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Abstract

This paper studies the testability of identifying restrictions commonly employed
to assign a causal interpretation to two stage least squares (TSLS) estimators based
on Bartik instruments. For homogeneous effects models applied to short panels,
our analysis yields testable implications previously noted in the literature for the
two major available identification strategies. We propose overidentification tests for
these restrictions that remain valid in high dimensional regimes and are robust to
heteroskedasticity and clustering. We further show that homogeneous effect mod-
els in short panels, and their corresponding overidentification tests, are of central
importance by establishing that: (i) In heterogenous effects models, interpreting
TSLS as a positively weighted average of treatment effects can impose implausible
assumptions on the distribution of the data; and (ii) Alternative identifying strate-
gies relying on long panels can prove uninformative in short panel applications. We
highlight the empirical relevance of our results by examining the viability of Bartik
instruments for identifying the effect of rising Chinese import competition on US

local labor markets.
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1 Introduction

Shift-share designs typically rely on linear combinations of unit specific variables (the
“shares”) and aggregate level variables (the “shocks”) as instruments to obtain iden-
tification. Originally employed in the work of Bartik (1991) and Blanchard and Katz
(1992), these instruments have become known in the literature as “Bartik” instruments.
Bartik instruments have proven to be remarkably versatile yielding insights into, among
others, the impact of immigration on labor markets (Card, 2001), the consequence of
trade liberalization for poverty (Topalova, 2010), the effect of import competition on
labor markets (Autor et al., 2013), and the welfare implications of geographic sorting
by education (Diamond, 2016).

In this paper, we examine the testable implications of identifying restrictions com-
monly employed to assign a causal interpretation to two stage least squares (TSLS)
estimators based on Bartik instruments. We largely focus our analysis on two recent
complementary identification strategies. The first, studied by Goldsmith-Pinkham et al.
(2020), attributes the exogeneity of the Bartik instrument to the exogeneity of the
shares. The second, examined by Adao et al. (2019) and Borusyak et al. (2022), in-
stead attributes the exogeneity of the Bartik instrument to the exogeneity of aggregate
shocks. We systematically study the overidentifying content of both approaches by
noting that their differing asymptotic frameworks either implicitly or explicitly require
conditional moment restrictions to hold. Specifically, Goldsmith-Pinkham et al. (2020)
necessitates the Bartik instrument to be exogenous conditional on the realization of the
aggregate shocks, while Adao et al. (2019) and Borusyak et al. (2022) require the Bartik
instrument to be exogenous conditional on the realization of the shares (among other

variables).

The conditional moment restrictions implied by the different identification strate-
gies yield previously noted overidentifying restrictions in homogeneous treatment ef-
fects models. For instance, when applied to the framework of Goldsmith-Pinkham et al.
(2020), our analysis implies that the entire vector of shares must be exogenous. As noted
by Goldsmith-Pinkham et al. (2020), the model is therefore overidentified because any
deterministic linear combination of the shares yields a valid instrument. In contrast,
when applied to the framework of Adao et al. (2019) and Borusyak et al. (2022), our
results imply that the conditional mean of the Bartik instrument given controls, shares,
and residuals must be a linear function of the controls only. As a result, the model
is overidentified because any appropriately centered deterministic linear combination of
the aggregate shocks yields a valid instrument. Our impression is that the latter overi-
dentifying restrictions have not received the same level of attention by practitioners as
the testable implications of Goldsmith-Pinkham et al. (2020).

Building on our overidentification analysis, we develop a framework for testing the



overidentifying restrictions corresponding to both identification strategies. In many
of the applications that motivate us, the number of overidentifying restrictions can be
“large” relative to the sample — e.g., in many applications the numbers of sectors exceeds
the number of clusters. We therefore focus on developing tests that remain valid in such
high dimensional settings by employing the high dimensional central limit theorem of
Chernozhuokov et al. (2022). Our tests utilize bootstrap based critical values and are

robust to the presence of heteroskedasticity, clustering, and weighting.'

A natural way to proceed, for instance after rejecting the validity of the homogeneous
effects model, is to consider weaker assumptions that still enable us to attribute a causal
interpretation to TSLS. To this end, we study a generalization of the model and an alter-
native identification strategy, but find both approaches to be potentially empirically lim-
ited in scope. As a generalization of the model, we consider linear heterogeneous treat-
ment effects models previously employed in the literature (Goldsmith-Pinkham et al.,
2020; Adao et al., 2019). In such a setting, TSLS can readily be shown to estimate
a weighted average of group specific treatment effects. As forcibly argued by Kolesar
(2013) and Blandhol et al. (2022) among others, however, the averaging weights should
be positive in order to attribute a causal interpretation to TSLS. Unfortunately, we
find that in the case of Bartik instruments the weights can naturally be negative. In
particular, within the identification framework of Goldsmith-Pinkham et al. (2020), we
show that a necessary condition for the weights to be positive is that shares of different
sectors be uncorrelated with each other — a requirement that a-fortiori fails when shares
sum up to one. Conversely, within the identification framework of Adao et al. (2019)
and Borusyak et al. (2022), we show that a necessary condition for the weights to be
positive is that aggregate shocks to different sectors be (weakly) positively correlated
with each other.

As an alternative identification strategy, we consider the possibility that the exo-
geneity of the instrument is not justified by the shares alone (Goldsmith-Pinkham et al.,
2020) or the aggregate shocks alone (Adao et al., 2019; Borusyak et al., 2022) but by
the shares and shocks together. Formally, such an identification strategy corresponds
to requiring that the Bartik instrument be uncorrelated with the error term when ex-
pectations are evaluated over both the time series distribution of aggregate shocks and
the cross sectional distribution of shares. While this identification strategy renders the
model “just identified,” it also necessitates a long panel in order to estimate the time se-
ries distribution of the aggregate shocks. We show that as a result, the effective number
of observations for computing TSLS standard errors is governed by the number of time
periods in the panel. Because the majority of empirical studies relying on Bartik in-

struments have relied on short panels, we expect TSLS to be statistically uninformative

Tn contrast, Goldsmith-Pinkham et al. (2020) emply overidentification tests based on LIML (which
requires homoskedasticity) and Chao et al. (2014) (which precludes clustering). Neither test allows the
number of restrictions to exceed the sample size.



under this identification strategy. Our asymptotic analysis relies on a novel simulta-
neous time series and cross sectional study of long panels. These results significantly
extend related work in Hahn et al. (2019, 2022) and may be of independent interest.

We highlight the empirical relevance of our analysis by revisiting the study by
Autor et al. (2013) on the impact of rising Chinese import competition on local US
labor markets. In this setting, our overidentification tests find evidence against the va-
lidity of the identification framework of Goldsmith-Pinkham et al. (2020) as well as the
identification framework of Adao et al. (2019) and Borusyak et al. (2022). Moreover,
since shares are empirically correlated across sectors, our analysis further suggests that
TSLS may not have a causal interpretation in a heterogeneous effects model under the
identification strategy of Goldsmith-Pinkham et al. (2020). Likewise, TSLS may not
possess a causal interpretation in a heterogeneous effects model under the identification
strategy of Adao et al. (2019) and Borusyak et al. (2022) when shocks within clusters
are negatively correlated. Finally, we note that applying the proposed alternative just
identified long panel identification strategy is not viable in this application because there

are only two time periods.

The rest of the paper is organized as follows. Section 2 characterizes the overiden-
tifying restrictions implied by the identification strategies of Goldsmith-Pinkham et al.
(2020) as well Borusyak et al. (2022) and Adao et al. (2019). Section 3 examines the
scope for attributing a causal interpretation to TSLS under heterogeneous effects models
or long panel identification strategies. Our overidentification tests are developed in Sec-
tion 4, while Section 5 illustrates the relevance of our analysis by revisiting Autor et al.
(2013). Section 6 briefly concludes by providing recommendations for empirical practice.

A series of appendices contain proofs of our results and a Monte Carlo study.

2 Overidentification

Following the main instrumental variables specifications of Goldsmith-Pinkham et al.
(2020) and Adao et al. (2019), we begin by studying homogeneous treatment effects
models in which the parameter of interest is common across all individuals. In the next
section, we will examine heterogenous treatment effects models instead. For ease of
exposition, we focus on cross sectional applications though note that an extension to

short panel data settings is immediate; see, e.g., Remarks 2.1 and 2.2 below.

In what follows we let ¥; € R, X; € R, Z; € R, and W; € R? denote the outcome
variable, a scalar regressor of interest, a scalar instrument, and a vector of controls. We

53
(3

will refer to each as an individual, though note that in applications ¢ may represent,

for example, a location. The variables (Y;, X;, W;) are assumed to satisfy

Y, = X;8+ Wiys + &, (1)



where the restrictions on ¢; will be stated shortly. We will further require that the

instrument Z; follow a Bartik structure in the sense that it satisfies
Z;=2'S;

with Z € RP an aggregate variable and S; € R?P an individual specific variable.

For instance, in canonical applications Z equals a vector of aggregate industry spe-
cific shocks and S; equals the share of each industry in the economy of location i. For
this reason, in what follows we refer to Z as “shocks” and S; as “shares.” Other variables,
such as g;, may have a Bartik structure as well though we only make the Bartik structure

explicit for Z;. Finally, we complement equation (1) with the first stage equation
Xi = Zix + Wi + ;. (2)

Here, the £ and s subscripts on « refer to the first and the second stage respectively.
While we let the first stage coefficients in (2) be fixed for simplicity, it is worth emphasiz-
ing that all the results in this section continue section hold if the first stage coefficients
are instead random as in Adao et al. (2019). The observable variables are the aggregate
shocks Z and the cross sectional variables {Y;, X;, W;, S;}7" ;.

Different asymptotic frameworks either implicitly or explicitly condition on different
variables when delivering asymptotic promises. To reflect these differences, it will prove
convenient to introduce the notation G, to denote the relevant conditioning variables.
For instance, we will argue below that asymptotic approximations that rely on only
the cross section being large implicitly condition on aggregate variables such as the
shocks Z. Hence, in such instances we would set G,, to include all aggregate variables,
including Z. Alternatively, when specialized to equations (1) and (2), the asymptotic
framework of Adao et al. (2019) and Borusyak et al. (2022) explicitly conditions on the
cross-sectional variables {W;, S;,&;}" ; so we would in that case simply set G,, to equal
{Wi, Siseitisy-

We will first examine conditions under which the two stage least squares (TSLS)
estimand equals 3 in the homogeneous effects model defined by (1) and (2). To this

end, it is helpful to define the “population” residualized instrument Zm according to

n -1 n
) , (1 , 1
Zin = Z; — Wim, T = <; ;E [Ww{| Qn]) (; ;E (WiZi] gn]) , (3)

which allows us to define the TSLS estimand Sy, as the solution to the equation

% i:E | (Vi = Xifon) Zin| G| = 0. )



We note that in the notation we have let 3y, depend on n to reflect that the TSLS
estimand may depend on n through the conditioning on G,. Under an appropriate rank
condition, plugging the outcome equation (1) into the moment condition in (4) readily

yields that the estimand By, equals 3 if and only if we have

1 n
—> " E[ei(Zi — Wim,)|Gn] = 0. (5)
n i=1
We next examine the implications of this exogeneity condition under the different choices

of conditioning set G,, that correspond to different asymptotic approximations.

2.1 Conditioning on Shocks

Traditionally, empirical work employing shift-share designs has reported standard er-
rors that are motivated by asymptotic approximations in which only the cross section
becomes large (i.e. n — c0). Probabilistic statements associated with these asymptotic
approximations correspond to a thought experiment in which we only re-sample the
individual specific variables {Y;, X;, W;, S;},. For instance, in this context, the level
of a confidence interval for § refers to the probability that a randomly drawn sample
{Y;, Xi, W;, Si}i, yields a confidence interval that indeed includes /.

Probabilistic statements based on re-sampling only individual specific variables a
fortiori keep aggregate variables such as the shocks Z fixed. Consequently, in an asymp-
totic approximation in which only n becomes large we are only able to identify the
distribution of individual specific variables conditionally on the realizations of aggre-
gate variables such as Z. When evaluating the exogeneity condition on our instrument

=

(i.e. restriction (5)) under this asymptotic approximation, we should therefore view all

aggregate variables as belonging to the conditioning set G,.

In order to illustrate the implications of these observations, we will for simplicity
assume that the variables {S;, W, g;}7_; are i.i.d. and independent of all aggregate vari-
ables.” Provided that the controls W; are uncorrelated with the error ¢;, it then follows

from a bit of algebra that the exogeneity condition in (5) is equivalent to
Z'E [Sig;] = 0. (6)

Equation (6) highlights that the relevant exogeneity condition for this asymptotic frame-
work depends on the realization of the aggregate shocks Z and the correlation between
the shares S; and the error ;. Lacking a justification as to why (6) should hold at the

actual realization of Z and not others, we should in the interest of robustness demand

2This setting rules out, for example, that (W,e) have a Bartik structure as in Adao et al. (2019).
We note, however, that the main points made in this section carry over if we allow (W,¢) to have a
Bartik structure as well, though such an extension requires additional notation and assumptions.



that (6) hold at all possible realizations of Z. Provided the aggregate shocks Z exhibit
sufficient variation, however, it then follows that condition (6) can hold for all possible

realizations of Z if and only if in fact S; itself is uncorrelated with the errors &;.

Our next simple proposition formalizes the preceding discussion.

Proposition 2.1. Suppose that Z € G,, and that {S;, W;,&;}, are i.i.d. and indepen-
dent of Gy,. If E[We] =0 and the support of Z € RP has dimension p, then

1 n
- > E[ei(Zi — Wimy)|Gn) =0 (7)
i=1
with probability one (over Z) if and only if E[S;e;] = 0.

Proposition 2.1 establishes that the entire vector of shares S; must be a valid in-
strument in order for the scalar instrument Z; itself to be valid. This conclusion echoes
arguments in Goldsmith-Pinkham et al. (2020), who similarly argue that the exogeneity
of the instrument Z; should be understood in terms of the exogeneity of the shares S;.
The principal implication of Proposition 2.1 for our purposes is that the validity of the
Bartik instrument renders the model overidentified. For instance, it follows that we may

construct an overidentification test by employing the sample moments

n
1 .
— E Siés,
n 4

=1

where {&;}"_; denotes the fitted residuals from the estimated model. One complication
that arises in building overidentification tests from these moments is that the number
of moments (i.e. the number of shares) is often too “large” for standard asymptotic
approximations to remain accurate. In Section 4, we address this challenge by developing

overidentification tests that rely on high dimensional asymptotics instead.

Remark 2.1. While we have focused on a cross-sectional setting for ease of exposition,
our conclusions readily extends to panel data applications. Specifically, suppose there
are 1 < t < T time periods, each with an aggregate shock Z; and a cross-section
{Yit, Xit, Sit, Wit }7_ 1. Under a short panel asymptotic approximation (i.e. n — oo and
T fixed), conditions similar to those employed in Proposition 2.1 readily imply that as

the relevant exogeneity condition we should require that
E[Sitgit] =0 for 1 <t< T.

Thus, in this context, the time dimension yields additional overidentifying restrictions

to those available in the cross sectional setting. m



2.2 Identification Through Shocks

As an alternative identification strategy, Adao et al. (2019) and Borusyak et al. (2022)
advocate interpreting the exogeneity of the Bartik instrument Z; as originating from the
exogeneity of the aggregate shocks Z. Within our context, the assumptions employed by
their asymptotic approximations correspond to setting G, to equal {S;, W;,¢e;}7 | and
letting the number of shocks p increase with the sample size n.? Under this asymptotic

framework, the relevant exogeneity condition (i.e. restriction (5)) is equivalent to

% S i (SIE[2(Ga] — Win) = 0. (8)
i=1

To gain intuition into this exogeneity requirement, it is instructive to consider the
case in which there are no controls W;. Letting Z; denote the 4 coordinate of the
vector of aggregate shocks Z € RP and S;; the 4t coordinate of the shares S; € RP, it

then follows that the exogeneity condition in (8) simplifies to the expression

v <E[zjygn] x <%§nzgsj>> — 0. )

Moreover, since the moment restriction in (9) must hold for any possible realization of
the sample {S;,e;}1" , the exogeneity condition in this context implies, under appro-
priate assumptions, that the aggregate shocks {Zj}§:1 must have mean zero and be
mean independent of the individual specific variables {S;,&;}1";. However, if all the
aggregate shock {Z; }5:1 are mean independent of the individual specific variables, then

the instrument Z; = S/Z must itself be mean independent of {S;,;}" ; because

B[Zi{Si,ei}ii] = > B[Z4]GalSi; = 0.

j=1

Intuitively, if the aggregate shocks {Zﬁ?zl are exogenous in the sense that (9) holds,
then any suitable linear combination of the shocks, such as Z; = S/Z, must be mean
independent of {S;,€;}7" | as well. In particular, we obtain the overidentifying restriction

that Z; must be uncorrelated with any functions of the shares S; and the error &;.*

While the inclusion of controls W; allows us to relax the requirements on the ag-
gregate shocks Z, the model remains overidentified through its implications on the
conditional mean of the instrument Z;. Our next proposition illustrates this conclusion

in the simple setting in which Z is independent of all individual specific variables.

3 As noted by Adao et al. (2019), including {e;}7_, in the conditioning set is important for obtaining
asymptotically valid standard errors in applications in which {e;}j—, possesses a Bartik structure.

“Equivalently, note that since any suitably linear combination of Z is also a valid instrument, it
follows that there is a surplus of instruments and hence that the model is overidentified.



