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PARTIAL REPRESENTATIONS OF CONNECTED AND
SMASH PRODUCT HOPF ALGEBRAS

TIAGO LUIZ FERRAZZA, WILLIAM HAUTEKIET, AND ARTHUR ALVES NETO

ABSTRACT. We show that every partial representation of a connected Hopf algebra is global.
Some interesting classes of partial representations of smash product Hopf algebras are studied,
and a description of the partial “Hopf” algebra if the first tensorand is connected is given.
If H is cocommutative and has finitely many grouplikes, this allows to see Hpq, as the weak
Hopf algebra coming from a Hopf category.
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Over the last two decades, partial representations of groups and Hopf algebras have been
intensively studied. Partial actions of groups originated in the theory of C*-algebras [12],
describing those C*-algebras that have an action of the circle group, as generalized crossed
products using partial automorphisms. The notion of partial representation of groups was
introduced in [13] and it was shown in [11] that the partial representations of a finite group
G correspond to representations of a groupoid I'(G). This result was generalized in [1], where
partial representations of Hopf algebras were studied. The category of partial representations
of a Hopf algebra H is isomorphic to the category of usual representations of a suitably
constructed Hopf algebroid H,,. One interesting feature of partial representations is that
they are not only based on the algebraic properties of the Hopf algebra, but also on the
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coalgebraic properties. This indicates that studying partial representations can probe deeper
in the structure of a Hopf algebra.

However, until now, partial representations have only been explicitly described for 3 classes
of Hopf algebras, which we list here in increasing order of complexity of their partial repre-
sentation theory:

(1) Universal enveloping algebras of Lie algebras. These Hopf algebras do not admit
partiality [1, Example 4.4], i.e. every partial representation is a global (usual) repre-
sentation and the partial “Hopf” algebra H,,, is just the Hopf algebra itself.

(2) Finite group algebras. In this case the partial representations correspond to repre-
sentations of a groupoid [11], hence the partial group algebra k.G is a weak Hopf
algebra.

(3) Sweedler’s 4-dimensional Hopf algebra (and more generally, the Hopf-Ore extensions
of kCy, as studied in [18, Chapter 4]). The base algebra A, of the Hopf algebroid
H,,, becomes infinite-dimensional in this case, which implies that the Hopf algebroid
is not associated to a weak Hopf algebra.

The aim of this paper is to develop tools to describe the partial representations for more
general classes of Hopf algebras. First, we show that there exists a larger class of Hopf
algebras that do not possess partiality: the connected Hopf algebras. More precisely, we
show that if a partial representation of H is multiplicative on the coradical Hy, then it is
in fact a global representation. If H is connected (i.e. Hy is trivial), this shows that any
partial representation of H is global. This way we obtain new examples of Hopf algebras that
do not have partiality, thus broadly extending the example of universal enveloping algebras.
Conversely, we show that any Hopf algebra that has a nontrivial cosemisimple Hopf quotient
admits at least one partial representation which is not global. This hypothesis is satisfied by
large classes of Hopf algebras, such as cocommutative Hopf algebras in characteristic 0 which
are not connected. Indeed, recall that if H is a cocommutative Hopf algebra over a field of
characteristic 0, then by the famous Cartier-Gabriel-Konstanz-Milnor-Moore theorem (see for
instance [17, Theorem 5.6.5]), H is a smash product of a universal enveloping of a Lie algebra
gr and a group algebra kGy. From this one can easily deduce that the coradical of H is
exactly kG g, and that the projection 7 : H — kG'y is a Hopf algebra map. Hence there are
always nontrivial partial representations if the group is nontrivial. This again indicates that
the coalgebraic properties (such as the coradical) play an important role in understanding
the partial representations of Hopf algebras.

We aim to go a step further here, and fully describe the partial representations of cocom-
mutative Hopf algebras (over an algebraically closed field of characteristic zero). This is what
we will do in the second part of the paper, but we approach the problem in a more general
setting. Following [7], we consider two Hopf algebras U and H, together with a smash prod-
uct map R : H® U — U ® H turning U#gH into a Hopf algebra (to have this, it suffices
that R satisfies just three conditions; it has to be normal, multiplicative and a coalgebra
map). Examples of such smash product Hopf algebras are obtained from actions of one Hopf
algebra on the other, and by exact factorizations of groups. In Section 3.2, we study partial
representations 7w of U#grH that split as a product of a partial representation of U and a
partial representation of H, i.e.

T(u®h)=7m(u®lg)r(ly @ h),
T(Rh@u)=7(ly @ h)r(u® 1g),
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for all u € U, h € H. We show that these are equivalent to representations of a certain smash
product of the partial “Hopt” algebras Uy, and H,,,, with a smash product map R induced
by R.

The partial representations of U#rH that restrict to a global representation of U form
an interesting subcategory of these; they remind of the partial representations of a group G
that are global on a given subgroup as studied in [10]. We show that they are equivalent
to the category of representations of U#7H,,., where T : Hypr @ U — U ® H,,, is again
obtained from R. This is of particular interest if U is a Hopf algebra without partiality, and
allows to describe the partial “Hopt” algebra of any cocommutative Hopf algebra as a smash
product: since U(g) is connected, all of its partial representations are global, so any partial
representation of U(g)#rkG restricts to a global representation of U(g). We obtain that

(U(8)#1kG) par = U(8)#1par G-

If the number of grouplikes is finite, then k,,,G is isomorphic to a groupoid algebra, and
U(g)#7kparG is in fact a weak Hopf algebra coming from a certain Hopf category.

This article is organized as follows. In Section 1, we recall the necessary notions and
properties of partial representations and the coradical. Our first main result, that any partial
representation of a connected Hopf algebra is global, is shown in Section 2, and we give a
sufficient condition for Hopf algebras to possess at least one partial representations which
is not global. In Section 3, we first recall the definition of a smash product algebra, and
give the sufficient conditions for it to be a Hopf algebra. We also show some new technical
properties there. Then we study partial representations of smash product Hopf algebras, with
the description of H,,, for cocommutative H as a main application. Some further examples
to illustrate the results are given.

Notation. Throughout the article, H is a Hopf algebra over a field k. For the comultiplica-
tion, we adopt the Sweedler notation

A(h) = ha) @ hz).
For vector spaces V' and W, the tensor flip V@ W — W ® V is denoted by 7y .

1. PRELIMINARIES

In this section we will recall the basic notions about partial representations of Hopf algebras
and the coradical filtration.

1.1. Partial representations of Hopf algebras.

Definition 1.1 ([1]). A partial representation of H on an algebra B is alinear map 7 : H — B
such that for all h,k € H

(PR,]_) 7T(].H) = 137

(PR2) 7(h)m (k1)) m(S (k) =
(PR3) 7(h))m(S(h) )) (k)
By [2, Lemma 3.3|, axioms (PR2) and (PR3) can be replaced with

(PR4) m(h)7 (S (k) m (k) = m(hS (k)7 (ke);
(PR5) m(S(h))m (h<z) (k) = m(S(h )) m(hk).

If B = Endy (M) for some k-vector space M, then we call M a left partial H-module. From
the axioms it follows immediately that an algebra morphism (i.e. a usual representation)
H — B is a partial representation. We will often refer to those as global representations of
H on B.

