M) vanishes when the approxi-

mation (S6) is used. We conclude that the common ab-initio methodology can not describe

chirality-induced nonlinear magnetocurrent due to Onsager’s theorem.

iThe scattering probabilities are further differentiated according to the direction of flow, i.e. from left
to right or vice versa; see the analysis of the scattering matrix of the helical model in the Supplementary
Information. Both directions of flow yield the same charge current and therefore we suppress the direction
of flow in the notation of Tσσ′ .
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S2 Spectrum and eigenstates of a helical tube

The Hamiltonian, Eq. (10) of the main text, can be rewritten as

ĥm(k) =

(
1

2
+

1

2
k2
)
σ̂0 + λb · σ (S8)

where the first term on the right side is proportional to the unit matrix σ̂0; σ abbreviates

the Pauli-matrices and b = (bx, by, bz) = (0,−κ̃m,−k).

The second term has eigenvalues

λkξα, where ξα = α

√
1 +

(
κ̃m

k

)2

for α = ±1.

The eigenvectors read

Ψmα(k) =
λ√

k2 +
(

κ̃m
1+ξα

)2



i κ̃m
(1+ξα)

k


 . (S9)

We chose the sign of the eigenvalue, αλ · sgn (k), and the phase of the eigenspinors such that

for k → ±∞ or κ̃→ 0 the eigenstates approach up, down spinors, α = σ. The eigenenergies

of the Hamiltonian are

Em,α(k) =
1

2
(k + λξα)

2 − 1

2

(
κ̃m

k

)2

(S10)

For small κ̃, it resembles the spectrum of the straight tube, except that there is a gap

E ∈ (1
2
− |κ̃m|, 1

2
+ |κ̃m|) around k = 0. The inverse dispersion reads

kmαβ = ζλα

√
2

[
E +

1

2
+ β
√
2E + κ̃2m2

]
(S11)

ζ =

[
sgn

(
E − 1

2

)] (1−β)
2

(S12)

and it is labeled by the branch β for each eigenstate α.
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Real energies of evanescent modes and their eigenspinors can be obtained by analytic con-

tinuation of the expressions into the complex k-domain. The dispersion of the evanescent

modes is shown in Fig. S1. The expectation value of σ̂z is zero in these states. An inspection

shows that their spin vector rotates in the xy-plane.

0.4 0.2 0.0 0.2 0.4
k [π/|R̃|]

0.3

0.4

0.5

0.6

0.7
E

 [
2
π

2
/
m
R̃

2
]

Figure S1: Dispersion of the helix in the region of the spin-orbit gap. The parameters and
the symbols are identical to the Fig. 3 of the main text. Additionally, we plot the energies
of the evanescent states within the gap (smaller dots).
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S3 Evaluation of the scattering matrix of the helical

junction

Expressions for the scattering wavefunctions are derived in this section by matching the

current operator on both sides of the interfaces. The wave function coefficients deliver

scattering matrix elements straightforwardly. Throughout the following sections we employ

dimensionless energies and lengths introduced in the main text but drop the primes from

the notation.

Probability current. In the gauged Hilbert’s space the time evolution is generated by

the Hamiltonian Eq. (9) of the main text. From the continuity equation of a probability

density it is possible to derive an explicit form of the probability current

j(s, t) =
1

2

{
Ψ† (−i∂s + γ̃m− λσ̂z)Ψ + [(−i∂s + γ̃m− λσ̂z)Ψ]† Ψ

}
(S13)

The form of the current operator is analogous to the one in the problem of an electron in a

magnetic field, except that the gauge potential is matrix-valued (non-Abelian).

The above expression for the current operates on the gauged wavefunctions in the helix.

Upon employing the inverse gauge transformation Ψ′ = e−isλσ̂zΨ in Eq. (S13), we obtain an

expression

j′(s, t) =
1

2

{
Ψ

′† (−i∂s + γ̃m)Ψ′ + [(−i∂s + γ̃m)Ψ′]
†
Ψ′
}

(S14)

where primes indicate ungauged expressions. In the straight tubes, the current is given by

the above expression with γ̃ = 0.

Furthermore, the Abelian gauge potential γ̃m can be removed from the Hamiltonian by the

gauge transformation eisγ̃m in the Hilber’s space of the molecule. Correspondingly, γ̃ will

vanish from the current operator. As a corollary, the expectation values of the (spin) current

dentisty in Hamiltonian eigenstates are γ̃ independent. Hence, when leads are attached,
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scattering probabilities will be likewise γ̃ independent, although the scattering phases won’t.

