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Abstract

This paper studies continuous-time risk-sensitive reinforcement learning (RL) under the
entropy-regularized, exploratory diffusion process formulation with the exponential-form ob-
jective. The risk-sensitive objective arises either as the agent’s risk attitude or as a distribu-
tionally robust approach against the model uncertainty. Owing to the martingale perspective
in Jia and Zhou (2023), the risk-sensitive RL problem is shown to be equivalent to ensuring
the martingale property of a process involving both the value function and the g-function,
augmented by an additional penalty term: the quadratic variation of the value process, captur-
ing the variability of the value-to-go along the trajectory. This characterization allows for the
straightforward adaptation of existing RL algorithms developed for non-risk-sensitive scenarios
to incorporate risk sensitivity by adding the realized variance of the value process. Additionally,
I highlight that the conventional policy gradient representation is inadequate for risk-sensitive
problems due to the nonlinear nature of quadratic variation; however, g-learning offers a solution
and extends to infinite horizon settings. Finally, I prove the convergence of the proposed algo-
rithm for Merton’s investment problem and quantify the impact of temperature parameter on
the behavior of the learning procedure. I also conduct simulation experiments to demonstrate
how risk-sensitive RL improves the finite-sample performance in the linear-quadratic control
problem.

Keywords: risk-sensitive control, continuous-time reinforcement learning, exponential martingale, quadratic

variation penalty, g-learning

1 Introduction

Continuous-time reinforcement learning (RL) has drawn considerable attention owing to its practical sig-
nificance in modeling systems that necessitate or benefit from high-frequency or real-time interaction with the

environment, such as in financial trading (Wang et al., 2023a), real-time response systems (Andersson et al.,
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2015), and robotics (Kober et al., 2013). Furthermore, its theoretical development serves to bridge the gap
between the conventional stochastic control and the discrete-time, Markov decision process (MDP)-based

RL theory.

Existing literature on RL largely focuses on optimizing the expectation of a flow of time-additive re-
wards. Here, the instantaneous reward can be interpreted as a utility within the time-additive von Neu-
mann-Morgenstern expected utility framework. Though utility functions can reflect the agent’s attitude
towards risk in a one-off setting, economic literature has long recognized that such an additive form inad-
equately captures intertemporal preferences on the uncertainty (Epstein and Zin, 1989). Moreover, empiri-
cally measuring and incorporating an agent’s risk preference via a simple additive utility function is notorious

difficult.

An alternative approach is the risk-sensitive control (which can be traced back to Jacobson 1973), and
it later becomes popular, particularly in financial asset management, e.g., in Bielecki and Pliska (1999). In
contrast to solely considering the expectation, risk-sensitive objective accounts for the whole distribution of
the accumulated reward. Moreover, the risk-sensitive objective function in the exponential form is well-known
to be closely related to the robustness within a family of distributions measured by the Kullback—Leibler
(KL) divergence, which is also known as the robust control problems (Hansen and Sargent, 2001). Such
uncertainty on the distribution of a random variable (not just its realization whose uncertainty can be
statistically quantified) is often regarded as the Knightian uncertainty or ambiguity, which often occurs due
to the lack of knowledge or historical data (LeRoy and Singell Jr, 1987). From this perspective, an RL
agent often encounters the similar situation, in which the agent lacks information about the environment,
and hence, has difficulty formulating a probabilistic model to quantify the associated risk. Therefore, it is

natural to consider the risk sensitivity in the RL setting.

In this paper, I consider the risk-sensitive objective in the exponential form that is used in Bielecki and Pliska
(1999) and study this problem from RL perspective, i.e., in a data-driven and model-free (up to a controlled
diffusion process) approach. Specifically, T adopt the entropy-regularized continuous-time RL framework
proposed in Wang et al. (2020) and aim to find a stochastic policy that maximizes the entropy-regularized
risk-sensitive objective. It is noticeable that, in this paper, the entropy regularization term is added inside
the exponential form. This is motivated by regarding the regularizer as an extra source of reward for ex-
ploration, and hence, it should be treated similarly as the reward. Such choice is also made in Enders et al.
(2024), who numerically document the improvement over the counterpart without entropy regularization.
However, the benefits of having entropy regularization have not been theoretically investigated, even for

simple cases.

The primary contribution of this paper lies in the establishment of the g-learning theory for the continuous-
time risk-sensitive RL problems. The conventional Q-function for the discrete-time, MDP-based risk-sensitive
RL often relies nonlinear recursive relations, such as “exponential Bellman equation” (Fei et al., 2021) or

the “distributional robust Bellman equation” (Wang et al., 2023b). However, in continuous-time scenarios,



the complicated structure gets simplified and clarified. This simplification stems from two key observa-
tions: firstly, a risk-sensitive control problem can be equivalently transformed into its non-risk-sensitive
counterpart augmented with a quadratic variation (QV) penalty (Skiadas, 2003); secondly, the conventional
Q-function has to be properly decomposed and rescaled into the value function and g-function in continuous
time (Jia and Zhou, 2023), and the latter does not have nonlinear effect. In particular, the definition and
characterization of the risk-sensitive g-function is almost parallel to that for the non-risk-sensitive g-function
established in Jia and Zhou (2023), and they only differ by an extra term involving the QV of the value-to-go
process (the value function applying on the state variables). Consequently, explicit computation of exponen-
tial forms becomes unnecessary, and the derived martingale condition is linear in the risk-sensitive g-function,
albeit still nonlinear in the value function. This linearity facilitates the application of algorithms aimed at
enforcing the martingale property of a process, as discussed in Jia and Zhou (2022a), to risk-sensitive RL

problems.

As a side product, I show that in the risk-sensitive problems, the relation between g-learning and policy
gradient established in Schulman et al. (2017) and Jia and Zhou (2023) for the non-risk-sensitive RL does
not hold anymore. The reason why this relation fails is because the associated Bellman-type (Feynman-
Kac-type) equation is no longer linear in the value function (Nagai, 1996). This observation adds to one
of the advantages of g-learning over policy gradient methods. In addition, I show how the risk-sensitive
g-learning theory for finite-horizon episodic tasks can be extended to infinite-horizon ergodic tasks, thereby

encompassing the original problem formulation in Bielecki and Pliska (1999).

The second contribution is to analyze the proposed RL algorithm in Merton’s investment problem with
power utility, which can be viewed as the risk-sensitive objective of the log-return of the portfolio. This
problem has been solved only in theory, in which the model for stock price is given and known. In contrast,
I study how agent can learn the policy with no prior knowledge. Specifically, I investigate the role of
the temperature parameter in the entropy-regularized RL. While many have suggested intuitively that the
temperature parameter governs the tradeoff between exploitation and exploration, its algorithmic impact
has yet to be formally studied. To the author’s best knowledge, there is no clear guidelines on how to
choose the temperature parameter endogenously, except for some theoretical results on the convergence or
asymptotic expansion of the exploratory problem to the classical problem in the non-risk-sensitive setting,
e.g., Wang et al. (2020); Tang et al. (2022); Dai et al. (2023b). These papers all consider the difference
between the difference between the total reward under the optimal deterministic/stochastic policy by ignoring
the estimation error of optimal policy incurred in a specific learning procedure. Therefore, from their analysis,

it seems that randomization and entropy regularization always cause inefficiency but have no clear benefits.

I highlight that the virtue of entropy regularization lies on the algorithmic aspect via boosting the esti-
mation accuracy of the optimal policy. Within the framework of stochastic approximation algorithms, this
study reveals that the temperature parameter functions analogously to the learning rate: Higher tempera-

tures correspond to faster learning because data collected spans larger space and contains more information



(interpreted as exploration) but also entail higher noise in the data and lower expected reward (due to a
lack of exploitation). The convergence and convergence rate are determined by the combined schedule of
the step size and the temperature parameter in each iteration. I give two possible conditions to ensure the
proposed learning algorithm converges at the optimal rate that matches the state-of-the-art in terms of the
number of episodes.

Furthermore, I conduct another numerical study to examine the choice of the risk sensitivity coefficient
when the sample size is finite in a off-policy learning task for the linear-quadratic problem (with both drift
and volatility control). The results confirm the intuition about the inherent robustness of the risk-sensitive
RL. It is demonstrated that employing risk-sensitive RL with finite datasets yields reduced estimation errors
for the optimal policy compared to non-risk-sensitive approaches. Moreover, the optimal choice of the risk
sensitivity coefficient diminishes as the sample size increases, suggesting a delicate relationship between risk

sensitivity and data availability.

Related literature

Previous literature on risk-sensitive control problems in continuous time studies their theoretical prop-
erties and economic implications, for example, the well-posedness (Fleming and McEneaney, 1995; Nagai,
1996; Dupuis et al., 2000; Fleming and Sheu, 2002; Menaldi and Robin, 2005), and how risk sensitivity ex-
plains the equity premium puzzle (Maenhout, 2004; Glasserman and Xu, 2013). However, in the conventional
paradigm, agents have risk-sensitive objectives, but they know a benchmark distribution (or a model) and
also know the forms of the reward functions. RL perspective contrasts the conventional settings in not
knowing a benchmark distribution (i.e., being model-free), and even not the forms of reward functions. The
latter may not be a concern for applications in trading and pricing as the reward is simply the return or
profit, whereas could be critical in general RL context in which the agent has to execute a certain action to
figure out the associated reward. For the former, one way to specify the benchmark distribution is to fit a
simple model within a parametric family, e.g., geometric Brownian motions. However, due to the restriction
of the KL divergence, this approach implicitly assumes that the ground truth model is absolutely continuous
with respect to the estimated model. This could still wrongly specify a family of models. Moreover, RL is
sometimes conducted in an online fashion, where no past data is available and data needs to be collected as
part of the solution. In such scenarios, it is even more difficult to specify a benchmark model.

The continuous-time RL framework adopted in this paper is developed! in Wang et al. (2020), who
introduce stochastic policies and entropy regularization to the standard stochastic control problems to for-
mulate RL in continuous-time, and to embed RL into relaxed control problems (Fleming and Nisio, 1984;

Zhou, 1992) for theoretical analysis. Moving from the theoretical framework to general principles to devise

'Tt is worthwhile pointing out that prior literature on continuous-time RL has been largely restricted to deter-
ministic system, such as Baird (1994); Doya (2000); Tallec et al. (2019); Lee and Sutton (2021); Kim et al. (2021).
To the author’s knowledge, Wang et al. (2020) is the first paper to approach stochastic control problems from an RL
perspective rather than a computational method.



data-driven RL algorithms, Jia and Zhou (2022a) propose the unifying martingale perspective in the policy
evaluation stage and suggest the loss function and orthogonality conditions to approximate the martingale
properties. Jia and Zhou (2022b) further derive the representation for the policy gradient for stochastic
policies. Moreover, Jia and Zhou (2023) clarify the notion of “g-function” in the continuous-time system,
and reveal the relation between the g-function in RL and Hamiltonian in control literature. In particular,
Jia and Zhou (2023) show that the g-function and the value function can be learned jointly via martingale
conditions, thus, the principles proposed in Jia and Zhou (2022a) can be applied to devise g-learning algo-
rithms. Based on this framework, there have been extensive studies and applications, such as Guo et al.
(2022); Frikha et al. (2023); Wei and Yu (2023) for mean-field interactions, Dai et al. (2023a) for time-
inconsistency, Wang and Zhou (2020); Szpruch et al. (2024) for linear-quadratic controls, and Wang et al.
(2023a) for optimal execution. However, all the above has been done only for the ordinary, non-risk-sensitive
RL. This paper focuses on the risk-sensitive objective, to see how the martingale perspective can be adopted

and applied here and how to design algorithms based on it.

The important observation on the link between a robust control problem and the QV penalty is made by
Skiadas (2003). Note that the risk-sensitive objective in the exponential form naturally connects to the KL
divergence that is used in the robust control problems, and the exponential martingale is closely related to
the QV process. Thus, a risk-sensitive RL problem can also be transformed to an ordinary, non-risk-sensitive
RL problem plus an extra QV penalty on the value function along the trajectory. Therefore, it becomes
a stochastic differential utility or recursive utility maximization problem (Duffie and Epstein, 1992), and
hence, the martingale optimality principle still applies to characterize the optimal policy. Based on the
framework in Jia and Zhou (2023), I develop a martingale characterize of the optimal policy and the optimal
value function, also involving the QV penalty term. Consequently, g-learning algorithms can be designed
to approximate martingale processes based on ideas in Jia and Zhou (2022a). Recall that, despite that g-
function is defined as the combination of the value function’s up to second-order derivatives and nonlinear
terms, g-function can be approximated as a whole independently of the value function. Thus, the high-order

derivatives and nonlinear terms do no cause difficulty.