T (hk))m(S(ke2));
7(ha))m(S(h))k).
)
(h
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It turns out that the partial representations of H factor uniquely through the partial “Hopf”
algebra H,,,. This algebra is constructed as the quotient of the tensor algebra T'(H) by the
relations

Ly = lom); (1)
h® kay @ S(ke) = hka) ® S(ke); (2)
hy ® S(h@) ® k= hay ® S(he)k; (3)

for all h,k € H. The class of h € H in H,,, is commonly denoted as [h]. It is easy to see
that the linear map

(=] : H = Hper : h— [h] (4)
is a partial representation. In the other direction there is an algebra map
Hyor — H 2 [ha] - [hy) ¥ By -+ Dy, (5)

The algebra H,,, satisfies the following universal property.

Theorem 1.2 ([1, Theorem 4.2]). For every partial representation 7 : H — B there is a
unique algebra morphism 7 : Hy,e — B such that m = 7 o [—]. Conwversely, given an algebra
morphism ¢ : Hp,, — B, the map ¢ o [—]: H — B is a partial representation.

This tells us that there is a bijective correspondence between partial representations of H
and representations of H,,,, and that the category of left partial H-modules is isomorphic to
the category of left H,,,-modules.

The structure of Hp,, can best be described with respect to a particular subalgebra A,
which is generated by the elements of the form

en = [h][S(h)]  for he H. (6)

As was shown in [1, Section 4.4], this algebra can also be constructed as a quotient of the
tensor algebra T'(H). Its defining relations are

1Apa7‘ = €1H7 (7)
€h = Eh1)Ehz)s (8)
EhyEhk = Eha)kEh(ay> (9)

for all h,k € H.

Definition 1.3 ([1]). A left partial action of a Hopf algebra H on an algebra A is a linear
map H ® A — A, given by h ® a — h - a, such that

(PA1) 1y -a=a,

(PA2) k- (ab) = (hqy - a)(h) - b),

(PA3) h- (k- a) = (hq) - La)(hek - a),

for all a,b € A and h,k € H. The algebra A is called a partial left H-module algebra. A left
partial action is symmetric if in addition, it satisfies

(PA4) h- (k- a) = (hwk - a)(he) - 1a),
for all h,k € H and a € A.
Let A be a partial H-module algebra. Consider the associative multiplication
(a®@h)(b® k) =a(hu -b) @ hek

on A® H. Then, the space A#H = (A® H)(14® 1) is a unital algebra, which is generated
by elements of the form B

a#h = a(h(l) . 1A) ® h(g)
for a € A and h € H. This algebra is called the partial smash product of A by H [8].
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The following theorem summarizes the main results obtained in [1] about the structure of
H,, with respect to its subalgebra A, .

Theorem 1.4 ([1, Theorems 4.8 and 4.10]). (i) There is a partial action of H on Ay,
defined by
h-a:= [hwlalS(ha)]
forh € H,a € A.
(11) The partial “Hopf” algebra Hp,, is isomorphic to the partial smash product algebra
A,r#H. The partial representation (4) becomes

H — Appy#tH - b 14, #h. (10)

(111) If H has invertible antipode, then Hy,, has the structure of a Hopf algebroid over the
subalgebra Ay,

Let us look at some examples to illustrate how partial representations of different Hopf
algebras can behave very differently.

Example 1.5. Let G = Cy = {1,¢g} be the cyclic group of order two and H = kC; its
group algebra. From relation (2) for h = k = g it follows that [¢]* = [g]. Hence kCs g, is
3-dimensional and has as a basis {[1], [g], [g]*}. Apart from the global representations, there
is up to isomorphism just one simple partial representation, which is described by

1—1,

k:Cg—>k::{
g— 0.

Example 1.6. Consider H = kCj, the Hopf algebra dual to the one from the previous
example. If char(k) # 2, then kCj = kCy as Hopf algebras, so their partial representation
theory is the same. If char(k) = 2 however, then kC; and kCy are not isomorphic. Let
{p1,py} be the basis of kCy dual to {1, ¢}. Then

A(p1) = p1 @ p1 +py @ py,

A(pg) = p1 @ pg + Py @ p1-
Combining relations (8) and (9) one can show that ,, = 0, so [p1][py] = [pgl[p1]. Using (2)
for h = k = py, we find

[p1]* = [P + [Pl [pg]* = [pu]([pa]* + [pg]?) = [pa)([p1] + [pg))* = [p1]

because p; + py = lpcz. In a similar way, [py]* = [pg] and [p1][py] = [pgllp1] = 0. This shows
that kC5 .. = kC5 and that every partial representation of £C; is global if char(k) = 2.
Example 1.7. Let g be a Lie algebra and U(g) its universal enveloping algebra. Every partial
representation of U(g) is global, as is shown in [1, Example 4.4].

Example 1.8. Let H be Sweedler’s 4-dimensional Hopf algebra over a field of characteristic
different of 2 (see for instance [17, Example 1.5.6]). In [1, Example 4.13], a description of H,,,
was given, and in particular it was shown that the base algebra A, of the Hopf algebroid
H 4 is infinite-dimensional and isomorphic to k[z, y|/(22? —x, 222 — 2). This shows that H,q,
does not have the structure of a weak Hopf algebra, since those have a separable Frobenius
(in particular finite-dimensional) base algebra. In [18], H,, was described in another way:

Hpar = K[z, y]/(zy) x H

as algebras.
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1.2. The coradical filtration. In the next section we will show that for a connected Hopf
algebra, any of its partial representations is in fact global. The proof crucially uses the
so-called coradical filtration.

Definition 1.9. The coradical Hy of H is the sum of all simple subcoalgebras of H. For
n > 1, recursively define

H,=A"H®H, 1+ Hy®H).
The chain
HyCH C---CH,C---
is called the coradical filtration of H.

Lemma 1.10 ([17]). (i) For each n >0, H, is a subcoalgebra of H.
(i1) The coradical filtration is a coalgebra filtration, i. e.

A(H,) C Z H,® H,_; for alln, and H = U H,.

1=0 n>0

Definition 1.11. (i) A Hopf algebra is pointed if every simple subcoalgebra is one-
dimensional, i. e. if the coradical is isomorphic to a group algebra.
(ii) A Hopf algebra is connected if Hy = klp.

It is clear that any connected Hopf algebra is pointed. Group algebras are always pointed
(since for those H = Hy = kG). The universal enveloping algebras of Lie algebras from
Example 1.7 are connected. The Sweedler Hopf algebra is pointed but not connected: its

coradical is (1, ¢) = kCy and H, = H.

2. MEASURING PARTIALITY BY THE CORADICAL

In Example 1.7 it was observed that universal enveloping algebras of Lie algebra do not
possess any partiality, i. e. every partial representation of such a Hopf algebra is global. In
this section we show that this is true for any connected Hopf algebra, and we formulate
conditions to ensure the existence of partial representations.