Proposition 2.2. Suppose G, = {S;, Wi, &}l and Z is independent of G,. If the

support of {e;}1_ conditional on {S;, W;}_, has dimension n, then

% S Blei(Z: — Wima)[Ga] = 0 (10)
=1

with probability one (over {S;, Wi, e;}1 ) if and only if E[Z;|{Si, Wi, i}l 1] = W/,

Proposition 2.2 establishes that the exogeneity requirement needed to obtain iden-
tification through the aggregate shocks Z effectively imposes that the conditional mean
of the instrument Z; given {S;, Wi, e;}"; be equal to the linear projection of Z; onto
W;. This conclusion can be shown to hold even if Z is not independent of the individual
specific variables {S;, W;,e;}1_; at the cost of additional notation and assumptions. For
our purposes, the principal implication of Proposition 2.2 is that the residualized instru-
ment (Z; — W/m,) must be uncorrelated with any function of the shares S;, controls W;,

and errors €;. This observation suggests employing the sample moments
1 n
~ > 9(E Wi, 8i)(Zi = Wiitn)
i=1

to construct an overidentification test — here ¢ is an arbitrary vector valued function and
{Z; — W!7,}_ | denotes the residuals from regressing the instrument on the controls.
In Section 4 we will develop such an overidentification test while allowing the number

of sample moments to potentially be high dimensional.

Remark 2.2. The overidentifying restrictions of Proposition 2.2 generalize to panel
data applications. Specifically, suppose that at each time period 1 < ¢ < T we observe
a shock Z; € RP and individual specific variables {Yjt, Xit, Sit, Wit }I'_;. In this context,
the asymptotic framework in Adao et al. (2019) and Borusyak et al. (2022) corresponds
to setting G, to equal { S, Wi, €it}?:’7£7t:1 and letting T" be fixed while n and p become
large. Under conditions similar to those imposed in Proposition 2.2, it follows that the

exogeneity requirements imposed on the shocks {Z;}1_; to obtain identification imply

n T -1 n T
E[Zi|Gn] = Wi, Ton = (Z > Wa t) (Z > WitE[Z@-Agn]) :

i=1 t=1 i=1 t=1

As a result, the model is now overidentified by the restriction that the residualized

instrument (Z;; — W/,m,) be uncorrelated with any function of {Wj, Si, gt m

Remark 2.3. Adao et al. (2019) and Borusyak et al. (2022) impose sufficient conditions
for the overidentifying restrictions derived in Proposition 2.2 to hold. For instance,
Adao et al. (2019) require that the controls satisfy W; = W'S;, with W a p x d matrix
of aggregate shocks, and impose that E[Z|{S;, W;, &}, W] = WT for some vector



I' € R%.” Under this structure, it follows that 7, equals ' and hence that

E[Zi|{Si, Wi, ei}i]
= E[S;E[Z‘{SH Wi, gi}?:lv W”{Slv Wi, Ei}znzl] = E[S;WPHS% Wi, gi}?:l] = Wi,ﬂ'nv

which implies the overidentifying restrictions of Proposition 2.2 are indeed satisfied. m

3 Just Identification?

We have so far shown that the homogeneous effects model is overidentified in shift-
share designs. One possible way to proceed, for instance after statistically rejecting
the model, is to weaken assumptions in a manner that renders the model potentially
just identified (e.g., in the sense of (Chen and Santos, 2018)). In this section, we show
that two natural relaxations to the model of Section 2 are severely limited in the set of
empirical contexts to which they may be successfully applied. As a result, we conclude
that the homogeneous effects model of Section 2 is of central empirical importance in

shift-share designs relying on Bartik instruments.

First, we examine the possibility of relaxing the model in Section 2 to a linear
heterogeneous effects model. In this context, the TSLS estimand can be interpreted as
a weighted average of causal effects for different population subgroups. We find, however,
that ensuring the estimand equals a positively weighted average of causal effects requires

strong, often unrealistic, assumptions on the distribution of the data.

Second, we examine the possibility of relaxing the model in Section 2 by only re-
quiring that the Bartik instrument be exogeneous when expectations are evaluated over
both the shocks and the shares. We show that, under this exogeneity requirement, iden-
tification crucially relies on the time series variation of the shocks and, as a result, that
the standard errors of TSLS depend on the time dimension. Because the majority of
empirical studies relying on shift-share designs have employed short panels, we expect

TSLS estimates to be highly imprecise under this identification strategy.

3.1 Heterogeneous Effects

We first re-examine the shift-share design of Section 2 in the presence of heterogenous

treatment effects. To this end, we generalize the second stage equation by setting

Y; = XiBi + Wivs + €5 (11)

5More precisely, Adao et al. (2019) impose that W; = W'S; +U; and require U; to be asymptotically
negligible in a suitable sense; see their Assumptions 3(iii) (iv).

10



i.e. the “treatment effect” (; is allowed to depend on the individual but, for simplicity, we
keep the coefficient for the controls fixed. We complement the second stage by following
Adao et al. (2019) and Goldsmith-Pinkham et al. (2020) in imposing a linear first stage

X =Z'NSi 4+ Wiye +m; A; = diag {(Ni1,-- -, Aip) } (12)

where “diag{(a1,...,ap)}” denotes a diagonal matrix with diagonal entries (ay,...,ap)
and again, for simplicity, we set the coefficient for the controls W; to be fixed. In analogy

to Imbens and Angrist (1994), we refer to A; as the “type” of the individual.

Within this context, we examine conditions under which the TSLS estimand retains

a causal interpretation. Formally, we remain interested in the parameter fy, solving

% Z:;E (%~ Xbon)ZiafGa] = 0.

but now study conditions under which 5y, equals a positively weighted average of the
average treatment effects for different subgroups. Under suitable exogeneity and rank

conditions on the instrument Z;, it is possible to show that the estimand Sy, satisfies

B [XiZinli, Wi, G|

50,11 =F n R )
S0 B [ XiZinlG]

(13)

(Z wi n B [Bi|Ai, Wi, gn])

=1

gn] Win =

i.e. Bo,n equals the expectation of a {w; ,}}- ;-weighted average of the average treatment
effects for subgroups determined by A; and W;; see Lemma A.2.1 for a formal statement.
As forcibly argued in the literature, a minimal requirement for 3y, to possess a causal
interpretation is that the weights {w;,}; be positive (Kolesar, 2013; Blandhol et al.,
2022). In what follows, we study the implications of requiring that such a positivity
condition hold under different asymptotic frameworks — i.e. under different choices of
Gr. For succinctness, we will refer to TSLS as having a causal interpretation whenever

the weights {w; ,}i~, are positive with probability one.

3.1.1 Conditioning on Shocks

We begin by studying the conditions under which TSLS has a causal interpretation in
an asymptotic setting in which only the cross section grows (i.e. n — o0). Recall that
in Section 2.1 we showed that this setting implicitly conditions on the shocks Z and

requires the shares S; to be a valid instrument.

The analysis in this section relies on the following assumption and additional regu-

larity conditions that we formally state in the Appendix; see Assumption A.2.1.

11



Assumption 3.1. (i) Z and {Y;, X;, W;, S;}l', satisfy equations (11) and (12); (ii)
(Z,Mi, Bi,ei,mi) AL S; conditionally on W;; (iit) E[Z;|W;, G| = W/m, with G, = {Z}.

Assumption 3.1(i) formally imposes the structure of the model, while Assumption
3.1(ii) requires the shares S; to be suitably exogenous. In Assumption 3.1(iii) we further
demand that the conditional mean of the instrument given the covariates be linear.’
Blandhol et al. (2022) showed in a related context that Assumption 3.1(iii) is a necessary
condition for TSLS to have a causal interpretation. We therefore impose Assumption
3.1(iii) not because it is innocuous, but because it enables us to examine what additional
conditions are necessary for TSLS to have a causal interpretation. Assumption 3.1(iii)
is of course testable, and practitioners may wish to examine its validity in assessing

whether the TSLS estimator can be assigned a causal interpretation.

Our next proposition characterizes the weights {w; ,}I~; and obtains necessary and

sufficient conditions for them to be positive with probability one.
Proposition 3.1. If Assumptions 3.1 holds and G, = Z, then it follows that

o Z'(A;Var{S;|W;})Z
L Z?:l Z’(AJVar{SJ|W]})Z

(14)

Moreover, if in addition Assumption A.2.1 holds, then for n large w; ,, is positive for all
i with probability one (over A;, W;, Z) if and only if the matriz A;Var{S;|W;} is either

positive semi-definite with probability one, or negative semi-definite with probability one.

The first part of Proposition 3.1 shows that the weights may be expressed as a
quadratic form in the shocks Z (see (14)). Intuitively, provided that the support of the
shocks Z is sufficiently rich, it therefore follows that the weights can only be positive
for all possible realizations of the shocks Z if in fact the matrices A;Var{S;|W;} are
positive semi-definite (or negative semi-definite) with probability one. The second part
of Proposition 3.1 formalizes this intuition under the requirement that the support of

the shocks Z contain a neighborhood of zero.”

The necessary and sufficient conditions derived in Proposition 3.1 for TSLS to have a
causal interpretation are both highly restrictive and testable. Our next corollary shows
that, under mild conditions on the support of A;, these conditions in fact necessarily fail

whenever shares are correlated with each other.

Corollary 3.1. Let the conditions of Proposition 3.1 hold and suppose that the support
of Xij/ ik is unbounded for any j # k. If for some j # k we have that

P (COV{SZ']', S@k’Wz} 7& O) > 0, (15)

SUnder regularity conditions, Assumption 3.1(iii) is equivalent to E[S;|W;] being linear in W;.
"This requirement is formally stated in Assumption A.2.1 in the Appendix.

12



then the weights {w;n}l", are negative with positive probability (over (A, W;, Z)).

Corollary 3.1 implies that, whenever shares are correlated, TSLS necessarily lacks a
causal interpretation under certain realizations of the shocks Z. Because shares must be
correlated whenever they sum up to one, we view Corollary 3.1 as a warning that TSLS
based on the Bartik instrument can easily fail to have a causal interpretation under a
heterogenous effects model. However, it may be worth emphasizing that, as argued by
Goldsmith-Pinkham et al. (2020), empirical researchers may still be able to estimate
causal parameters by carefully employing the shares as separate instruments instead of

combining them into a single scalar Z; by employing the shocks Z.

Remark 3.1. Corollary 3.1 yields testable implications beyond restricting the correla-
tion between shares. Notably, because Var{S;|W;} must be diagonal and A; must have
constant sign in order for TSLS to have a causal interpretation, it follows that the sign
of the first stage must be constant under certain choices of instrument. In particular,
letting Z~,~j = f;(W;)2Z; for any positive f; and Z = (Z~,~1, e ,Zip)', it follows that

sign { E1X,Zin| 2]} = sien { BIXi(S: - E[Si|Wi]) Zi|2]} (16)

Since the conditional mean of the shares is linear in the controls in our setting, we
obtain a simple diagnostic: Compare the sign of the covariances between X; and SZ’ nZi

for different choices of Z~Z — here, Sl-m denotes the residual from regressing S; on W;. m

3.1.2 Identification Through Shocks

We next examine the conditions under which TSLS retains a causal interpretation in
an asymptotic framework in which identification is driven by the exogeneity of the
aggregate shocks. To this end, we follow Adao et al. (2019) and Borusyak et al. (2022) in
augmenting the conditioning set G,, of Section 2.2 to include all unobserved heterogeneity
— i.e., we set G, to equal {S;, W;, A;, B, €5, mi}1 .

Our analysis in this section relies on the following assumption and a set of regularity

conditions that we formally state in the Appendix; see Assumption A.3.1.

Assumption 3.2. (i) Z and {Y;, X;, W;, S;}l', satisfy equations (11) and (12); (ii)
E[Z;|Wi,Gn] = Wi, with G, = {Si, Wi, Ay, Bis €i,mi 11y -

Assumption 3.2 imposes the structure of our model and requires that the conditional
mean of the instrument given the controls be linear.® As previously noted in Section

3.1.1, linearity has been shown to be a necessary condition for TSLS to preserve a causal

8Sufficient conditions for Assumption 3.2(ii) were introduced by Adao et al. (2019); see Remark 2.3.
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interpretation in related contexts. We reiterate that we therefore impose linearity to ex-
amine what additional conditions are needed for TSLS to have a causal interpretation,
and not because we view linearity as an inoccuous assumption. It is also worth empha-
sizing the connection between Assumption 3.2(ii) and Proposition 2.2, which established
that linearity was a necessary condition for the instrument to be exogenous in a homo-
geneous effects model. As a result, the overidentification test for the homogenous effects

model that we develop in Section 4 may be readily adapted to test Assumption 3.2(ii).

Our next proposition obtains a characterization of the weights {w; ,,}?* ; and derives

a necessary and sufficient condition for TSLS to have a causal interpretation.

Proposition 3.2. If Assumption 3.2 holds, and G,, = {S;, Wi, A, Bi, i, mi} 7y, then

o Si(A;Var{Z|G,})S;
b = ST G (A Var{ 2|6 })S;

Jj=1%j

(17)

Moreover, if in addition Assumption A.3.1 holds, then for n large w; , is positive for all
i with probability one (over G, ) if and only if the distribution of A;Var{Z|G,} satisfies

p (sup s'(A;Var{Z|G,})s < 0) =1lorP ( ir[g s'(A;Var{Z|G,})s > O) =1. (18)
se i

p
sERY

The first part of Proposition 3.2 establishes that the weights {w;,}! ; equal a
quadratic form in the shares S;. Intuitively, the expression for the weights as a quadratic
form in the shares implies that the support of the random matrix A;Var{Z|G, } must be
restricted in order for the weights to be positive for any possible realization of the shares.
The second part of Proposition 3.2 formalizes this intuition under a requirement that

the support of the shares is suitably rich; see Assumption A.3.1 for a formal statement.

Because, unlike the shocks, the shares are always positive, the necessary and sufficient
condition for TSLS to have causal interpretation (i.e. (18)) is weaker than requiring the
random matrix A;Var{Z|G,} to be positive (or negative) semidefinite with probability
one. The conditions derived by Proposition 3.2 are nonetheless restrictive and testable.
Our next corollary, for instance, employs Proposition 3.2 to establish that TSLS fails to

have a causal interpretation whenever shocks are negatively correlated.

Corollary 3.2. Let the conditions of Proposition 3.2 hold and suppose P(\;; =0) =0
for all j and the support of Aij/ ik is unbounded for any j # k. If in addition

P (Cov{Z;, Z;|G,} <0) >0 (19)
for some j # k, then the weights {w;}I" | are negative with positive probability.

Traditionally, the literature has assumed shocks to either be uncorrelated or clus-

tered for asymptotic purposes (Adao et al., 2019; Borusyak et al., 2022). Corollary 3.2
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highlights that the covariance structure of the shocks is important not only for deliv-
ering asymptotic approximations and computing standard errors, but also for assigning
TSLS a causal interpretation. Corollary 3.2 additionally has important implications
for applications in which standard errors are clustered. In particular, since clustered
standard errors reflect a concern that shocks within a cluster are correlated, Corollary
3.2 implies that TSLS can only retain a causal interpretation if in fact all correlations
within a cluster are positive conditionally on G,,. Empirical researchers clustering stan-
dard errors should therefore argue that all correlations within a cluster are positive or,

alternatively, rely on a homogeneous effects model.

Remark 3.2. Because all entries of Var{Z|G, } must be (weakly) positive and the sign

of A; must be constant for TSLS to possess a causal interpretation, it follows that

n n
sign {Z E[Xiz'l-,n|gn]} — sign {Z E [Xi(Z — E[Z2|G,)) f(Si, W3)|Gn] } (20)
i=1 =1

for any positive f(S;,W;) € RP and G,, as in Corollary 3.2. In parallel to Remark 3.1,
we may interpret the restriction in (20) as demanding that the sign of the first stage
be constant under certain alternative choices of instrument. Empirically evaluating this
restriction can require an estimator for the conditional mean of the shocks. For this
purpose, we note that multiple such estimators have been proposed in the literature
as they are also needed to compute the standard errors of the TSLS estimator when
conditioning on G,, (Adao et al., 2019; Borusyak et al., 2022). m

3.2 Long Panel

Our cross sectional analysis has so far conditioned on either the aggregate shocks or
the shares to obtain identification. Both approaches yield overidentifying restrictions
for homogeneous effects models that carry over to short panel settings (i.e. T fixed);
see Remarks 2.1 and 2.2. In this section, we conclude by exploring the implications of

employing unconditional moment restrictions for identification instead.

For illustrative purposes, we consider a homogeneous effects models with no controls
and a scalar endogenous variable. We assume that at each time period 1 < ¢t < T we

observe an aggregate shock Z; and variables {Yi, Xjt, Zit, Sit }I; satisfying
Yie = XS + €i Ziy = S, 2.

As an identifying assumption, we now employ the just identified moment restriction
n T

niT > EleiZi) = 0. (21)

i=1 t=1
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Crucially, the expectation in (21) is taken over both the cross section and the time
series — e.g., over both Z; and (S, ;). In particular, the moment restriction in (21)
contrasts with Goldsmith-Pinkham et al. (2020) and Adao et al. (2019) who instead

consider conditional expectations given Z; and (S;,e;) respectively; see Section 2.

The natural estimator for 8 continues to be the same TSLS estimator that we have
considered so far. However, relying on the unconditional moment restriction in (21) for
identification now requires us to let both n and T grow so that we may approximate
expectations over both the cross section and the time series. As a result, when employing
the just identified moment restriction in (21) to obtain identification, we need to rely on
“long panel” asymptotic approximations and their corresponding standard errors. The
main message of this section is that the long panel standard errors for TSLS decrease
at a rate of 1/ VT. Therefore, long panel standard errors, and hence the identification

restriction in (21), are unlikely to prove informative in applications in which 7" is small.