It is known that in one dimension, a vector potential does not have physically observable

effects. Therefore we set γ̃ = 0 in what follows.

Scattering wavefunctions. The scattering picture is most transparent in the ungauged

Hilbert’s space. There, the wavefunctions in the leads are incoming and outgoing planewaves

with wavenumbers ±
√
2E. In the helix, we apply the inverse gauge transformation e−iλσ̂zs

to the eigenvectors, Eq. (S9).

We consider a helix of length L connected to straight semi-infinite tubes. First, a spin-up

electron is coming from the left tube with energy E > 0. In the left tube the wavefunction

reads

ψE
m(s) =



1

0


 eiqs +



r↑↑

r↓↑


 e−iqs, s < 0, q =

√
2E. (S15)

The first term represents an incident electron and the second term represents a reflected

electron, with reflection amplitudes rσσ′ , where the left (right) index labels the final (initial)

state.

In the right lead (s > L), the transmitted wavefunction reads

ψE
m(s) =



t↑↑

t↓↑


 eiqs. (S16)

Similarly, for an incoming down electron the following relations hold

ψE
m(s) =



0

1


 eiqs +



r↑↓

r↓↓


 e−iqs, s < 0 (S17)

ψE
m(s) =



t↑↓

t↓↓


 eiqs, s > L. (S18)

In the central (helical) region, the form of the wavefunction depends on whether we are in
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the gap region or away from it. It consists always from four eigenstates, with amplitudes

a, b, c, d. Away from the gap, the wavefunction contains planewaves only,

ψE
m(s) = a ei(km++−λσ̂z)s ·Ψm,+(km++) (S19)

+ b ei(km−+−λσ̂z)s ·Ψm,−(km−+) (S20)

+ c ei(km+−−λσ̂z)s ·Ψm,+(km+−) (S21)

+ d ei(km−−−λσ̂z)s ·Ψm,−(km−−), 0 < s < L (S22)

where the wavenumber corresponding to E is given in the Eq. (S11). In the gap region,

two modes become evanescent and the above expression has to be analytically continued.

Because of the inverse gauge transformation operator, each component of the spinors has a

distinct spatial dependence.

The coefficients a, b, c, d (for a given incoming spin) and the transmission and reflection

amplitudes are determined by matching the expectation values of the probability current at

both interfaces.

Wavefunction matching. Let ψE
m(s) be the scattering wavefunction as given in previous

sections. The current must be continuous at the interfaces. Employing the expression (S14),

the conditions are

ψE
m(0+) = ψE

m(0−) (S23a)

−i∂sψE
m(0+) = −i∂sψE

m(0−) (S23b)

ψE
m(L−) = ψE

m(L+) (S23c)

−i∂sψE
m(L−) = −i∂sψE

m(L+) (S23d)

For a given direction of the incoming spin, the wavefunction contains 8 unknown coefficients,

which can be completely determined by the Eq. (S23).
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In presence of a delta barrier at the left contact (s = 0), the Hamiltonian gains the potential

term

v(s) = cδ(s) · σ̂0.

The matching condition for the left contact becomes

ψE
m(0+) = ψE

m(0−) (S24)

−i∂sψE
m(0+) = −i∂sψE

m(0−)− i2c ψE
m(0). (S25)

Scattering probabilities. Fig. S2 shows the left and right transmission and reflection

probabilities for a helix with 6 turns and the same parameters as in Fig. 3.
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Figure S2: Scattering probabilities for transmission and reflection from the left (top panel)
and right (bottom) leads, (u)p and (d)own spins. The probabilities are m-independent for
m = ±1. Parameters: κ̃ = 0.1, λ = −1, same as in Fig. 3 of the main text, and the helix has
6 (solid lines) and 3 (dashed lines) turns. E = 0, 0.4, 0.6 mark the bottom of the conduction
band of the lead, and the limits of the gap of the helical bandstructure.
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S4 Symmetries of the scattering matrix

We assume a scattering problem, defined by the scattering Hamiltonian

Ĥm(s) =
1

2

(
−i d

ds
− λσ̂z

)2

− λκ̃(s)mσ̂y, (S26)

where κ̃(s) = κ̃ for −L/2 < s < L/2 (central region) and zero in the left lead (s < −L/2) and

the right lead (s > L/2). In what follows we shall make use of the basic invariance properties

of Ĥm(s) in order to derive symmetry relations of the scattering matrix. These invariance

properties may hold true under more general conditions for a wider class of Hamiltonians.

For example, the contacts may be modeled by a continuous decrease of κ̃(s), or the contacts

could model vacuum tunneling. We start our exposure with charge conservation (implying

the well known unitarity), follow with time-reversal and end up with spatial inversions.

