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SPLITTING HYPERGEOMETRIC FUNCTIONS
OVER ROOTS OF UNITY

DERMOT McCARTHY AND MOHIT TRIPATHI

ABSTRACT. We examine hypergeometric functions in the finite field, p-adic and classical
settings. In each setting, we prove a formula which splits the hypergeometric function
into a sum of lower order functions whose arguments differ by roots of unity. We provide
multiple applications of these results, including new reduction and summation formulas
for finite field hypergeometric functions, along with classical analogues; evaluations of
special values of these functions which apply in both the finite field and p-adic settings;
and new relations to Fourier coefficients of modular forms.

1. INTRODUCTION

Finite field hypergeometric functions were originally defined by Greene [19, 20] as ana-
logues of classical hypergeometric series. Functions of this type were also introduced
by Katz [25] about the same time. Greene’s work includes an extensive catalogue of
transformation and summation formulas for these functions, mirroring those in the clas-
sical case. These functions also have a nice character sum representation and so the
transformation and summation formulas can be interpreted as relations to simplify and
evaluate complex character sums [I3, 2I]. Using character sums to count the number
of solutions to equations over finite fields is a long established practice [8 23] 29 52]
and finite field hypergeometric functions also naturally lend themselves to this endeavor
[, (4, [15) 16, 18], B0, 31, B7, [40]. Following the modularity theorem, and, by then, known
links between finite field hypergeometric functions and elliptic curves, many authors be-
gan examining links between these functions and Fourier coefficients of modular forms
[0, 10, 12, 14l 17, 26l B3, B4, B8, B9, 41l [44]. More recently, finite field hypergeometric
functions have played a central role in the theory of hypergeometric motives, which has
led to increased interest in the functions and their properties [2] 7, 111 [43].

While hypergeometric functions over finite fields were originally defined by Greene, we
will use a normalized version defined by the first author [35] 37]. Throughout, let ¢ = p”

be a prime power. Let F, be the finite field with ¢ elements, and let F} be the group
of multiplicative characters of Fy. We extend the domain of x € ﬁ% to F, by defining
x(0) := 0 (including for the trivial characfgr ) and denote X as the inverse of x. We
denote by ¢ the character of order two in [y, when ¢ is odd. More generally, for k > 2 a
positive integer, we let y; € ﬁ% denote a character of order k when ¢ = 1 (mod k). Let

0 be a fixed non-trivial additive character of F,, and for x € I/FE define the Gauss sum
9(X) = Xzer, X(@)0(x). We define the finite field hypergeometric function as follows.
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Definition 1.1 ([35,[87]). For Ay, As,..., Ay, B1,Bs..., By, € F: and A € F,

An, As, ol An Z .
mFm(Bi, Bi, . Bm‘)‘>q’ q_lZHg X ))X(—l) X(A).

.y Z

In recent years, the second author, with Barman and others, [46] [47] [48], [49] [50] have
developed the theory of the finite field Appell functions. They establish several product
and summation formulas for these functions, which has also led to new relations for ,, F},,

as defined above. One such relation can be derived from recent work of the second author
and Meher [51].

Theorem 1.2. [51] For A,C € ﬁ% such that A? # ¢ and C? = ¢,
2 72 2 72 a A
2F2< A% 4 (A) +2F2< A5 A (-A) :4F4< 4 ed 4ol ‘V) .
g, € g, € e, o, C, oC
q q q
The main purpose of this paper is to generalize Theorem in multiple directions, using
more direct methods. Specifically, we generalize Theorem from o F5 to ,, [, for any
m, allowing any character arguments, without restrictions, where the sum is over all roots
of unity, not just £1, times A\. We then extend these results in the p-adic setting. We
also prove a classical hypergeometric series analogue. All these results will be outlined in
Section Bl In Section B, we will provide multiple applications of these generalized results,
including new reduction and summation formulas for finite field hypergeometric functions,
along with classical analogues; evaluations of special values of these functions which apply
in both the finite field and p-adic settings; and new relations to Fourier coefficients of
modular forms. After outlining some preliminaries in Section Bl we will prove our main
results in Section @l Section [ contains a comprehensive discussion on the relationship

between our finite field and p-adic hypergeometric functions, and, in particular, how this
relationship is affected if the parameters, or some subset thereof, are “defined over Q”.

2. STATEMENT OF MAIN RESULTS

2.1. Finite Field Setting. Our first result generalizes Theorem [[.2l from 9 F5 to ,, F;, for
any m, allowing any character arguments, without restrictions, where the sum is over all
roots of unity, not just 41, times A.

Theorem 2.1. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power. Let
Cn be a primitive n-th root of unity in Fy and let x,, € F} denote a character of order n.