2.1. Connected Hopf algebras have no partiality.

Lemma 2.1. Let m : H — B be a partial representation. Then 7 is a global representation
(i. e. an algebra morphism) if and only if for all h € H

m(h))m(S(h)) = €(h)1p. (11)

Proof. The direct implication is trivial. For the converse, remark that it follows from (PR3)
that for all h € H

m(h)m(S(he))m (b)) = 7(h).
So if (11) holds, then

for all h,k € H. O
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Given a partial representation 7 : H — B and h € H, we will write
e = m(ha)m(S(he)) € B. (12)
The following theorem is an easy application of Theorem 1.2.

Theorem 2.2. Let H be a Hopf algebra. The following are equivalent:

(i) Every partial representation of H is global.

(i1) The map [—] : H — Hpq, is an algebra map.
(11i) The map [—] : H — Hpq, is an isomorphism of algebras.
(Z’U) Apar = lepar"

Proof. The equivalence of the first three items follows from Theorem 1.2 and the description
of Hyq as a quotient of T'(H). For the equivalence with the last point, recall that A, is

generated by the elements e, = £, (6). If g, € klg,,., then €, = €(h)lp,,, (which can be
seen by applying the algebra map (5)). Now the result follows from applying Lemma 2.1 to
the partial representation [—] : H — Hp,,. O

Lemma 2.3. Let m : H — B be a partial representation and let V' and W be two linear
subspaces of H such that for allh € VUW,

Then eF = e(h)1p, forallh e AT (HRQV + W @ H).

Proof. Take h € A™'(H® V + W ® H). Then there exist finite families z;,y; € H, v; € V
and w; € W such that

{ J
Applying € to either tensorand of the equality yields

h = Z e(@;)v; + Z e(wy)y; =Y e(vi)w; + Z e(y;)w;- (14)

i

This implies that

er =Y e(z)e(vi)lp + Z e(wy)ey, = Y elvi)er, + Z e(y;)e(w;)1p (15)

% %

because €7 is linear in h. On the other hand, it follows from (PR2) that
m(h))m(S(he)) = 7(ha)m(S(h@))m(he)T(S(ha)),

SO €], = €}, Ehy,y- Combining this with (13) gives

eh =D chen ) cue, = ) )l + Y ew)e, (16)
i j

i J
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because v;, w; € V U W. Finally,

ep = €p+ep —¢€p
(15’:16<Z €(z;)e(v;)1p + Z e(wj)5§j> + (Z e(vi)eg, + Z e(yj)e(wj)lg)

_ (Z e(vi)ey, + Z E(wj)ggj>

%

= (Z e(x;)e(vi) + Z e(yj)e(wj)) 15

= E(h)lB U
This lemma becomes very useful when applying it to the coradical filtration of H.

Theorem 2.4. Let H be a Hopf algebra, Hy the coradical of H, and 7 : H — B a partial
representation of H on B. Then m : H — B is a global representation if and only if

ey =€(h)lp for all h € H.

Proof. Apply Lemma 2.3 inductively, taking V' = H,,_y and W = H,. Since |J,,~q H, = H,
the result follows from Lemma 2.1. - O

Recall that a Hopf algebra is called connected when its coradical is 1-dimensional. We get
the following corollary from Theorem 2.4.

Corollary 2.5. Let H be a connected Hopf algebra. Then every partial representation is
global, 1. e. Hp, = H.

Example 2.6. We already encountered a first class of connected Hopf algebras in Exam-
ple 1.7: universal enveloping algebras of Lie algebras. For those, the conclusion of Corol-
lary 2.5 was already known from [1]. In [23], a classification of the connected Hopf algebras
of Gelfand-Kirillov dimension at most four is given, if the field is algebraically closed and of
characteristic zero. In [14], an example of Gelfand-Kirillov dimension 5 is constructed. This
connected Hopf algebra is not isomorphic as an algebra to any universal enveloping algebra
of a Lie algebra. For the interested reader, we describe two more classes of examples of
connected Hopf algebras.

(i) Combinatorial Hopf algebras. These typically have a basis indexed by a certain com-
binatorial object, e.g. the Connes-Kreimer algebra Hy which is generated by rooted
forests. Combinatorial Hopf algebras are graded by the size of the object (the number
of vertices of the rooted forest), and they are always connected, since there is only
one object of size zero (the empty tree).

The product is the linear extension of some combination rule, describing the ways
two objects can be put together, while the coproduct is given by some decomposition
rule, describing how an object can be broken up. For instance, in the Connes-Kreimer
algebra, the product is given by disjoint union of rooted forests, and the coproduct is
found by (admissibly) cutting the trees in all possible ways. We refer to [9] for more
details. The Connes-Kreimer algebra is not cocommutative because the piece of the
cut that contains the root is always placed in the second tensorand.

Another example of a combinatorial Hopf algebra is the shuffle algebra S(N), intro-
duced in [21]. It has as a basis the set of words in the alphabet {1,...,N}. The
product of two words is given by the sum of all their interleavings, and the coproduct
by deconcatenation.
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(ii) Dual group algebras in positive characteristic. Let k be a field of characteristic p and
G be a finite p-group. Then every irreducible representation over k of G is trivial (see
22, §8.3]). It follows that every simple comodule of (kG)* is trivial, which shows that
it is a connected Hopf algebra. Hence (kG*),q = kG* under these conditions.

Let us end this section by remarking that a connected Hopf algebra is necessarily infinite-
dimensional if the characteristic of & is 0.

Lemma 2.7. Let k be a field of characteristic 0 and H a finite-dimensional connected Hopf
algebra over k. Then H 1is trivial, i.e. dim H = 1.

Proof. Take x € Hy. Since A(x) € H® Hy+ Hy® H by definition of Hy, there exist y,z € H
such that
Alx)=y®1lg+ 1 ® z.
Then x = €(y)1ly + 2 = y + €(2)1y and
Alz—€e(2)lg) =A(z) —e(y)lp @1y —e(2)lg ® 1y
=W —ely)®@1lg +1g @ (2 —€(2)lg)
= (z —€(2)ln) ® 1y + 1y @ (2 — €(2)1n),

so z—€(z)1y is a primitive element. By [20, Corollary 9.1.2], if k has characteristic zero, then
the only primitive element in a finite-dimensional bialgebra over k is 0. Hence z—¢(2)1y = 0,
which implies that x = e¢(y + 2)1y € Hy. Hence H; = Hy, and it follows that H,, = H, for
all n > 0. Now we conclude by Lemma 1.10 that H = Un>0 H, = Hy=Fkly. ]

2.2. A partial converse. One might wonder if the converse of Corollary 2.5 is true: if H
is not connected, does it have a partial representation which is not global? The following
proposition gives a positive answer if H is cosemisimple.

Proposition 2.8. Let H be a nontrivial cosemisimple Hopf algebra with invertible antipode.
Then there exists a partial representation of H which is not global.