In the rest of the section, we provide a summary of the long panel asymptotic
properties of the TSLS estimator. Due to the technical nature of the analysis, we
relegate formal statements to the appendix and focus instead on providing intuition for
the results. To this end, we begin by noting that the TSLS estimator f,, satisfies

T n -1 n T
Bn— B = <nLT Z Z XitZit> (niT Z Z Zt,Siteit> : (22)

t=1 i=1 i=1 t=1

As the cross section and time series grow, the denominator in (22) converge in probability

to some constant D # 0 under standard conditions; i.e., the denominator satisfies
1 T n
P
— > XuZy B D. (23)
t=1 i=1

The asymptotic distribution of the TSLS estimator is therefore governed by the numera-
tor in (22). In order to derive this asymptotic distribution, we let C; denote all aggregate
shocks at time ¢ (which includes Z;) and assume that {S;e;}i  are i.i.d. across ¢ (but

not ¢) conditionally on the aggregate shocks C;. Defining the variables
G = B [SielCe], vit = Si€it — Gt

we then obtain a decomposition into a time series and a panel process by noting that

1 n T 1 T 1 T n

i=1 t=1 t=1 i=1

Crucially, the time series process {Z/¢;}Z_; has mean zero because of the moment re-

striction in (21), while the panel process {Z{Vit}?;il has mean zero by construction.
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Thus, under appropriate restrictions, we should expect both the time series and panel

processes to be asymptotically normally distributed.

The preceding discussion is formalized in the appendix, where we establish:

Proposition 3.3. Under the technical conditions presented in Appendiz A.J we have

T T n
€ HIETELS ) LM KNS 2
t=1

t=1 i=1

as n,T — oo, with G¢ and G, independent Gaussian random variables.

The long panel asymptotic properties of the TSLS estimator immediately follow from
Proposition 3.3. For instance, combining Proposition 3.3 with results (22), (23), and

(24) allows us to approximate the variance of Bn, by the expression

Var {3, — 5} ~ (%)2 {%Var{Gg} + niTVar{Gy}} . (26)

In particular, it follows that the long panel standard errors for TSLS decrease at a rate of
1/ V/T. Intuitively, this dependence on the time dimension results from the dependence of
the moment restriction on the distribution of the time series. One important exception to
this phenomenon arises when the time series process has zero variance (i.e. Var{G¢} = 0).

This exception corresponds to the case in which (; = 0 or, equivalently,
E[S¢t6it|ct] =0. (27)

However, as we discussed in Section 2.1, the conditional moment restriction in (27) is ex-
actly the identifying assumption made by Goldsmith-Pinkham et al. (2020) that renders
the model overidentified. In summary, the long panel analysis suggests that practitioners
should either report standard errors based on (26) or rely on the short panel identifi-
cation strategies discussed in Section 2 and report the corresponding overidentification

tests instead.

4 Overidentification Tests

We next build on our results by developing overidentification tests for the homogeneous
effects model studied in Section 2. While we focus on homogeneous effects models due to
their demonstrated importance in shift-share designs, we note that it is also possible to
test the overidentifying restrictions for heterogeneous effects models derived in Remarks
3.1 and 3.2 by adapting the insights in, e.g., Bai et al. (2022).
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4.1 The Approach

The identification strategies commonly employed for homogeneous effects models yield
testable implications in the form of moment equality restrictions. In this section, we
present a general inference approach that is portable across the moment restrictions

yielded by different identification strategies.

In what follows, we let V; = (Y;, X;, W;, S;, £) for notational simplicity. The overi-

dentifying moment restrictions we derived in Section 2 have the structure

where 6 represent some unknown parameter (e.g., 8) and f(V;,6) € R? is a vector
valued function. In many applications, the number of moment equality restrictions is
high dimensional in the sense that it is “large” relative to the sample size. Because
the distributional approximations implicit in chi-squared overidentification tests can be
unreliable in high dimensional problems, we instead employ test statistics based on the
high dimensional central limit theorem of Chernozhuokov et al. (2022). Specifically, for
an estimator én of 6 and f;(V;, én) denoting the j** coordinate of f (Vi, én) € R? we set

35 (1)

as the test statistic for the null hypothesis that the moment restrictions hold.

n = IMmax
1<5<q

(28)

The main assumption we impose to construct a test is that the sample moments be
asymptotically linear; see Appendix A.5 for a formal statement of the assumptions and
results for this section. Intuitively, we require that for some collection of independent

mean zero random variables {%}2’;1 C R? the test statistic approximately equals

wa ,

1<j<q

where v;; denotes the 4t coordinate of v;. We refer to the number b, of random
variables v; as the “effective number of observations,” and note that it need not equal
the sample size. Such a distinction is useful, for example, when the data is clustered
(in which case b, equals the number of clusters) or when relying in the asymptotic

framework in Adao et al. (2019) (in which case b,, equals the number of shocks p).

We obtain critical values for our test by relying on a bootstrap approximation.

Specifically, given estimates {1&,} for {¢z}@ 1, we define a bootstrap statistic




where TZJZ']' denotes the j* coordinate of T,ZA)Z € R? and the random weights {wi}?il are
drawn independently of the data {V;}?_,. For instance, we may set the bootstrap weights
{Wi}?l1 to bei.i.d. and drawn from a standard normal or Rademacher distribution.” The

bootstrap critical value for a level « test is then given by the bootstrap quantile
én =inf{c: P(T, <c|[{Vi}iL;) > 1—a};

i.e. we employ the 1 —«a quantile of T¥ conditional on the data {V;}I"; but uncondition-
ally on the bootstrap weights {w;}? ;. The critical value ¢, can as usual be obtained
through simulation by employing multiple draws of the bootstrap weights {w;}I"; to

approximate the distribution of 7)¥ conditionally on the data.

Our next result establishes that a test that rejects whenever T, exceeds the critical
value ¢, has the correct asymptotic size. We defer the statement of the relevant regular-
ity conditions to Appendix A.5, though note that they allow for the number of moment

restrictions ¢ to grow together with the effective sample size b,,.

Proposition 4.1. Under the regularity conditions discussed in Appendix A.5, we have

lim P(T,, > é,) = a.

n—oo

4.2 Conditioning on Shocks

The general approach discussed in the preceding section can readily be specialized to
develop an overidentification test for application that implicitly condition on aggregate

shocks in their analysis. Recall that such applications require the restriction
E[Siei|Gn] =0,

where G, is understood to contain all aggregate variables, including Z (Goldsmith-Pinkham et al.,

2020). As our test statistic we therefore employ

I — , .
— > Siéil, (29)
95 =1

T, = max
1<j<p

where S;; denotes the jth coordinate of S; € RP, {&;}" , are the residuals from the
estimated model, and &; is an estimated weight that allows us to ensure that all p

moments are on a comparable scale.

In order to map this setting into the overidentification test of the preceding section,

we simply set f;(Vi,0,) = Sijéi/d; so that the test statistic in (29) becomes a special

9The Rademacher distirbution corresponds to setting w; to satisfy P(w; = 1) = P(w; = —1) = 1/2.
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case of (28). Setting A; = (Z;, W/)', o; to be the probability limit of ¢;, and defining

Ui' / / -
bij = J—j Uij = (Sijei — E[Si; (X3, W))| Gu] (E[Ai (X3, W) |Gal) 1Aiei) ,

it is then possible to show that, under the null hypothesis, T}, approximately equals

Z bij

n X Imax
1<5<p

provided the observations {Y;, S;, X;}I' ; are i.i.d. conditionally on G,.'Y Our inference

approach requires an estimator for the influence function 1; and to this end we set

N -1
. U, . X 1 < 1 & .
¢ij = &J Uij = Sijsi - <E Z Skj (Xk, W,g)) (E ZAk (Xk, W;g)) A@'&'

J k=1 k=1

We also let &jz be an estimator of the asymptotic variance of the j* moment by setting
1 ¢ 1 ’
52 — 7. 7,

Following the approach in the preceding section, we obtain critical values for our test
statistic by: (i) Drawing b € {1,..., B} samples {wl(b)}?:l of standard normal random
variables independent of the data; (ii) For each drawn sample {wi(b)}?:l computing

Z 0 <¢U 1 Z %)

T = max
1<_7<p

and (iii) For a level « test, letting ¢;_, denote the 1 — a quantile of {T;(b)}le. Our

overidentification test then rejects whenever T}, exceeds the critical value ¢;_.

Remark 4.1. The proposed test can easily be adapted to account for clustered data.
Specifically, suppose observations are divided into clusters {ci,...,cc|} =C ~e.g., C
may represent all states, |C| the total number of states, and each cluster ¢ € C a specific
state. While the test statistic remains the same, for our bootstrap implementation we

now set TZJCJ' = ice Uij/&j for 6]2 the cluter robust sample variance of {Uw -, and let

zgwc (wcj 0l qu>

ceC

with {w; }cec an i.i.d. sample of standard normal random variables drawn independently

of the data — i.e., the bootstrap procedure is modified by simply employing the same

10See the supplemental appendix for calculations supporting the claims in this section.
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draw of w, for all observations in the same cluster. We note that this procedure maps

into the notation of Section 4.1 by letting b,, equal the number of clusters. m

4.3 Identification Through Shocks

We conclude our discussion of overidentification tests by specializing our approach to
applications in which the exogeneity of the Bartik instrument originates from the exo-
geneity of the shocks. Recall from Section 2.2 that the asymptotic framework designed

for such applications relies on setting G, = {S;, W;,e;}I*;, which yields the restriction
E[Zi|{Si, Wi, ei}ia] = Wim,

for m, the population regression coefficient from regressing {Z;}7; on {W;}" ; condi-

tionally on G, (as in (3)). As our overidentification test statistic we therefore employ

> 95(E Wi, Si)(Zi = Win)| (30)
=1

1
T, = max |—
1<j<q|0j

where {¢;}?" ;| are the residuals from the estimated model, 7, is the regression coefficient
from regressing {Z;}* ; on {W;}? |, 6, is again an estimated weight, and g;(&;, W;, S;)

denotes the j™ coordinate of the vector valued function g(é;, W5, S;) € RY.

In order to obtain a suitable critical value, we first need a characterization of the

influence function for each sample moment. To this end, we define

n -1 n
5; = <Z WiWi’> > Wigj(ei, Wi, Si)
=1

i=1

n -1 n
<Z E [5;5Xi|gn]) <Z E [SIEX;(G,] % g; (e, Wi, &-))

i=1 i=1

kj
with &€ = Z — E[Z|G,], and for ¢; the probability limit of 6; we let ;; be given by
_ Uy _ - /
Vi = o Uij =& x Zski(gj(ek"wkask) — Wij — epkij)-

J k=1

Under conditions similar to those employed by Adao et al. (2019), it is then possible to

show that under the null hypothesis the statistic T}, satisfies the approximation'!

p

>

i=1

T, ~ max
1<j<q

We note that, because identification is driven by the exogeneity of the shocks, the

"See the supplemental appendix for calculations supporting the claims in this section.
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effective number of observations equals p and not n — i.e. the sample {¢;} is of size p.

Our bootstrap critical value also relies on an estimate of ;, and to this end we define

n -1 5
i=1 i=1
n -1 n o
fj = <Z(Z,~ — Wi'frn)Xi> (Z(Zi — Wl-/ﬁ'n)Xiggj(éhWhSi)) :
i=1 i=1

and let £ € RP denote a suitable estimator for & = Z — E[Z|G,]; see Remark 4.2 for

possible choices of €. As our estimator for the influence function 1;; we then set

&

Usj = & x> Skilg; (e, Wiy Si) — Wid; — k).
J k=1

d%jfz

Q>

Finally, for the purposes of studentizing the sample moments we set 6? to be given by

y 1 1)
Aj EE;;:E: <(%j _-i525217kj> .

k=1

Given the estimates {1&2}, we can obtain asymptotically valid critical values by
following the same procedure as in the preceding section. Specifically, we: (i) Draw
be {1,...,B} samples {w ®) }p 1 of standard normal random variables independent of
the data; (11) For each drawn sample {w( )} _, we compute the bootstrap statistic

p
ZW (1&2] - ]1) Z&m) ;
k=1

T*(b) = max
1<5<q

and (iii) For a level « test, we let ¢1_, denote the 1 — o quantile of {T;(b)}le. Our

overidentification test then rejects whenever T;, exceeds the critical value ¢1_4,.

Remark 4.2. Multiple estimates £ for £ = Z — E[Z|G,] have been previously studied

in the literature. Adao et al. (2019), for instance, propose the estimator

n -1 n
£ = (Z Sﬁ{) > Sit(Zis — Wiin). (31)
i=1 i=1

Alternatively, in applications in which W; contains variables equal to Q'S; for some p x k

observable matrix of aggregate variables Q, Borusyak et al. (2022) advocate setting
£=2-0(QQ)'Qz (32)
instead. In our empirical analysis of Autor et al. (2013) we employ a ridge regression
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version of (31) because: (i) The matrix >, 9;S! is ill-conditioned in that application,"
which prevents the use of (31); and (ii) We focus on the specification employed in
Autor et al. (2013), which does not contain controls with the structure required by (32).
|

5 Empirical Application: The China Syndrome

We illustrate the empirical relevance of our analysis by revisiting the seminal work of
Autor et al. (2013) examining the impact of rising Chinese import competition on local

US markets. We focus on the main specification of Autor et al. (2013), in which
Yie = XuB + Wipys + it (33)

with i indexing a commuting zone (CZ), ¢t indexing one of two time periods, Y;; and Xj;
denoting the change in employment manufacturing and a measure of import exposure,
and W;; denoting a set of CZ level characteristics.'® Autor et al. (2013) estimate the
model in (33) by TSLS based on a Bartik instrument Z;; = Z/S;; in which S;; and Z;
consist of a vector of lagged industry shares and a vector of Chinese imports growth to
other countries for different industries. Their analysis also employs four digit SIC codes

to define sectors, leading to a total of p = 397 sectors.

The standard errors in Autor et al. (2013) rely on an asymptotic approximation that
implicitly conditions on the shocks. As we argued in Section 2.1, such standard errors

corresponds to an identification strategy in which shares are viewed as exogeneous; i.e.
E[Sieit] = 0 for all ¢. (34)

We therefore begin by examining the viability of a constant treatment effects model
in this application by employing the overidentification test of Section 4.2. Following
Autor et al. (2013), we conduct inference by clustering at the state level leading to only
48 effective observations — a number much smaller than the p x T = 794 number of
moment restrictions represented by (34). In a Monte Carlo study based on this dataset
we found the finite sample rejection probabilities of our test to be below the nominal
level when employing all 794 restrictions; see the Supplemental Appendix. We therefore
also test the validity of moment restrictions implied by (34) by aggregating shares to

higher level SIC codes and focusing on particular time periods.

Table 1 reports the p-values for our overidentification tests under different choices of

moment restrictions. Overall, our analysis yields evidence against the validity of the con-

12Adao et al. (2019) instead address this ill-conditioning by dropping sectors from the shares vector.
139pecifically, we employ the specification in column (6) of Table 3 in Autor et al. (2013).
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Table 1: Overidentification tests corresponding to conditioning on shocks

Moment Restrictions # Moments p-value
Four Digit SIC & all time periods 794 0.127
Four Digit SIC & t =1 397 0.115
Four Digit SIC & t = 2 397 0.098
Three Digit SIC & all time periods 272 0.049
Three Digit SIC & t =1 136 0.009
Three Digit SIC & t = 2 136 0.072
Two Digit SIC & all time periods 40 0.005
Two Digit SIC &t =1 20 0.002
Two Digit SIC & t =2 20 0.366

Table reports p-values for overidentification tests of constant treatment effects models identified by implicitly
conditioning on the realization of the shocks; see Section 4.2. All tests are implemented by clustering at the
state level and weighting commuting zones by their start of period population as in Autor et al. (2013).

stant effects model under an identification strategy that implicitly conditions on shocks.
Goldsmith-Pinkham et al. (2020) reach a similar conclusion, though we note that the
overidentification tests they employ do not cluster at the state level and are not robust
to a “large” number of moment restrictions. Given the implausibility of the constant
treatment effects model, it is natural to ask whether TSLS can be attributed a causal
interpretation through a heterogeneous treatment effects model instead. Unfortunately,
Corollary 3.1 establishes that such an interpretation necessitates that shares be uncor-
related across sectors — a requirement readily contradicted by the data, which exhibits
correlations for some sectors in excess of 0.9. We note, however, that as advocated by
Goldsmith-Pinkham et al. (2020) it may still be possible to proceed by employing the

shares as instruments without combining them into a Bartik instrument.

We next examine the viability of a constant effects model under an identification
strategy in which the exogeneity of the Bartik instrument is due to the exogeneity of
the shocks (Adao et al., 2019; Borusyak et al., 2022). To this end, we implement the
overidentification test of Section 4.3, which requires us to select a vector of moments
({g;} in (30)) and an estimator for £ = Z — F[Z|G,] (as in Remark 4.2). For the former,
we select a total of twenty moments and let the functions {g;} depend on € only. In
particular, we select one function g; to simply equal €2, and the other nineteen to equal
the Logit pdf centered at equispaced points in the support of €; see the Supplemental
Appendix for details. Finally, as discussed in Remark 4.2, we estimate £ through Ridge
regression and follow Borusyak et al. (2022) in clustering at the three level SIC code.

Table 2 reports the p-values for our test corresponding to different choice of Ridge
penalties. Our results show some sensitivity of the p-value to the choice of Ridge penalty.

This conclusion echoes Adao et al. (2019) who similarly find that the manner in which

24



Table 2: Overidentification tests corresponding to identification through shocks

Ridge Penalty
le-3 le-4 le-5 le-6
p-value 0.0012 0.0074 0.0368 0.065

Table reports p-values for overidentification tests of constant treatment effects models identified through the
exogeneity of shocks; see Section 4.3. All tests are implemented by clustering at the three digit SIC level and
weighting commuting zones by their start of period population as in Autor et al. (2013).

they address the singularity of the shares design matrix affects their standard errors.'