The same risk-sensitive objective in the exponential form has also been studied in the discrete-time,
tabular MDP-based RL settings, e.g., Borkar (2002); Fei et al. (2020, 2021); Wang et al. (2023b). The ap-
proaches adopted are via “exponential Bellman equation” or “distributional robust Bellman equation”, both
of which involve nonlinear recursive relation. The best regret bound in terms of the number of episodes is
at the square-root order, ignoring the logarithm factor. But these works do not include entropy regular-
izations. In the continuous-time, the resulting martingale condition is still nonlinear in the value function
while becomes linear in g-function. Numerically, it avoids computation of exponential forms and reduces the
sampling noises. In the Merton’s investment problem, the same convergence rate in terms of the number
of episodes, matching the state-of-the-art, can also be proved when the underlying stock price follows the

geometric Brownian motion.



Structure of the paper

The rest of the paper is organized as follows. Section 2 describes the problem setup and motivates
this formulation. Section 3 is devoted to introducing the definition of g-function for risk-sensitive problems
and showing the martingale characterization of the optimal g-function and value function. The difference
between g-learning and policy gradient, and the extension to ergodic problems are presented in Section 4.
I demonstrate the performance of the risk-sensitive g-learning algorithm on two applications in Section 5.
In particular, the theoretical guarantee for Merton’s investment problem is shown in Section 5.1.2. Finally,

Section 6 concludes. All proofs are in the Appendix.

2 Problem Formulation

Throughout this paper, by convention all vectors are column vectors unless otherwise specified, and R¥ is
the space of all k-dimensional vectors (hence k x 1 matrices). Given two matrices A and B of the same size,
denote by Ao B their inner product, by |A| the Eculidean/Frobenius norm of A, by AT the A’s transpose. I
denote by N (u, 0?) the probability density function of the multivariate normal distribution with mean vector

2. Finally, for any stochastic process X = {Xs, s > 0}, I denote by {F}=0

1 and covariance matrix o
the natural filtration generated by X and by (X)(¢) its quadratic variation (QV) between [0,t]. T use a

bold-faced letter 7 to denote a policy, and a plain letter m ~ 3.14 to denote the mathematical constant.

2.1 Classical model-based formulation

For readers’ convenience, I first review the classical, model-based risk-sensitive stochastic control formu-
lation.

Let d,n be given positive integers, T > 0, and b : [0,T] x R? x A+ R% and o : [0,7] x R? x A > RIX"
be given functions, where A < R™ is the action/control set. The classical stochastic control problem is
to control the state (or feature) dynamics governed by a stochastic differential equation (SDE), defined on
a filtered probability space (Q,]—" PV A FW }520) along with a standard n-dimensional Brownian motion
W ={Ws, s> 0}:

dX? =b(s, X2, as)ds + o(s, X2, as)dWs, s€[0,T], (1)

where ag stands for the agent’s action at time s. The agent’s total reward is Sg r(s, X&, as)ds + h(X3),
where 7 : [0,7] x R? x A — R is the expected instantaneous rate of the reward, and h : R — R™ is the
lump sum reward at the end of the planning period.

I make the standard assumptions in the ordinary, non-risk-sensitive stochastic control problems (Yong and Zhou,
1999). Note that these conditions are regularity conditions and growth conditions imposed on the state pro-
cess and the reward function, and cannot be verified without knowing the model. Moreover, they alone do

not entail the well-posedness of the problem, and have to be combined with suitably defined control (policy).



Assumption 1. The following conditions for the state dynamics and reward functions hold true:

(i) b,o,7, h are all continuous functions in their respective arguments;

(i1) b,o are uniformly Lipschitz continuous in x, i.e., for ¢ € {b, o}, there exists a constant C > 0 such
that
o(t,x,a) = p(t,2',a)| < Cle — 2’|, V(t,a) € [0,T] x A, Va,2' € R

(iii) b, have linear growth in x, i.e., for ¢ € {b, o}, there exists a constant C > 0 such that

lo(t, z,a)| < C(1 + |z]), Y(t,z,a)e[0,T] xR x A;

(i) r and h have polynomial growth in (x,a) and x respectively, i.e., there exist constants C > 0 and p > 1

such that

Ir(t,@, )| < C(L+ 2" + |a]), [h(z)] < C(L+[a]"), V(t,x,a) € [0,T] x RY x A.

The risk-sensitive objective studied in literature? (e.g., Bielecki and Pliska (1999); Davis and Lleo (2014),

and many others) refers to
llog EIP’W I:ee[sg T(S,X?,as)derh(X%)]] , (2)
€

for some risk sensitivity coefficient € # 0.

There are several motivations for this objective function and explanations for why (2) reflects the sen-
sitivity of risk. First of all, the risk sensitivity is in contrast to simply considering the expectation of the
total reward E [Sg r(s, X2 as)ds + h(X‘T‘)], and (2) is the cumulant-generating function divided by the risk
sensitivity coefficient, which reflects the properties of the full distribution of the total reward, rather than

simply its mean. In a special case, it is well-recognized that when ¢ — 0, (2) can be expanded as
llOgEPw [ee[g(’f r(s,xg,as)ds+h(xg)]]
€

€ PY g a a (3)
t3 Var r(s, X2, as)ds + h(XF) | .

T
~EF" U r(s, X%, a)ds + h(X$)
0

0

Hence, when e < (>)0, it penalizes (incentivizes) the variability of the total reward.

Second, the form of the objective function (2) can be viewed as applying an exponential utility function
on the total reward, where —e measures the absolute risk aversion. Whereas, the risk sensitivity should not
be confused with the commonly used notion of risk-aversion in the additive utility functions in economics
literature, in which the risk-aversion may be represented via the concavity of the function r and h.

Third, the risk sensitivity also stems from the ambiguity and robustness in the sense of Hansen and Sargent

2The long-run average of version of it will be discussed later in Section 4.2.



(2011), or sometimes called the control under model misspecification (Hansen and Sargent, 2001) or robust
control (Dupuis et al., 2000). From this perspective, the agent is still maximizing the expected total re-
ward whereas is uncertain about the true distribution, hence the agent forms “multi-prior” in the sense of
Gilboa and Schmeidler (1989) and considers the worse distribution:

T
min E2 lj r(s, X as)ds + h(XT) |, (4)
QeQ 0

where Q is a collection of probability distributions specified by the agent. When it is specified as

Q = {@ : DKL(@a]P)W) < 6}7

where D1, (Q,P") is the Kullback—Leibler divergence from PV to Q, defined as §log d%%%d@, and § > 0 is
the radius of this set, then (4) can be reformulated as (2) due to the well-known Donsker and Varadhan’s
variational formula (Donsker and Varadhan, 1983), for suitable € < 0, which is the Lagrange multiplier to
relax the constraint of Q € Q.

From the above justification, note that in (2), e < 0 reflects the extra uncertainty aversion and may be
plausible in most applications, however, in this paper, there is no such restriction. Admittedly, there are
other forms of risk-aware objective, e.g., CVaR (Chow et al., 2015), certainty-equivalency (Xu et al., 2023),
general utility functions (Wu and Xu, 2023), and many others, I would like to focus on solving the problem
(2), given its rich interpretation from various aspects mentioned above, as well as its tractability that will be
introduced as follows. Another important issue that I do not include in my discussion is the determination
of the risk sensitivity coefficient e. On one hand, the risk sensitivity coefficient can be interpreted as part
of the agent’s preference and should be given exogenously. On the other hand, the formulation under
the robust control framework like (4) regards e as the Lagrange multiplier that needs to be determined
endogenously (e.g., the approach in Wang et al. 2023b), while such formulation requires an exogeneously
specified uncertainty set characterized by an additional coefficient §. To the author’s best knowledge, the
data-driven way to determine e and/or § has only been studied in special, static setting, e.g., Blanchet et al.
(2022), and remains an open question in general, dynamic settings.

The classical model-based problem is to find the optimal control (policy) to maximize (2) subject to
the state dynamics (1), with the knowledge of the forms of functions b, o, r, h, for a given risk sensitivity
coefficient € # 0. To solve such problems, there are many standard approaches, and the predominant one is
via dynamic programming to deduce Hamilton-Jacobi-Bellman (HJB)-type of equations.? 1 will not repeat
on these approaches but present an alternative martingale characterization of the optimal control and the

optimal value function to problem (2) to conclude this subsection.

3They are slightly different from the standard HJB equations in the ordinary stochastic control problems because
the objective function is not additive in the risk-sensitive control, but their forms are similar, see, e.g., Nagai (1996).



Lemma 1. Suppose that there is a continuous function V*(t,x;€), satisfying V*(T,xz;¢) = h(x) and
2 a
E [eTW* >(T)] < oo for any admissible a. If there exists a control a*, such that for any initial condi-

tion (t,x),
(i) §; {r(u,X;’*,aﬁ)du + §d<V*a*>(u)} +V*(s, X9 €) is an ({FV }osi, PV)- (local) martingale; and

(ii) for anya, §; {r(u, X2, au)du+ §AV* ) (u)}+V*(s, X% €) is an ({FY }sze, PY)- (local) supermartin-

gale,

where (V") is the QV of the process V*(s, X% ¢). Then a* is the optimal solution to (2) and V*(t,x;€) is

the optimal value function.

Typically, such martingale-based characterization of the optimality is slightly weaker than or sometimes
equivalent to the HJB-type of characterization, because the martingale process is often involved in the
standard verification argument. Moreover, the benefit of martingale optimality principle generalizes to
many other contexts, and is the key concept that motivates the seminal works in reinforcement learning by
Jia and Zhou (2022a,b, 2023). A particular feature in Lemma 1 is that the exponential form is removed but
a new term, the QV of value function process, is introduced. This is due to the fundamental connection
between an exponential martingale and the QV process incurred in applying It6’s lemma. Hence, QV can
be reviewed as an extra penalty term on the variability of the value process to induce the policy to be less
risk sensitive. The rigorous statement can be found in Appendix B.

Notably, two recently proposed approaches in the discrete-time risk-sensitive problems are via attacking
either the “exponential Bellman equation” (Fei et al., 2021) or the “distributional robust Bellman equation”
(Wang et al., 2023b). It remains unclear what the continuous-time counterpart to them is because they both
involve nonlinear recursive equations. In contrast, QV is also a nonlinear functional of the value function in
Lemma 1, however, such dependency is in a much more explicit form that stands for the variability of the

value function along the trajectory.

2.2 Reinforcement learning formulation

I now present the exploratory formulation in the sense of Wang et al. (2020) of the problem to be
studied in this paper, which is regarded as the mathematical model for analyzing continuous-time RL.
Mathematically, it means to generalize the classical problem to allow relazed control (Fleming and Nisio,
1984; Zhou, 1992), where the actions are randomized generated from a probability distribution. Intuitively,
what an agent can do is to try a (randomly generated) sequence of actions a = {as,t < s < T}*, observe the

resulting state process X% = {X%,t < s < T}, and the realized reward {r(s, X2, as),t < s < T'}. Meanwhile,

4Arguably, it is not possible to sample continuously in practice, I keep to this continuous-time sequence for the
ease of the development of algorithms. In principle, one can use simple process to approximate it (Szpruch et al.,
2024), or argue the existence via suitable measure-theory-based techniques (Sun, 2006).



the agent gradually adjusts actions based on these observations.> An agent can only do trial-and-error in
the RL context because the agent has no knowledge about the environment (i.e. the functions b, o, r, h) and
cannot even form an HJB equation or any mathematical tool in the classical stochastic control methodology.

To be consistent with the common practice of RL literature, I restrict to the feedback relaxed control,
known as the stochastic policy. In particular, let 7 : (¢t,z) € [0,T] x R? > w(-|t,z) € P(A) be a given
(feedback) policy, where P(A) is a suitable collection of probability density functions (or probability mass
function for finite space). At each time s, an action as is generated or sampled from the distribution
(s, Xs).

Fix a stochastic policy 7 and an initial time-state pair (¢,2). Consider the following SDE
dXT =b(s, XT,al)ds + o(s, XT,aT)dW;, s€ [t,T]; X[ ==z, (5)

defined on (Q, F,P; {Fs}s=0), where a™ = {aT,t < s < T} is an {Fs}s>o-progressively measurable action
process generated from w. The solution to (5), X™ = {X7 ¢t < s < T}, is the sample state processes
corresponding to a™. (X ™ also depends on the specific copy a™ sampled from )

Note that (5) should be interpreted as the sampled process in the learning procedure, where both a™
and X™ processes can be generated and observed. In particular, marginally, X™ has the same distribution

as the solution to a different SDE (Wang et al., 2020):

dX, = B(S,XS,W(-|S,XS))dt + 5(S,Xs,w(-|s,Xs))dWs, se[t,T]; X, =, (6)

where

b(s,z,7(-)) = J;x b(s,x,a)m(a)da, 56" (s,z,7(")) = fA oo (s,z,a)m(a)da.