Proof. By cosemisimplicity, H = kly @ C for some subcoalgebra C' of H. In fact, C' is the
(direct) sum of all simple subcoalgebras of H that do not contain 15. Moreover C' is closed
under the antipode, because if D is a simple subcoalgebra of H that does not contain 1,
then so is S(D) by the invertibility of S. Define a linear map = : H — k by n(1y) = 1 and
m(c) =0 for all ¢ € C. It is easy to see that 7 is a partial representation, because in axiom
(PR2) both sides become zero if k € C, and reduce to 7(h) if £ = 1. So (PR2) holds for
any h,k € H = kly ® C and by reasoning on h instead of k, one sees that also (PR3) holds.
Take x € C'\ kere. Such an element exists, because if not ¢ = c1ye(c2)) = 0 for all C, while
we supposed that H is nontrivial. Now

m(zw)m(S(z@)) =0 # e(x) = (z1)S(@2)),

which shows that 7 is not a global representation. 0

Corollary 2.9. Let H be a Hopf algebra with invertible antipode which possesses a nontrivial
cosemisimple Hopf quotient. Then there exists a partial representation of H which is not
global.

We say a Hopf algebra has the Chevalley property if the tensor product of any two simple
modules is semisimple. If H is finite-dimensional, this is equivalent to saying that the Ja-
cobson radical of H is a Hopf ideal, or that the coradical of H* is a Hopf subalgebra by |3,
Proposition 4.2].
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Proposition 2.10. Let k be an algebraically closed field of characteristic 0 and suppose that
H is a nontrivial finite-dimensional Hopf algebra over k with the Chevalley property. Then
H # H,q.

Proof. Since H has the Chevalley property, its Jacobson radical J(H) is a Hopf ideal. Hence
H/J(H) is a semisimple Hopf algebra, which is cosemisimple by [19]. If H/J(H) would be
trivial, then H* would be a connected Hopf algebra, because the coradical of H*is (H/J(H))*.
But over a field of characteristic 0, there are no nontrivial finite-dimensional connected Hopf

algebras by Lemma 2.7, so H/J(H) must be nontrivial. The result now follows from Corol-
lary 2.9. O

Remark 2.11. Although the coradical of H can predict to some extent the existence of true
partial representations, it does not say anything about the wildness of the partial representa-
tion theory or the nature of H,,,: if k is an infinite field of characteristic different from 2, then
the group algebra kC) is equal to its coradical and has only one simple partial representation
which is not global (Example 1.5), while the Sweedler Hopf algebra also has coradical kCy
but has infinitely many non-isomorphic simple partial representations (Example 1.8). Indeed,
consider the algebra maps
Hyor = Eklz,yl/(xy) x H =k (P(x) + Ay, 2) = P(a)

for o € k.

3. SMASH PRODUCTS AND PARTIAL REPRESENTATIONS

3.1. Smash products of (Hopf) algebras. Let U and H be k-algebras and R: H® U —
U ® H a linear map. We will use the notation (summation understood)
Rhou)=u"oh?c U H.
If multiple copies of R are needed, we will also use u” ® h", u” ® h*,u" @ hf2, etc.
By definition U#rH is equal to U ® H as k-vector space, and its elements will often be
denoted as u#rh = u ® h. It bears the multiplication given by
(u#trh) (W' #rN') = wu/"#gh 1. (17)

Definition 3.1. If U#rH is an associative k-algebra with unit 1y# g1y, then we call U#rH
a smash product.

We recall the necessary and sufficient conditions on R for U#gH to be a smash product,
following [7].
Definition 3.2 ([7, Definition 2.4, 2.6]). The linear map R: H ® U — U ® H is said to be
(i) left normal if R(h® 1y) = 1y ® h for all h € H;
(i) right normal if R(1g ® u) = u® 1y for all u € U;
(iii) left multiplicative if
uf @ (h)" = (u")" @ K" (K)", (18)
for alu € U and h,h' € H;
(iv) right multiplicative if
(wu)* @ B = w(u)" @ (), (19)
for all u,u’ € U and h € H.

We say R is normal (resp. multiplicative) if it is both left and right normal (resp. multiplica-
tive).
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Theorem 3.3 (|7, Theorem 2.5]). Let U, H be algebras and R : H®@ U — U ® H a linear
map. Then U#rH is a smash product if and only if R is normal and multiplicative.

From the normality of R we get the following.

Lemma 3.4. Let U#rH be a smash product. Then the inclusions
U —=>U#rH and 1g: H — U#rH
are algebra maps. Moreover u#rh = (u#grly)(lu#rh) for allu € U h € H.
Suppose now that U and H are bialgebras. Then the tensor product U ® H trivially carries
a coalgebra structure:
Alu® h) = (um) ® hay) @ (ue) ® ho)); e(u®h) =ey(u)eg(h).
If a smash product U#gH becomes a bialgebra for this coproduct and counit, then it is called

an R-smash product.

Theorem 3.5 ([7, Corollary 4.6]). Let U and H be algebras and R: HQU — U® H a linear
map. Then U#rH is an R-smash product if and only if R is normal, multiplicative and a
coalgebra map.

If moreover U and H are Hopf algebras with antipodes Sy and Sy respectively, then U#rH
1s a Hopf algebra with antipode

St pr(u#rh) = (Ro (Su ® Sv) o 7o) (u#rh) = Su(u)*#rSu(h)". (20)

Using Sweedler notation, the fact that R is a coalgebra map reads
ev(u)en (W) = ev(w)em(h), (21)
(W) @ (W) @y @ (1)) © (M) @) = (u))* @ ()" @ (u@)" @ ()" (22)
forallu € U h € H. In [7, Corollary 4.6], Sy and Sy are also required to satisfy the relation
Sy (uf™)" @ Sy (b = Sy(u) @ Su(h) (23)

but this is in fact automatic: it can be shown easily using Lemma 3.4 that

Svgrn(u@yFrhq)) (u@F#rh2) = cv(w)en (M) lu#rlay = (u@yFrhq)) Sugra (W) FRM2))
without resorting to (23) (see e. g. [6, Proposition 4.7]). This shows that Sy, g is an antipode
(hence anti-multiplicative), and (23) can be deduced by expressing Sy, n(uf'#rh™), using
normality of R.

As explained in [7, Remark 4.4], Majid already constructed special cases of smash products
in the sense of Definition 3.1 in [16], and the R-smash products we consider correspond exactly
to Majid’s double crossproducts U < H, which arise from a matched pair of Hopf algebras [16,
Definition 7.2.1]. The following proposition explains how to obtain a matched pair from an R-
smash product and vice versa. A more general version (which also twists the comultiplication)
appeared in [6, Theorem 5.4].

Proposition 3.6. Let R be as in Theorem 3.5. Then
HoU—=U:h®ur hou=eg(h®)ul
defines a left H-module structure on U, and
HoU = H:h®ur hau=ey(u®)hf

defines a right U-module structure on H. With these actions, (U, H) forms a matched pair
of Hopf algebras. Moreover, for any h®@ u € H @ U,

ul? X Rt = h(l) >un) ® h(g) dU) = h(g) > u2) & h(l) <L U()- (24)
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Proof. The fact that > and < are actions follows from the normality and multiplicativity of R.
The equalities in (24) are obtained by applying €y and ey on the first and the fourth (resp.
the third and the second) tensorand of (22). O

Example 3.7. If the right U-action < is trivial, i.e. h<u = ey (u)h for all w € U;h € H then
we recover the most well-known form of smash product:

R(h X u) = h(l) >u h(g),

where U is now an H-module algebra by >, compatible with the counit and comultiplication.
If Sy is invertible, then so is R : its inverse is

R/(u (029 h) = h(g) X S_l(h(l)) > u.