Overall, we interpret Table 2 as providing evidence against the plausibility of the con-
stant effects model under the identification strategy that attributes the exogeneity of
the Bartik instruments to the shocks. Our preferred choice of penalty for this applica-
tion is le-5, yielding a p-value of 0.0368, which in a Monte Carlo study based on this
dataset yielded finite sample rejection probabilities closest to a 5% nominal level; see
the Supplemental Appendix. It is also worth emphasizing that clustering at the three
digit SIC level has important implications for whether TSLS can be attributed a causal
interpretation in a heterogeneous effects model. For example, Corollary 3.2 implies that
such a causal interpretation necessitates all industries within the same 3-digit SIC code
to be (weakly) positively correlated. It is important to note, however, that the latter
requirement is necessary but not sufficient for TSLS to have a causal interpretation; see

Remark 3.2 for additional restrictions.

Finally, we note that the “just identified” long panel identification strategy of Section
3.2 is not viable in this application. Specifically, because there are only two time periods
in Autor et al. (2013), it is not possible to learn the time series distribution of the shocks
as required by such an approach. In other words, it would be foolhardy to invoke an

asymptotic approximation based on T' diverging to infinity when T" equals two.

6 Summary and Recommendations

In this paper, we examined the testable implications of identifying restrictions employed
to assign a causal interpretation to TSLS based on Bartik instruments. We developed
specification tests for homogeneous effects models that are robust to heteroskedasticity,
clustering, and weighting. Because our tests are based on the high dimensional central
limit theorem, we expect them to be more robust than their alternatives to the “high”
degree of overidentification present in shift-share designs. Finally, we argued that our
overidentification tests are of central importance due to the potentially limited empirical

scope of the natural alternatives to the homogeneous effects models.

1 Adao et al. (2019) addressed the singularity of >, S:S; by dropping sectors from their analysis.
As stated by the authors, their standard errors are affected by what sectors are dropped; see page 3 in
https://github.com/kolesarm /ShiftShareSE/blob/master /doc/ShiftShareSE.pdf
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Our analysis has a number of important implications for applied work:

e We recommend that practitioners report overidentification tests corresponding to
the identification strategy of Goldsmith-Pinkham et al. (2020) as well as that of
Adao et al. (2019) and Borusyak et al. (2022). These tests can provide evidence

as to which identification strategy is more compatible with the data.

e Practitioners relying on the identification strategy of Goldsmith-Pinkham et al.
(2020) should be wary of assigning a causal interpretation to TSLS by relying on
a heterogenous effects model. Such an interpretation necessitates that shares be
uncorrelated across sectors, which is empirically untenable. On the other hand, as
advocated by Goldsmith-Pinkham et al. (2020), it may still be possible to employ

the shares for causal inference by not combining them into a Bartik instrument.

e Practitioners should likewise be careful in assigning TSLS a causal interpretation
by relying on a heterogeneous effects model under the identification strategy of
Adao et al. (2019) and Borusyak et al. (2022). A necessary condition for TSLS to
be causal is that shocks to different sectors not be negatively correlated. Reasoning
through the correlation structure of shocks is thus important not only for the

purposes of obtaining standard errors, but also for interpreting the TSLS estimand.

e In applications with long panels, it is possible to rely on an alternative identifi-
cation strategy in which the randomness of the instrument is understood jointly
over the cross sectional distribution of shares and the time series distribution of
shocks. Practitioners relying on this approach, however, need to employ different

standard errors that are governed by the length of the panel.
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Appendix

This Appendix contains the proofs of all the results in the main text.

A.1 Proofs for Section 2

Proof of Proposition 2.1. First note that since {S;, W, &;}_; are i.i.d. and independent
of G, and Z is measurable with respect to G, it follows E[W;e;] = 0 that

% SB[ — Wima)|Ga] = 2/[Sici).

i=1

It is therefore immediate that E[S;e;] = 0 is a sufficient condition for (7) to hold with
probability one over Z. To see that this condition is also necessary, suppose by way of
contradiction that E[S;e;] # 0. By Lemma A.1.1, it then follows that there is a 2* in
the support of Z satisfying (2*) E[S;g;] # 0. Assuming without loss of generality that
(2*)'E[Siei] > 0 and setting Bs(z*) = {z € RP : ||z — z*|3 < &}, we then obtain that
(E[S;ei])'z > 0 for all z € Bs(2*) provided that § > 0 is chosen to be sufficiently small.
Hence, employing that z* is in the support of Z yields that

P (2'E[Sig;] #0) > P(Z € Bs(z*)) > 0,

which implies that for (7) to hold with probability one we must have E[S;e;] =0. m

Proof of Proposition 2.2. First note that since G,, = {S;, W;, &;}7; and Z is independent
of G,, by hypothesis, it follows from Z; = S!Z by definition that we have

Iy (7 — W I (o '
E;E[@ (Z; — W) |Ga] —nZel (SIE[Z] — Wimy,) .

= i=1

Since E[Z;|{S:, Wi, ei}1 ;] = S/E[Z], we can conclude that E[Z;|{S;, Wi, e}l = W/,
is a sufficient condition for (10) to hold with probability one. In order to establish the

converse direction, we next define the event A,, to be given by
An = {S;E[Z] # Wi/ﬂ'n for some 1 <3 < n}

and note that A,, is measurable with respect to {S;, W;} by definition of m,. For any
realization of {S;, W;}?_; in the event A,,, Lemma A.1.1 allows us to conclude that there

exists a {e}"; in the support of {e;}} ; conditional on {S;, W;} satisfying

R S
”Zle (SIE(Z] — Wm,) # 0.
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Hence, defining Bs({e}7 ;) = {{e:}"; : Y;(ei — €F)? < 62} we obtain from {e}7,
being in the support of {¢;}?" ; conditional on {S;, W;}I' ;| that for § sufficiently small

P (g > (SUE(Z] — Wim,) # 0| (S Wi}?ﬂ)

i=1
> P({eititi € Bs({ei o) [{Si, Witiy) > 0. (A1)

In particular, since the conclusion in (A.1) applies to any {S;, W;}™ ; in the event A,,
it follows that A,, must have probability zero in order for condition (10) to hold with
probability one. Since S/E[Z] = E[Z;|{Si, Wi, en}], the lemma follows. m

Lemma A.1.1. If the linear span of a set V. C R* has dimension k, then it follows that
for any 0 # = € R¥ there is a v* € V such that z'v* # 0.

Proof. Since the dimension of the linear span of V' equals k, it follows that there are
vectors {Uj};?:l C R¥ and scalars {ozj};?:l satisfying = > a;jv;. In particular, since
x # 0, we have (3 ajvj)'z = |z[|3 > 0 and hence that v}.z # 0 for some j*. m

A.2 Proofs for Section 3.1.1

The results in Section 3.1.1 rely on the next set of regularity conditions. In the statement

below, the notation supp{V'} refers to the support of a random variable V.

Assumption A.2.1. (i) {A;, W}, are i.i.d. conditional on Z; (ii) supp{(A;, W;, Z)} =
supp{A;} x supp{W;} x supp{Z}; (i) rank{Var{S;|W;}} > p—1 and Var{S;;|W;} >0
for all 1 < j < p with probability one; (i) (M1, ..., Nip) has a continuous density w.r.t.

Lebesgue measure; (v) supp{Z} includes a neighborhood of zero.

Assumption A.2.1(i) allows for dependence across observations though it implies
that the marginal distribution of (A;, W;, Z) is the same for all observations. Assump-
tions A.2.1(ii)(iv) further impose support restrictions on (A;, W;, Z), while Assumption
A.2.1(iii) states our restrictions on the covariance matrix of S; € RP conditionally on W;
(denoted Var{S;|W;}). Assumption A.2.1(iii) allows for Var{S;|W;} to be rank-deficient
to recognize that the shares may sum up to one. Finally, Assumptions A.2.1(iv) simply

demands that the “types” vector (A1, ..., \jp) be continuously distributed.

Proof of Proposition 3.1. First note that Assumption 3.1(ii) implies (A;, 8;,€4,m;) is
independent of (Z,.5;) conditionally on (Z, W;). Therefore, by Assumptions 3.1(i)(iii),
we may apply Lemma A.2.1 with G,, = {Z} to conclude that

E Xiz'i,n\Ai,Wi,z} —E [(Z’Aisi)z'i,n

A Wi, 2|
= Z'N;E [Si(S] — E[S{|W;, Z)|A;, Wi, Z] Z2 = Z'(AVar{S;|W;}) Z, (A.2)
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where the second equality holds by Z; = S.Z and Assumption 3.1(iii), and the final
equality holds by Assumption 3.1(ii). The claim of the proposition therefore follows
from result (A.2), the definition of w;, in (13), and Lemma A.2.2. m

Proof of Corollary 3.1. Suppose that condition (15) holds for some j # k and define
U%(WZ) = Var{Sl-l\Wi} Ujk(Wi) = COV{SZ']‘7 Szk‘Wz}

Next, note that by Proposition 3.1 a necessary condition for w;, to be positive for all

1 < ¢ < n with probability one is that the corresponding 2 x 2 matrix

Aij 0 oF(Wi) (W) \ _ [ Aios(Wi) - Aijou(Wi)

0 A ojk(Wi) o (Wi) Ak (Wi)  Airog(Wi)
be either positive semi-definite or negative semi-definite with probability one. Hence,
setting A; = (A\ij + Aix)/2 and noting that for any 2 x 2 matrix A and a € R? we have

a’Aa = d/(A+ A')a/2, it follows that a necessary condition for w; , to be positive for all
1 <4 < n with probability one is that the matrices §2; defined by

0, = {\ijU]Z(Wi) Xiojr (W)
Aok (Wi) Ao (W)

be either positive semi-definite with probability one or negative semi-definite with proba-
bility one. However, in order for £2; to be positive semi-definite or negative-semidefinite
with probability one we must have \;;\j; > 0 due to min{a?(Wi),Jg(Wi)} > 0 by
Assumption A.2.1(iii). Hence, since the determinant of €; equals the product of its

eigenvalues, a necessary condition for w; , to be positive for all ¢ with probability one is
However, setting p;(W;) = 01 (W;)/0;(W;)o,(W;) we obtain by direct calculation that

P (det{Qi} >0 and >\l]>\zk > 0) =P ()\zj>\zk - X?p?k(Wl) >0 and >\l]>\zk > 0)
2 (W; . A
<p 12M Xy Ak o)) <)
4 Aik Aij
where the first inequality follows from A;;\j; # 0 with probability one by Assump-

tion A.2.1(iv), and the final from Assumption A.2.1(ii), the support of X;;/Aix being
unbounded, and p?k(Wz) # 0 with positive probability due to condition (15). m

Lemma A.2.1. Suppose that Z and {Y;, X;, W;, i} satisfy equations (11) and (12),
E[Z\W;, G| = Wy, and (A, Bi,ei,mi) AL (Z,S;) conditionally on (W;,Gy,). Then:

A, Wi, gn] = E[(Z'MiS) Zin|Ni, Wi, Gl (A.3)

29



If in addition 37 | E[X:Z;n|Gn] # 0, then it also follows that equation (13) holds.

Proof. First note that for any function f of (A;, 5;, i, mi, W;) it follows from the require-
ments that (A, 8;,e4,m;) AL (£, ;) conditionally on (G, W;) and Z; = Z'S; that

E\Zinf(Ai, Biyeiymi, W3) gn]
= BB | Zinl Wi, G| B 1f (A Bis i 15, Wo) Wi G

gn] —0, (A4)

where the final equality follows from E[Z;|W;, G, | = W/m,. Combining result (A.4) with
the specifications of the first and second stages in (11) and (12) then yields that

Go| = B |XiZin$

gn] =F [(Z/Aisi)zi,nﬁi

gn] . (A.5)

Letting Z; denote the 4t coordinate of Z, Sij the 4% coordinate of S;, and recalling
that A; = diag{(X\i1, ..., Aip)} we may also employ (12) and (A.4) to obtain

B [XiZin|8i, Wi, On| = B [(2/868:) Zin| iy Wi, G

M-

E [(ZJAijszj)Zz,n

Ay, Wi, gn] , (A.6)
1

J

which verifies that (A.3) indeed holds. Finally, observe that (A;, 8;) being independent
of (Z,5;) conditionally on (W;,G,) further allows us to conclude that

E[E[2;Si;Z: n|Wi, Gn) E[Nij BilWi, G |G

M@

E((2'AiSi) Zi iG] =

<.
Il
-

E[E[Z;S:; Zi n|Wi, G Ni; E[Bi| Aiy Wi, Gl |G

I
M%

<.
Il
-

= E[X; Zin|Ni, Wi, Gu) E[Bi| Ai, Wi, G)|Gn, (A7)

where the final equality follows from result (A.6) and A; 1L (Z,S;) conditionally on
(Wi, Gpn). The claim that (13) holds therefore follows from the definition of Sy, the
rank condition 37" | E[X;Z;,|Gn] # 0 and results (A.5), (A.6), and (A.7). m

Lemma A.2.2. Let Assumption A.2.1 hold. Then, for n sufficiently large, it follows
P <1r<nl£1 Z'(A;Var{S;|[W;})Z} > 0 or max Z'(A;Var{S;|W;}) 2} < O> =1 (A38)

if and only if either A;Var{S;|W;} is positive semi-definite with probability one for all i,
or N;Var{S;|W;} is negative semi-definite with probability one for all i.

Proof. For notational simplicity we first set I'; = A;Var{S;|W;} and use “I'; > 0” and
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“I'; < 0” to denote that I'; is positive semi-defintie and negative-semidefinite respec-
tively. Then note that if either P(I'; > 0) =1 for all 7 or P(I'; < 0) = 1 for all 7, then
(A.8) immediately holds. For the opposite direction, we next observe that

P < min Z'T;Z > 0or max ZT,Z < 0)
1<i<n 1<i<n

:P(min Z'Fi220> + P (max ZTiZ§0> —P(Z'I’iZ:O for all 1 §i§n)
1<i<n 1<i<n

= E[P"(2T12>0|2) + P" (ZT1Z <0|Z) — P" (212 = 0|2)], (A.9)

where the second equality follows from Assumption A.2.1(i). However, since a" = o(1)
for any a € [0,1) as n tends to infinity, result (A.9) implies that in order for the claim
in (A.8) to hold for n sufficiently large we must have with probability one over Z that

max{P(2'T1 2 > 0|2), P(Z'T1 2 < 0|2)} = 1. (A.10)

By Assumption A.2.1(ii), supp{(T'1, Z)} = supp{I'1 } x supp{Z} and hence the distribu-
tion of I'; is absolutely continuous with respect to the distribution of I'y conditionally

on Z. Defining the sets Sy and S_ to be given by

S, ={zeRP: P(2T12>0)=1}
S_={zeRP: P(2T12<0)=1} (A.11)

it therefore follows from result (A.10) holding with probability one that we must have

P(ZeS,US)=1. (A.12)

Next, set I'* = A*Y* with ¥* any point in the support of Var{S;|W;} and A* =
diag{A],...,A\;} for any point (A],..., A7) at which the density of (Ai1,...,A1p) is
strictly positive. We next aim to show that I'* is either positive semi-definite or neg-
ative semi-definite. We proceed by contradiction: Suppose that I'* is neither positive
semi-definite nor negative semi-definite. Then, by Lemma A.2.3, Assumption A.2.1(iii),
the density of (A11,...,A1p) being continuous and strictly positive at (A],..., Ay), and
Assumption A.2.1(v), there are zg € supp{Z} and Ay, Ag € supp{A;} satisfying

20(AoX* )20 > 0 20(AgX*) 20 < 0.