S4.1 Notation

The leads (κ̃(s) = 0) represent “straight tubes” and conserve both σ̂z and the orbital angular

momentumm. On the other hand, in the central region−L/2 < s < L/2 onlym is conserved.

An incoming wave in the left lead at energy E with spin ↑ in the channel m is denoted by
∣∣∣Φ(In,L)

E,↑,m

〉
. Similarly, an incoming wave in the right lead with the same quantum numbers is

denoted by
∣∣∣Φ(In,R)

E,↑,m

〉
. Since the scattering processes conserve E and m, for a fixed m we can

write a general incoming wave as a 4-vector,

∣∣∣Φ(In)
E,m

〉
=
(∣∣∣Φ(In,L)

E,↑,m

〉
,
∣∣∣Φ(In,L)

E,↓,m

〉
,
∣∣∣Φ(In,R)

E,↑,m

〉
,
∣∣∣Φ(In,R)

E,↓,m

〉)T
. (S27)

The scattering operator Ŝm(E) maps
∣∣∣Φ(In)

E,m

〉
into an outgoing wave

∣∣∣Φ(Out)
E,m

〉
,

∣∣∣Φ(Out)
E,m

〉
= Ŝm(E)

∣∣∣Φ(In)
E,m

〉
, (S28)
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where
∣∣∣Φ(Out)

E,m

〉
=
(∣∣∣Φ(Out,L)

E,↑,m

〉
,
∣∣∣Φ(Out,L)

E,↓,m

〉
,
∣∣∣Φ(Out,R)

E,↑,m

〉
,
∣∣∣Φ(Out,R)

E,↓,m

〉)T
. (S29)

From now on we suppress the energy dependence in the notation; we denote the matrix

elements of Ŝm in this basis set by

Ŝm ≡




r
(LL)
↑↑,m r

(LL)
↑↓,m t

(LR)
↑↑,m t

(LR)
↑↓,m

r
(LL)
↓↑,m r

(LL)
↓↓,m t

(LR)
↓↑,m t

(LR)
↓↓,m

t
(RL)
↑↑,m t

(RL)
↑↓,m r

(RR)
↑↑,m r

(RR)
↑↓,m

t
(RL)
↓↑,m t

(RL)
↓↓,m r

(RR)
↓↑,m r

(RR)
↓↓,m




≡




r
(LL)
σσ′,m t

(LR)
σσ′,m

t
(RL)
σσ′,m r

(RR)
σσ′,m




(S30)

S4.2 Unitarity from the charge conservation

Each matrix element of (S30), when squared, gives a scattering probability. We shall use

capital letters for the probabilities, for instance, |t(RL)
↑↑,m|2 = T

(RL)
↑↑,m . For reference, we reproduce

here some consequences of unitarity of the scattering matrix:

1 =
∑

σ

R
(LL)
σσ′,m + T

(RL)
σσ′,m (S31a)

1 =
∑

σ

R
(RR)
σσ′,m + T

(LR)
σσ′,m (S31b)

1 =
∑

σ′

R
(LL)
σσ′,m + T

(LR)
σσ′,m (S31c)

1 =
∑

σ′

R
(RR)
σσ′,m + T

(RL)
σσ′,m (S31d)

The first two equations state that the incoming flux must be distributed in a conserving

way into the outgoing fluxes. The last two equations require normalization of the outgoing
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waves.

We shall make frequent use of an auxiliary identity obtained by multiplying the Eqs. (S31c,S31d)

by σ and summing,

∑

σσ′

σT
(LR)
σσ′,m = −

∑

σσ′

σR
(LL)
σσ′,m, (S32a)

∑

σσ′

σT
(RL)
σσ′,m = −

∑

σσ′

σR
(RR)
σσ′,m (S32b)

S4.3 Time-reversal invariance

The condition of time reversal invariance imposes the following restriction on the matrix

elements:
〈
Φ(Out)

m

∣∣ Ŝm

∣∣Φ(In)
m

〉
=
〈
TΦ(In)

m

∣∣ Ŝm

∣∣TΦ(Out)
m

〉
(S33)

T = −iσ̂yK is the time reversal operator; its effect on the In and Out waves amounts to

∣∣TΦ(In)
m

〉
=
(∣∣∣Φ(Out,L)

E,↓,−m

〉
,−
∣∣∣Φ(Out,L)

E,↑,−m

〉
,
∣∣∣Φ(Out,R)

E,↓,−m

〉
,−
∣∣∣Φ(Out,R)

E,↑,−m

〉)T
(S34)