We end this section with some technical lemmas for later use, which appeared already in
the PhD thesis of the first author [15]. We also determine the inverse of R in the general
case, assuming that Sy and Sy are invertible.

Lemma 3.8. For anyu € U, h € H,
SU(h > U) = (h < U(l)) > SU(U(Q)), (25)
SH(h < u) = SH(h(l)) < (h(g) > u) (26)

Proof. Tt is easy to see that Syo > is the inverse of > in the convolution algebra Homy(H®U, U).
One can calculate, using the right multiplicativity and the comultiplicativity of R, that for
any u € U h € H,

(h(l) > U(l))((h(g) < U(g)) > SU(U(g))) = EU(U)EH(h)lU,

so o (<® Sy)o (Iy ® Ay) is a right convolution inverse of >. Being invertible, the right
inverse of > is unique, and (25) follows. Identity (26) is shown in a similar way. O

Lemma 3.9. For anyu € U,h € H,
(@)@ Su(ha)" @ (h)" = un) @ Sa((h<dug)a)) @ (hug) @), (27)
U(l)R & SU(U(Q))T X (hR)T = (h(l) > u)(l) & SU((h(l) > u)(g)) X h(g). (28)

Proof. One should rewrite the left-hand side using the actions < and >, and apply (26) (resp.
(25)) to obtain formula (27) (resp. (28)). O

Lemma 3.10. Suppose that Sy and Sy are invertible. If R is normal, multiplicative and a
coalgebra map, then it is invertible, with inverse

R:U®H = H®U :u®h— Su(Sy'(hay) <S5 (umy)) @ Su(Sy'(he) > Sit (ue)). (29)
Proof. Tt follows from (26) that
Su(hqy < (Su(he) > ) = Suhay) < (he) > (Su(hs) > w) = Su(h) <u,
and by applying S5 to both sides and replacing h by S5'(h), we get
Su' (hau) = Sg' (he) < (hay > ). (30)

Similarly,
Syt (heu) = (h<aue) > Sy (u))-
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Now we calculate
R/R(h X u) = SH(SEl(h(g) < U(g)) < S&l(h(l) > U@ )) (029 SU( (h,(4 < U4 ) > S&l(h(g) > U(g)))
2 S (S (he) <ug) <S5 (hay > uw)) © Su(Si (hay <uw) > S5 (he) > u)

2 Su((Sg" () < (hey > uz)) < S5 (haty & uqy))
® Su(Sy' (he) <ue) > ((hay <uw) > Sg' (u)))
= heyen(ha))ev(u)) @ ev(ug))en (he)ue)
= h®u,
and in the same way RR'(u® h) = u ® h. O
Clearly R’ is normal because R is. From the left multiplicativity of R, we get
R IE @u'®) = 'R g (b /R R
_ "R g prip/R'R
=u® hh,

hence h"' W' @ a"® = (hh')? ® af¥ which means that R’ is right multiplicative. Similarly
it follows that R’ is left multiplicative from the right multiplicativity of R. Finally, R’ is
a coalgebra map because R is. Since R’ satisfies the same properties as R with H and U
swapped, we can write down the statements corresponding to Proposition 3.6 and Lemma 3.9
for R’
e H is a left U-module, and U is a right H-module via the actions
uw h=ey(uF)h = Su(Sy'(h) < Sy (u)),
u 4 h=ey(h¥)uf = Sy (S5 (h) & S;t(u)).
e These actions recover R’ since

Y @ u = Uy » h(l) ® U2) h(g).

e We have
W @ Sur(u)™ @ ufy = hay @ Su((u €he)a) ® (u 4he)e), (31)
hay® @ Su(hey)” @ u™ = (ugy » h)a) @ Su((uwy » h)@) @ us)- (32)

3.2. Main results. Let U and H be Hopf algebras and R : H U — U ® H be an invertible
linear map so that U#gH is an R-smash product (cf. Theorem 3.5). Consider the following
categories:
e the category P[?H with objects pairs of partial representations (o : U — B,n: H —
B) (where B is any k-algebra) such that

n(h)a(u) = a(u)n(h") (33)
for all w € U, h € H, and morphisms algebra maps f : B — B’ such that foa = o
and fon =1
e the category PRepi});;H with objects partial representations © : U#rH — B such
that
m(u#rh) = m(u#ple)T(lu#rh), (34)

m(u#h") = T(lu#rh)m(u#trln), (35)
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for all u € U, h € H, and morphisms algebra maps f : B — B’ such that fomr = 7.

We will show that these categories are isomorphic, and that they are furthermore isomorphic
to the category of representations of a smash product of the partial “Hopf” algebras U, and
H,q, which we will now describe.

Define a linear map R : T(H) @ T(U) = Upar @ Hpar by
R( @+ @hn) @ (11 @+ @tgy)) = [ty ™7 H] -+ [y ot Fomn] @ [y Ftn B [, fraeefima ).
Lemma 3.11. For any h,k,hy,...h, € H and u,v,uq,...,u, € U,
R((S(h) @ hiy @ k) @ (ug @ - @ u)) = R((S(h1) @ hipyk) @ (uy @ -+ - @ uy)),
R((k @ S(ha) @ hey) @ (u1 @ -+ @ uy)) = R((kS(h ) @) ® (U1 @ -+ @ Up,)),
R((h1 @ -+ © hy) ® (uq) @ S(ugz)) ©v)) = R((h @ ®h) (u) ® S(ue)v)),
R(M @ @hy) @ (v@uny @ S(uw)) =R((h @@ hy) @ (vugy @ S(uw))).

Proof. Let us check the first equality, the others are shown in a similar way. We have

7?’((S(h(l)) ® h(g) (%9 k‘) X (ul R & um))
= [uf”“Rl?RlS] oo [ Bme Bms ) o [S(h(l))Rls'”RmS][h(g)Rlszmz][k‘R“'”le]

(27) .
= [U{%ll(l)] - g ')

® [S((h< uRn( 2" .U/le(2))( N[(h unn@) .. -uﬁ"“@))(g))][l{;R“"'le]

(PR5) 1
Eui% (1)] T [uim (1)]
@ [S((haug™ )+ up™ o)) a)ll(h aui™ ) -+ up o))y K]
— [U1R11R12R13] . [umleRmQR'rnS] ® [S(h(l))RlS R7n3][h(2)R12"'Rm2 lel"'le]

(g) [u1R12R13] N [umRm?RmS] ® [S(h(l))Rl?w'Rms][(h@)k)RmmRmz]
= 7é((s(h(l))@9}1(2)]{7)@9(U1<§§---<§§un~b)). 0

Lemma 3.12. The map R induces a normal and multiplicative map
R : Hpar & Upar — Upar X Hpar>

[hl] . [hn] ® [Ul] . [Um] — [ulRun,Rln] . [umle---Rmn] ® [thln"'Rmn] . [han---le]_

Proof. Let us first check that R is multiplicative in the sense of Definition 3.2.