We may therefore select sufficiently small neighborhoods N(zg), N(Ag), N(Ag), N(X*)
of 2y, Ag, Ay, and T* such that the following inequalities are satisfied

Z/(AX)z > 0 for all (z,A,X) € N(20) x N(Ag) x N(¥)
Z(A¥)z < 0 for all (z,A,%) € N(z) x N(Ag) x N(X*).
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Then note that since AgX* € supp{A;Var{S;|W;}} by Assumption A.2.1(ii), it follows

P(2' (A1 Var{S1|W1})z > 0 for all 2 € N(z))
> P((Ay, Var{Si|W1}) € N(Ag) x N(X*)) > 0. (A.13)

By identical arguments, but relying on N(Ag) x N(X*) instead, similarly yield that
P(2' (A Var{S1|W1})z < 0 for all z € N(z)) > 0. (A.14)

However, because P(Z € N(zp)) > 0 due to zg € supp{Z}, results (A.13) and (A.14)
together contradict (A.12) and therefore I'* must be either positive semi-definite or

negative semi-definite as claimed. Thus, we have so far shown that

To conclude, note that by result (A.12) and Lemma A.2.4 either S; or S_ (or both)
must contain p linearly independent vectors. If S, contains p linearly independent
vectors {s; }?zp then we obtain by the definition of Sy in (A.11) that

P =0)<P(T;<0)<P(Tiz<0forall z€Sy,)
< P(sgflsj <0for1<j<p) = P(s;Tlsj =0for1<j<p). (A.16)

Next note that 2Tz = 2/(I'1 + I'})z/2 for any z € RP and use that (I'y + I'}) is
diagonalizable and s;(Fl +T")s; =0 for all 1 < j < p implies that all the eigenvalues
of (T'1 +T') equal zero due to {s;}/_; being linearly independent to conclude that

P(nglsj:Ofor 1<y gp):P(s}(F1+I"1)3j =0for1<j<p)
= P(Ty = -T1) < P((M1,.-, Ap) =0) < P = 0), (A17)

where the first inequality follows from Var{S;;|W;} > 0 for all 1 < j < p by Assumption
A.2.1(iii) and the second inequality by I'y = diag{(Ai1,...,A1p)}Var{S1|W;1}. Hence,
combining results (A.16) and (A.17) we obtain that if S} contains p linearly independent
vectors, then P(I'y = 0) = P(I"; < 0), which together with result (A.15) yields

Similarly, if S_ instead contains p linearly independent vectors, then it is possible to
show that (A.15) implies that P(I';y < 0) = 1 and therefore the lemma follows. m

Lemma A.2.3. Let I' = DY with D a p X p diagonal matrix and X a p X p positive
semi-definite matriz with rank{¥} > p — 1. If T is neither positive semi-definite nor

negative semi-definite, then for any § > 0 there is a z € RP and diagonal p X p matrices
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Hy, Hy satisfying ||z|| V ||D — Hi|| V ||D — Ha|| < 6, 2/(H1X)z > 0, and 2'(H2X)z < 0.
Proof. Let T'= (I' +1")/2 and note that since a'T'a = a'I"a for any a € RP, we have
a'Ta = a'Ta for all a € R, (A.18)

Next observe that I' is a symmetric matrix and let {mi}¥_, denote its eigenvalues and
{v;}!_, its corresponding eigenvectors. If I' is neither positive semi-definite nor negative
semi-definite, then result (A.18) implies that T' must have a strictly positive eigenvalue
and a strictly negative eigenvalue. Assuming without loss of generality that m; > 0 and

mo < 0, let @ > 0 and define the vectors ¢; and ¢y to be given by

ikl V2 C) = QU1 — & m
V2l Vel

Next note that |c1]|? = |lc2/|> = a?(1 + 71 /|m2|) and that therefore we may set |ci| =

cl1 =ov; +o V9.

|lca]] < & by selecting « to be sufficiently small. Moreover, by direct calculation we have

ATe; = chTey = o®my + 042%772 =0, (A.19)
2

where the final equality follows from 7 < 0. Next observe that since rank{%!/?} =
rank{X} > p — 1 and ¢1,¢cp € RP are linearly independent, it follows that %1/ 2¢; # 0
for some j € {1,2}. Assuming without loss of generality that »1/2¢; # 0, we then set
z = ¢; and note that results (A.18), (A.19), and X/2z # 0 imply that

2Tz =0and 2z > 0. (A.20)

Setting x = Xz and letting z; and z; denote the 4% coordinates of x and z, then note

p

/
0< zZz:szxj,
j=1

which implies that z;z; > 0 for some 1 < j < p. Assuming without loss of generality
that 2121 > 0, then set e; = (1,0,...,0)" and for £ > 0 define the matrices

Hy =D + &eqe} Hy =D — &eqél,

noting that ||D — Hi|| = ||D — Ha|| < ¢ provided ¢ is chosen sufficiently small. In
addition, I' = DY, x = Xz, result (A.20), and 2127 > 0 together yield that

Z(H1X)z = 2'(D + &er€))X)z = 2'Tz + E2121 > 0.

Identical arguments imply 2'(H3¥)z < 0, and hence the lemma follows. m
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Lemma A.2.4. If Assumption A.2.1(v) holds and Ay, As satisfy P(Z € Ay U Ag) =1,
then it follows that span{A;} = RP for some i € {1,2}.

Proof. By way of contradiction, suppose that span{A4;} # R? for i € {1,2}. Then note
that A; C V; for some vector subspace V; C RP and that for each ¢ we may find a v; € RP
that is orthogonal to V; and satisfies ||v;]|> = 1. Next define v* to equal

x (% if‘(vl,vg>’:1
V1 + U2 if|<’01,’02>|751

and note that (v*,v;) # 0 for i € {1,2} due to ||v;]|> = 1. Since v; is orthogonal to V; it
follows that £v* ¢ V; and hence &v* ¢ V3 U Vs for any € > 0. In particular, we obtain
that &v* ¢ A3 U Ay due to A1 U As C V3 UV, However, for € sufficiently small, o*
belongs to the support of Z by Assumption A.2.1(v). Thus, selecting N(£v*) to be a
neighborhood of £v* sufficiently small to ensure that N({v*) C (A1 U Az)¢ we obtain

P(Z € (A; UAy)°) > P(Z € N(€v*)) > 0, (A.21)

where the final inequality follows from {v* being in the support of Z. Since (A.21)
contradicts the hypothesis that P(Z € A; U Az) = 1, the lemma follows. m

A.3 Proofs for Section 3.1.2

The results in Section 3.1.2 rely on the following regularity conditions.

Assumption A.3.1. For G, = {S;, Wi, Ai, Bi, i, mi}1—y and Wy, = {W;}_, we have: (i)
Var{Z|G,} = Var{Z|W,,} and Var{Z;W,} > 0 for all 1 < j < p with probability one;
(11) {A;, Si}l, are i.i.d. conditionally on W,; (i) supp{(Ai, Si, Wy)} = supp{A;} X
supp{S;} x supp{Wh}; (iv) supp{S;/[|Si|1} ={s € RP : s > 0 and ||s||y = 1}.

Assumptions A.3.1(i)-(iii) impose conditions that simplify our analysis. In turn,
Assumption A.3.1(iv) demands that the support of the shares be sufficiently rich —
in its statement, | - ||; denotes the ¢, norm |[|s|; = Y7, |s| for any vector s =
(s, ..., s®) € RP. We note that Assumption A.3.1(iv) allows the shares to sum to

less than one, as is sometimes the case in empirical applications.

Proof of Proposition 3.2. First note that setting G, = {S;, Wi, Ay, Bi, i, mi }7—; implies
that (As, Biyei,mi) 1L (2, S;) conditionally on (W;,G,,). Hence, Assumption 3.2 yields

E Xiz'i,nmi,wi,gn} —E [(Z/Aisi)z'i,n gn]
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where the first equality follows from Lemma A.2.1 and (A;, W;) € G, the second equality
holds by Z; = S.Z and Assumption 3.2(ii), and the third equality holds by direct calcu-
lation. The claim of the proposition therefore follows from result (A.22), the definition
of w;,, in (13), and Lemma A.3.1. m

Proof of Corollary 3.2. Suppose condition (19) holds for some j # k and define
UlQ(gn) = Var{Z|G,} szk(gn) = Cov{Zj, Zx|Gn} pjk(Gn) = Corr{Z;, Zx|Gy }-

Also note that Assumptions A.3.1(i)(iii) and Proposition 3.2 together imply that a

necessary condition for w;,, to be positive for all 7 with probability one is that

In what follows, we assume that P(A; > 0) = 1 and note that the case in which
P(A; < 0) =1 follows by identical arguments. Next note that by Proposition 3.2, a

necessary condition for w;,, to be positive for all 7 with probability one is that

. s o3(Gn) oi1(Gn) S5
(Ajsjs Aksk) ( Uj]k(gn) o2(Gr) ) < ) (A.23)

be either positive for all (s;,s;) € Ry with probability one over G,, or negative for all
(sj,sk) € Ry with probability one over G,,. However, Assumption A.3.1(i), P(A;; = 0) =
0, and P(\;; > 0) = 1 imply that setting (s;, sy) = (1,0) yields a strictly positive number
in (A.23) with probability one. Hence, we can conclude that a necessary condition for

w; n to be positive for all ¢ with probability one is that we have

1=P < 1nf>0 {82)\ O’ Qn) + Sk)\kO'k(gn) + SJSkO'Jk(gn)()\ + )\k } > O)
S],Sk

= P( 1nf {s Aj + 5iN + 855605k(Gn) (N + Ar) )} > 0>

S]7sk

=P (go {sz (Ak %AQ")(A + M) >} > o) (A.24)

where in the second equality we employed Assumption A.3.1(i) and in the third equality
we profiled out s; by setting s; = —sip(Gn)(A\; + Ak)/2);. However, note that

2
P (Ak - 'Ojfl(i )(A + )% < > —P <1 < pj’“ig") (i—; + i—’; +2>> >0 (A.25)

where the inequality holds due to condition (3.2), Assumptions A.3.1(i)(iii), and the

support of A;/\; being unbounded. Since result (A.25) implies the necessary condition

in (A.24) cannot hold, the claim of the corollary follows. m
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Lemma A.3.1. Let Assumption A.3.1 hold and G, = {S;, Wi, A, Bi,€i,mi}i—. Then,

P ( min S;(A;Var{Z|G,})S; >0 or ax Si(A;Var{Z|G,})S; < O) =1 (A.26)

1<i<n

for all n sufficiently large if and only if the distribution of A;Var{Z|G,} satisfies

P (sup s'(A;Var{Z|G,})s < O) =1lorP < irlle s'(A;Var{Z|G,})s > 0> =1. (A.27)
se i

p
seR]

Proof. First note that since S; € Rﬁ by Assumption A.3.1(iv), it follows that condition
(A.27) implies (A.26) holds. For the reverse direction, set W, = {W;}?; and I';,, =
A;Var{Z|W,,} for notational simplicity, and employ Assumptions A.3.1(i) to obtain

P < min S(A;Var{Z|G,})S; > 0 or ax Si(A;Var{Z|G,})S; < 0>

1<i<n
=P ( min S;Pz,nsz > 0) + P (max S;Pz,nSz < O> - P (S;Pz,nsz =0 for all Z)
1<i<n 1<i<n
= E [P" (ST;,5; > 0)Wy) + P" (SiT;,,8; < 0)W,,) — P (SiTs,,8: = 0)W,,)],
(A.28)

where the second equality follows from Assumption A.3.1(ii). For n > 2, result (A.28)
and the law of iterated expectations together imply that in order for the equality in
(A.26) to hold we must have with probability one over (A;, W,,) that

max { P (SiTnS; > 0|, Wy) , P (SilinS; < 0[A, Wy) } = 1. (A.29)

Next note that Assumption A.3.1(iii) implies that the distribution of S; is absolutely
continuous with respect to the distribution of S; conditionally on (A;, W,,). Therefore,

letting M, denote the set of p x p real matrices and defining the sets

O ={GeM,:P(S'GS>0) =1}
O_={GeM,:P(S'GS<0)=1}

we obtain from result (A.29) holding with probability one over (A;,W,,) that we have
P, c0LU0_)=1. (A.30)

Moreover, since the sign of a’Ga equals the sign of a’Ga/|al|} for any matrix G € MP

and vector 0 # a € RP, Assumption A.3.1(iv) allows us to conclude that

Oy = {G eEM,: inf d'Ga > 0} O_ = {G €M, : sup d'Ga < O} . (A.31)

acR? D
+ a€R+
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In particular, combining (A.30) with (A.31) yields that the distribution of I'; ,, satisfies

P| inf a'T;,a>0o0r sup aT;,a<0] =1. (A.32)
a€RY acRE

To conclude, note that by Lemma A.3.2 we have P(A; > 0) =1 or P(A; <0) = 1.
However, if P(A; > 0) =1, then I'; , = A;Var{Z|W,,} and Assumption A.3.1(i) imply

P | sup dT;,a<0| =P/ sup aT;na <0;A; >0
acRy a€RY

<P(A=0<P (sup |a'T; pal = 0) <P (sup a'T;pa < O) , (A.33)

P P
a€R+ aER+

where the final two inequalities hold by set inclusion. By result (A.32) we thus obtain

1=P| inf aT;na>0o0r sup a'l';a <0
acRE a€R?,

=P inf aT;,a>0)+P| sup ali,a<0)—P| sup |aT;,al =0
a€RY aeR?, a€R”,

=P inf dT;,a>0],
p K
a€RY

where the final equality follows from (A.33). Similarly, it is possible to show that if
P(A; <0) =1, then P(SUPaeRﬁ a'Ti,a <0) =1, and therefore the lemma follows. m

Lemma A.3.2. Let Assumption A.3.1 hold, set G, = {S;, Wi, A, B, €i,mi}i—q, and

P <1g11£1 Si(A;Var{Z|G,}S;} >0 or max Si(A;Var{Z]G,})S;} < O> =1 (A.34)

for n sufficiently large. Then, it follows that either P(A; > 0) =1 or P(A; <0) = 1.

Proof. We will proceed by contradiction and instead suppose that in fact we have that

min {P <max Aij > 0> , P < min \;; < O)} > 0. (A.35)

1<j<p 1<j<p

For notational simplicity, let W,, = {W;}_,, set I'; ,, = A;Var{ Z|W,,}, and define

Ap(Tin) = {s ERP:s>0and sT;,s > O}

)

A_(T;n) = {s ERP:s>0and sT;,s < O} .

)

Next note that if A;; > 0 for some 1 < j < p (resp. A\;j < 0 for some 1 < j < p) then
A (Ty,) (rep. A_(I'; )) has non-empty interior whenever Var{Z;W,} > 0 for all 1 <
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j < p. Therefore, since s € A (I';,) (resp. A_(I';)) if and only if s/||s||; € A4 (L)
(resp. s/||s|li € A—(I';»n)), we obtain by Assumptions A.3.1(i)(iii) that

P (Sz S A+(Fz~7n) max )\ij > O,Wn> >0
1<j<p

P <SZ € A_ (Fi,n)

min )\ij < O,Wn> > 0. (A.36)

1<j<p

Similarly, also note that display (A.35) holding and Assumption A.3.1(iii) together imply

min{P (max Xij > O‘Wn> P ( min A;; < O‘Wn>} > 0. (A.37)
1<j<p 1<5<p

To conclude, observe that for n > 2, display (A.3.2) and Assumptions A.3.1(i)(ii) yield

0> P (S{AVar{Z|W, }S1 > 0 and S5AoVar{Z|W, }S> < 0)

= E [P (S{A1Var{Z|W, }S1 > 0)W,,) P (S{A1Var{Z|W,}S1 < 0|W,,)]
>F |:P (Sl S A_,_(le); max )\1]' > O‘Wn> P (Sl S A—(Fl,n)§ min )\1]' < O‘Wn>]
1<j<p 1<j<p

>0,

where the final inequality follows from results (A.36) and (A.37). Hence, we have arrived

at a contradiction implying (A.35) cannot hold. m

A.4 Proofs for Section 3.2

In this appendix we collect the technical results behind Proposition 4.1. Section A.4.1
introduces the framework, Section A.4.2 provides an outline of the main argument, and
Sections A.4.3 and A.4.4 establish the two key building blocks for the main result.

A.4.1 Preliminaries and Definitions

We consider a probability space (2 x ¥, F x C, P, x Pf) where Z and ¥ are Polish
spaces with their respective Borel o-algebras F and C; see, p. 270 in Dudley (1989). An
example of such spaces is Z = (R* x .... x R*®); i.e. a finite number of products of R*.
Let Q =Ex V¥, X = F xC and P = P, X Py so that the probability space can be
represented more compactly as (2, X', P). It is useful for later developments to impose
further structure on (Z,F,P,). We assume that {(Z;, F;, Py;)}ie; is a sequence of
probability spaces and define 2 = Ey xEZg x ..., F = FixFox..,and P, = P, 1 x Py 2X...

such that (Z,F, P,) is an infinite dimensional product space. Let F; C F; denote an

38



array of filtrations, where 7' = {0,5;}, Fi, = F;, and F} C Fj 4 for i < n.'?
Similarly, let C; C C denote a triangular array of filtrations, where C_o, = {0, ¥},
Cx = C, and C; C Ciyq1. In addition, define the filtrations 7—[% = ]:; x C;. Then,
F x Cy C X for all t and H! can be embedded in X for each i and all ¢ < T by padding
up additional coordinates; see, e.g., page 140 in Halmos (1976). In addition, note that
Hi C Hi,, for all 4, and ¢.

In order to simplify our analysis, we will assume that F} = o (...., it—1,Mit), Where
(Mit) 1oy t—— oo 1s an array of some random variables on (Z,F,P,) where for each i,
(Mit)e _ o 1s an array of random variables defined on (Z;, F;, P, ;). The product space

structure of (£, F, P,) immediately implies independence of (7;)5-

~ and ()2 for
o

any ¢ # j. Likewise, we assume that C; = o (..., v4—1,v¢), where (v¢);o_

is a sequence

of some random variables on (¥,C, Py).

We will introduce mixing measures as in McLeish (1975); see also Andrews (1988)
for triangular array versions of these measures. Recall C; = o (...,v;—1,v;) and define

CIT™ = 0 (v4, Vit 1y oy Vim) and C° = o (vg, V441, -..). Similarly, we let

}~ther =0 (Nit, -, Nig4m) for all i <n.

Our asymptotic normality results employ a-mixing coefficients, and we therefore define

af(m)=sup sup |P(ANB)—-P(A)P(B)|.
t A€Cy,BECSY

t+m

We will now impose the following restrictions on the measures P, and P;. By
Theorems 4.34 and A.46 in Breiman (1968), a regular conditional distribution on X
given C C X exists, and by Theorem 10.2.2 in Dudley (1989), the regular conditional
distribution is unique for P-almost all w € Q. As in Eagleson (1975), let w’ € Q and
consider the regular conditional (on C) probability denoted by Q. (B,C) = Q. (B). It
follows that for fixed B € X, Q. (B,C) is a version of P (B|C) and for fixed w’' € Q,
Q. () is a probability measure on X. Importantly, this means Q. (-) is countably
additive which ensures that the law of iterated expectations holds; see p. 270 in Dudley
(1989). We note that the results in Dudley (1989) are established for Polish spaces.

Consider the measure space (2, X, Q) with expectation E,, which formalizes the
idea of treating the aggregate variables s¢; (to be defined later) as constants through the

choice of w’. By a lemma in p. 558 of Eagleson (1975), the following holds:

Lemma A.4.1 (Eagleson 1975). Let Y be a sub-sigma field of X such that C C Y.'0
Then, for P almost all w' € Q and a random variable q with E [|q|] < oo it follows that

Ey [l V] (w) = E[q|V] (w) Qur-a.s.