∣∣TΦ(Out)
m

〉
=
(∣∣∣Φ(In,L)

E,↓,−m

〉
,−
∣∣∣Φ(In,L)

E,↑,−m

〉
,
∣∣∣Φ(In,R)

E,↓,−m

〉
,−
∣∣∣Φ(In,R)

E,↑,−m

〉)T
. (S35)

Notice that the minus sign is specific to the transformation of spinors. The following cross-

relationships between matrix elements are implied,

r
(LL)
σ,σ′,m = (σσ′) r(LL)−σ′,−σ,−m, R

(LL)
↑↑,m = R

(LL)
↓↓,−m (S36a)

r
(RR)
σ,σ′,m = (σσ′) r(RR)

−σ′,−σ,−m, R
(RR)
↑↑,m = R

(RR)
↓↓,−m, (S36b)

t
(LR)
σ,σ′,m = (σσ′) t(RL)

−σ′,−σ,−m, T
(LR)
σ,σ′,m = T

(RL)
−σ′,−σ,−m. (S36c)

The above formulæ have important consequences for the occurrence of spin polarization.

Consider an unpolarized incident flux in the left lead. The spin conserving reflection processes
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are balanced due to Eq. (S36a). If spin polarization results from the reflection, it must be

due to spin flipping processes.5

If we set m = 0 in the Eq. (S36) we restrict to the single channel. Very strict conditions

follow for the reflection amplitudes,

r(LL)σσ = r
(LL)
−σ,−σ, r(RR)

σσ = r
(RR)
−σ,−σ (S37)

r
(LL)
↓↑ = r

(LL)
↑↓ = 0, r

(RR)
↓↑ = r

(RR)
↑↓ = 0. (S38)

When combined with unitarity, these relations prohibit spin filtering in single channel wires,

as proven by Kiselev and Kim.1

S4.4 Spatial symmetries

Here we explore the consequences of various operations on the spatial (spin and orbital)

degrees of freedom.

The basic algebraic identities [σ̂z]
3 = σ̂z and σ̂zσ̂yσ̂z = −σ̂y can be combined to yield the

following invariance property

σ̂zĤm(s)σ̂z = Ĥ−m(s) (S39)

where Ĥm(s) is introduced in the Eq. (S26).ii. The above relation holds for both the straight

tube and the helix. Therefore, the scattering matrix obeys

σ̂zŜ−mσ̂z = Ŝm (S40)

iiWe remind that the operator σ̂z = i exp(−iσ̂zπ/2) performs a rotation by π around the z axis of the
spin degrees of freedom (up to a phase factor); it effectively inverts the sign of σ̂y. Such rotation can be
compensated for by flipping the sign of m.
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i.e.

r
(LL)
σ,σ′,m = (σσ′) r(LL)σ,σ′,−m, R

(LL)
σ,σ′,m = R

(LL)
σ,σ′,−m, (S41a)

r
(RR)
σ,σ′,m = (σσ′) r(RR)

σ,σ′,−m, R
(RR)
σ,σ′,m = R

(RR)
σ,σ′,−m (S41b)

t
(LR)
σ,σ′,m = (σσ′) t(LR)

σ,σ′,−m, T
(LR)
σ,σ′,m = T

(LR)
σ,σ′,−m (S41c)

t
(RL)
σ,σ′,m = (σσ′) t(RL)

σ,σ′,−m, T
(RL)
σ,σ′,m = T

(RL)
σ,σ′,−m. (S41d)

Clearly, all scattering probabilities are m-independent.

Combining the latter symmetry with time-reversal yields identities equating elements of the

scattering matrix from the same m sector, as can be derived using Eqs. (S41,S36):

r
(LL)
σ,σ′,m = r

(LL)
−σ′,−σ,m, R

(LL)
↑↑,m = R

(LL)
↓↓,m (S42a)

r
(RR)
σ,σ′,m = r

(RR)
−σ′,−σ,m, R

(RR)
↑↑,m = R

(RR)
↓↓,m (S42b)

t
(LR)
σ,σ′,m = t

(RL)
−σ′,−σ,m, T

(LR)
σ,σ′,m = T

(RL)
−σ′,−σ,m. (S42c)

S4.4.1 Parity

The helicity of the helix is invariant under inversion of all three spatial coordinates. Such an

operation reverses the left and right leads, though. We exploit this property in what follows.