When the expectation is taken with respect to only X™ under P, it can be equivalently written as the
expectation respect to X™ under P". When the expectation involves a™ under P, then it can be integrated
out by conditioning on X™ using the policy 7.5

Based on the same spirit as in Wang et al. (2020), I add an entropy regularizer to the reward function to

encourage exploration (represented by the stochastic policy), hence the risk-sensitive objective (2) becomes
J(t, x5 €) _L log EP [ee[S? [r(s,XT,aT)~Alog m(aT|s,XT)]ds+h(XT)] ‘ Xr = x] , (7)
€

where EF is the expectation with respect to both the Brownian motion and the action randomization.

5This procedure applies to both the offline and online settings. In the former, the agent can repeatedly try different
sequences of actions over the same time period [0, 7] and record the corresponding state processes and payoffs. In
the latter, the agent updates the actions as she goes, based on all the up-to-date historical observations.

5In Wang et al. (2020), this result is derived using the law-of-large-number type of argument to integrate over
the randomization of a. More discussions on the relation between (5) and (6) can be found in Jia and Zhou (2022b,
2023).
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Note that in (7), the entropy regularizer is added inside the exponential form. This is because the
regularizer can be regarded as a fictitious reward for taking random actions, and hence, should be added
to the actual reward r. Moreover, A > 0 is a given weighting parameter on exploration, also known as the
temperature parameter. It is assumed to be known or chosen by the agent. In this paper, I first leave it as
exogenous, and revisit it when conducting analysis for a specific algorithm for a simple problem in Section
5.1 to understand better how it affects the learning performance. In short, the intuition is, as A rises, there
exists a tradeoff: It incentivizes more exploration, and hence, accelerates the convergence, however it incurs
larger noise in sampling, which reduces efficiency and exploitation.

The following gives the precise definition of admissible policies.

Definition 1. A policy w = w(+|-,-) is called admissible if

(i) w(-|t,x) € P(A), suppw(-|t,z) = A for every (t,z) € [0,T] x R, and w(alt,z) : (t,2,a) € [0,T] x

R? x A — R is measurable;

(ii) the SDE (6) admits a unique weak solution (in the sense of distribution) for any initial (t,x) €

[0,T] x R?;
(ii) § 4 |r(t,z,a) —ylogm(alt, z)|m(alt, x)da < C(1 + |2|*), V(t,2) where C > 0 and pu =1 are constants;

(iv) m(alt,x) is continuous in (t,x) and uniformly Lipschitz continuous in x in the total variation distance,
i.e., for each fized a, § , |w(alt, x) —m(a|t’,2’)|da — 0 as (', 2") — (t,z), and there is a constant C > 0

independent of (t,a) such that

f |7 (alt, z) — w(alt,2")|da < Clz — 2’|, VYz,z’ e R4
A

The collection of admissible policies is denoted by II.
I conclude this subsection by stating the counterpart to Lemma 1 for the exploratory problem.

Theorem 1. Suppose that there is a function J*(t,x;¢€) € CLQ([O,T) X Rd) ) C([O,T] X Rd), satisfying
J*(T,z;€) = h(x) and E [eég*"xﬂ] < o for any w e 1. Consider a policy defined as

w*(alt,x) =

exp {% [ﬁ“J*(t,x) +r(t,z,a) + §|U(t7337@)—r%(t’x)|2]}
1
by

SA exp{ [E“J*(t, z) +r(t,x,a) + S|o(t,z, a)Taé’; (t, £C)|2]} da’

where L is the infinitesimal generator associated with the diffusion process (1):

2
LY%(t,x) := a—w(t,:z:) + b(t,:z:,a) o a—90(15,3:) + 102 (t,x,a) )

¥
: o ) (t,z), a€ A

ox?
2
Here, g—i e R? is the gradient, and ng € R4 js the Hessian.
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If for any initial condition (t,x),
s oF
f {[r(u,X:*,a;’*) - Alogﬂ*(a’u'*m,X;'*)] du + §d<J* >(u)} + J*(S,X:*;E)
t

is an ({FX}s=1,P)- (local) martingale; where (J*" ) is the QV of the process J*(s,XT;¢). Then 7* is the

optimal solution to (7) and J*(t,xz;€) is the optimal value function.

It is interesting to notice that the requirement (#¢) in Lemma 1 now reduces to one martingale con-
dition under the exploratory formulation, and the “supermartingale” requirement is gone. In fact, due to
the entropy-regularization, such “supermartingale” condition is replaced by the requirement of the entropy-
maximizing policy, which takes a more explicit form of Gibbs measure (8), also known as the Boltzmann
exploration scheme. Recall that in the typical martingale optimality principle as in Lemma 1, the “martin-
gale” condition (i) is an equality condition that needs to be satisfied only for the optimal policy, however,
the “supermartingale” condition (i¢) needs to be satisfied by all polices, which includes an infinitely many
constraints. In contrast, the entropy-regularization resolves such difficulty by solving the optimal policy

explicitly.

3 Risk-sensitive g-Learning

3.1 Definition of g-function

The notion of the Q-function in the discrete-time risk-sensitive RL problem is less standard and less
tractable to work with, and hence, different variatants of Q-function have been proposed, e.g., in Fei et al.
(2021). I would like to introduce the notion of (little) “g-function” for the continuous-time risk-sensitive
RL problem based on a different motivation — by recalling the fundamental relation between the g-function
and the ordinary, non-risk-sensitive stochastic control problems revealed in Jia and Zhou (2023). In short,
the g-function should be the properly scaled advantage function by taking the limit of time-discretization to

zZero.

More precisely, for a given policy 7, and (¢,7,a) € [0,T) x R? x A, consider a “perturbed” policy of

as follows: It takes the action a € A on [t,t + At) where At > 0, and then follows 7 on [t + At,T]. Then

12



the advantage function is
llog P [eé[ Z+AtT(S,X;I,a)derSZrAt[r(s,X;"',a:)f)\logw(a:\s,X:)]derh(X;)]’Xt _ x]
€

— J(t,z; 5 €)

:l log EP [66[ I+Af r(s,Xg,a)ds+J(t+At,Xf+At;Tr;e)—J(t,;E;Tr;e)] ‘Xf _ x]
€

t+ AL
=110gEl1 + EJ GE[S: T(u,Xﬁ,a)dquJ(s,X:;ﬂ;e)f,](t,x;ﬂ';e)] (9)
€ t

X [T(S,Xs,a) + LY (s, Xm5€) + §|J(S,X§,Q)Tg—i(

S,Xg;ﬂ';e)|2] ds‘Xf = x]

= [r(t, x,a) + LOJ(t, x5 €) + §|U(t,$, a)TZ—J(t,x;ﬂ'; e)|2] At + o(At).
T

After properly being scaled by At and taking limit, the expansion in (9) motivates the following definition

for the g-function.

Definition 2. The g-function associated with a given policy 7 € II is defined as

q(t,x,a;m) =LYJ(t,x;75€) + 7(t, @, 0) + ElU(t7w7a)T—aJ (t,z;m;€)|?,
2 ox (10)
(t,z,a) € [0,T] x RY x A.

Note that the form of g-function coincides with the optimal policy in (8), which leads to the optimal

g-function:
" 2

(t,z;€)| (11)

oJ
q*(t,z,a;€) = LOT*(t,z;€) + r(t,z,a) + % o(t,z,a)" p
x

3.2 Martingale characterization of the optimal g-function

In most applications, only the optimal policy is of the interest. Hence, I will focus on the characterization
of the optimal g-function in this subsection, and how such martingale characterization can facilitate g-learning
algorithm in both on-policy and off-policy settings.”

First of all, I present a necessary condition for the optimal g-function and optimal policy. This is a

parallel result to Jia and Zhou (2023, Proposition 8).

Proposition 1. It holds that
1
f exp{<q¢*(t,z,a;¢)}da = 1, (12)
A A

It is possible to establish parallel results as in Jia and Zhou (2023) for the g-function associated with any policy,
but these results are omitted in this paper. On-policy and off-policy stand for two different learning settings. On-
policy learning updates the policy currently in use to generate data, whereas off-policy learning aims to estimate
a policy of interest (called target policy), typically the optimal policy, using the data collected from a different,
possibly sub-optimal policy (called behavior policy). For example, learning playing Go from existing human players
is off-policy, whereas learning via self-play is likely on-policy.

13



for all (t,z), and consequently the optimal policy 7* is
* 1 *
¥ (alt, z) = exp{Xq (t,x,a;€)}. (13)

Given (12) and the terminal condition for the value function as constraints, the optimal value function

and the optimal g-function can be characterized via martingale conditions.

Theorem 2. Let a function T* e 01’2([0,T) X Rd) N C([O,T] X Rd) with polynomial growth in its all

derivatives and a continuous function 7 : [0,7] x RY x A — R be given, satisfying
— 1~
J*(T,z) = h(x), J exp{xq*(t,x,a)}da =1, Y(t,z)e[0,T] x R% (14)
A

Then

(i) ]fﬁ and a; are respectively the optimal value function and the optimal q-function, then for any 7 e I1

and all (t,x) € [0,T] x R?, the following process
—~ S — € ~T
P, X7) + [ { [T ad) - 0 X7 )| du+ ST} (15)
t

is an ({Fs}s=t, P)-martingale, where {XT,t < s < T} is the solution to (5) under m with X[ = x.

(i1) Suppose stronger regularity condition E[e§<ﬁw>(ﬂ] < o for any w € II holds. If there exists
one w € II such that for all (t,x) € [0,T] x R, (15) is an ({Fs}s=¢,P)-martingale, then J* and

q* are respectively the optimal value function and the optimal q-function. Moreover, in this case,

7*(alt, z) = exp{%a;(t, x,a)} is the optimal policy.

Theorem 2 is the parallel result to Jia and Zhou (2023, Theorem 9), where the only difference is that the
integral term in (15) now involves an extra QV term. Because the extra QV term is always increasing, when
€ < 0 (corresponding to the typical situation), the process J*(s, XT) + §; [r(u, XT,aT) — ¢*(u, X7, aT)] du
is a sub-martingale. Its expectation is increasing because the planning period is shorten and hence becomes
less uncertain. In contrast to the non-risk-sensitive counterpart, such a process ought to be a martingale.

This reflects the intertemporal preference on uncertainty that the agent is no longer indifferent between when

the uncertainty is resolved as time goes by.

3.3 Risk-sensitive g-Learning

Note that based on the martingale characterization of the optimal g-function, it is possible to device
various algorithms that either aim to minimize a suitable loss function, or to solve a system of moment
conditions, as evidenced in Jia and Zhou (2023). Then one may use either stochastic gradient decent or

stochastic approximation algorithm to numerically find the solutions.

14



I highlight that since (14) includes a constraint on the integration of the approximated g-function, and
hence, is difficult to compute in general. I refer to the discussion in Jia and Zhou (2023) on the case in which
such integration cannot be explicitly calculated and another approximation is required. In the following,
I restrict to the case in which such integration is easy to compute, e.g., when g-function is a quadratic
function in the action a. Algorithm 1 describes a simple risk-sensitive g-learning algorithm based on the
theoretical results in the previous subsections. This algorithm sets up moment conditions and uses stochastic
approximation to iterate the parameters to be learned. Note that the constraint on the terminal value of
the approximated value function in (14) is not critical, because the terminal payoff function at any sample
point h(XT) can be observed directly, and only the terminal values of the approximated value function at
those sample points are concerned in the algorithm. Moreover, the g-learning algorithm can be applied to

both on-policy and off-policy settings.

4 Extensions

4.1 Contrast with policy gradient

As an alternative method to solve RL problems, the policy gradient is one of the most commonly used
algorithms. In the continuous-time, exploratory diffusion process setting, Jia and Zhou (2022b) obtain the
representation of policy gradient for the non-risk-sensitive problems by studying the associated Feynman-
Kac-type partial differential equation (PDE) for the value function, such that the value function can be
identified as an implicit function of the policy.

In the above discussion, I have turned the risk-sensitive RL problems to a martingale problem that only
differs from the non-risk-sensitive counterpart by a QV penalty term. Does it mean the policy gradient
representation can be achieved in parallel by simply adding an extra QV penalty term as well?

In this subsection, I follow the same derivation for the policy gradient in Jia and Zhou (2022b), and
show that such representation is not valid for the risk sensitive RL problems. Thus, it highlights the benefit
of considering g-function and sheds light upon the relation between policy gradient and g-learning.