15We can allow for triangular arrays, but suppress it for simplicity of notations.
16Tt is easy to see that the proof of Lemma 1 in Eagleson (1975) goes through when F = G.
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For arbitrary ¢t and arbitrary m > 0, we next define the filtration yj bt by
ypttm= Fhitm o (A.38)

To establish marginal convergence as T — oo for each ¢ < n fixed we follow the
strategy of the proof of Theorem 2 in Eagleson (1975). This requires modifying the

regularity conditions to the measure Q.s. Define the conditional Ly norm ||y ,. =

(f Iyl dP(y|C))1/q. By Lemma A.4.1 it follows that ||y, = (f |y|quw/)1/q Q. a.s.

for P-almost all w’. Similarly, define the conditional mixing coefficients

age(m)=sup  sup  |[P(ANB|C)—P(A|C)P(BIC)|, as.  (A.39)
b Aeyhl  Beyi,

where a¢|¢ (m) are C-measurable random variables.

Now, recall that our analysis is predicated on the moment restriction in (21). In

order to facilitate our asymptotic analysis, we impose the following:

Condition 1. (i) There are some random vectors f; and u; defined on (V,C, Py) and
(i, Fi, Pui) such that Siei = (fi,wir); (it) The 24 is a component of f;; and (iii) The

joint distribution of (ui)72, is identical across i.

It is important to note that the product structure P, = P, 1 x P, 2 X ... implies that

the variables (u;)?2; are independent over i. Finally, we define the variables
Eit = (24) vit, = (24) G,

where (; and vy are given by (; = E [Siieit| C] = E [Sueit] fi] and vy = Siceir — G

A.4.2 Proof of Proposition 3.3 (Outline)
Recall that Proposition 3.3 derives an asymptotic distribution for the numerator (i.e.
the score) of (B, — f3); see (22). Given the introduced notation, we can decompose

n T

T T n
nLTZZ(Zt,Sit) €it = %tzl%t—i‘n%zz&t-

i=1 t=1 t=1 =1

We start the analysis by studying the conditional distribution given C of the term
1 T n
— it A .40
\/ﬁ tzl ZZ:; glt ( )

By Condition 1, &; are independent over ¢ conditional on C, and we therefore expect

that (A.40) is asymptotically normal conditional on C. Under additional regularity
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conditions, the limit distribution has a variance that does not depend on C. Indeed, this

is formally established in Theorem A.4.2 below. In particular, defining

o (1973236

t=1 i=1

¢nT(§1|C) =F

] , (A.41)

we have that ¢n7 (61|C) — ¢ (s1) almost surely in C, where ¢ (1) denotes the charac-

teristic function of the limiting normal distribution.

Now, let’s consider the joint characteristic function of the vector in display (25):

T
exp <L§2 Z s+ 151 ——= \/— Z Z &t) exp <L€2% > %t) Onr (1] C)]

t=1 =1 t=1

E

where we note that s; is measurable with respect to C. Because 3 ., E[s] = 0 due to

the moment restriction in (21), a time series CLT should apply to the term

1 T
7 ; . (A.42)

Indeed, the asymptotic normality of (A.42) is formally established in Theorem A.4.1 in
Appendix A.4.3 below. Letting ¢ (s2) denote the characteristic function of the limiting
normal distribution of the term in (A.42), we then obtain that

1 T
E |exp <L<2 T;%HLLQ\/—;;&) — ¢ (s2) @ (s1)
1 & 1 &
p <L§2ﬁ tz; %t> énr (61|C)| — E |exp <L§2—T tz; %t> (1) (A.43)

+F

T
exp <L§2 Z > ] — ¢ (s2) d(s1). (A.44)

Because characteristic functions are bounded by one and ¢,7 (¢1|C) — ¢ (s1) almost

surely in C we obtain from the dominated convergence theorem that

(AA43)| < B

T
exp <L§2 1TZ%t> WnT §1’C) ( )’
t=1

< E{|¢nr (61]C) — ¢ (c1)[] — 0.

Similarly, since (A.42) is asymptotically normally distributed and ¢ (s2) denotes the
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characteristic function of its limiting distribution, we also have that

1 T
exp <L§2ﬁ ; %t)] — ¢ (s2)

E

I(A.44)] < |E

¢ (s1)]

exp (m% ; %t)] — ¢ (s2)

To conclude, we see that (A.40) and (A.42) are jointly asymptotically normally dis-
tributed and independent under the conditions laid out in Theorems A.4.1 and A.4.2.

< — 0.

~

Remark A.4.1. While we have focused on the numerator of (Bn — ), the denominator

can be studied under similar conditions. In particular it is possible to show that

T n

T n
% Z Z(Zésit)Xit = % Z Z E[(Z]8:)Xi] + op(1),

t=1 i=1 t=1 i=1

though, for conciseness, we do not provide the details of the relevant argument. m

A.4.3 Unconditional Convergence

The main purpose of this section is to establish a time series central limit theorem for
T
1
= I,

which is formally established in Theorem A.4.1 below. For this purpose, it is convenient
to assume that s is Ly near-epoch-dependent (NED). The concept of NED sequences
was introduced by Billingsley (1968). McLeish (1975) or Andrews (1988) show that a
NED process is also a mixingale. Therefore assumptions that impose NED type condi-
tions lead to strong laws by showing that these processes also satisfy the requirements
for strong laws of related mixingales; see Theorem 3 in McLeish (1975) for the first result

of this nature.

We impose the following condition that establishes the NED property for ¢, and
imposes sufficient conditions for s to satisfy the conditions for the SLLN in de Jong
(1996) and the CLT in de Jong (1997). In the statement below, we say that a sequence
Om is of size — A\ if 6,, = O (m_>‘_‘”) for some w > 0; see p. 335 in de Jong (1997).

Condition 2. For r > 2, assume that sup; ||»¢||, < oo, and that there exists a bounded

array of non-random constants ¢; such that

|26 — E [5|C{E7 ] ||, < By (m) for all t

where By (m) is of size —1/2. Further assume that for r > 2, ay (m) is of size r/ (r — 2).
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To establish the CLT we adopt the conditions given in de Jong (1997). The result
is based on a blocking scheme that needs to be defined. Let by and lp be positive,
non-decreasing integer valued sequences that are the lengths of included and discarded
blocks. Assume by > Iy + 1, Iy — oo, Iy > 1, by < T, bp/T — 0 and I /by — 0. Let

rp = [T'/br] and define s¢p; = 3¢ /07 .., where where O'T is given by
T 2
0%7 L=F <Z %t>

The following condition is sufficient for obtaining the desired CLT.

Condition 3. Assume that {s4,C} satisfies Condition 2. There exists a positive con-
stant array ery such that c /ety is uniformly bounded in t < T and T > 1 and
{3er+/ers} is Ly bounded for r > 2 uniformly int < T and T > 1. Let Mr; =
maxj_1)pp1<t<jby €Tt Jor 1 < j < rp and Mryp41 = maXp ppr1<i<r ert.  Then,
maxy<j<ry+1 Mr,j = o <b 1/2> and Y7Ly M7 ;=0 (bg') .

Theorem A.4.1. Assume that Condition 3 holds and suppose that there is some non-

random constant O' such that limp_,o O'T LT = O' . It then follows that
1 T d
— s = N (0,02).
7 N (0

Proof. Under Condition 3, we can use Theorem 2 in de Jong (1997) to conclude that
S ey 4 N (0,1). Under the additional assumption that T~'oF  — o2 for some

non-random constant o2, it follows from the continuous mapping theorem that

T
% Z 2 4N (0, O'i) , (A.45)

t=1

which establishes Theorem A.4.1. m

A.4.4 Conditional Analysis

The primary purpose of this section is to establish the asymptotic normality of the term

ﬁZZfzt

t=1 i=1

conditional on C, which is formally shown in Theorem A.4.2. The proof uses ideas
similar to the development in Hahn et al. (2019), which in turn relies on arguments

in Eagleson (1975), to handle the conditioning step in the proof of the CLT; see also
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Lemma 2.9.5 in van der Vaart and Wellner (1996). However, the dependence structure
of the panel is more complicated here than in Hahn et al. (2019) and requires a different
approach to prove the CLT. Hahn et al. (2019) consider a scenario where conditional
on C, a cross-sectional average over i.i.d. draws is analyzed. Here, we need to extend
these results to a panel setting with joint asymptotics as N,T — oo and where we allow
for general dependence and possible non-stationarity in the time series direction. We
extend the notation from Hahn et al. (2019) to account for these extensions. The result
of Eagleson (1975) formalizes the intuition that conditional on C the processes Z; and

fi: can be treated as a fixed constant in deriving limiting results.

We assume that age (m) — 0 almost surely as m — oo. This is done in the next

condition, which introduces conditional NED, by requiring a¢|¢ be of size r/(r — 2).

Condition 4. For r > 2, assume that sup |||l o < 00 a.s., and that there exists an
array of C-measurable random variables dy (w) and a sequence of C-measurable random

variables B¢ic (m) of size —1/2 a.s. such that the following inequality holds:

i — B [l V]| < di (@) e (m).

21IC

Further assume that for r > 2, agc (m) is of size v/ (r —2) a.s.

We now turn to establishing our main result. The argument is based on the one-to-
one mapping hr of the double index (i,t) into a single index s = hp(i,t) = (i — 1) T + ¢
for i <n and L =nT. We will let (7p(s),tr(s)) denote the (i,t) that corresponds to s,

ie., (i7(s),tr(s)) = hp'(s).'” With some abuse of notation, we then set

n T L
()N e = L7y ¢
s=1

i=1 t=1
The sum on the right hand side sums over components starting with¢=1,t=1,...,T
followed by ¢ = 2,t =1,...,T, and so on. Similarly, we construct the array of filtrations

based on (A.38), using coordinate identification rules of Halmos (1976) (see p. 151 and
p. 155) to organize coordinates, by defining

ZT(S)fl ~ B ') )
Kpe=| X 7| x proirt) o X F_|xC iftp(s)<T,
j=1 j=ir(s)+1

ZT(S) o0
Kps=| X FL| x < X .7-"]OO> xC iftp(s)="T.

=1 j=tr(s)+1

The construction guarantees that Kz s C X by padding missing coordinates with the
trivial field 7/ = {0, B}

'"Note zr(s) is the smallest integer larger than or equal to s/T, and Ir(s) = s — (7r(s) — 1) - T.
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We introduce the binary operator © that maps two o-fields generated by a sequence
of random variables into a o-field generated by the non-overlapping portion of members
of the sequence. In particular, for 0 < s < s’ and F7' F73 we define 5, o F'3_ =
F2* where .7:f’t+m = 0 (it -, Ni,t+m) - We further define © to have the properties
<><;i1 A£T> o (X;il B£T> = X;il <A{LT S szT) for AZ;T’BZT c F22° where we
understand .7:1’22 S .7:1’22 = ]:ioo, .7:100 O ]:ZOO = ]:ioo and C ©C = C. Using these

properties we define the sigma fields ICiS by ICis =K1y ©KLs.

Because Ky, s contains the coordinate C for all L and s the construction implies that
when conditioning on K s, all 5 and ¢; are held fixed. We have the following Lemma

relating mixing coefficients for {{r, s, Kr s} to mixing coefficients for {&-t, yﬁ’;o}.”f

Lemma A.4.2. Assume that {&t,yﬁio} satisfies Condition 4 for each i. Assume that
Condition 1 holds. Then, for r > 2, {15, KL s} satisfies supy, <, H5L7SHT|C < 00 a.s.,
and there exists an array of C-measurable, almost surely bounded, random variables
dr,s (w) and a sequence of C-measurable random variables B¢jc (m) such that

H£L7s - F [£L78|’Ci;@m} H <dps(w) Bele (m) for each s < L (A.46)

21IC

where Bec (m) is of size —=1/2 a.s.. Furthermore, for r > 2, and

aglc (m) = sup sup |P(ANB|C)— P(AIC) P(B|C)| (A.47)

13
t AeKL,—oo ’BEKft-Fm

it follows that a¢ic (m) is of size v/ (r —2) a.s.
Proof. The first claim follows immediately from &7, ¢ = &, where the (i,t) = hp'(s),
and by applying Condition 4 to &;. To establish (A.46), we first consider the case where

m > max (T — t7(s),#r(s)). The way the filtration K3'™ is constructed, it follows

that £, s is measurable with respect to Kit”fm. This then leads to

HSL,S —E [SL,S\ /c;fgm} H o=

Now, consider the case where 0 < m < max (T — t7(s), tr(s)). We distinguish two cases
(a) T —tr(s) > tr(s), and (b) T —tr(s) < tr(s). For Case (a), if 0 < m < t7(s), then'?

E |:§L78‘ ’Cf,rsrfm] =F [&t

FohEmy C} :
and if t7(s) < m < T — tp(s), then by independence

L,s—m

E &6l K5im,] = B [6al Fim v el

18Condition 4 includes uniformity of the mixing and approximation coefficients, which is used here.
"For simplicity of notations, we adopt the convention that (i,t) = (Zr(s), Ir(s)).
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In the latter case, we have

lees = B lenslcztm.]| yo = |6 —F (eal i v | o

<&t — F [5it| Fitrm .y C} H

21c’

because the residual in the projection on f;f;m VCC figm V C has smaller variance,

whereas in the former case we have

HSL’S -F [&’S’ Kﬁﬁm] H ae

) [git‘ FLY C} H 2lc”

Therefore, in both cases, we have

¢0.s — E [l KKl ae < dnT,it (W) Bejc (M)

by Condition 4. Relabeling the term d,7 (w) = dr s (w) then yields the claimed in-
equality in (A.46). For Case (b), if 0 < m < T —tp(s), then

B [ K30,] = B [&

Fohmy C} ,
and if T — tp(s) < m < tp(s), then

L,s—m

B¢ lkim,] = B el Fi v el
In both cases, we have by similar reasoning

fers B e iim]] . < diri @) Bec (m).

Finally, to establish (A.47) note that if m > T —#r(s), it follows for A € K7 _ and
B € KT, ., that

|P(ANB|C)— P (A|C)P(B|C)| =0 as. (A.48)

because in that case A and B are independent by Condition 1. When m < T — ¢p(s),

which implies that ip(s) = (s + m), or in other words that conditioning happens

within the same cross-sectional unit, we consider the following. The product space

structure of ICSL7_OO implies that A = A; x Ay x A3 x Ay, where?? 4; € X ;»T:(ls)_l ]:ZOO,
o

Ay € ff{,ﬁf”ms), Az € X]:ZT(S)H Fi and A4 € C. In the same way, B = B; X By X

nT,—o0’
ir(s+m)—1 __; - 00 .
B3 x By, where By € X | Fl_, Bye ftfiéim}’“, Bs € X, o (ermyi1 F oo
B4 € C. Note that
Ay x Ay € YIHTE) = Frrlhin() o ¢ (A.49)
—00 —00 :

208ee (Halmos, 1976, p.154 and theorem 38.A).
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and

By x By € VI — gl s c. (A.50)

Since AN B = X j:l (A; N Bj) by p. 139 in Halmos (1976), and
P(ANBIC) = (TT2y Py (450 By)) Py (A4 0 BalC)

where ]5], are themselves products of measures P, ; corresponding to the respective
coordinates in A; and B; and where A;, B; for j < 3 are independent of C. We note
that A; and B3 consist of coordinates that are either =; or (). By Theorem 33.A in Halmos
(1976), B = () if and only if at least one coordinate is equal to (). Thus, by the properties
of conditional expectations, P (AN B|C) = 0 if one of the coordinates of B or A is equal
to (). Thus, the mixing coefficient is zero in this case. We therefore assume without loss of
generality that for A; and Bs all coordinates are equal to Z;. This implies that A1NB; =
By and A3N Bz = Az, and we have Py (A; N By) = Py (By) and Py (A3 N B3) = P (A3).
Note that Py (A4 N By|C) = E[14,1B,|C] = 14,1p, since A4 and B, are measurable
with respect to C. Finally, note that Py (As N By) = wir(s) (A2 N Ba). (Recall that
tr(s) = tr(s +m).) These arguments lead to

P (A N B‘C) = ]51 (Bl) pg (Ag) Pu,ZT(s) (A2 N BQ) 1a,1B,. (A51)

Similar arguments also show that

P (A[C) = P1 (A1) Pyy(s) (A2) 1a, (A.52)
and
P (B|C) = P?) (B3) Pu,ZT(s) (BQ) 1B, (A53)
such that
|P(ANB|C) — P (A|C) P (B|C)] (A.54)

= | Pyzr(s) (A2 N Ba) = Pyiy(s) (A2) Puip(s) (Ba2)| Pr (B1) P3 (As) 14,15,

< |Puips) (A2 N Ba) = Py o5y (A2) Py is) (B2)| 14,18,

< sup |P(ANB|C)— P (A|IC) P (B|C)|
Aeyz_j;is)’gT(s),Besz(s)’oo

tp(s+m)

< Cv§|C (m) )

where the equality combines results (A.51), (A.52) and (A.53), the first inequality uses
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Py (By) P3 (A3) < 1, the second inequality uses

Puip(s) (A2 N B2) 14,15, = Py, ;,.(s) (A2 N B2) Py (A4 N By|C)

= Puip(s) (A2 X Ag) N (B2 X By) [C)

as well as (A.49) and (A.50). The last inequality in (A.54) uses (A.39). Then, combining
(A.48) and (A.54) show that (A.47) holds. m

Lemma A.4.2 is the basis for establishing a joint CLT as both n,T — oo. For this,
the earlier blocking definitions need to be adjusted. Let L = nT, and n,T — co. Define
by, and [}, to be positive, non-decreasing integer valued sequences that are the length of
included and discarded blocks. Assume by, > Iy + 1, I, — 00, lp > 1, b, <mn, br,/L — 0
and I7, /by, — 0. Let r;, = [L/br] and define &;, 5 = &1, 5 /op ¢(w),?! where

L 2
oie=FE (Z&,s> cl. (A.55)

s=1
We impose the following conditions that are modifications of the conditions for the
case of marginal convergence when T — co.