R(M® - Q@hy @M, @ @h,)® (11 @ - @ up,))

— I:u:lRll"'Rl,'rH»n’:I - I:uflM1'”R7n’n+nl]

® [hfl,n+n/”'Rm,n+n’:| . [hfl,n’+1”'Rm,n/+1:| [h/lRlnl"'R,mn/] . [h//n/Rll"'R’mljl
/

— (U @ QUn) "R (M @ @h) R, @@ h,)T

and a similar computation shows that it is right multiplicative. Together with Lemma 3.11,
this shows that the kernel of R contains Zy @ T(U) + T(H) ® Ty, where Ty and Ty are the
ideals defined by the relations (1), (2) and (3), i.e. Hyer = T(H)/Zy and Uy, = T(U) /Ly .
Hence R induces a linear map R : Hper @ Upar — Upar @ Hper. The computation above shows
that it is multiplicative, and the normality is obvious too. O
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By Theorem 3.3, we obtain an algebra U,q#r Hp. and we are ready to state our main
result.

Theorem 3.13. Let U, H be Hopf algebras with invertible antipode and R : H®U — U ® H
be normal, multiplicative and a coalgebra map. Then there are isomorphisms of categories

R split
Py~ PRePU# H= RepUpm#RHpm

Proof. We start with the first isomorphism. Let 7w : U#rH — B be a partial representation

such that m(u#rh) = m(u#rly)m(ly#rh) and 7(ul#zhE) = m(1y#rh)T(u#trly) for all
u#rh € U#rH. Then

ap:U— B:uw m(u#rly)
7’]7TZH—>BZh|—>7T(1U#Rh)

are partial representations, because the canonical inclusions ty : U — U#rH and 1y : H —
U+#rH are morphisms of Hopf algebras. Moreover,

ar(uh)ne () = m(u #p 1) (lu#rh™) = m(u"#rh")
= m(ly#rh)m(u#rlE) = nr(h)on(u).

Conversely, let a : U — B and n: H — B be partial representations such that n(h)a(u) =
a(uf)n(h®). We will show that

Tan : U#rH — B : u#rh — a(u)n(h)
is a partial representation. Recall that R is invertible with inverse R’ (29). So we have also
that
a(u)n(h) = n(h™)a(u™) (36)
for all w € U,h € H. Then,
Tam (VH#RE)Tan (S (ua)) "# 1S (hay) ) Tan (ue #rh)
= a(v)n(k)a(S(u@)n(S(ha) ™) a(ue)n(he)

(v)n(k)
=" a(n(k)n(S(ha))a(S(ua))alue)n(he)
(36) a(v)n(k)n(S(hay))n(he fer /)Q(S( )" Na (a(2)RI)
Z a(0)nR)n(S (hy))(he)a(S((u < he)a))a((u < he)e)

= gé(v)ﬁ(’fs(h(l)))77(h(2))fﬁé(S((u <hg))))o((u € hg))e)

2 (kS () Il )av™ )a(S((u < )yl < hig)z)

= %(kS(hu))) J(he" ) S((u < he)n))a((u < he)e)

= (S ((u € h@) ) (kS () F)n(he (v <he)e)

o ”RlS((u < h(3>)(1 )22 ((kS(hu)))R'RlR?)n(h(zflr”"z)a((u <h)e)

/

3

”“R)n((kS(h )" 77( @) er,r)a(u@)R

)
) (kS (ha) ) nlhe ™ )alue™)
(kS (hay)))e(u)n(he)

)
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S (uw) (k" S (hey) e (uy)n(he)

= Tan(0(S(um) ™ #rk"S(ha))™)) Tam(u@ #rh)
= Tan((V#rk)(S(u@) " #rS(ha)™))m(ue #rhe)),

proving (PR4). Using similar steps, one shows that m,, also satisfies (PR5).

This gives indeed a bijective correspondance because m(u#rh) = m(u#rly)m(ly#rh) by
assumption. Functoriality is clear.

Now the isomorphism between 73[’}7 g and RepUW#R Hyar- Let o : Upgr#rHpar — B be an
algebra map. We have partial representations

U — Upar#RHpar TU [U]#R[lH],
H — Upar#’RHpar th— [1U]#'R[h’]

(this follows from the fact that R is normal and that [—] : U — U, resp. [—] : H = Hpgr
are partial representations). They are compatible through R, so it is easy to see that

a:U— B:ur o([u]l#r[1g]),
n:H — B:h— o([ly]#r[h])

constitutes an object in 73[’}7 H-
Conversely, let « : U — B,n : H — B be partial representations such that n(h)a(u) =
a(u®)n(hf) for all w € U, h € H. Define

o UparttrHpar = B 2 [un] -+ [mn] @ [ha] - -+ [hn] = alwn) - - a(um)n(hn) - - 1(ha).

It is an easy verification that this is an algebra morphism, and that the obtained correspon-
dence is bijective. 0

Remark 3.14. In general, PRepi})j;tR 7 18 a proper subcategory of PRepy ., and there might

be many partial representations of U#r H that do not satisfy (34) and (35). As an elementary
example, let Cy = {1, g} be the cyclic group of order two and G = Cy x C5. Let k be a field
of characteristic different from 2. Then kG = kCy ® kC5, which is an R-smash product
with trivial R (i.e. both actions <, > are trivial, which means that R is just the twist map).
However dim k., G = 20 (see [11]) while dim kC5 e = 3, so that dim kC5 ;4 @ kCo par = 9.
Concretely, the 3-dimensional irreducible partial representation of GG is not in F’Repizpclét@kc2 as
well as two 1-dimensional partial representations obtained from global representations of the

diagonal subgroup {(1,1),(g,9)} of G.

The category 735 y has an interesting subcategory: the category Qﬁ ; of pairs («, ) where
a: U — Bis an algebra map and n : H — B is a partial representation such that n(h)a(u) =

a(u)n(h'). Under the isomorphisms of categories from Theorem 3.13, Qf ;; corresponds to

the category PRengl;ER ; of partial representations 7 : U#rH — B such that

m(uuw'#rly) = m(u#trly)m(u'#rly). (37)
If 7 satisfies (37), then (using that S(u#grly) = R(1g#rS(u)) = S(uw)#rly),
m(uF#rlg)m(lu#rh) = 7(ua)y#r1a)m(S(u@) #rla)m(uE) #rla)T(lu#rh)

= m(u)#rlr)m(S(u@)#rln)m(uE #rh)
= m(u#rh)
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and
W(lU#Rh)ﬂ'(u#RlH) = W(lU#Rh>7T(u(1)#RlH)ﬂ'(S(u@))#RlH)ﬂ'(U(:s)#RlH)
= m(a@ " #rh")7 (S (ue)#rlu)m(ue)#rln)
= m(u#gh"),

SO PRep%l;ER  is indeed a subcategory of PRep?}J;; - These subcategories can also be described

as the category of representations of a smash product of U and H,,,, by the local braiding
T Hyow @U = U @ Hpgy < [Ma] -+ [h] @ w = a7 B0 @ [y ] - [0, ™).

It can be seen from Lemma 3.11 and Lemma 3.12 that 7 is well-defined, normal and multi-
plicative.