The Hamiltonian is not invariant under s-reversal P̂s : s 7→ −s, but under the joint operation

of P̂s and σ̂y,
7

(
σ̂yP̂s

)
Ĥm(s)

(
P̂sσ̂y

)
= Ĥm(s), (S43)

and so is Ŝm. Consequently,

r
(LL)
σ,σ′,m = (σσ′) r(RR)

−σ,−σ′,m, R
(LL)
σ,σ′,m = R

(RR)
−σ,−σ′,m, (S44a)

t
(LR)
σ,σ′,m = (σσ′) t(RL)

−σ,−σ′,m, T
(LR)
σ,σ′,m = T

(RL)
−σ,−σ′,m, (S44b)

where we used the fact that P̂s interchanges the leads. Combining parity and time reversal
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yields T
(LR)
↑↓,m = T

(LR)
↓↑,m and T

(RL)
↑↓,m = T

(RL)
↓↑,m .

S4.4.2 Remark: Structure of the probability matrix

The spatiotemporal invariance properties can be used to lay out the structure of the matrix

of scattering probabilities, using 6 independent parameters only,




R
(LL)
↑↑,m R

(LL)
↑↓,m T

(LR)
↑↑,m T

(LR)
↑↓,m

R
(LL)
↓↑,m R

(LL)
↓↓,m T

(LR)
↓↑,m T

(LR)
↓↓,m

T
(RL)
↑↑,m T

(RL)
↑↓,m R

(RR)
↑↑,m R

(RR)
↑↓,m

T
(RL)
↓↑,m T

(RL)
↓↓,m R

(RR)
↓↑,m R

(RR)
↓↓,m




=




a b c d

g a d f

f d a g

d c b a



, independent of m. (S45)

We can recognize immediately that the symmetries of the scattering Hamiltonian allow for

spin polarization due to spin-flipping reflections and non-flipping transmissions. Specifically,

spin polarization is generated if the expressions

R
(RR)
↓↑,m −R

(RR)
↑↓,m , T

(RL)
↑↑,m − T

(RL)
↓↓,m , and with R←→ L

are non-zero. Other spin processes are balanced and do not contribute to the polarization.
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S5 Transport coefficients in the Landauer formalism

and their symmetry relations

We derive explicit expression for the transport coefficients, Eq. (S3), in Landauer formalism,

employing the properties of the scattering probability matrix that we have given in the

previous section.

S5.1 Expressions for the currents

Charge current in the left lead is simply given by summing (a) an incident flux in the left

lead, (b) a back-reflected flux in the left lead and (c) the fluxes transmitted from the right

lead, namely,

I(L) =
e

h

∑

m

∑

σ′

∫
dE

{
nF(E − µσ′

L )

[
1−

∑

σ

R
(LL)
σσ′,m

]
− nF(E − µσ′

R )
∑

σ

T
(LR)
σσ′,m

}
. (S46)

With

µσ′
L = EF +

1

2
eV +

ℏ
2
W (L)

z σ′

µσ′
R = EF −

1

2
eV +

ℏ
2
W (R)

z σ′

[see also Eq. (S2)] we Taylor-expand the Fermi functions around equilibrium (at infinitesimal

temperature) in order to obtain the current in linear response,

I =
e

h

∑

m

∑

σ′

∫
dE

{
nF(E − EF)

[
1−

∑

σ

R
(LL)
σσ′,m −

∑

σ

T
(LR)
σσ′,m

]
+ (S47)

+

[
∂nF(E − EF)

∂EF

]

E,T

·
[
1−

∑

σ

R
(LL)
σσ′,m +

∑

σ

T
(LR)
σσ′,m

]
eV

2
+ (S48)

+
ℏ
2
σ′
[
∂nF(E − EF)

∂EF

]

E,T

·
[(

1−
∑

σ

R
(LL)
σσ′,m

)
W (L)

z −
∑

σ

T
(LR)
σσ′,mW

(R)
z

]}
. (S49)
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Expressing the reflection coefficients through transmissions by using unitarity, Eq. (S31),

results in

• vanishing of the equilibrium term;

• furthermore, at zero temperature we get Landauer-Büttiker formula for the charge

conductance, as given in the main text

• coefficients of the charge-current response to spin accumulations,

G̃(L)
z = +

e

4π

∑

m

∑

σσ′

σ′T (RL)
σσ′,m (S50a)

G̃(R)
z = − e

4π

∑

m

∑

σσ′

σ′T (LR)
σσ′,m. (S50b)

In a similar way it is possible to derive expressions for the spin currents,

I(L)z =
1

4π

∑

m

∑

σ′

∫
dE(−1)

{
nF(E − µσ′

L )
∑

σ

σR
(LL)
σσ′,m + nF(E − µσ′

R )
∑

σ

σT
(LR)
σσ′,m

}
(S51)

I(R)
z =

1

4π

∑

m

∑

σ′

∫
dE(+1)