Condition 5. Assume that {git,yﬁ;} satisfies Condition 4 for each i < n and all
T,n > 1. For {£1,5, K1 s} impose the following additional restrictions. There exists
a positive array of random variables gr, s (w) such that di, s (w) /gr.s (W) s uniformly
bounded P-a.s. for all s < L and all L > 1 and

HgL,s/gL,s (w)HHC < o0 (A.56)

form > 2 forall s < L and all L > 1. Let My ; = max(j_1yp, +1<s<jb, 9L,s (W) for

1<j<rp, and My, +1 = max,, p, +1<s<I JL,s (w). Then,

by ( max MLJ) — 0 P-a.s.
1<j<rp+1

and

L
br, ZM%J < Cpy < 0 P-a.s.
j=1
for some constant Cys and all L large enough.

We now state the following conditional CLT for joint convergence.

2 Note that or, ¢ in (A.55) is a random variable. In order to emphasize it, we write £1, s = €15 /or ¢ (w).
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Theorem A.4.2. Assume that Conditions 1 and 5 hold. Then, as n,T — oo,

_ L £
T ,n—o0

C} =37 g
If in addition, L*10%5 (w) — ag P-a.s. where a? is a constant, then it follows that

lim F {e”L_l/QZsLﬂgL’S
T ,n—o0

Proof. The proof follows the proof of Theorem 2 in Eagleson (1975). Lemma A.4.2
shows that {£1, s, K s} is a NED process with coefficients e (m) of size —1/2 and is
based on a mixing sequence with coefficients ¢ (m) of size —1/2, where B¢ (m,w)
and a¢c (m,w) are C-measurable random variables and where we add the w argument
to emphasize this fact. By Lemma A.4.1, the conditional expectations on (2, X', P) and
(Q,X,Q.) coincide with P-probability one. Therefore, for all w’" € €, except for a set
of P-measure zero, {{it, y’_’;o} satisfies the same NED process conditions with the same
mixing coefficients Q-a.s. The quantities f¢|c (m,w’) and a ¢ (m,w') are constants for
the probability space (Q, X', Q.). Therefore, the remaining assumptions in Condition 5
guarantee that for all W’ € Q, except for a set of P-measure zero, {&, s, K1 s} satisfies
the conditions of Theorem 2 in de Jong (1997) for the probability space (2, X,Q.),

except on a set of Q,/-probability of zero. Then, for P-almost all w’

lim E |emt X
T ,n—o0

c|l = lim B |t R ] =3 as (A5T)

T ,n—o0

where the last equality follows from applying Theorem 2 in de Jong (1997) on (Q, X', Q)
to a set of Q. probability one, which establishes the first result.

For the second statement, define the (2, X, Q. )-constant random variable

I 2
01,¢(W) = Ew (Z £L,s>
s=1

By Lemma A.4.1 J%’g(w’) is identical to O'%,g defined in (A.55) except on a set of Q.
probability zero. Then, it follows that L*10%7§ (W) — ag with @Q,-probability one on
(Q, X, Q.r) because of the maintained assumption of the theorem that L~'o? ¢ (W) — O'g

P -a.s. The result follows from applying the continuous mapping theorem to (A.57). m

A.5 Proofs for Section 4.1

In this appendix we provide a formal justification of the inference procedure proposed in
Section 4.1 by relying on the high dimensional central limit theorem of Chernozhuokov et al.

(2022). To this end, we impose the following assumptions.
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Assumption A.5.1. There are {1#2}?21 that are independent conditionally on G, and
satisfy ¥; € RY, E[;|Gn] =0 for all 1 < i < b, and for any o > 0

brn
P ( (vi.0.) = S v
=1 i=1 00
Assumption A.5.2. For some B, (G,,) satisfying 1 < B(G,) < oo with probability one

max max F [exp( [ >

1<i<by, 1<k<q B,,(Gn)

ovbn,

> -
log(q)

gn) <Tin (Qa gn) .

G| <2

Assumption A.5.3. There are ¢ > 0 and ¢ < co not depending on G, satisfying

Assumption A.5.4. For D, = ({Y;, Xi, Si}l- 1, Z,Gn) we have for any o > 0 that

b b
1 & 1 <&
2 : 2 4 —2
P (Q < 121132(; b, ;1 E[wlm|gn]’ 121]?%2 b, ;1 E[wlm|gn] <0o Bn(gn)

b
~ - oV bn
P ] 7 ] > Dn < rop 7Dn .
§ Wi — ;) n;:l(% ¥j) . Toa(q) Ton (0 )

Assumption A.5.5. The weights {wi};’gl are independent of {D,} and either: (i)
Follow a multinomial distribution with parameter by, and probabz'lities (1/bp,...,1/by),

or (ii) Are i.i.d. with w; = w;1+w; 2 with w; 1 ~ N (0,0 2) for some o2 > 0 and |wl 9| < 3.

Assumption A.5.1 demands that the vector of moments be asymptotically equivalent
to a g-dimensional sample mean of random variables {¢Z} " ,. We note that Assumption
A 5.1 effectively requires that the null hypothesis be true by requiring that the vari-
ables {1/)@} 1 have mean zero. In turn, Assumptions A.5.2 and A.5.3 imposes moment
restrictions on the variables {wz} ", that ensure that the high dimensional central limit
theorem of Chernozhuokov et al. (2022) is applicable. Finally, Assumption A.5.4 de-
mands a linearization requirement on our bootstrap statistic, while Assumption A.5.5
states requirements on the weights {wl} ", that we may employ. We note, in particular,
that Assumption A.5.5 allows for the empirical bootstrap (through Assumption A.5.5(i))
and the use of Standard Gaussian, Rademacher, or Mammen (1993) weights (through
Assumption A.5.5(ii)).

Our next result encompasses Proposition 4.1 as a special case. The first and second
parts of the result provide conditions under which the level of the test is 1 — a uncon-
ditionally on G, and conditionally on G, respectively. We view the unconditional result
as appropriate for the asymptotic framework in Adao et al. (2019) (in which elements
of G, are resampled), and the conditional result as more suitable for the asymptotic
framework in Goldsmith-Pinkham et al. (2020) (in which G, is not resampled).
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Lemma A.5.1. Let Assumptions A.5.1, A.5.2, A.5.3, A.5./, and A.5.5 hold. (i) If
r1n(0,Gn) V 7200, Dy) = 0p(1) for any 0 > 0 and B} (Gn)log®(gbn)/bn = 0p(1), then

lim P(T, <é,) =1-a.

n—o0

(11) If for any constants €, 0 > 0 we have 11,(0, Gn) = 04s(1) and P(ra,(0,Dy) > €|G,) =
0as(1), and in additiong B2(Gy)log®(qbn)/bn = 0as(1), then it follows that

lim P(T, <é|Gn) =1—a a.s.

n—oo

Proof. We begin by defining the conditional covariance matrix 3(G,) to be given by

and letting T,, = ||G, || for G, € R? a Gaussian vector satisfying G,, ~ N(0,%(G,)).
Further denote the linearized versions of T;, and T}’ by letting L,, and L} equal

-

bn bn,
1 1
Ly=|——=> wivi——> v (A.58)
by i=1 bn j=1 !

[e.e]

1 &
i

o0

and for notational convenience set 8, (G,) = (B2(Gy)log®(gbn)/byn)"/*. By Theorem 2.1
in Chernozhuokov et al. (2022) there then exists a C not depending on G, such that

Sup | P( Ly < 1]Gn) = P(To < 1]Ga)] < Ca6n(G) (A.59)
te

Next note that, for any constant ¢ > 0, result (A.58) allows us to conclude that

P (b;l/QTn < t‘ gn>
> P(Ly <t —0|Go) = P (10,17 — L] > g( G )
> P(Tn <t — 0|Gn) — Ci6n(Gn) — P (yb,;l/?Tn Ll > g( gn)
> P (T, <1|G,) — Copv/108{) — C104(Gu) = P (11 /*To = Ll > 0] G
> P (L, <t|G,) — Con —2C16,(Gn) — 710 (1, Gn), (A.60)

where the third inequality holds holds for some constant C5 not depending on G,, by
Lemma J.3 in Chernozhuokov et al. (2022), and the final inequality holds for any 7 > 0

by result (A.59), Assumption A.5.1, and setting o = n/+/log(q).
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For D, = {Y;, Xi, Si}l" 1, Z,G,) and any constant C3 > 0 next define the event

E(D,) =1 {sup |P(L,, < t|G,) — P(L < t|D,)| < Cgén(gn)} :
teR

By Assumption A.5.5 and Lemmas 4.5 and 4.6 in Chernozhuokov et al. (2022) it then

follows that we may select a constant C3 not depending on G,, under which we have

P(E(Dy) =1|G,) > 1 - bz — 30n(Gy), V2 (Gy) = Bg(gn)logi’»(qbn).

n bn

(A.61)

Applying (A.61) and the same arguments as in (A.60) we obtain that if £(D,,) = 1, then
P <b,;1/2T; < t‘ Dn>
< P(L;y < t+ 0| Do) + P (16,"2T; — L] > ¢| D)
< P(L;, 4| Da) + Ca0/108(q) + 2(C1 + C)60(Ga) + P (16T = L] > o| D)
<P (L;'; < t| Dn) + C277 + 2(C1 + C3)5n(gn) + T2n(77, Dn) (A'62)

for any constant > 0. Next, plug in t = é,by, 2 into result (A.62) and note that result
(A.60) then implies that whenever £(D,,) = 1 we must have

l—a<P (L;; < anb,;l/?( Dn> + Cotp+ 2(C1 + C3)n (o) + (1, D)
S P (Ln S énbyjl/Q‘ gn) + 0277 + (201 + 303)571(971) + r2n(777 Dn)
S P (Tn S é’ gn) + 20277 + 4(01 + 03)5n(gn) + r2n(777Dn) + Tln(na gn)
= P(T,, < ¢, Gn) + sn(n,Dn), (A.63)
where the final equality is definitional.

To conclude, let A, be a sigma field satisfying G,, C A,, and note that for any ¢ > 0

we obtain from result (A.61) and the law of iterated expectations that

> P(0a(Gn) < 0l An) (1 - % - 39) (A6Y)

Similarly, for any ¢ > 0 we may select n > 0 sufficiently small so as to ensure that

P(sn(n,Dn) < 0| An) = P(6n(Gn) V 110 (10, Gn) V 120 (1, D) > €0l Ay) (A.65)
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for some € > 0. Finally, observe that (A.63) and the law of iterated expectations yield

P(T, < énlAn) > E[HT, < &} 1{P(Ty < é|Gn) > 1 — o — 0} Ap]
> (1—a—0)E{P(T, < é,|Gn) >1—a— o} A,]
Z (1 - o= Q)P(S(U’Dn) < o, g(Dn) = 1|-An) (A'66)

Part (i) of the lemma therefore follows from p being arbitrary, results (A.64), (A.65),
(A.66), and setting A, to be the trivial sigma field. Part (ii) of the lemma similarly
follows from p being arbitrary, results (A.64), (A.65), (A.66), and setting A, = G,,. ®
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This supplemental appendix includes: (i) Calculations that justify the asymptotic
validity of the proposed overidentifiation tests; and (ii) A set of Monte Carlo experiments

evaluating the finite sample performance of such tests.

S.1 Influence Functions

In this section, we discuss how to verify the conditions of Lemma A.5.1, and hence

Proposition 4.1, in the context of the overidentification tests of Sections 4.2 and 4.3.

S.1.1 Conditioning on Shocks

We first examine the overidentification test introduced in Section 4.2, which is designed
for applications in which G,, denotes a set of aggregate shocks that include Z. Recall
that in Section 4.2 we set v;; = U;;/0; and 1[1ij = Uij/&j with U;; and Uij given by

Usij = (Sijer — (B[S (Xs, W))|Gu] ) (B[Ai(Xi, W2)'|Gn]) ™ Ave

R 1 1 & 14
Uiy = (Siyéi — ( ZSM(XZ-,W{))(; D AX, W) )T g, (S.1)
=1 i=1

where A; = (Z;, W) and ajz and &jz denote the population and sample variances
1< 1<
o? = var{U;;|Gn} )= > Uy - - > Uki) (S.2)
i=1 k=1
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It will also prove helpful to define the variables {R;;}!" ; for 1 < j < p according to
1o 1
R.=S8.e — (= . Y (= "L A.e. )
ij = Sijéi (n Z Sk (X, Wk))(n ZAk(Xk7 W)™ A (S.3)
k=1 k=1
In particular, by definition of 7,, and standard manipulations it then follows that

n

>
O
i=1 7

T, = max
1<5<p

(S.4)

In order to apply Lemma A.5.1(ii), to justify the asymptotic validity of the overi-

dentification test of Section 4.2, we require suitable moment conditions and that

\/log Z z] zy ’ _ Op(l) (8.5)

max |
1<j<p
log” (p) S (Uzj—Uz‘j)2 _
BT L g o (89

where probability statements are understood to be conditionally on G, and require-
ments (S.5) and (S.6) to hold almost surely in G,,. By relying on Lemma D.5 in
Chernozhukov et al. (2019), it is possible to show that requirement (S.6) in fact im-
plies that

log(p) x 1r£1jaé<p|J—J — 1] = op(1), (S.7)

where, again, probabilities are understood to be conditionally on G, and (S.7) to hold

almost surely in G,,. Moreover, by the triangle inequality and condition (S.5) we have

< ( max |7~1\O/_i(p) Z%| +op(1)) X max |— — 1] =o0p(1), (S.8)

1<j<p 0j

where the final result follows from result (S.7) and a standard maximal inequality; see,
e.g., Lemma 2.2.2 in van der Vaart and Wellner (1996). Result (S.8) together with (S.4)
and 1;; = U;j/o; imply that Assumption A.5.1 holds with b, = n, ¢ = p, and r1,(0, Gn)
satisfying r1,,(0,Gn) = 04s(1) for any o > 0.

In order to verify Assumption A.5.3, recall that D, = ({Y;, X;, i}, Z,G,) and

note that if {w;}? ; are i.i.d. standard normal random variables independent of D,,,

o6



then a standard maximal inequality yields that

Bl [V5E) z (s = i3) = = S ns = )]

1<5<
ISP =1

n

foa ) x ax (5L S (5 — v (59)
T =1

Moreover, employing that t;; = Uy; /6 and t;; = Uy /oj we can bound (S.9) by

n

2
tog(p) > @iy — i)

ax
1sjsp n o
< log ) (max M(l +op(1)) + max _ZQJ(Q —1)%) =o0p(1),
n 1<j<p = o} ISI=pi 95 9

where the final result holds by (S.6) and a standard maximal inequality. By Markov’s
inequality and result (S.9) it follows that Assumption A.5.3 holds for some ray, (0, Dy,)
satisfying P(ron (0, Dy) > €|Dy) = 04s(1) for any ¢ > 0 as required by Lemma A.5.1.

S.1.2 Identification Through Shocks

We next discuss the overidentification test of Section 4.3, which is designed for applica-
tions in which identification is driven by exogeneity of the shocks Z. Recall that in the
corresponding asymptotic framework, originally developed by Adao et al. (2019), we set
Gn = {Si, Wi, ;1. Following the notation in Section 4.3, we further set

-1 5

<Z W, W! ) Z Wig;(gi, Wi, Si)

i=1

1 n
= <Z E[SZ{EXHgn]) <Z E[SZ{EXHgn]%gj(ﬁi,Wz’,&‘)) ) (S.10)

1=1 i=1

where £ = Z — F[Z|G,] and we note that §; and x; depend on n (through G, ), but we

suppress the dependence from the notation. As estimators for J; and x; we employ

_1n

8]‘ = <Zn: WiW{) Z Wigj (éi, WZ’, Sz)
i=1

i=1

n -1 n
<Z(Z¢ - WﬁTn)Xi> (Z(Zz' - W@'ﬁn)Xz‘%gj(éi,Wi,Si)> :

i=1 i=1

kj
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where 7, denotes the coefficient from regressing {Z;}?_ ; on {W;}" ;. In addition let

Uiy = & x Zski(gj(ek, Wi, Sk) — W,;5j — gk/{j)

k=1
Uij =€ < Y Ski(g;(éxs Wi, Sk) — Wi0; — éxitj)
k=1

for & an estimator of & (see Remark 4.2), and recall that ¢;; = U;;/0; and @ij = Uij/ﬁj,

where o; and &; respectively denote the population and finite sample variances

1< 1 SR T
E—Z Var{U;;|G, } A?EZ—QZ<U2‘1‘—EZU/€J’> :

It will also prove convenient to define the variables {R;;}? ; for 1 < j < g according to

'U

Rij = gj (&, Wi, 8i)(Z; — W/Hn).

The asymptotic validity of the overidentification test of Section 4.3 may be justified
by employing Lemma A.5.1(i). In order to appeal to Lemma A.5.1(i), first note that if
{&}_, are (uniformly) Sub-Gaussian almost surely in G, then Assumption A.5.2 can
be verified by setting B, (G,) = KC,, for K large enough and C,, given by

Var (U 1/2
C,, = max max ( ar{ i3I} }) .

1<i<p 1<j<q ~_, Var{U;;|G,

In turn, Assumptions A.5.1 and A.5.2 can be verified under the key requirements

log

R oo/ |ZRU ZUZ]|—OP (S.11)

log®(q) Uij — Uy)?
max =op(1), S.12
Wy = (1) (5.12)

1<j<q pa

where the convergence in probability statement should be understood as jointly over all

the data (rather than conditionally on G,). In particular, under the condition that

Cxlog?(q)

for some 0 < ¢ < 1, it is possible to argue by relying on Lemma D.5 in Chernozhukov et al.
(2019) that requirement (S.12) in fact implies that

1 — —1| = 1 .14
o8(a) x max [ 1= op(1). (.14)

o8



Moreover, by applying Lemma D.3 in Chernozhukov et al. (2019) and relying on the
rate condition in (S.13) it is also possible to obtain the rate bounds
12

1L KUy, Uij o _
1<]§q72 | = Or(\/log(q)) f?f‘?q‘gzaj’ = 0p(1). (S.15)

Combining results (S.14) and (S.15) with the same arguments employed in Section
S.1.1, it is then straightforward to show that conditions (S.11) and (S.12) imply As-
sumptions A.5.1 and A.5.4 hold with b, = p and 71,(0,Gn) V r2,(0,Gn) = op(1). To
conclude verifying the main requirements of Lemma A.5.1(i) we note that the condition

B2(G,)log®(gp)/p = op(1) is implied by requirement (S.13) (up to logs).