Consider a policy 7?, parameterized by ¢. From the definition (7), notice that

¢

ee[,](t,XZ'¢ ;7r¢;e)+Sé[r(s,X:¢ ,ar )—Xlog 7r¢(a§¢ \s,X;"d) )]ds]

is a martingale. Applying Itd’s lemma, I obtain a PDE characterization of the value function J(-,;7%;¢),

which satisfies

J [E“J(t, z; w85 €) + r(t,x,a) — Mog7?(alt, z)
: € oJ (16)
+ Slott,,0)7 S 0,07 O | alt2)da = 0,

for all (t,z) € [0,T] x R%, with terminal condition J(T,z;m;€) = h(x).
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Algorithm 1 Offline-Episodic Risk-sensitive g-Learning Algorithm
Inputs: initial state xg, horizon T', time step At, number of episodes N, number of mesh grids
K, initial learning rates oy, ay, and a learning rate schedule function [(-) (a function of the num-
ber of episodes), functional forms of parameterized value function J(-,-) and g-function ¢¥(-,-, -)
satisfying (14), functional forms of test functions &(¢, 2. .¢,a.,¢) and (¢, . n¢,a.A¢), temperature
parameter A, and risk sensitivity parameter e.
Required program (on-policy): environment simulator (z/,r) = Environmenta:(t,z,a) that
takes current time—state pair (¢, ) and action a as inputs and generates state x’ at time ¢ + At and
instantaneous reward 7 at time ¢ as outputs. Policy w¥(alt, z) = exp{3¢¥(t,z,a)}.
Required program (off-policy): observations {as,, 7, , %t k=0, k=1 U {Tis, M@ )} =
Observation(At) including the observed actions, rewards, and state trajectories under the given
behavior policy at the sampling time grids with step size At.
Learning procedure:

Initialize 6, ).

for episode j =1 to N do

Initialize &k = 0. Observe initial state x¢ and store z;, < .

> On-policy case
while k£ < K do
Generate action a;, ~ 7% (-[tg, 7y, ).
Apply ay, to environment simulator (z,7) = Environmenta:(ty, xt, , at, ), and observe new
state x and reward 7 as outputs. Store xy, , < x and ry, « 7.
Update k < k + 1.
end while
> Off-policy case
Obtain one observation {as, , 7, , Tt | }e=0, k=1 U {Tts, h(2t, )} = Observation(At).
> After getting a trajectory

For every 7« = 0,1,---,K — 1, compute and store test functions &, =
£(ti7$t07"' 7$ti7ato7'”7ati)7 (ti:C(tivl'tov“'7xti7at07"'7ati)'
Compute

0 0 " €[ 0 0 2
5ti = J (t’i+17xti+1) - J (ti7xti) + TtiAt —q (ti7xti7ati)At + 5 [J (ti+17wti+1) - J (tlawtb):l

for every ¢ = 0,1, --- , K — 1, and define

K-1 K-1
A= DT &0, AY =D Gy,
i=0 i=0

Update 6 and ¢ by
0 — 0+ 1(7)apAb.

Y=+ 1(j)oy Ay

end for
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Note that, unlike the usual Feynman-Kac-type PDE (with € = 0), which is a linear parabolic equation,
(16) contains a nonlinear term |$Z (¢, z;7%;¢)|? that arises from the QV of the value process. Therefore,
differentiating with respect to ¢ in (16) (as in Jia and Zhou (2022b)) does not yield a linear PDE for

G(t,z;w?¢€) = %J(t,x;r“";e). More precisely, G(t,x; w?; €) satisfies
log 7 (alt
0 =J {Mgﬂa—w [L“J(t, z;7w?€) + r(t,z,a) — MNMog 7®(alt, x)
A

o
+5lo(tz,a)"

J
a—x(t,x;w¢;e)|2]

+ [CaG(t,x;r“b;e) + eaa—G(t,x;r“b;e)a(t,x,a)a(t,x,a)Tg;](t,x;r“b;e)] }ﬂ¢(a|t,x)da.
x x

Hence the gradient can be represented by

T P b

o1 DT X
G(t,(E,ﬂ'd),E) _ E[f og ((;s(b |87 s )|:dJ:-¢ +T(S,X:¢7a/:¢)ds
t

(17)
—Mog 7®(aT” |s, XT")ds + §d<J”¢>(s)] +ed( TGN (s) | X7 = x]

In the above expression, note that dJ™°* +r(s, XT*, a7 )ds — Mog w¢(a™" s, X;T¢)ds is the usual “tem-
poral difference” (TD) term, and it is augmented by the QV %d(J”¢>(s) due to the QV penalty. It is
remarkable that the policy gradient is no longer the gradient of the log-likelihood of the policy multiplied
by the (augmented) TD error, instead, an extra term arises because of the nonlinear nature. Furthermore,
this extra term ed(J™", G"'¢>(s) is the cross-variation between the value process and its gradient process,
and remains uncomputable directly. Therefore, it is difficult to obtain an unbiased estimate of the policy
gradient in the risk-sensitive RL. In contrast, g-learning does not have this problem since the universal mar-
tingale property. Example 1 provides a simple illustration of the bias caused by ignoring this extra term in

estimating the policy gradient, and such bias is proportional to the risk sensitivity coefficient e.

Example 1. Consider the following state process:
AXT' =ar’dt+dW,, X7 =2, o |XT ~ 7% = N(—oX7" 1),
with ¢ > 0. Then the distribution of Xt"'¢ is the same as an Ornstein-Uhlenbeck process X, that satisfies
dX, = —¢X,dt + dW;, X, = .
Therefore, the marginal distribution of Xr, or equivalently, Xq’f¢ is N (a:eﬂﬁ(T*t), % (1 — e*2¢(Tft))), For
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simplicity, I ignore the running rewards and the entropy terms and consider the risk-sensitive value function:
® 1 exz? ) ymt —p(T—t) , € —24(T—t)
J(t,x;7%€) = —logE |e“*T | X[ =uz| =uze +@(1—e )
€

By direct calculation, the true policy gradient with respect to ¢ is

0 T
—J(O,:v;7r¢;e) =—ze 7T + & 20T _ €

3 2% rre it

However, if the extra term (J™ ,G™") is ignored, then (17) becomes

T 1) ¢ .
E [J M [dJ(S,X;T¢;W¢;€) + §d<J”¢>(s)] | X6'¢ = x}

0 0

T
=— e_‘i’TJ e”E [X;rd) | Xér(b = 3:] ds = —ze TT.
0

T
J (0™ + XTI )X e T (0T 49X )ds | X7 = x]

s s
0

It is clearly different from %J(O, ;5 €).

4.2 Ergodic tasks
Next, I extend the g-learning to ergodic tasks. That is, the risk-sensitive objective is

lim inf — log EP [6e[s3 [r(XT.aT)~Alog m(aT | X7)]ds]
T—wo €1

Xt'"zzzr].

The g-function in such ergodic task can be similarly defined as in Definition 2 except that the associated
value function J(-; 7; €) becomes time-invariant, and is only unique up to a constant. In addition, there is a
number B(7;¢) that is associated with the policy. This number stands for the objective function value (the
long-term average) and it is also part of the solutions.

I state the parallel results to Theorem 2 for the ergodic tasks about the characterization of the optimal

value function, g-function, and the optimal value in Theorem 3.

Theorem 3. Let a function TJ* e C? (Rd) with polynomial growth in its all derivatives, a continuous function

al ‘R4 x A — R, and a constant B; be given, satisfying

2 TR 1~
lim E [eTU* >(T)] < 0, for any eI, f exp{yq*(z,a)}da =1, Vze R?. (18)
A

T—0

Moreover, assume there exists § > 0 such that lim7_ 7 log EY [e*E(lJF‘S)J*(X’Tr)] = 0 under any probability

measure P that is equivalent to the original probability P, for all € II.
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If there exists one 7 € II such that for all initial state x € R%, the following process

o+ [ {[roxan) - F0an - 7 au+ Sa ) (19

is an ({Fi}i=0,P)-martingale. Then :7;, a;, B’\*‘ are respectively the optimal value function, the optimal

g-function, and the optimal value. Moreover, in this case, 7;;‘((1|:v) = exp{%?(w, a)} is the optimal policy.

As a consequence of Theorem 3, one may similarly make use of the martingale conditions to approximate
the optimal g-function by stochastic approximation algorithm. Notice that for ergodic tasks, they are learned
typically based on a single trajectory, and hence the algorithm is online. Algorithm 2 describes such an

algorithm that can be applied both on-policy and off-policy.

5 Applications

I illustrate our methods on two applications with synthetic data sets. To avoid the confusion between
the time-index of a process and the number of iteration used in an algorithm, I write X (¢) to denote the

time-t value of a process X in this section.

5.1 Merton’s investment problem with power utility

I consider the well-known Merton’s investment problem (without consumption) with power utility (Merton,
1969). The problem is formulated as follows: Consider a market with one (for simplicity) risky asset (stock)

and one risk-free asset (bond). The price of the stock follows a geometric Brownian motion

——2L = pdt + odW (t),

and the bond price follows d;[)o(%) = rdt.
There is an agent with investment horizon [0, T] who determines the investment allocation between the
stock and the bond. The proportion of wealth allocated to the stock is denoted by a(t), and I use X (t) to

represent the value of a self-financing portfolio. Then X (¢) satisfies the wealth equation:

3 ds(t) dsO(t)
dX(t) —X(t)a(t)w + X (01 - alt) 0 o0
=[r+ (u—r)a(®)] X (@)dt + X (t)a(t)cdW (t).

The objective function of the agent is to maximize the expected “bequest utility” on the terminal wealth:
E[U (X(T))], where the utility function U is assumed to take the form of a power function U(z) = il,
Bt

with v > 0,7 # 1. v here stands for the relative risk aversion coefficient. It is well-known that the optimal

pn—=r
yo? "

portfolio choice is to maintain a constant proportion of wealth in the risky asset with a* =
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Algorithm 2 Ergodic Risk-sensitive g-Learning Algorithm

Inputs: initial state zg, time step At, initial learning rates ag, oy, @g and learning rate schedule
function I(-) (a function of time), functional forms of the parameterized value function J%(-) and
q-function ¢¥(-,-) satisfying (18), functional forms of test functions &(t, x. ¢, @ nt), C(t, Tty @ nt),
temperature parameter A, and risk sensitivity parameter e.

Required program (on-policy): an environment simulator (2/,7) = Environmentai(x,a) that
takes initial state x and action a as inputs and generates a new state x’ at At and an instantaneous
reward 7 as outputs. Policy ¥ (alz) = exp{}¢¥(z,a)}.

Required program (off-policy): observations {a,r, 2’} = Observation(x; At) including the ob-
served actions, rewards, and state when the current state is x under the given behavior policy at
the sampling time grids with step size At.

Learning procedure:

Initialize 6,1, 8. Initialize k = 0. Observe the initial state z¢ and store xz;, < xo.
loop
> On-policy case
Generate action a ~ 7% (:|z).
Apply a to environment simulator (z/,r) = Environmentai(x,a), and observe new state z’
and reward r as outputs. Store zy, ,, « 2.
> Off-policy case
Obtain one observation ay, , 7y, ,2t,,, = Observation(wzy,; At).
> After obtaining a pair of samples

Compute test functions &, = E(tg, myy, - - Tty Otgy o Oy ), Ciy =
C(tkal'tov cr Ly, Qg y vt 7atk)'
Compute

5= J°(a') — J(@) + rAL— ¢ (z,a) A BAL+ & [ 1) - 7).

AO =&, 9,
ApB =6,
Ay = (0.

Update 6, 5 and ¢ by
0 — 0+ l(kAt)ayAb,

B B+ 1(kAt)agAB,
b — 1 + (kAL oy Ay,

Update z < 2’ and k «— k + 1.
end loop
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The problem for an RL agent is, to find the optimal policy to this problem without the knowledge of
wyo. (v is assumed to be known by the RL agent) At the first glance, the problem belongs to standard,
non-risk-sensitive RL, and prior studies have been done to attack this problem directly. However, they have
been largely restricted to log-utility, e.g., Dai et al. (2023a); Jiang et al. (2022) due to the tractability of
the associated exploratory stochastic control problems, which correspond to the limit of v — 1. Even for
general power utilities, the associated exploratory stochastic control problems have to be specifically design
to guarantee well-posedness and tractability, see discussions in Dai et al. (2023b).

However, this problem can be naturally embedded into a risk-sensitive RL framework by utilizing the
transformation: U(z) = ﬁe(l”ﬁ logz 5o that a power utility can be reviewed as the risk-sensitive coun-
terpart of the log-returns of the portfolio, where 0 # 1 — v < 1 is the risk sensitivity coefficient. This
connection has been noticed in the mean-variance analysis for the log-returns in Dai et al. (2021) due to
the close relation between a risk-sensitive problem and the mean-variance problem and their applications in
portfolio management (Bielecki and Pliska, 1999).