{
nF(E − µσ′

R )
∑

σ

σR
(RR)
σσ′,m + nF(E − µσ′

L )
∑

σ

σT
(RL)
σσ′,m

}
. (S52)

Notice that the sign change from - to + is due to our definition of the positive direction of

the current, see the definitions in the main text. The linearized expressions

I(L)z = − 1

4π

∑

m

∑

σ′

∫
dE

{
nF(E − EF)

∑

σ

σ
[
R

(LL)
σσ′,m + T

(LR)
σσ′,m

]

+

(
∂nF

∂EF

)
eV

2

∑

σ

σ
[
R

(LL)
σσ′,m − T

(LR)
σσ′,m

]
+

+

(
∂nF

∂EF

)
ℏ
2

∑

σ

σσ′
[
R

(LL)
σσ′,mW

(L)
z + T

(LR)
σσ′,mW

(R)
z

]}
,
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I(R)
z = +

1

4π

∑

m

∑

σ′

∫
dE

{
nF(E − EF)

∑

σ

σ
[
R

(RR)
σσ′,m + T

(RL)
σσ′,m

]

+

(
∂nF

∂EF

)
eV

2

∑

σ

σ
[
−R(RR)

σσ′,m + T
(RL)
σσ′,m

]
+

+

(
∂nF

∂EF

)
ℏ
2

∑

σ

σ′σ
[
R

(RR)
σσ′,m)W

(R)
z + T

(RL)
σσ′,mW

(L)
z

]}

deliver using Eq. (S32)

• vanishing equilibrium spin currents on accounts of unitarity,

• spin conductances as given in the main text, Eqs. (12b,d),

• response of the spin currents to spin accumulations characterised by coefficients:

G(LL)
zz = − ℏ

8π

∑

σσ′m

σσ′R(LL)
σσ′,m

G(LR)
zz = − ℏ

8π

∑

σσ′m

σσ′ T (LR)
σσ′,m

G(RL)
zz = +

ℏ
8π

∑

σσ′m

σσ′ T (RL)
σσ′,m

G(RR)
zz = +

ℏ
8π

∑

σσ′m

σσ′R(RR)
σσ′,m.

S5.2 Onsager’s reciprocity relations

The reciprocity of spin conductances, G
(L,R)
z , and the coefficients, G̃

(L,R)
z , can be demon-

strated readily. Upon employing the Eq. (S36c) in the formulæ Eq. (S50) and comparing with

the Eqs. (12b,d) of the main text we readily confirm the reciprocal relations, Eqs. (S4a,S4b).

In the same way the reciprocity (S4c) follows by employing time reversal symmetry of trans-

mission probabilities.
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S5.3 Nonzero spin conductance is due to spin-flip reflections

The spin conductances were defined in the main text. Using Eq. (S32) we can express

them using reflection coefficients only. The spin-diagonal elements can be eliminated with

the Eq. (S36a) and in time-reversal invariant situations only the spin-flipping processes

contribute,

G(R)
z =

e

4π

∑

m

(
R

(RR)
↓↑,m −R

(RR)
↑↓,m

)
(S53a)

G(L)
z =

e

4π

∑

m

(
R

(LL)
↓↑,m −R

(LL)
↑↓,m

)
. (S53b)

S5.4 A proof of G
(R)
z = −G(L)

z

By adding the Eq. (S53) we obtain zero because of parity, Eq. (S44). It follows that

G(R)
z = −G(L)

z . (S54)

Since the proof requires only basic symmetries, it is conceivable that the relation (S54) holds

true for a wider class of Hamiltonians, the Eq. (S26) being an example. For instance, the

contacts might be modeled by a smooth behavior of κ̃(s) or the contacts might involve barrier

tunneling. However, once the inversion symmetry is lost, i.e. when the coupling to the left

lead is not the same as to the right, the identity Eq. (S54) ceases to hold.

It is also possible to derive the identity Eq. (S54) by using transmission probabilities only.

To this end, we add the expressions

G(R)
z =

e

4π

∑

m

(
T

(RL)
↑↑,m + T

(RL)
↑↓,m − T

(RL)
↓↑,m − T

(RL)
↓↓,m

)
(S55a)

G(L)
z =

e

4π

∑

m

(
T

(LR)
↑↑,m + T

(LR)
↑↓,m − T

(LR)
↓↑,m − T

(LR)
↓↓,m

)
. (S55b)
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Discarding the constant prefactor we get an expression that can be regrouped into four

rounded brackets,

∑

m

[(
T

(RL)
↑↑,m − T

(LR)
↓↓,m

)
+
(
T

(LR)
↑↑,m − T

(RL)
↓↓,m

)
+
(
T

(LR)
↑↓,m − T

(RL)
↓↑,m

)
+
(
T

(RL)
↑↓,m − T

(LR)
↓↑,m

)]
.