Condition (S.11) is more challenging to verify than its analogue in Section S.1.1 (i.e.
(S5.5)) because there are n terms {R;;} but p terms {U;;}. Fortunately, as we next
outline, it is possible to establish that (S.11) holds by building on the assumptions and

arguments in Adao et al. (2019). To this end, we start with the decomposition

ZRU_Z% (e, Wi, 85)(Z; — Wity (S.16)

1=1
+ Z(gj (&, Wi, Si) — gj(ei, Wi, Si))(Zi — Wimn) (5.17)
i=1
+ > (95, Wi, Si) = g5(es, Wi, Si) )W (R — 7). (S.18)
i=1
It is also helpful to note that since Z; = S/Z, E[Z;|G,| = W/, under the null hypothesis,

and E[Z;|G,] = SIE[Z|G,] due to S; € G,, it follows that

Zi — Wi, = SIE. (S.19)

)

Next, note that (S.19), the definition of §; in (S.10), the equality Si.€ = >°F | Sk;&;, and

some algebra allows us to express term (S.16) as being equal to
> " gi(ei Wi, 8i)(Zi = W) = gjles, Wi, S){(Zi — Wimn) + W (mn — 7n) }
i=1 i=1

_Zgj (25, Wi, S;){SIE — W! ZWka 1znjwls;5}
=1

=1 =

= Zf‘? x (Z Ski(g; (er, Wi, Sk) — Wid;)).

99



We analyze the term in (S.17) through a linearization argument. To this end, we set

] 0’
M4 = max Haggj”oo My = max | 629]”00

1<j<q 1<j<q
and, following Adao et al. (2019), we let ny = > ;" Sk and set r, = (374 n2)~L.
Then note that by result (S.19) and a standard Taylor expansion we obtain that

n

> (95 Wi, 85) = g0, Wi, S0))(Zi = Wimy)
i=1

n a R R
=D 5-9i(= Wi, S)SIE(Xi(B = Ba) + W (7 — Fn))
=1

n 2
+ Z %gj(éi, Wi7 SZ)(e’fZ — 81')252{5, (S.QO)
i=1

where &; is some intermediate value between &; and ¢;. If the covariates W; are bounded

almost surely, then a maximal inequality (applied conditionally on G,) yields

e |32 €3 S e 7 g5(e Wi S)WL 1G]

1<3<q =1 k=1

A Vog(q) M
< VIogla) Mg x (Y (3 5?7 = R

i=1 k=1

where the final equality follows by definition of r,. We can therefore conclude that

- op(E D,

n a . .
max | Z %gj(ei’ Wi, Si)sz{EWi/(’Vs - ’7n)| - 'VnH)a

1550
where the probability is understood to be over the entire data. Similarly, adapting the
arguments in the proof of Proposition 3 in Adao et al. (2019) (see in particular the proof
of their display (A.4)) and employing a maximal inequality for degenerate U-statistics
(see, e.g., equation (3.5) in Giné et al. (2000)) it is possible to establish that

log(q )Mlq

N 1B — BI)-

"9 .
max | 5293 (€0 Wi, Si) (Si€Xi = E[Si€Xi|Gn]) (B — Bu)| = Op(——=—

1<5<
SJ>4q i—1

Moreover, the arguments in Adao et al. (2019) can additionally be used to conclude that

nSlEes 5 — e 1
szl ic€ +O (H7 7”_{_

Bn - B = 2?21 E[S{SXZ!Qn] P /T 7”L27“n)’ (8.21)
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while sup norm bound on the quadratic term in (S.20) and the definition of My, imply

= 82 ~ ~ 2 of A 2 ~ 2
jmax ! Z; @gj(% Wi, Si)(éi — €:)°Si€|l = Op(nMag(|Bn — BI” + |17 — sl7))-

Thus, since result (S.21) implies that |3, — 8] = Op((ny/fm) "), our analysis so far yields

mej%%Mﬂ>gmmw&M&—Mm%miyww

1<5<q
V0og(q) My . My Vv My
= Ort— Mig V Mg
Tn

|| + nMag||y — slI* + log(q)
nry

).
Finally, using that ||#, — m,|| V|3 — 8] = Op((n\/r)~!) and relying on the mean value

theorem allows to bound in probability the term in (S.18) by

My 1
NN

1)

n
ax | > (g;(&0, Wi, Si) — gj(e6, Wi, Si))W (. — 7n)| = Op(
T =1

To simplify our bounds, we suppose that || — 75|l has the same rate of convergence
as |f — B so that ||§ —~s|| = Op((ny/r) ). Combining our analysis of the terms in
(5.16)-(5.18) together with the definition of R;; and U;; we can then conclude that

Mlq V ng

WJZ% ZW—wmm )

Thus, finally setting ¢ = min;<;<,0; we obtain that (S.11) is implied by the condition

10g3/2 (q) (Mlq v MZq)

O./PNTy

= Op(l).

S.2 Simulation Evidence

We next conduct a series of Monte Carlo simulations to evaluate the finite sample
performance of the overidentification tests proposed in Section 4. With the goal of
informing the implementation of our tests in the empirical application of Section 5, we
employ simulation designs based on the Autor et al. (2013) dataset. In particular, as in
Autor et al. (2013), our designs consist of short panels with 7' = 2 time periods, n = 722
commuting zones, and p = 397 sectors defined by four digit SIC codes.

In what follows, we incorporate the short panel structure into our notation by letting
Yit, Xit, Wi, and Z;; respectively denote the outcome, regressor, controls, and instru-
ment for commuting zone ¢ at time periods ¢. We also note that in Autor et al. (2013)

both the regressor X;; and instrument Z;; have a Bartik structure and hence we now
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index shares and aggregate shocks by subscripts  and z. Concretely, we have

Xit — S:/L,thmt Zit — S;Z‘tzzt (822)
where S+ and S,;; represent share vectors for commuting zone ¢ at time ¢ and Z,; and
Z,; denote aggregate shocks at time ¢. Finally, because Autor et al. (2013) weight all
observations by the start of period commuting zone population, in our simulations we

employ the same weights throughout the analysis.

S.2.1 Conditioning on Shocks

We begin by examining the finite sample performance of the overidentification test pro-
posed in Section 4.2, which recall was designed for applications that implicitly condition
on the aggregate shocks — i.e. that employ asymptotic approximations based on only
n growing. As discussed in Remark 2.1, implicitly conditioning on aggregate shocks in

short panels yields the overidentifying moment restrictions
E[Sziteit] =0 for 1 <t< T. (823)

Since T' = 2 and p = 397 in the context of Autor et al. (2013), result (S.23) represents a
total of 794 possible moment restrictions. Moreover, because Autor et al. (2013) cluster

observations at the state level, their effective number of observations is 48.

In designing our simulations, we aimed to reflect the clustering structure in Autor et al.
(2013) by employing a heteroskedastic version of the group shock model of Moulton
(1986). To this end, we let ¢ denote a cluster, which consists of the commuting zone
time pairs (i,t) for which 7 belongs to the state represented by ¢, and let C' denote the
collection of all clusters. Employing the Autor et al. (2013) dataset, we then estimate a

model in which the errors ¢;; are assumed to have the structure

it = Ne + Cit

where 7). are i.i.d. cluster level shocks and (;; are i.i.d. shocks and independent of 7.

We further impose a parsimonious heteroskedasticity specification by supposing that

E[nZ|An] = an =+ sn( Z S%itS=it)

(i,t)ec
E[(|An] = ac + s¢(SLiSzit)

for some constants a,, sy, a¢, and s¢ and A, = {S.it, Szit, Wir}. In order to estimate

this model, we employ the fitted residuals {é;;} from the weighted instrumental variable
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estimation in the main specification of Autor et al. (2013) and let

(Gp,8n) = arg mln Z Z (€ité;; —a — s( Z S 1S ))?

el i, t>ec (i"t')ec
(ac,5¢) = arg min > > (& = 50— a = s(St =) (S.24)
ceC (it)ec

where

631,0 = max{ay + 8y( Z S’itSzit), 0}.
(i,t)ec

Given these estimates, we generate our Monte Carlo samples as follows:

STEP 1. We employ the same controls {W;;}, aggregate shocks Z,; and Z,;, and re-
gression weights as in the main specification of Autor et al. (2013), which we keep fixed

across all the simulations. m
STEP 2. For each t € {1,2} we draw n observations {S},,,S%,}~, with replacement
from the original full sample set of shares {Syit, Szit}r ;. W

STEP 3. Given the sample {S7,,, S,

endogenous variables { X/} by setting Z}, = (S%,,)'Z.; and letting X7 = (S

it — xit

}, we create a sample of instruments {Z7;} and
) Zy. W

STEP 4. For each commuting zone time pair (i,¢) and cluster ¢ we create the variances

(5—27“)2 - maX{a’C + SC( zzt) zzt’ 0}

(5;;) = max{a, + Sy Z i) SZits 0}
(i,t)ec

by employing the full sample estimates a,, 3,, a¢c and 3¢ from (5.24). m

STEP 5. To create a sample of outcomes for our simulations, we draw |C| i.i.d. standard

normal variables {V.}.cc, n x T i.i.d. standard normal variables {U;;}, and set
Y; = tﬁ + W, ﬂs + Vc&;;c + Uit&z,z‘t’

where (B ,7s) denote the weighted instrumental variable estimators from the main spec-
ification in Autor et al. (2013) and the “¢” subscript is understood to refer to the state

to which commuting zone ¢ belongs. m

By repeating Steps 1-5 we generate one thousand samples {Y;;, X}, Z}, Wi} on
which we evaluate the finite sample properties of our test. We note that the number
of moment restrictions (p x T" = 794) in (S.23) far exceeds the number of clusters in
the simulations (48 states). Since any linear combination of the moment restrictions in
(S.23) is also a valid moment restriction, we also examine the performance of our test

when adding restrictions across time periods and/or different levels of SIC codes. Table
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Table 3: Rejection Probabilities

Significance Level

Moment Restrictions # Moments 1% 5%  10%  p-value
Four Digit SIC & all time periods 794 0.000 0.004 0.013 0.1274
Four Digit SIC & time aggregated 397 0.000 0.008 0.031 0.168

Three Digit SIC & all time periods 272 0.000 0.007 0.029 0.0488
Three Digit SIC & time aggregated 136 0.000 0.007 0.025 0.0748
Two Digit SIC & all time periods 40 0.001 0.030 0.072 0.0054
Two Digit SIC & time aggregated 20 0.004 0.034 0.095 0.0018

Finite sample rejection probabilities for overidentification tests of the validity of the moment restrictions
imposed when asymptotic approximation implicitly condition on aggregate shocks.

3 reports the finite sample rejection probabilities for tests based on different choices of
moments and significance levels. The final column of Table 3 additionally reports the
p-value obtained when the test is implemented in the data of Autor et al. (2013). All
critical values were obtained by following the procedure in Section 4.2 with one thousand

bootstrap draws.

Overall we find that the test is able to control size across all specifications. However,
for larger values of the number of moments, the finite sample rejection probability of the
test is significantly below its nominal level. The test performs best when aggregating
across time periods and two digit SIC codes. For this specification, which consists of
twenty moments, the finite sample rejection probabilities of the test are close to the
nominal levels. Because the design only has 48 clusters, we view this specification as

still employing a large number of moments relative to the sample size.

S.2.2 Identification Through Shocks

We conclude by examining the finite sample performance of the overidentification test
proposed in Section 4.3, which was designed for applications in which the exogeneity of
the instrument is due to the exogeneity of the aggregate shocks. Recall that in these

applications G,, = {S.it, Szit, Wit, €+ } and the overidentifying restriction is given by

EZ4|Gn] = W)y (S.25)
where
T n T n
M= WiuWi) ™ Y Wit SLiy Bl Zit|Gn)).-
t=1 i=1 t=1 i=1

In order to ensure that the null hypothesis holds in our simulation design, we rely on

a model proposed by Adao et al. (2019) as a sufficient condition for (S.25). Specifically,
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we suppose that for some p x d matrix of shock Z,; and d x 1 vector I' we have
E[Z.4|G,] = ZuT Wit = 2,5, (S.26)

To estimate this model in the original Autor et al. (2013) dataset, we first compute a

ridge regression of the coordinates of W € R? on S.;; by setting
n n
0jt = (O SeurSlip + ML) Seia Wi,
i=1 =

for each j and ¢, where Wj;; denotes the jth coordinate of the vector Wy € R, I,is a

p X p identity matrix, and we set the penalty A to equal 0.1. Given these estimates, we

let Zy = [511&7 . ,5dt] and estimate I' through the regression
T
- ) s )
= arg;g@; 1226 — Zungll-

In what follows, it will be helpful to define E [Z.41Gn] = Zotl and 0y = 2, — Zyil

We further aim to reflect the clustering structure in Autor et al. (2013). To this
end, we follow Adao et al. (2019) and Borusyak et al. (2022) who in re-examining the
empirical analysis of Autor et al. (2013) cluster shocks at the three digit SIC code. As

in Section S.2.1, we estimate a common shock model in which Z,; satisfies

Zztj = 1c + Ctj

where Z.;; denotes the jth coordinate of Z,;, 7. are i.i.d. cluster level shocks, and (;;

are i.i.d. shocks independent of 7.. We estimate the variance of these shocks by setting

1 1
2 PN
S — ViU
"7 Zecncmc—n >ty
ceC

Q>
Il
|

Q

Q>
|||

| ¢ (t.5)#(E.j)€c
1
Z >

Ne (s,t)€c

where n. denotes the number of observations in cluster ¢ and v4; denotes the jth Coor-

dinate of the vector 7y € RP.

Finally, in order to reflect the strength of the instrument in Autor et al. (2013) in

our simulation design, we run the following regression on the aggregate shocks

T p
(&, k) = arg min Z > (Zutj —a—kZ.y)?

k
wkeR

and let 6? denote the sample variance of the residuals étj = Zpj — 0 — K24
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Given these estimates, we generate our Monte Carlo samples as follows:

STEP 1. We first create controls Wit = ZA{UtSzit, which we note have the structure
required by model (S.26). We combine the controls {W,t} with the shares {5, Syit} in
Autor et al. (2013) and keep all of them fixed across simulation designs. m

STEP 2. To generate our instrument, we first draw |C| i.i.d. standard normal variables
{Veteeo, p x T iid. standard normal variables {U;}, and set

i = B[2.4|Gn) + Veby + Usyjoc,

where the “c” subscript refers to the three digit SIC code to which sector j belongs. As
our instrument we then employ Z;, = S%, 2%, Note that, because E[Z.¢|Gp] = Zul, the

shocks Z%, have the structure required by model (S.26). m
STEP 3. Similarly, in order to generate aggregate shocks for our regressor, we draw
p x T ii.d. standard normal random variables {U,;} and let

Z;tj =a+ /%Z;‘tj + Vitjoe.

[ — / *
As our regressor, we then employ X}, =5, Z>,. m

STEP 4. Finally, we generate a sample of outcomes Y;; by simply setting Y,; to equal
Yy = X8+ WiAs + éu,
where (B, 4s) and {é;;} denote the estimators and residuals obtained from replacing Wy

with Wj, in the main specification of Autor et al. (2013). m

By repeating Steps 1-4 we generate one thousand samples {Y;;‘,X;},Z;},Wit} on
which we evaluate the performance of the overidentification test proposed in Section
4.3. In order to implement the test, we need to select the moments to employ (i.e. the

functions g; in (30)) and an estimator & for the demeaned shock
& = 2o — BlZ[Gn].

In the main specification of Autor et al. (2013), there are no control variables with the
structure required by the estimator for £ proposed by Borusyak et al. (2022). We there-
fore instead adapt the estimator of & advocated by Adao et al. (2019) by employing

EF = (D SeirShi + M) TH Y Seie(Z5, — Whir) (S.27)
i=1 i=1

for 7% the coefficient obtained from a weighted regression of {Z}:} of {W;;}. We introduce

ridge regression in (S.27) because the design matrix is ill-conditioned. In this regard,
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Table 4: Rejection Probabilities

Significance Level

Ridge Parameter 1% 5%  10%  p-value
A=1le—3 0.029 0.103 0.177 0.0012
A=1le—4 0.011 0.061 0.127 0.0074
A=1le—5 0.008 0.049 0.114 0.0368
A=1le—6 0.008 0.047 0.100 0.0650

Finite sample rejection probabilities for overidentification tests of the validity of the moment restrictions
imposed when identification is driven by the exogeneity of the aggregate shocks.

our estimator differs from that in Adao et al. (2019) who use ordinary regression (i.e.
A = 0), but instead drop sectors from the regression to address the ill conditioning

1

of the design matrix.” The p-values of the test can depend on A, and we employ the

simulations to inform the choice of penalty A for our application.”

Finally, for our moments we select the square of the residual and moments based on
the pdf of the Logit distribution, which may be interpreted as different kernel estimators.

Specifically, we employ a total of twenty moments by setting

gjlg,w,s) = exp(e—aj;) . )
ple—ayinz 25520
with as,...,a59 = —2.25,—2,...,2,2.25. Table 4 reports the finite sample rejection

probabilities of the resulting test for different choices of the ridge parameter A. The final
column of Table 4 additionally reports the p-value obtained when the test is implemented
in the data of Autor et al. (2013). The results are based on one thousand simulations
with the bootstrap implementation relying on one thousand replications. Overall, we
find that the rejection probability is close to the nominal level of the test provided that

the ridge parameter is sufficiently small.
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