Therefore, our algorithm aims to solve

1
max
1

T —

- log E [6(177)[55 7)\logw(a(t)\t,X(t))dtJrlogX(T)]] , (21)

where the wealth process X follows (20), and the portfolio choices a(t) is generated from a(t)|t, X (t) ~
m (o[t X (1))

5.1.1 Description of the algorithm

As the ingredient of the g-learning algorithms, I approximate the (optimal) g-function and (optimal)

value function by

. 2
qt, z,a; ) = % - %mgzm - %mgw, V(t,2:0) = logz + (T — 1), (22)
2

where 1 € R x Ry, 6 € R are parameters to be learned. Note that the parameterization forms (22) are

motivated by the ground truth solution, which corresponds to § = ‘fy;; and ¥ = # See Appendix A.1

for details. Since function ¢ does not depend on (¢,z), I simplify the notation as g(a; ) := q(t, z,a; ).
Moreover, q(-;1) satisfies SR exp{%q(a;@b)}da = 1 is one critical constraint in the g-learning algorithm.

Furthermore, given the learned g-function, it suggests the policy should be
1
m(-[p) = eXP{XQ('; Y)} = N (1, Mpa).

Suppose at the beginning of the i-th iteration (i > 0), I already have some guesses for the parameters,
denoted by 6;,); which correspond to a policy m; = N (11, A\h2 ;). Then the g-learning algorithm aims to

update them iteratively by incorporating the information implied in new observations. The increments for
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respectively, where {a;(t), X;(t) }o<t<T are sample trajectories satisfying (20) under policy 7r;, that is, a;(t) ~
;. This setting is known as the on-policy learning because the agent can indeed determine which policy is
used to acquire new data. Across different ¢’s, I assume the trajectories are independent.

Besides the increments in (23), (24), and (25), T also need to incorporate a projection step to control the
change rate of these parameters and also to ensure certain parameters fall into a suitable range (e.g., ¥2 > 0).
In particular, denote by {b;}i>0, {¢:i}i=0 as two increasing, divergent sequences, by {ag,;}iz0, {ay,}i=0 as the
step size sequences for updating 6 and v, respectively, and denote by II(-) as the projection onto a closed-

convex set B. Then the new parameters 6;1,;,, are defined via

Oiv1 =I[_¢,,, c; 1] (0i + ag; x sample (average) of (23)),

Y1iv1 =H[—c, 1 ,e000] (W1, + @y x sample (average) of (24)), (26)
Y2511 =H[b;+1vci+l] (t2,; + ay,; x sample (average) of (25)).

The full iterative procedure is summarized by Algorithm 3.

5.1.2 Convergence of the algorithm

The analysis of this algorithm falls into the scope of the general stochastic approximation algorithms?.
The implementation in Algorithm 3 essentially suggests that the time discretization is only necessary for
computing integrals in (23), (24), and (25) whose error is governed by the standard numerical analysis.
Hence our interest is mainly to analyze the expectation and variance (conditioned on 6;,1,) of (23), (24),
and (25), respectively, as in stochastic approximation algorithms. However, in our examples, the variance
of these increment is not uniformly bounded, but growing. Hence the projection is necessary to ensure the
variance does not grow too fast. The ideas of projection are borrowed from Andradéttir (1995), and the

convergence rate for the recursion is borrowed from Broadie et al. (2011).

Theorem 4. Suppose that the temperature parameter \ is a positive constant along the learning procedure

(26), and positive sequences {ay,i}iz0, {bi}i=0,{ci}ti=0 satisfy

8The development of stochastic approximation can be traced back to Robbins and Monro (1951) and Lai (2003).
More introduction can be found, e.g., in Kushner and Yin (2003).
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(l) bl T 0, ¢; T 0,
(ii) Y21 ayib; ' = 0;
(iit) 372, a2, bic} < 0.

Then the learning procedure described by (26) will converge almost surely. Moreover, with suitable choices
of Gy m ~ %, bn, cn ~ logn, the mean squared error (MSE) of the parameters in the policy converges to zero

at the rate E[|v,, — 9*|*] = 0(%), where O(-) means the big O ignoring the logarithm factor.

The error analyzed in Theorem 4 is related to the statistical efficiency of the learned parameters, and
the order O(%) almost matches the typical optimal convergence rate in any data-driven methods except for
some logarithm factor. The extra logarithm factor is necessary to overcome the unbounded variance in the
sampled process and the possible degeneracy of the g-function when the associated variance tends to zero.
From its proof, one can see that if a suitable range for the parameters is known ex ante, then such logarithm
factor can be avoided.

Next, I consider the error of the learned policy under a different metric: the suboptimal gap in terms of
its performance. I measure the performance gap using the notion of equivalent relative wealth loss (ERWL)
defined in the following.

Under the policy 7 (-|1p) = N (1)1, Mp2), T denote the risk-sensitive objective function (21) less the entropy

regularization by
1

J(, 1, \bg) = = log E [e(l—v) logX(T)’X(O) _ x]

e (1)
—toga+ [+ =y = 208+ )|

and denote the same quantity under the optimal (control) policy by J*(z).
Recall that in Merton’s problem, objective is to maximize the bequest utility on the terminal wealth.

Under the policy m(-|¢) = N(¢1, A\b2), the associated value function at time 0 can be written as

B[UXE)[X0) = o] = 1= lox (1 =)@, Ava).

I denote the ERWL associated with the policy m(-|1)) = N (11, Ab2) by A(t)1, Mp2), which is defined as

the solution to

tog (1~ 7)1, M) = T log (1= 7)T*(x(1 ~ &)

L=y -
The next theorem characterizes how fast the accumulated ERWL up to the first N episodes grows in N,
depending on whether a deterministic policy can be executed. If ERWL is diminishing, then the accumulated

ERWL will grow in N at a sublinear rate. The slower it grows, the more efficient the algorithm is.

Theorem 5. The ERWL is upper bounded by the suboptimal gap in the risk-sensitive objective, i.e., A(1)1, Mpa) <
J*(x) — J(x, 91, Mb2), which is independent of x. Moreover, suppose in the i-th episode, \; is used in (22).
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(a) If the deterministic policy N (11,,0) is executed along the learning procedure (26), then with suitable

choices of sequences ay n ~ L by, cn ~logn, A, = A, the expected accumulated ERWL satisfies

N
E lZ A(U’l,hO)} =0 ((log N)*).

(b) If the stochastic policy N'(1; 1, \ithi 2) is executed along the learning procedure (26), then with suitable

choices of sequences ay n ~ ﬁ, b, = O(1), ¢, ~logn, A, ~ %, the expected accumulated ERWL

satisfies
N

Z A1 4, Mitha,i)

i=1

E = O(N).

The first part in Theorem 5 says that the ERWL is upper bounded by the suboptimal gap in terms of the
risk-sensitive objective, which is often known as the regret in the RL literature. Note that a stochastic policy
introduces more uncertainty into the state process, and hence, is detrimental to the performance metric.
If one has to execute a stochastic policy, to have diminishing ERWL, one has to tune A\ appropriately and
enforce that the variance of the policy tends to zero. Based on the expression (27), one can see that the
ERWL depends on the squared error of (¢; —1§)?, but only linearly in A. This difference implies the different
order in the accumulated ERWL. The square-root order for the stochastic policy case matches the optimal
regret bound for tabular, episodic Q-learning for MDP in Jin et al. (2018) and risk-sensitive Q-learning for
MDP in Fei et al. (2020).

5.1.3 Numerical results

In the numerical experiments, the model configurations are 0 = 0.3, p = 0.1, r =0.02, vy =2, T =1,
xo = 1, the time-discretization size is At = 0.01. The number of episodes in each simulation run is 10°.

I use two sets of tuning parameters that correspond to two situations in Theorem 5 to illustrate. In the
first setting, the temperature parameter is fixed as A = 3, and the step size ay,, decays as n=! and by, c,
grows at the rate logn. In the second setting, the temperature parameter decays as A\n~/2, and the step
size ay,, decays as n~12 b, is a fixed small constant, and ¢, grows at the rate logn. I repeat the simulation
runs for 1000 times to estimate the mean squared error or the mean equivalent relative wealth of the learning
algorithm.

Figure 1 illustrates the performance of the algorithm under the first tuning parameters setup. This setup
satisfies the conditions in Theorem 4 and Theorem 5 (a). The left panel shows the convergence rate of MSE
almost match the theoretical results. The accumulated ERWL on the right panel (in the log-log scale) does
not grow linearly.

Figure 2 illustrates the performance of the algorithm under the first tuning parameters setup. This setup

satisfies the conditions in Theorem 5 (b). It is interesting to notice that here that the MSE of ¢y ,, — 9§ also
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decays almost at the rate of n~!, however, in the proof, this rate is only O(n_l/ 2).9 A faster convergence
rate in the mean of the learned policy cannot further improve the order of the accumulated ERWL because

the variance in the learned policy cannot be further reduced.
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(a) The mean squared error of the learned param- (b) The mean accumulated ERWL of the learned
eters in the policy. deterministic policy.

Figure 1: The illustration of the learned policy. The left panel shows the convergence of the mean
squared error of the learned parameters in the policy, and the right panel shows the mean equivalent
relative wealth loss of the learned deterministic policy. Both panels are in the log-scales. The results
are based on simulated data with 1000 runs. The shaded area indicates twice the standard deviation
of the estimated expectation. The temperature parameter is taken as A = 3, and the learning rate
apn = (14 n)~L. The number of episode within each simulation run is 10°.

5.2 Off-policy linear-quadratic control

I consider the commonly adopted linear-quadratic (LQ) control problem:
dX(t) = (AX(t) + Ba(t))dt + (CX(t) + Da(t))dW (1), (28)

where X (¢) stands for the state variable, and a(t) stands for the control taken at time ¢. The ultimate goal

is to maximize the long term average quadratic payoff

1 T
liminf ~E l f P(X(8), a(t))dt| Xo = w0 | (29)
T—o T 0
with r(z,a) = 7(%132 + Rxa + %aQ + Pz + Qa). The optimal solution to this classical problem can be found

in Appendix A.2, where the optimal (feedback) control is a linear function of the state that is time-invariant.

9Proving a faster convergence rate of MSE is possible by a more careful analysis on the variance of the increment
term, which would also decays in A\2.
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Algorithm 3 Offline-Episodic On-policy q-Learning Algorithm for Merton’s Investment Problem
Inputs: investment horizon T, time step size At, number of episodes N, number of time grids
K, risk aversion coefficient v, temperature parameter A, learning rates schedules ag;, ay; | 0,
projection region schedules b;,¢; 1 00, j stands for the number of episodes.
Required program: observations under the behavioral policy {a(ty), R(tx)}k=o0,... k—1V{R(tK)} =
Obervation(At) that returns the observed actions and log-returns trajectories under the behavioral
policy at the sampling time grids with step size At.
Learning procedure:
Initialize 61, ;.
for episode i =1 to N do
Use policy m(:]tp;) to obtain one observation {a;(tx), Ri(tx)}k=0.. k-1 U {Ri(tk)} =
Obervation(At).
Compute

O, =V (k1 Ri(try1);6i) =V (tr, Ri(tr); 0:) — q (te, Ri(tr), ai(tr); ;) At,

fork=0,--- , K —1.

Lov
a0 (tk’ Ri(tk); 91) 5%)

A
0

TN
el

A = (th, Ri(tr), ai(te); ;) Oty

N =
bl
L7
(o))
@‘8)

1

=

0
Py !

Q

Arpy = —

(th, Ri(tr), ai(te); ;) O -

N
®

i
o

Update 6 and ¥ by
92-’1‘1 = H[fciJrlyC'H»l] (92 + a@,ZAH) .
Yrivt = ey, cipa] (P10 + ayiAt) .
Yoip1 =11 1 (V2,0 + ayiAt) .

[b +1ycz+1

end for
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Figure 2: The illustration of the learned policy. The left panel shows the convergence of the mean
squared error of the learned parameters in the policy, and the right panel shows the mean equivalent
relative wealth loss of the learned deterministic policy. Both panels are in the log-scales. The results
are based on simulated data with 1000 runs. The shaded area indicates twice the standard deviation
of the estimated expectation. The temperature parameter is taken as A\, = 3(n + 1)_1/ 2 and the
learning rate ay, = (n + 1)7%2. The number of episode within each simulation run is 10°.

The risk-sensitive RL counterpart to this LQ problem is to consider

max lim inf S log E¥ [eé[sf? T(X"(S)’QW(S)FAlog”(aw(s)‘xw(s))ds]] . (30)
™ T—wo €l

Here A > 0 is the temperature parameter that determines the strength of randomization, and typically
e < 0 is the risk sensitivity coefficient. The optimal solution to the non-risk-sensitive RL problem (e = 0)
can be found in Jia and Zhou (2022b, Appendix B2), where the optimal policy is a Gaussian distribution,
whose mean coincides with the classical solution (A = 0), and whose variance is a constant. However, the

risk-sensitive RL problem cannot be solved analytically.