The first two brackets vanish on account of Eq. (S36c) and the remaining two because of

Eq. (S44b).
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S6 Spin and charge densities in the leads

Equilibrium spin and charge densities and their bias-induced counterparts are elaborated in

this section from scattering wavefunctions. For the sake of specificity m = ±1.

S6.1 Local densities of scattering states

Wavefunctions in the left lead. At a fixed energy E = 1
2
q2 and m there are 4 scattering

states, mapping asymptotically to spin up/down particles incoming from the left and right

lead. In this section we label them L1, L2, R1 and R2. Their spinor wavefunctions were

given in Sec. S3 and here we reproduce their expressions in the left lead (s < 0)

ψE
L1,m(s) =

1√
2π

[
eiqs |↑⟩+ e−iqs

∑

σ

r
(LL)
σ↑,m |σ⟩

]
(S56a)

ψE
L2,m(s) =

1√
2π

[
eiqs |↓⟩+ e−iqs

∑

σ

r
(LL)
σ↓,m |σ⟩

]
(S56b)

ψE
R1,m(s) =

1√
2π
e−iqs

∑

σ

t
(LR)
σ↑,m |σ⟩ (S56c)

ψE
R2,m(s) =

1√
2π
e−iqs

∑

σ

t
(LR)
σ↓,m |σ⟩ . (S56d)

Notice that we employ a plane-wave normalization factor 1/
√
2π, unlike in Sec. S3.

Direction-resolved densities. In equilibrium, spin and charge densities can be obtained

straightforwardly by calculating the local density of states from the above wavefunctions.

In bias-induced stationary nonequilibrium we need to discriminate between states incoming

from left and right.

For given q > 0 and s < 0, the spin- and direction-resolved densities from the states (S56)
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read

n↑,L(q, s) =
1

2π

∑

m

{
1 + 2Re

[
e−i2qsr

(LL)
↑↑,m

]
+R

(LL)
↑↓,m +R

(LL)
↑↑,m

}
,

n↓,L(q, s) =
1

2π

∑

m

{
1 + 2Re

[
e−i2qsr

(LL)
↓↓,m

]
+R

(LL)
↓↓,m +R

(LL)
↓↑,m

}
,

n↑,R(q, s) =
1

2π

∑

m

{
T

(LR)
↑↓,m + T

(LR)
↑↑,m

}
,

n↓,R(q, s) =
1

2π

∑

m

{
T

(LR)
↓↓,m + T

(LR)
↓↑,m

}
.

Spin and charge densities at energy E = 1
2
q2. The (dimensionless) charge and spin

densities follow directly from the above relations by summing the L and R contributions

equally. First, the charge density at s < 0 reads

n0(q, s) =
∑

σ

[nσ,L(q, s) + nσ,R(q, s)] =
1

π

∑

m

Re
{
2 + e−i2qs

(
r
(LL)
↑↑,m + r

(LL)
↓↓,m

)}
, (S57)

where Eq. (S31) was applied. Note that the charge density from eigenstates at energy E in

a clean infinite tube is 8/2π (due to twofold spin, orbital and direction degeneracies), which

is just the first term in the above expression. The oscillating term occurs because (only) the

spin-diagonal reflection amplitudes lead to a coherent sum of two planewaves with opposite

momenta. Spin-flipping processes contribute incoherently, because the incident and reflected

waves pertain to disjoint Hilbert subspaces due to the opposite spins of the waves.

Second, the spin density vanishes on accounts of time-reversal invariance (TRI), Eq. (S36a).

nz(q, s) =
∑

σ

σ[nσ,L(q, s) + nσ,R(q, s)] =
1

π

∑

m

Re
{
e−i2qs

(
r
(LL)
↑↑,m − r

(LL)
↓↓,m

)}
(TRI)
= 0. (S58)

Spin and charge densities at energy E for nonequilibrium. At a finite bias voltage,

the symmetry between L and R states is broken. The charge density is determined by the dif-

ference between L and R densities provided that the bias difference V applies symmetrically
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on both leads. In such cases, the difference reads

∑

σ

[nσ,L(q, s)− nσ,R(q, s)] =

=
1

2π

∑

m

{
2 + 2Re

[
e−i2qs

(
r
(LL)
↑↑,m + r

(LL)
↓↓,m

)]
+
∑

σσ′

(
R

(LL)
σσ′,m − T

(LR)
σσ′,m

)}
. (S59)