Then for A1,As, ..., Ay, B1,Ba..., By € FZ,

n—1
Avo AN AP
ORTH G e SR H Y
— " By, .., B ,

:annm< Aixh 1<i<m,0<l<n—1 ‘/\”> .
q

Bixl :1<i<m,0<1<n—1

We also have the following converse result.



SPLITTING HYPERGEOMETRIC FUNCTIONS 3

Theorem 2.2. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power. Let

Xn € ﬁ% denote a character of order n. Let Ay, As, ..., Ay, B1,By..., By € Fy. If A €T,
1s not an n-th power, then

AL 1< < <l<n-—
annm<A’X” l<ism0<i<n—l A) —0.
q

Bixl :1<i<m,0<1<n-1
When n = 2, the following corollaries are immediate.

Corollary 2.3. For q an odd prime power,

A2 A2 . A2 A2, 42 . A2
mFm(B%, B2, ... Bfn‘)‘ q*’”F’” B2, B2 ... Bfn‘_)\ )
=4 F2 <A17 @Ab A27 QDA27 cey Am7 SDAm ‘)\2)
m m Bl, (,DBl, Bg, (,DBQ, ey Bm, gDBm q.

Taking m = 2, A; = A, Ay = A, B; = By = ¢ in Corollary recovers Theorem

Corollary 2.4. Let q be an odd prime power. If X € F, is not a square, then

5 F2 <A17 Q0A17 A27 Q0A27 vy AM7 QOAm ‘)\> -0
m m Bl, (,DBl, Bg, (,DBQ, ey Bm, (,DBm g ’

Let Fy = (T') and A;, B; € E‘%. Then A; = T%@~1 and B; = 7%~V for some a;, b; € Q,
such that a;(¢—1),b;(¢—1) € Z. Many applications of ,, Fy,,({4;}; {Bi} | A)q require fixed
a;, b;. For fixed a;,b;, if we consider , Fy,,({4;}; {Bi} | A)q to be a function of ¢, then the
domain of this function is all ¢ = 1 (mod d), where d is the least common denominator of
of the elements in {a;} U{b;}. The first author has defined a function in the p-adic setting
which extends ,,, Fy, ({Ai}; {Bi} | A)gq, and whose domain is all ¢ relatively prime to d. We
use this function to extend the domain of all results stated above.

2.2. p-adic Setting. Let Z, denote the ring of p-adic integers and let I',(-) denote
Morita’s p-adic gamma function. Let w denote the Teichmiiller character of F, (see Sec-
tion [3 for full details) with @ denoting its character inverse. For = € Q, we let |z] denote
the greatest integer less than or equal to x and (z) denote the fractional part of x, i.e.

(x) =2 — |z].

Definition 2.5. [36, Definition 5.1] Let ¢ = p" for p an odd prime. Let A € F,, m € Z*
and a;,b; € QN Z,, for 1 <i < m. Then define

ai, a2, ..., Qmp -1 = -
mYm = —1)Im 5l
¢ [bl, by, ... bm‘AL (1) @ (\)
e TP To(Ch+ Z000M) ity bt )
i=1k=0 Fp(<aipk>) Fp(<—b2-pk

We note that the value of ,,,G,,[ - - | depends only on the fractional part of the a; and b;
parameters, and is invariant if we change the order of the parameters. For fixed parameters
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{a;} and {b;}, G| -] is defined at any odd prime power g = p" where p is relatively
prime to the denominators of the a;’s and b;’s, i.e all a;,b; € Z,.
mGml- -+ |q extends ,, Fp, (- - - )4 via the following relation.

Lemma 2.6 (c.f. [36] Lemma 3.3). For an odd prime power q, let A;, B; € E‘g be given by
w21 gnd w0 respectively, where w is the Teichmiiller character of Fy. Then

A17 A27 (RN Am _ ay, az, ..., am -1
mFm<Bl7 B27 R Bm ‘A>q_me|:bl7 b27 ceey bm ‘A q‘

Following [7], we say the parameters ({a;}, {b;}) are defined over Q if there exist positive
integers p1,po,...,p: and q1,qo, ..., qs, with t and s minimal, such that

ﬁ T — e27riai - HE:I xPi — 1

sra—ermh et -1
Let D(z) = ged([]'_, 2P — 1,[[5_, 2% — 1), of degree &, have zeros exp (27”61) for1 <i<
d. Let s(c) denote the multiplicity of the zero exp(%lc) We note that m+6 = S0_ p; =
>7 1 ¢; and we define

t )
M = Li:lpipl.
[T ¢:%

Theorem 2.7. Let ¢ = p” for p an odd prime. If ({a;},{b;}) are defined over Q with
corresponding exponents ({p; : 1 <i <t},{q; : 1 <i < s}), then

q—2

me[ ai, az, ..., am ‘)\] _ L (—1)im+0) ¢=s(0)+56) 757 (A7 . )
R N P
rl Pk o2 . Jg
< TTTTm (G2 M) o)™ T () ()~
k=01i=1 =1