In this subsection, I assume that learning can only be conducted in the off-policy manner. Specifically, the
available data consists of observations of one trajectory of state, action and reward generated under a behavior
policy that is usually not optimal, denoted by 7°(-|z). That is, the RL agent has access to a finite sequence
of observations: {tx, X (tx),a(tr), R(tr)}o<k<i at certain sampling times 0 = tg < t1 < --- <tx =T, where
the state is generated by the behavior policy according to (28), a(t)|X(t) ~ w°(-|X(¢)), and the observed
reward r(¢x) can be an unbiased but noisy realization of its expectation value, i.e., E[R(tx)|a(tr), X (tx)] =
r(X (tr), a(tr)). Moreover, the RL agent does not have the knowledge about the environment (coefficients

A,B,C,D,M,N,R,P,Q, and even the LQ structure), nor the knowledge of the behavior policy 7°.
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5.2.1 Description of the algorithm

The (optimal) g-function and (optimal) value function are approximated by

(a— 91X —v2)° A A
S0 5 log 2w A 5 log s,

V(X;0) =b2° + 6z,

Q(Xua;,l/)) = -

(31)

The value function does not contain a constant term because it is only unique up to a constant. In addition,
one also needs to learn another scalar parameter, denoted by 6. To sum-up, ¥ € R? x R, and 0 € R3 need
to be learned. The form (31) corresponds to a policy 7(:| X ;1) = N (1 X + 1), Mb3).

I highlight several distinctions between the off-policy and on-policy learning, and to explain the moti-
vation for the choice of parameterzation and our performance metrics. In the off-policy setting, the data

b Hence, unlike the on-policy learning, the agent does not

is exogenously given by a behavioral policy m
interact with the environment and generate data, instead, the agent can only use existing data. Therefore,
in the off-policy learning is essentially a statistical problem to estimate the optimal policy. The ultimate goal
is still to solve the original LQ problem (29), and the risk sensitive objective (30) is a formulation that is
introduced to address the discrepancy between the limited data and the true environment distribution (e.g.,
recall the distributional robust interpretation for such formulation discussed in Section 2.1). The form (31)

is motivated by the analytical solution to the non-risk-sensitive RL problem, see in Jia and Zhou (2022b,

Appendix B2).

5.2.2 Numerical results

In the numerical experiments, the configurationsare A= -2, B=1,C =025 D=1, M =N =Q =2,
R = P = 1. The behavior policy is taken as state-independent, i.e., w°(-|X) = N(0,1), and the initial state
is xg = 0. The time discretization for the sample is At = 0.01. The sample reward is generated as
Rla, X ~ N (r(X,a), At). I mainly examine the effect of the sample size and the risk sensitivity coefficient.
Hence, I fix the temperature parameter A = 2, and generate sample with length T € {1,10,100} and choose
the risk sensitivity coefficient € € {0,—0.1,—0.5, -1, —2,—5,—10,—20}. In each simulation run, I use the
behavior policy to generate sample with length 7', and then conduct learning algorithms to obtain the
learned parameters 12;, é, and finally compute its distance to the optimal policy to the problem (29). The
simulation runs are repeated for 10* times to evaluate the mean squared error (MSE).

The results are presented in Table 1. The top, middle, bottom panel stands for different sample sizes. In
each panel, notice that solving the non-risk-sensitive objective does not lead to the most accurate estimate
for the policy. With suitable values of ¢, solving the risk-sensitive objective reduces MSE. As e approaches 0,
the results get closer to the non-risk-sensitive objective, whereas overly large € (in the absolute value) harms
the accuracy. Overall, as the sample size increases, the performance get significantly better. The optimal €

is around —5 when the sample size is small, and is around —2 when the sample size is large. It confirms the
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intuition that large sample size provides a better approximation to the ground truth distribution, and hence

the agent does not have to be too risk sensitive.

Table 1: The mean squared error (MSE) of the estimated parameters in the policy. Each column
contains the MSE of different values of the risk-sensitive coefficient. Larger e (in the absolute value)
means larger deviation from the sample distribution. € = 0 means non-risk-sensitive objective. The
top, middle, bottom panel stands for different sample sizes. The simulation runs are repeated for
10% times to evaluate MSE.

€ 0 -0.1 —-0.5 -1 —2 -5 —10 —20

T=1 MSEof¢; 15874 15560 1.4129 1.2482 1.0099 0.7923 0.8638 0.9614
MSE of 12 0.3651 0.3984 0.2736 0.2413 0.2417 0.3384 0.5560 0.7940
MSE of v3  0.3980 0.4183 0.1968 0.1215 0.1141 0.1566 0.2705 0.3845

T =10 MSEof+; 0.1119 0.1003 0.0691 0.0640 0.1129 0.6625 1.8854 3.8925
MSE of 12 0.0341 0.0318 0.0266 0.0334 0.0957 0.6144 1.8258 3.8690
MSE of v3  0.0130 0.0064 0.0056 0.0055 0.0492 0.3054 0.8281 1.7897

T =100 MSE of 41 0.0083 0.0081 0.0076 0.0071 0.0064 0.0714 0.9555 5.7822
MSE of 12  0.0043 0.0042 0.0039 0.0037 0.0041 0.0675 0.9008 5.7014
MSE of ¥3  0.0003 0.0003 0.0003 0.0004 0.0006 0.0209 0.3404 2.2558

6 Conclusion

In this paper, I investigated the continuous-time risk-sensitive RL problems in the exponential form.
This formulation is linked to the mean-variance problems when the risk sensitivity coefficient is close to zero,
and is a relaxed formulation of the distributional robust RL when the uncertainty set is specified using KL
divergence. Using the properties of the exponential martingale, I turned the risk-sensitive objective into a
usual additive objective plus an extra penalty term on the QV of the value-to-go process. Thus, it becomes
a problem to solve a recursive utility maximization problem. Such an equivalent formulation exists in the
classical risk-sensitive control problems and also applies to the entropy-regularized RL problems. The benefit
of such transformation avoids the multiplicative Bellman equation analyzed in previous risk-sensitive MDP
literature, and numerically avoids the computation of exponential of a possibly large number.

I defined the g-function in this context which differs from the g-function in the non-risk-sensitive problems
(Jia and Zhou, 2023) by an extra term. However, the optimal g-function and the optimal value function can
still be jointly pinned down using the martingale characterization, which also involves in the QV of the value
function process. It also extends to ergodic tasks under stronger regularity conditions. Interestingly, I point
out that the connection between the g-learning and the policy gradient in the non-risk-sensitive problems
does not hold anymore in risk-sensitive problems, because the QV penalty is inherently a nonlinear term in

the value function.
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I demonstrate the proposed algorithm on two applications. For Merton’s investment problem with power
utility functions, it can be embedded to a risk-sensitive objective in terms of the log returns. When the stock
price follows the Black-Scholes model, I provide theoretical analysis on the proposed algorithm to show its
convergence and the convergence rate. In the off-policy learning for a linear-quadratic problem, numerically,
T illustrate that when the sample size is limited, incorporating the risk-sensitive objective to conduct learning
indeed improves the learning accuracy compared to that under the non-risk-sensitive objective. The best
choice of the risk sensitivity coefficient falls in the sample size. This result is consistent with the relation be-
tween the risk-sensitive RL and the distributional robust RL, in the sense that including extra risk sensitivity

concerns can address the discrepancy between a finite data set and its population distribution.

The analysis of RL algorithm in this paper is restricted to simple cases, but it sheds light on the role of the
temperature and the entropy regularization play in the learning procedure from the algorithmic perspective.
In Merton’s investment problem analyzed in this paper, I show that the product between the temperature
parameter and the step size in the iteration is equivalent to an “effective learning rate” under the stochastic
approximation framework. On one hand, low temperature slows down the equivalent learning rate, and in
particular, zero temperature implies that there are no effective learning signals to update the g-function.
On the other hand, low temperature induces less randomness in the policy, and hence, overall reduces the
noises in the learning signals and leverages more on the learned optimal decisions. Therefore, the tuning of
temperature parameter reflects the tradeoff between exploration (speed of learning) and exploitation. When
the temperature parameter and the step size decay at compatible rates, the desired convergence, convergence

rate, and regret (in terms of equivalent relative wealth loss) can be guaranteed.

The risk-sensitive objective in the exponential form considered in this paper is one special case of general
functional classes, and the associated KL divergence is one tractable metric to reflect the ambiguity in the
distributions. How to address the distributional robustness other than the KL divergence in the continuous-
time diffusion processes in a tractable way and to conduct RL still remains largely unclear. In addition,
alternative formulation to address risk sensitivity may lack time-consistency, and dynamic programming-
based RL methods cannot be applied therein. Even within the continuous-time risk-sensitive RL framework
presented in this paper, there are still many theoretical and practical questions open for future research.
For example, the analysis and applications of g-learning algorithms in general cases, and the comparison of
generalization error between risk-sensitive objective and non-risk-sensitive objective in the offline, off-policy

settings.

There are alternative formulations of risk sensitivity other than the exponential form proposed in discrete-
time systems, e.g., Xu et al. (2023); Wu and Xu (2023), however, it still seems unclear what the continuous-
time counterpart is and if any form of penalty can be introduced to transform the nonlinear objective to a

recursive utility maximization problem.
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A Ground Truth Solutions in Examples

A.1 Merton’s investment problem with power utility

In the classical Merton’s investment problem (without consumption) with power utility (Merton, 1969),

it is well-known that the optimal portfolio choice is to maintain a constant proportion of wealth in the risky

asset with a* = ‘fy;; . The proof of this statement is omitted.

I give the ground truth solution to the exploratory problem (21) as follows using a guess-and-verify

approach. I claim the optimal policy is ©#* = N( ‘; —, #

), optimal g-function is ¢*(t,z,a) = fL;z(a -

%)2 — 2 log ?Y”Té‘, and the optimal value function is J*(¢,2) = logz + (T — t)[r + (g;—;f + 3 log 223]. To

see this, it suffices to verify the martingale conditions in Theorem 2. Applying It6’s lemma, we obtain

dJ*(t, X™(t)) — ¢*(t, X™(t),a™ (t))dt + 1_T7d<log X™N(t)

- (L=7)% A, 21\ m_ Lm0 4 12 (0 ()20
_{ [H or 3108 s |+ (e - 5@ )0t + @ (1)

2 _
22 ) = B2 A g @}dt + a™()odW (L) = a™ (H)od IV (2).
Y Yo

2 o2 2
A.2 Ergodic linear-quadratic control

This solution has also been presented in Jia and Zhou (2022b, Appendix B2). It is repeated here for the

completeness.

Let the true model be given by (28) and one aims to maximize the long-term average reward (29).

Consider the associated HJB equation:
0 =sup[LY(z) + r(z,a) — 5]

a

= sup [(A:v + Ba)y'(z) + %(Cw + Da)?*¢" (z) — (%ﬁ + Rza + gcﬂ + Pz + Qa) — ﬁ] :

Conjecturing ¢(z) = %kng + kiz and plugging it to the HJB equation, we get the first-order condition

a* = MZ(BJrCﬁ:ﬂ)ZJ’le_Q, assuming N — ko D? > 0. The HJB equation now becomes
1 1 {[k2(B + CD) — R]z + k1B — Q}°
0= =[k2(2A + C?) — M]2* + (k1A — P)z — B + = .

This leads to three algebraic equations by matching the coefficients of 22, x and the constant term:

9 [k2(B + CD) — R]? _
ka(2A+C*) — M + N D’ =0,
[k2(B + CD) — R|(kiB-Q) _
k1A — P+ N D> =0,
/8 _ (leiQ)Q
~ 2(N — ko D?2)’
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Note ko is the negative solution to a quadratic equation, and after solving ks, k1, 8 can be directly computed.

B Proof of Statements

B.1 Proof Lemma 1

We state a useful lemma regarding the continuous martingale in the exponential form.

Lemma 2. Suppose {Zs, s = 0} is an ({Fs}s=o0,P)- adapted continuous semimartingale with E[e§<z>(s)] < o

for every s € [0,T7].

(i) If {Zs + 5(Z)(s),s = 0} is an ({Fs}s=0,P)-local martingale, then {e“%s,= 0} is also a ({Fs}s=0,P

martingale.

(it) Ife > 0, {Zs+5{(Z)(s),s = 0} is an ({Fs}s=0,P)-local submartingale (supermartingale), then {e*%<, s >

0} is also a ({Fs}ss0,P) submartingale (supermartingale).