The terms above have a rather transparent meaning. Employing the Eq. (S31) to convert

the reflection probabilities into transmission and recognizing the linear conductance formula,

the previous expression simplifies to

1

π

∑

m

{
2 + Re

[
e−i2qs

(
r
(LL)
↑↑,m + r

(LL)
↓↓,m

)]
−
∑

σσ′

T
(LR)
σσ′,m

}

(TRI) =
1

π

(
4− h

e2
G

)
+

2

π

∑

m

Re
[
e−i2qsr

(LL)
↑↑,m

]
. (S60)

The application of TRI in the last line is indicated. The expression (S60) offers an interpre-

tation: The total number of L fluxes is 4. To this number, an effective count of backreflected

states, −hG/e2, and an interference term are to be added.

Analogously for the spin density in the left lead,

∑

σ

σ[nσ,L(q, s)− nσ,R(q, s)] =

=
1

π

∑

m

{
Re
[
e−i2qs

(
r
(LL)
↑↑,m − r

(LL)
↓↓,m

)]
+
∑

σσ′

σ
(
R

(LL)
σσ′,m − T

(LR)
σσ′,m

)}
.

Unitarity, TRI and the definition of spin conductance simplify the expression,

∑

σ

[nσ,L(q, s)− nσ,R(q, s)] = −
1

π

∑

m

∑

σσ′

σT
(LR)
σσ′,m

= − 1

π

4π

e
G(L)

z

∣∣∣∣∣
E=q2/2

. (S61)
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S6.2 Surface- and bulk-accumulated densities

In order to get energy-unresolved equilibrium and non-equilibrium charge and spin densities

(accumulations), the formulæ (S61,S60,S57) have to be integrated over an energy window.

Equilibrium densities. The integration of the Eq. (S57) delivers a homogeneous term

and a term that oscillates,

n0(s)
∣∣∣
V=0

= n∞ +
2

π

∑

m

∫ qF

0

dq

2π
Re
[
e−i2qs r

(LL)
↑↑,m

]
, qF =

√
2EF, s < 0.

with n∞ = 2qF/π
2 being the Fermi ground-state density of a transparent infinite four-

channel conductor. The oscillating term describes familiar Friedel oscillations that decay

asymptotically as 1/qFs from the contact into the bulk. The equilibrium charge density

therefore has a bulk term and a surface accumulation.

The spin density in equilibrium is zero because of TRI.

Nonequilibrium densities induced by a voltage bias. These observables are given

by summing the density of L states with energies E ∈ ⟨EF, EF + V/2⟩ and subtracting

the contribution of R states in ⟨EF − V/2, EF⟩. We achieve this readily by integrating the

Eq. (S60) in q ∈ ⟨qF,
√
2(EF + V/2)⟩. In first order in V the charge density for s < 0 reads

δn0(s) =

∫ qF+V/2qF

qF

dq

2π

{
1

π

(
4− h

e2
G

)
+

2

π

∑

m

Re
[
e−i2qs r

(LL)
↑↑,m

]}
+O

(
V 2
)

= V ϱL(EF)

[(
4− h

e2
G

)
+ 2

∑

m

Re
{
e−i2qsr

(LL)
↑↑,m

}]
+O

(
V 2
)
,

where we introduced the local density of left-moving states in a single channel (spinless)

transparent wire

ϱL(EF) =
1

4π2qF
=

1

8

∂n∞
∂E

∣∣∣∣
E=EF

. (S62)

The bulk term V ϱL(EF)
(
4− h

e2
G
)
vanishes in the transparency limit. The oscillating term
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is straightforwardly connected to the equilibrium Friedel oscillations.

The spin-density is nonzero because the voltage breaks symmetry between the L and R

states; from the Eq. (S61) we get

δnz(s) = −V ϱL(EF)
4π

e
G(L)

z + O
(
V 2
)
, s < 0. (S63)

The voltage-induced spin density does not have a surface component, only a bulk one.

Spin accumulation. The homogeneous voltage-induced spin density offers a simple esti-

mate for the spin accumulation, i.e. the spin-polarized chemical potential (see Eq. (S2)), in

linear response to V . Namely,

ℏWz
(L)(V ) = µ

(L)
↑ (V )− µ(L)

↓ (V ) ≈ ∂EF

∂n

∣∣∣∣
n=n∞

δnz(s) (S64)

= −V π

2e
G(L)

z , (S65)

where we used (S63,S62).

The expression holds true only if one can neglect spin scattering at the interface between

the lead (tube) and the contacts of the battery.
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