Theorem 3.15. Let U, H be Hopf algebras and let R : H @ U — U ® H be normal, multi-
plicative and a coalgebra map. Then there are isomorphisms of categories

QﬁH ~ PRengl;f’RH ~ RePU#THW
Proof. Let us just remark that it is not necessary to suppose that R is invertible to prove the
first isomorphism. The rest of the proof is identical to the proof of Theorem 3.13.
Let a: U — B be an algebra map and let n: H — B be a partial representation such that
n(h)a(u) = a(u)n(h?). Define 7., : U#rH — X, given by m, ,(u#h) = a(u)n(h).
Let us show that m,, satisfies (PR4), the proof for (PR5) is analogous.
T (VFER) T (S (ury) #S (h1)) ) T (uia) #hi2))
= a(v)n(k)a(S(uw))n(S (hay)®)alue)n(he)
= a()n(k)n(S(haw))a(S(ww))a(ue)n(he)
= a(v)n(k)n(S(hw))n(he)e(u)

PR kS () nhesy)e(w)

(kS (hay))a(S g )alug n(he)
(0)a(S ey D (S () For(asay ()
(
(

(

0) (S (uay) ™ )n(k"S (hay) ™ (@) )n(he)
(
(S

3

=

(18)

e

e

= a(v(S(u) (k™S (hay)®)alue)n(he)

= Tan(v(S(u@) " #k"S (h) ) o (ue#he)

= Tan((0F#R) (S (u) " #S (h1) ) Tan (we #h)-
Hence 7, is a partial representation of U#rH. 0

Suppose now that U = U,,,, 1. e. every partial representation of U is global. This happens

for instance if U is connected, see Corollary 2.5. In this case, every partial representation
of U#rH is in PRengl;fRH. Indeed, since y : U — U#pgrH is a Hopf algebra morphism,
every partial representation m of U#rH induces a partial representation « : u — w(u#gly)

of U. But this means that « is an algebra morphism because U = Uy, s0 m(uw'#grly) =
m(u#rly)m(u'#gly) for all u,u’ € U. We can conclude the following.

Theorem 3.16. Let U, H be Hopf algebras and let R : H @ U — U ® H be normal, mul-
tiplicative and a coalgebra map. Suppose that U = U,e-. Then there are isomorphisms of
categories

R
QU’H ~ PRepU#RH ~ RepU#THW.
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In particular (U#rH )par = U#7Hpar .

Explicitly, the isomorphism (U#grH )par = U#7Hper is found by applying the first iso-
morphism of categories to the algebra map U — U#7Hper @ u — u#r[ly] and the par-
tial representation H — U#7Hp, : h — 1y#7[h]. This gives a partial representation
U#rH — U#7H,,, and an algebra map

(U#RH>par — U#THpar : [U#Rh’] = u#T[h’]
Its inverse is
U#THpar — (U#RH)par . u#T[hl] et [hn] — [U#Rhl] e [1U#Rhn]
Indeed, thanks to the fact that [u#gly|[w'#rly| = [ut'#rly] because U = Upqy,
[wgug - - uffent g pp e B | [t gt 2] (g phy] = [ur#rh] - - [un#rhn).

Remark 3.17. Theorems 3.13, 3.15 and 3.16 can also be formulated in terms of partial
modules rather than partial representations, by considering only objects which are (pairs of)
partial representations on an algebra of the form B = Endy (V') for some vector space V.

Suppose again that R is invertible. Having described (U#grH )par in Theorem 3.16, let us
take a look at the subalgebras Aye (U#rH) and Ay, (U#rH). Recall that Ay, (U#rH)
is generated by the elements €,4,., (6), and that A, (U#rH) is the base algebra of the
(left) bialgebroid structure on U#pH. The other natural subalgebra A, (U#zH), which is
generated by the elements &,4,, = [S(umy#rh))|[u@)#rI>), is opposite to Ap., (U#rH)
and is the base algebra of the right bialgebroid structure on (U#rH )per (see [1, §4.2]). We
calculate

cupan = (uBrlh))(S(ue) #r1S (he)™)

= uwS(ue) " #rlha)][S (he)"

D w0 S (™Y by S (hy )

= uf )" S (W o) #r [ )" [S (B ()]

= (W ) S @) #r[" 1) )[S(RF )]
= e(uf)1y#re,m

= lu#7Cumh;
Eupnn = (S(u) " #7[S(ha)™]) (e #71S(he)])
= S(ua)) ue) #7[S(hay) ™ [hw)

2 (S(uqy)u) #r1S (h) )]
= e(u)ly#rén.

Proposition 3.18. The assignments

/

O Eygtph P2 Euphy o En "7 E14Rh
provide an isomorphism of algebras Ape,(U#rH) = Aper(H), and the assignments
5 : éu#Rh — e(u)éh; 5, CEp gl#Rh

provide an isomorphism of algebras Apar(U#RH) ~ flpar(H).
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Proof. The nontrivial part is to see that v and 3 are well-defined. We treat «, the proof for
B is analogous. We need to show that relations (7), (8) and (9) are preserved. The first is
immediate, and the second follows directly from the fact that R is a coalgebra map. For the
third, let us show that

a(€U(1)#Rh(1)6(“(2)#Rh(2))(v#12k)) = 5u(1)>h(1)5u(2)vR>h(2)Rk
= Cugyvlimhg) BeCu)»hiz)
= O‘(E(uu)#Rhu))(v#Rk)ng)#Rhu))'
Indeed,
, )

— P
Eugryphi) Euggyviehe Rk = e(uay” e((u@)v Ehay? Ehiay "R

(18) p/ R RIRI
— 2

= eluw)”)e((uev™) ™™g, ve, , mr o
(19) o rirh RR| R,
— 2 142

= e(upy” Je(ue v R)e, vey  Rri Ry
/ !

= elum)eue) )W)z, ve,

(22) ’ / r!
= e(up (1))e(u” (2)

& e(u’ ™ )e(v®

Je(v™ )Ehp'(l) Ene’ (g kB/!

—~
=

/

)gh”/(l)kmr,gh”/(z) ’
and
R\R' o
€U(1)UR>h(1)Rk€U(2)>h(2) - 6((@(1)@ ) )6(”(2) )€(h(1)Rk)R,6h(2)9,

(19) r’ / /
= E(u(l) v )E(U(g)p )g(h(l)Rk)erlgh(z)pl

(18) r'r' RR'R! ’
= 172 1412 14
1 v )E(U(Q) )Ejh(l)RRllrll kRIQTé gh(z)ﬂ/

a4 ! R/ /
= e(u” ) v )e(w” (2))6h/"(1)kR'T’€hP'(2)
/7,,/ Rl
= e(u”" )e(v )ehp/(l)kR/rfehp/(2). O
3.3. Partial representations of cocommutative Hopf algebras. Suppose that k£ has
characteristic 0 and let H be a cocommutative Hopf algebra. Let G be the group of grouplikes
of H, and g the vector space of its primitive elements. Then g is a Lie algebra, and the

subalgebra generated by g in H is isomorphic to U(g), the universal enveloping algebra of g.
The Cartier-Gabriel-Konstant-Milnor-Moore theorem states that

H = U(g)# kG,

where R : kG @ U(g) — U(g) is given on generators by

Rlg®z) =gz ' ®g.
Since U(g) is a connected Hopf algebra, we can apply Theorem 3.16 and conclude that

Hyar = U(g) 47 i G
where

T : kpar G RU(g) = U(g) ® kparG,
1] [ga] @2 = g1+ gy 97 @ o] [gn).
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Suppose now that H has only finitely many grouplikes, so that G is a finite group. Then by
[11, Corollary 2.7], k,q-G is isomorphic to the groupoid algebra kI'(G), where

[(G)={(A,9) e P(G) x G |1,g7" € A}

with multiplication (A, ¢)(B, h) = (B, gh) whenever A = hB and not defined else. Explicitly,
the isomorphism is given by

]{JF(G) — kparG
(A,9) — [g) [T T = [AI[R71), (38)

heA h¢ A

> (Ag) 1.