(iii) If e <0, {Zs+5(Z)(s),s = 0} is an ({Fs}s=0,P)-local submartingale (supermartingale), then {e*%, s >

0} is also a ({Fs}s=0,P) supermartingale (submartingale).

Proof. See Revuz and Yor (2013, Chapter VIII, Corollary 1.16, page 309) for its proof for part ().

We only show the “submartingale” part when e > 0. The rest can be shown similarly. By Doob-Meyer
decomposition, we can write Z; 4 §(Z)(s) = Ms+ A, where {M,, s > 0} is a local martingale and {A,, s > 0}
is a predictable, increasing process starting from zero. Moreover, (M )(s) = {(Z)(s) for all s € [0,T] because
both (Z) and A are increasing process and have QV zero. Then E[e§<M>(S)] = E[e§<z>(5)] < . By part
(i) of this statement, we conclude that {e}: o= F (M)(s) ,5 = 0} is a martingale, that is, {e*%*~4s s > 0} is a

martingale. Therefore, for any 0 < s < s’ < T, it holds that A, > A, almost surely, hence,

1 — E |:65Z5/7€Z57€(AS/7A3)

Zg—€Zs
S:|<]E|:eé s/ €

7|

That is, E [eEZs/

.7-'5] > e“Zs. This proves that {€“Zs, s > 0} is also a submartingale. O
Now we are ready to prove Lemma 1.
62 a
Proof. Let Z& = {7 r(u, Xg, ay)du+V*(s, X&; €), it satisfies E [67<Z >(S)] < 00. By Lemma 2 and condition

(i), we know
i [ee[StTT(s,X?*yaf)derh(X% ) ‘X“ _ ]

_p |:65[S;T r(s,X9% a®)ds+V* (T, x2%) ‘Xt _ ] _ VE(ta)
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Moreover, when € > (<)0, for any a, By Lemma 2 and condition (i), we have

0.2 [ee[gj r(s,X;‘,as)derh(X%)]’X;z _ I]

_gP" [ee[gtT r(s,xg,as)ds+v*(T,X;)]‘Xta _ x] < (>)eeV*(t,m)'
Hence, as long as € # 0, we have
1log]E]PW [eE[StT T(S’X?’as)d”h(x%)]’)(f = :17] < VH(t,x).
€
This verifies that V* is the optimal value function and a* is the optimal control. O
B.2 Proof of Theorem 1

The next lemma about the entropy-maximizing distribution is useful to our proof. It is the same lemma

appeared in Jia and Zhou (2023, Lemma 13).

Lemma 3. Let v > 0 and a measurable function q : A — R with § , exp{3q(a)}da < o be given. Then

7*(a) = m € P(A) is the unique mazimizer of the following problem
§4 exp{xq(a)}da
max a) — Alogm(a)|m(a)da. 32
L | [a(o) = Mogm(a))m(a) (32)
Proof. See the proof of Jia and Zhou (2023, Lemma 13). O

We now turn to the proof of Theorem 1. To ease our notation, we use ¢* introduced in (10) in Definition

2. Even though it is defined after Theorem 1 in the main text, we simply use its notation here.

Proof. Since for any initial condition (¢, ),
s o
| {[rx o)~ dogar(ar” ) | du + 540w} + %6, X759
¢

is an ({FX}s=0,P)- (local) martingale, we have

1 s * * * * € ¥
0= Sl_i)rg - tIEPlL {[T(U,X;' yan ) — Aogw*(all " |u, X )] du + §d<J* >(u)}
F (s, Xy e) — J*(t ws )| X = :101
(33)
1 * ?
=J {E“J*(t,x;e) +r(t,z,a) — Nogw*(alt,z) + =€ |o(t,z,a)" (t,x;€) }

x w*(alt, z)da.
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By the proof of Lemma 1, it suffices to show that for any admissible policy 7, and any initial condition

(t, @),
L {[r(u, X7T,al) — Mogw(al|u, XT)] du + %d(J*wXu)} + J*(5,XT;€)

is a supermartingale.

For any t < s < 8’ < T, consider the conditional expectation:
Eﬂf {Ir(u, X7, ) = Nog m(a fu, X7)] du + £d(T*" () |
X[ = :101

=E“”WU [ e xz.0) - Nogmtatu, 1)
s JA

+ J¥(s', XT5e) — J*(s, XTs€)

s’

LaJ*

T

+ %|0(u,)~(;',a) (u,f(;';e)|2 + E“J*(u,X;';e)]ﬂ(am,f(f)dadu’f(t" = x]

gWWU‘LPWimw—M%ﬁWWXW

- *
+ ot X7.0)7

u

(u, X5 €)|? + EaJ*(u,X;;e)]r*(aw,f(;')dadu’f(” = x} =0,

1 % .
where the last inequality is due to Lemma 3 and the definition (8), i.e., w*(alt,x) = T Z);z{{ iz*((i’z’(;’_z))ida
A by s Ly a5

P(A), and the last equality is by (33). O

B.3 Proof of Proposition 1

Proof. As a side product, in the proof of Theorem 1, we have recovered the associated exploratory HJB
equation (33). Together with the notation ¢* introduced in (10) in Definition 2, and the form of the optimal

policy (8), we can rewrite (33) as

0=J (6 aie) — Mog eXp{Alq (t,@,a;€)} exp{qu 280}
A Saexpi{xg*(t,z,a5€)}da | § , exp{5q*(t, 2, a;¢)}da
1
=z\10gJ exp{~q¢*(t,z,a;¢)}da.
A A
That is the desired relation (12). Furthermore, plugging (12) in (8) gives (13). O
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B.4 Proof of Theorem 2

Proof. (i) Let J* = J* and a; = ¢* be the optimal value function and optimal g-function respectively.

For any = € II, applying Itd’s lemma to the process J*(s, XT), we obtain for 0 <t < s < T

S

T(5, X7 0) = (i) + [ {[r( X aT) - 0" (0, X7 T )ldu + 54 ()}

¢
5 2
o(u, X7 '") —J*(u, X7 €)

u ’LL’ u u 2 u u ax

=J [E%J*(u X arse) +r(u, X7 ’T)+€
t

u u’

q*(u, X7, ak; ]du+J —J*(u, XT;¢€) o dW,

u u

f —J*(u, XTs€) oo (u, X7, al )dW,,

where the {---du term vanishes due to the definition of ¢* in (11). Hence (15) is a local martingale.
To show it is a martingale, it suffices to show

U Qdu]m

The finiteness of the above expectation follows from the polynomial growth in J*’s all derivatives,

o, X7 a7) T 0, XT5)

Assumption 1-(iv), Definition 1-(iii) and the moment estimate in Jia and Zhou (2022b, Lemma 2).

The form of the optimal policy follows from Proposition 1.

(ii) Define
3 Nk oT* 1 02T
7(t,z,a) = pn ——(t,xz) + b(t,z,a) 0 8—x(t x) + 399 (t,x,a) 0 W(t,x)
T
+ —|o(t x,a)Taai(t,x)
Then

ﬁ(s,ng)+f{ P X af)du + £d(T*)(w)}

is an ({Fs}s>0, P)-local martingale, which follows from applying It6’s lemma to the above process. As

a result, §7[r(u, X7, al) — 7* (u, XT,aT) + #(u, XT,a™)]du is an ({Fs}s>0, P)-local martingale.

u?u u7u

By the same argument as in the proof of Jia and Zhou (2023, Theorem 6), we conclude

—~

q*(t,xz,a) =r(t,z,a) + #(t,z,a)

=r(t,z,a) + E“ﬁ(t, x) +

for every (t,z,a).

The second constraint in (14) implies that T/r?*‘(a|t,3:) = exp{%?(t,x,a)} is a probability density
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function, and a;(t,x,a) = )\logT/r;‘(a|t,:v). Therefore,

J {[r(u, X 7 - Mog%(aﬁu,xf)] du + §d<f*"*>(u)} + T (s, X7
t

= [ [T ) - P X o au 5a0 00 |+ 3T
t

is an ({Fs}s=0,P)- (local) martingale, which follows from applying It6’s lemma to the above process.

Hence it is also an ({FX}s>0,P)- (local) martingale because F= is a sub-sigma field of F.

By Theorem 1, we conclude that J* is the optimal value function and 7* is the optimal policy.

B.5 Proof of Theorem 3
Proof. By the same argument as in the proof of Theorem 2, we conclude that

o~ o~

q*(x,a) = r(z,a) + LO°T*(x) —B; + =

The second constraint in (18) implies that T/I';(CLLE) = exp{%?(:z:, a)} is a probability density function, and

a;(a:, a) = Alog;r?*‘(akzr). Applying 1t6’s lemma, we obtain

0

— T —_ —_
exp {6 [J*(Xq’f*) + f (r(Xt"*,af*) — Mog 7*(a* | X )) dt] }

_ T - o P _
=T (@) exp {f € (E“;r* TH(XT*) + (X7 aT™) — Mog 7w (aT ™ | X )) dt + 27" o th}
0

T

—_ —_ 1 —_ —_

:eEJ*(m)-FeB*TeXp {f —§|Zf*|2dt+ Zt,r* Oth},
0

where ZEI = ea(Xt;;, a;’ﬁ)%ﬁ(Xt’;;)

Based on the first condition in (18), and Girsanov theorem, we can define a change-of-measure g—ﬁm Fr =
exp {Sér —%|Zt7/'; |2dt + Zg/'; Oth} and P is a new probability measure that is equivalent to the original
probability P. Therefore,

1 T S (7|
ElogE lexp{e ljo (T(Xt*,at*)—)\logw*(at*|Xt*))dtl}]

1~ ~ 1 Py — T 1 — _
=—J*(.¢L‘)+ﬁ*+—10gE exp —EJ*(X;*)—FJ ——|Z?*|2dt+Zgr*oth
T eT 0 2

1~ —~ 1 ; -
1 P P | —er®(x3")
TJ (x)+p +€T10gE [e ]
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Under the extra regularity conditions in the statement, we obtain

1 T = =% ~ TR TR A
lim — logE lexp {e lf (r(Xt"*,a;'*) — Alog Tr*(af*|Xt"*)) dt] }] = B*.
T—wo €1 0
For any 7 € I1, repeat the above calculation, we obtain

T
% logE [exp {e ljo (r(X[,af) — Nog m(aT| X)) dt] }1

1 - - 1 e — T o~
=TJ*(x)+ﬁ*+—TlogIE]P lexp{—eJ*(X}')—l—ef [q*(Xt",af)—)\logﬂ(aﬂXt")] dt}] :
€ 0

where 47| = — exp {gff ~LZFP2dt + 27 o th}, and ZF = eo(XF, af) 2 T*(XF).

Recall that

Lt [?(m, @) = /\IOgﬂ-(alx)] dm(alr)da < J

[a;(:v, a) — /\logﬁ‘(au)] ;r:‘(a|x)da =0
A

by Lemma 3 and the fact that 7/1';‘(a|x) = exp{%?(w, a)}, we know if € > (<)0,

T —~
EF” lexp { 6(1;— %) Jo [q*(Xt",af) - Alogw(aﬂXt")] dt}] < ()0,

by Lemma 2.

By Holder’s inequality, we obtain

T

1 7r ~ —
ElogEP lexp{eJ*(X}') +EJ [q*(Xt",af) f)\logﬂ'(aﬂXt")] dt}}
0

st e PR

0 pr 118 (M5 v - o
T AT syer 8E lexp{ 5 f[q (X7, aF) — Mog m(aF |X7) | at

0

<m log B [exp {—¢(1 + )7 (xF)} | - 0.

as T'— o0. Hence, we have shown that under any 7« € II, we have

T
lim sup L logE lexp {e lf (r(XT,a7) — Mogw(al | XT)) dt] }1 < B*.
T—w €1 0

This proves the optimality of the policy *. Consequently, j’\“, a;, B; are respectively the optimal value

function, the optimal g-function, and the optimal value. O
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B.6 Proof of Theorem 4

We first state a result about a recursive sequence.

Lemma 4. Suppose there are sequences of non-negative numbers {e;}i>0,{a;}i=0, {ni}i=0 such that a; € (0,1),

eir1 < (1—aj)ei+a2n; for alli = 0. If for all i > 0, with a; < a;+1(1+ Aa;1) for some constant 0 < A < 1,

satisfying ﬁ > % + ag, and n; is non-decreasing in i, then e;y1 < ﬁaim for alli = 0. In
particular, for any p € (%, 1], a sequence in the form of a; = ﬁ with suitable choice of «, satisfies
a; < a;ir1(1+ Aa;qq) for all i = 0.
Proof. We prove by induction. For ¢ = 0, we have
e1 < (1 —ap)eo + a’ <La
1S 0)€0 0770\17A 07o-
Suppose the conclusion holds for all ¢ = 0,--- ,I — 1. Consider the case for I. By the recursive relation

and the induction, we have

(1 —ar)ar—1ni—1 + afns

1
<(1- +ain < ——
ers1 <( ar)er + ans 1

—_

éﬂ(l —az)ar(1 + Aap)nr + a?n;

=

=1 Acum(l + Aar —ar — Aa%) + a%m

1

A <
—a ——a
1AM =

1
—a .
T 4%

Finally, consider a sequence in the form of a; = ﬁ, then a; < a;4+1(1 + Aa;11) is equivalent to

a(i+ B)P

(i+ﬁ+1)p—(i+ﬁ)p<Am.

Note that the left-hand side is decreasing in ¢ when p < 1 and the right-hand side is increasing in 4, it suffices

to have
afP
+1)P—pP<A——r0r.
(B+17—p" < A
The above relation holds as long as « is sufficiently large, and 8 can be arbitrary. O

B.6.1 Stage 1: Properties of the increment

We first calculate the conditional mean and variance of (23), (24), and (25). To ease notations, we
suppress the subscript ¢ in this stage.

Among (23), (24), and (25), the common term is dV (¢, X (¢);6) — q (a(t); ¢p) dt + 1_77d<V (-, X();0))(),

)
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which is the temporal difference (TD) error in the continuous-time setting. By It6’s lemma, we have

AV (8, X(0):0) — g (alt); ) dt + 22 dV (-, X(:0)(0)

—dlog X (t) — 6dt + l% XMog2ra+ 2 1og¢2] dt + I*T”Yd@ogX(-»(t)
2
(34)
- [r + (- r)al(t) — %a( )202] dt + a;(t)odW () — 6dt
2
+ [W %bgzm 42 1og¢2] dt.
Recall here a(t) ~ N (1)1, A)2), hence, for a given 6,1,
Bl ?{; (t, X (t);0) [dV (t, X (t);0) — q(a(t); ¢) dt + 1_—7d<V(-=X(-);9)>(t)”
T
=E lL (T —1t) (T + (p—1)a(t) — %a(t)2a2 -0+ % —log2mA + = A log 1/)2> dt]
—fT(T—t)( + (=) —1(¢2+A¢) 2 g2 Aogama+ 21 Yo | dt
= : r j7 )1 9 1 o) O B) B) 0g 27 5 og Y2
=T72h0(¢17¢2,9),
where
ho(1,12,0) =1 — 0 + %10g27r)\ + glogwg + (u—r) — % (wf + /\1/12) o + g (35)
T aq 1—7
E| [ 2L (a(t) |4V (6. X(0:0) — a (o) 9+ L5 av (X000
=E [J;J % <T + (n—r1)a(t) — %(1(15)202 -0+ % ~log2m\ + = A logw2> dt]
=Thy1(Y1,2,0),
where
oo 0) = 225 (AL ) = 22 (0 — ). (36)
T _
~E [ ) aj)q alt); ) [dv (X (1):0) = q (alt); ) dt + ¥d<v<-,x<->;e>><t>ﬂ
T 2
E[L < — 4 51/12) (r + (p—7r)a(t) — za(t)?c* — 0
“(t)%& ) log 27\ + 5 log wg) dt]

=Thy 2(¢1,12,6),
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where
/\27
2

A2y

2
o :

/\2
hy 2 ($1,92,0) = 5 (V2 = 70°Y3) =

o) =

1
o2 P25 — 2). (37)

Next, we estimate the variance of the increment. For a given 6,1, by Cauchy-Schwarz inequality and

Burkholder-Davis-Gundy inequality, we have

T ov 1

S (X 0:0)| 4V (6. X(0:0) ~ g a(tsw) ar + -5V (X0 e>><t>”

Var
o 00

ol

<2E UT(T —t)? <r + (p—r)a(t) — %a(t)QgQ —0+ (al®) —)* + %1og 2mA + %logd)Q) dt}
0

i - 2

0

212
T
+ 2E U (T — t)2a(t)202dt1
0
<O(p,r,0,T,7) [1+ ¢ + A2¢3 + 0% + A (log \)? + A2 + A2 (log v2)?] .

Similarly,

Var

il

2 2 2
<2E [LT <a(t) - 1/)1> (T + (p—1)a(t) — %a(t)QgQ -0+ (alt) — ) + %log 27\ + %10g1/)2> dt]

JO j_jl (a(t); %) [dV (t, X (t):0) — q(a(t); ) dt + 1_77010/ (-,X(-);9)>(t)ﬂ

T 04 ' ' ' 1 | 2
L N (a(t); ) [dV (t, X(t);0) — q(a(t); ) dt + Td<V('7X('),9)>(t)]> }

2¢2 2"/12

+2E UOT (“(271;21“)2 a(t)zgzdt]

SAC(p,7,0,T,y) [T+ A2 + X3y + 103 1 (14 67 + 97 + A% (log A)? + A% + A (log vh2)?)] .

Var _—
o Oyt 2

T —
J i(lﬁ,R(lf)ﬂ(lﬁ);lﬂ) [dV(t,X(t);t?)Q(a(t)ﬂ/f)dtJrl 7d<V('7X(~);9)>(t)”

0 51/)2_1

<2ElL (—M + %1@) (r + (u—7)a(t) — %a(t)202 -0

—)? A A ? ! AT
+ 7@@)%2%) + 5 log2mA + 2 1og1/12> dt] +2E [L <M + 5#}2) a(t)zazdt]

<E [( (b, Rit), alt); ) [dV (t, X(8):0) — q (alt); ) dt + 1%«1/(-,){(-);@»@)]) ]

<SN2C(p,ry 0, Tyy) [14+ X205 (14 6% + 93 + A2 (log A)? + A2 + X2 (loghe)?) + AP¢3].
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B.6.2 Stage 2: Recursive relations

From the above calculation, and ignoring the error of approximating the integral (23), (24), and (25)

using finite sums, the recursive relation of the sequence in the learning procedure can be written as

Oivr =I—c,,, c;a] (Oi + asi (ho(Y1,i, 02,4, 0i) + Giv1)),
Vrivt =H[—c 1 eii0] Wri + ayi (hay,1 (Y16, 02,0,05) + E1iv1)) (38)
P2,iv1 =11 (V2,5 + ayi (hy 21,0, V2,0, 0i) + &2,i41)) 5

41 C7.+l]

where E[(;410:,%;] = 0, E[&1,i+110:,%;] = 0, E[€2,i4+1(0:,%;] = 0, and Var[(;410:,,], Var[&1i4110:, 9],
and Var[€; ;11|0;, ;] satisfy the upper bounds provided in Stage 1.

We first show the convergence of 1,. Since {b;};>0, {¢i}i=0 are two increasing, divergent sequence (con-
dition (z) in the statement), there exists an I that depends on (p,7,0,T,v, ), such that ¢f € [—¢;, ¢;] and
¥ e [b; ', ¢i] for all i > I. In addition, by conditions (ii4), we know ay ;c? — 0, so does ay,;c; — 0. Hence,
without loss of generality, we can take this I(u,r, o, T,v,\) large enough such that awﬂ-b;l < ay,ic < ﬁ
for all ¢ > I. In addition, by the conditions (4), (i¢), (#4¢) in the statement, b; 1 o0, Zil aml-bi_l = o0, and

2 e _ w 2
> ag, ;b3 < o, we know 37 ay,; = o0 and 337, a3, ; < 0.

For any ¢ > I, by the property of the projection mapping as in the proof of Andradéttir (1995, Theorem

2), we have

E [(¢1,i+1 —y¥)? |9i7¢i]

E [(%,z‘ + i (Rt (1,0, %20, 0:) + E1a1) — ¥0F)? 1605, T/’i]
<1 = 1) + 2ayi (Y1 — V) hyp 1 (1,6, 02,6,05) + @l hy 1 (Y16, 2,0, 00)? + @l Var[€r 1163, 4]
=(1 = ay i Xy0®) (P — ¥F)* + 1% NP0t (Y1 — F)? + al,; Var[€r i |6i, 4]
<(1 - %awmﬁ)wu — )% + a3, AC (1+ X%+ N + bi(1+ ¢ + A (logA)® + A + X (log ¢;)?)) -

The almost sure convergence of {(11,; — 1§)?}i>o follows from Robbins and Siegmund (1971, Theorem 1)

and by the same argument as in Andradéttir (1995, Theorem 2), we can show ¢1,; — ¥§ — 0 almost surely.

Taking the expectation on both sides yield the recursive relation between two mean squared error:

€1,i4+1

1
- gaw,i)\yaz’)%l,i a5 AC (1+ X 4 Xei + bi(1+ ¢ + A (logA)? + X + N (log ;)?))  (39)

1
<1 - iaw,mcﬂ)el,i +a3, AC (14 X+ N + bi(1+ ¢ + A (log \)? + A% + X (log ¢)?))

<

where €1; = E [(¥1,; — ¥§)?].
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By the similar calculation, we have

E| (41— ¥5)° 6: ]
E [(%,i + ay,i (hy2(V1,i, Y20, 0i) + E2,i41) ) 10,4, ]
S(a,i = 93)% + 2ay,i(Y2,i — P3)hy, 2(1/11,1', U, 0:) + ag, iho 2 (V1,0 02,6,00)% + af, ; Var[€a,i4110i, 9]
=(1 = ay,iN70%a) (Yo — 13)* + aw NP0t s (Vo — ¥5)? + al, ; Var[€a,i1110i, 9]
<(1- %aw,ima%zi)?(wi S a2 NP0 (14 022 (14 ¢ + X2(log \)? + A2 + A2(log by)?) + A3c?)

1
<(1-— gawﬁi/\zﬂya%;l)z(djgyi —P¥)? + aiyi/\QO (1+2%¢ (14 ¢ + A%(log A)* + A% + X2 (log b;)?) + A%¢P)

where the last inequality holds when awﬁibi < ay,ici < l\zigg

The almost sure convergence of {(12,; — 13 )?}i=0 follows from Robbins and Siegmund (1971, Theorem 1)

and by the same argument as in Andradéttir (1995, Theorem 2), we can show ¢, ; — ¥4 — 0 almost surely.

Taking the expectation on both sides yield the recursive relation between two mean squared error:

€2.i+1
1
<(1- 5., b Ny0?) e + al NC (1+ X2c] (14 ¢ + X (log \)? + A + N (log ¢;)?) + A°¢})  (40)

1
<(1— an,ib;w’w?)em +al  NC (14 NcF (14 ¢ + N (logA)? + A% + A (log b;)?) + A¢f),

where €2; = E [(¥2,s — 15)?].

Finally, by the recursive relations (39) and (40), and Lemma 4, we obtain that under suitable choices of

sequences such that a, , ~ 1 bn, cn, ~ logn, there are constants Cy, Cy such that

n?

~ 1
€141 < Chay ;bic? = O(g)a €241 < Chray bict = O( ).
B.7 Proof of Theorem 5

From the definition of ERWL, we can solve
A(d]lu A¢2) =1- €xp {_ [J*(:I;) - J(‘Tu d]la A¢2)]} < J*(‘T) - J(.’I], wlu )\1/12)7
where the inequality is due to the fact that e™® > 1 — z. Moreover, from the expression (27), we have

TH(x) = (2,91, M) = W [(1 — F) + Mo
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B.7.1 Executing deterministic policies

In this case, our choice of tuning sequence {ay i}iz0, {bi}i=0, {¢i}iz0, and \; = X is identical to that in

Theorem 4. Hence, we have

el ol

J(ZC, 1Z)l,iv O))

HMZ

2

N 2 N
N Bl — ) < DLy (10%1) — 0 ((log N)Y).
-1 i=1

B.7.2 Executing stochastic policies
Suppose in the i-th episode, we use A; in (22). The derivation about the recursive relation in the proof

of Theorem 4 is still applicable by replacing constant A by A;. Hence, with the choice of tuning sequences

Ay \/_, =0(1), ¢, ~logn, A\, \/—, (39) becomes
erip1 <(1— sagXivo?)er; + al NC (1+ A7 + M + bi(1 + ¢ + A (log Ai)> + A7 + A (log ¢;)?))

-1 vo? 2 2
—( - —aw,i)\i)el,i + a¢7iAiC(1 + Ci)'

2
The convergence of € ; is guaranteed since > ay Ai = 2,1 = ©, and a3, Aic] = 3, 1;%; < o0. Moreover,
by Lemma 4, we obtain €1 ;41 = O (%)
Hence,
N N
E [Z A1, Aith2,i ] [Z = J (@, Y14, /\i1/}2,i))]
i=1 —1
N 2T
92 + WU Z ic;
i=1 i=1
C'ya o logz logi
= O(VN(log N)?).
) ( +E0) — 0N (log V)
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