A31,9-1

Using this, we can describe H,, as a weak Hopf algebra coming from a Hopf category H.
We refer to [5] and [4] for the definitions of a weak Hopf algebra and a Hopf category. We
define a Hopf category H with objects the subsets A of G containing 1 (as for the groupoid
I'(G)). For two of these subsets A and B, put

Kap={9€G|gA=B},
Homy(A,B) = U(g) @ kK4 p.
Then Homy (A, B) is a coalgebra, and the composition maps
Homy (B, C) ® Homy (A, B) — Homy (A,C) : (1 ® g)o (2’ ®@ ¢') = (zg2’g ' ® g¢9')  (39)
are coalgebra maps. The antipode on H is given by
Sap: Homy(A, B) — Homy (B, A) 2@ g+ S(z)® g "
The weak Hopf algebra associated to H is

W= € Homu(A,B)=U@® P Kais. (40)

1€A4,BCG 1€A4,BCG

Note however that the algebra structure on the right hand side is not the tensor product
algebra structure, but is obtained from the composition rule (39). This way W is the smash
product of U(g) and @16A’BCG K4 p. This last space can be identified with the groupoid
algebra kI'(G), so we can combine (38) with (40) and obtain an isomorphism of weak Hopf
algebras H,,, = W. We remark that this weak Hopf algebra is cocommutative, and when
considered as a Hopf algebroid, its base algebra is commutative.

3.4. Further examples.

3.4.1. FExact factorizations of groups. Let G be a group with unit e and G = ML an exact
factorization, i.e. M and L are subgroups of GG such that every element of G can be written
in a unique way as a product of an element of M and an element of L. Note that also
G =G ' =L'M~' = LM is an exact factorization.

The exact factorization induces a local braiding R : kLQkM — kM kL : l®@m +— m/ QU
where {m = m/l’. It is easy to check that R is normal, multiplicative and a coalgebra map,
so we get an R-smash product kM#rkL which is isomorphic to kG as a Hopf algebra, via
the multiplication map.

By Theorem 3.15, partial representations of kG that are global on the subgroup kM are
equivalent to representations of the algebra kM#kp.-L. Suppose now that L is finite. In
that case kpq, L is isomorphic to the groupoid algebra kI'(L) as in (38).
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In [10], partial representations of G which are global on a subgroup M were studied. It
was shown that they correspond to representations of the groupoid algebra kI'y;(G), where
'y (G) is the groupoid

Pu(G) = {(A,g) € P(G/M) x G | M,g™"M € A}.
In fact, kI'p(G) is isomorphic to kM #7kpe L. The exact factorization G = LM induces a
bijection ¢ : L = G/M : [ — IM. One can check that

0 - kM#rkpar L — kDo (L) : mitr(l] = Y ((A), ml)

Ade,l—1

defines an isomorphism of algebras.

3.4.2. Graded partial modules. Let G, F' be finite groups and > : F' x G — G an action of F
on GG by automorphisms. Then kF' acts on kG* via

f *Pg = Doy,
where p, is the dual basis vector to g € G. This induces a twist map (cf. Example 3.7)
R:kFQkG" - kG QKkF : f @Dy Dpsg @ f.

This map is normal, multiplicative and a coalgebra map, so the smash product kG*#rkF is a
Hopf algebra. Modules over this Hopf algebra are equivalent to G-graded F-representations,
i.e. G-graded vector spaces V = @gec V, together with a group morphism p : ' — GL(V)
such that p(f)(V,) C Vp, for all f € F,g € G. Indeed, a G-graded vector space is a kG-
comodule, which is equivalent to a kG*-module. If v = Y _.v,, where v, € V, for each
g € G, then the kG*-module structure is given by p, - v = v,.

The notion of graded module can be extended to the partial world in the following way:

geG

Definition 3.19. A G-graded partial F-representation is a vector space V = @ gec Vg to-
gether with a partial representation n : F' — End,(V) such that n(f)(V,) C Vi, for all
fEF ged.

As in the global case, the G-grading on V' induces a kG*-module structure, in other words,
a representation
a: kG* — Endi(V) 1 p, = (v = vy).
Now n(f)a(pg)(v) = n(f)(vg) € Vig. So for any h € G, a(pssg)n(f)(vn) = dgun(f)(vn),
because fg # f>h if g # h. This implies that
n()a(pg)(©) = n(f)(vg) = alpgog)n(f)(vg) = Y alpsog)n(F)(vn) = alpgog)n(f)(v).
heG

Hence n(f)a(p,) = a(p,")n(ff) for all f € F,g € G, so Theorem 3.15 can be applied to
obtain the following corollary.

Corollary 3.20. Let F' and G be finite groups and let > be a left action of F on G by
automorphisms. Then the category of G-graded partial F-modules is equivalent to the category
of left kG™#7kper F'-modules, where

T: kparF® kG* — kG* ® kparF . [.fl] e [fn] ®pg Hp(fy--fn)bg ® [fl] T [.fn]

Suppose now that GG is a p-group and that k£ has characteristic p. Then we saw in Exam-
ple 2.6 that kG* is a connected Hopf algebra, so by Corollary 2.5, (kG*)per = kG*. From
Theorem 3.16 it follows that in this case

(kG #REE ) par = kG*#1kpar F.

For more concrete examples, we refer to [15].
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3.4.3. Drinfel’d double. Let H be a finite-dimensional Hopf algebra. As is done in [16, Ex-
ample 7.2.5], the Drinfel’d double (or quantum double) D(H) can be described as the smash
product (H*)?#rH, where

R:H@H — H @ H:h®y = Pa)(S(ha))ve (he) Ye) @ he).
This map induces a normal and multiplicative twist map

R: Hpor @ (H)E — (H*)E, — Hpgp

par par

by Lemma 3.12. By Theorem 3.13, a right module over (H*)% #x H,4 can be interpreted as

par

a right partial H-module, which is at the same time a right partial (H*)°’-module (i.e. a left
partial H*-module) compatible through R. By [2, Theorem 4.14], left partial H*-modules are
equivalent to right partial H-comodules. Recall also that right D(H)-modules are equivalent
to right-right Yetter-Drinfel’d modules over H. So a right (H*)%, #r Hpq-module is a right

par

partial H-module M, which is at the same time a right partial H-comodule satisfying the
Yetter-Drinfel’d compatibility condition

(m - h)[O} ® (m - h)[l} — mlO] hgy ® S(h(l))m“]h(g).

for all h € H,m € M. This is exactly (35) interpreted in terms of the partial action and
coaction of H on M.
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