We now extend the results of Section 211

Theorem 2.8. Let n be a positive integer and let ¢ = 1 (mod n) be an odd prime power.
Let ¢, be a primitive n-th root of unity in ¥, . If ({na;}, {nb;}) are defined over Q, then

n—1

naiy, Nag, ..., Ny,
>owGu| 0 ¢
P nby, nbo, . nby, ;

ey

:anm{(u+%:1§i§nLO§l§n—l‘An}
q

bi+L:1<i<m0<l<n-1
Furthermore, if ({na;}, {nb;}) are defined over Q with corresponding exponents ({p; : 1 <

i < th{g : 1 <i < s}) then ({a; + %},{bi + %}) are defined over Q with exponents
({np;: 1 <i<t},{ng:1<i<s}).

We also have the following converse result, regardless of whether the parameters are defined
over Q.
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Theorem 2.9. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power. If
A € F, is not an n-th power, then
ai+L1:1<i<m0<i<n-1
annm ? . )\ — 0.
b,~+5:1§z§m,0§l§n—1 q

When n = 2, the following corollaries are immediate.

Corollary 2.10. For q an odd prime power and ({2a;},{2b;}) defined over Q,

2a1, 2as, ..., 2a 2a1, 2a3, ..., 2a
me[ 2bi: 2b§: 2b: ‘)‘LWG’”[ 2b11: 2b22: 2b:: ‘ _)‘L
:2mG2m[a1, al—l—%, as, a2+%, e g, am—l-%‘)\g}.
by, bi+3, b, ba+3, -, bm bmts q
Corollary 2.11. Let q be an odd prime power. If A € Fy is not a square, then
szzm[al, a1+1%, az, a2+%, e, am+%‘)\} _o.
by, bi+3, by, ba+3, -, bm, bnts q

2.3. Classical Setting. Recall the classical generalized hypergeometric series ,, F,, de-
fined by

ai, a2, ..., Qam G (al)k(a2)k”'(am)k k
mFm[ ‘ z] = Z 2",
blv b27 ceey bm k=0 (bl)k(b2)k U (bm)k
where a;, b; and z are complex numbers, with none of the b; being negative integers or
zero, m a positive integer, (a), := 1 and (a), :=a(a+1)(a+2)--- (a+k—1) for a positive
integer k. Setting by = 1 recovers the more usual ,, F,—1 definition/notation.
We have the following classical series analogue of Theorems 2.1] and

Theorem 2.12. Let n be a positive integer and let &, € C be a primitive n-th root of
unity. Then,

n—1
nai, nNas, ..., Nam
E mFm 7 7 ' ‘ fiz *Z
P nby nby, ..., nby

ai—l—%:lgigm,oglgn—l n}

=1k
o nm[bﬁr%:lgigm,oglgn—l

Theorem 2.12] can be derived from [42] eqn. 24, p. 440], which is stated without proof.
For completeness, we provide a proof in Section 4l

3. PRELIMINARIES

We start by recalling some properties of Gauss and Jacobi sums. See [0l 24] for further
details, noting that we have adjusted results to take into account (0) = 0, where ¢ is the

trivial character. We first note that g(¢) = —1. For x € E‘g,
_ {x(—l)q X # ¢

g(x)g(X) = ) N (3.1)
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We now state the Hasse-Davenport product formula for Gauss sums.

Theorem 3.1 ([6] Thm. 11.3.5). Let n be a positive integer and let x,, € I/F\j; be a character

of order n. For ¢ € F}, we have

n—1 n—1
[T 90dw) = g@™) () T 9(xh)
=0 =1

The following is a variant of the standard orthogonal relation, but we prove it here for
completeness.

Proposition 3.2. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power.
Let G, be a primitive n-th root of unity in ¥y and let x € F;. Then

0 otherwise.

n—1 . —
n if xy = ¢"™ for some 3 € F*,
S - i
1=0

Proof. If x = 1™ then x(¢}) = ¥(¢™) = (1) = 1, and the result follows. Now assume x
1

is not an n-th power. Then x((,) # 1 and so
n—1 n—1 n—1
X(G) Do x(Ch) =) o x(¢h ™ = x(¢h)
=0 =0 =0
implies Y7 x(¢}) must equal zero. O

Corollary 3.3. Let n be a positive integer and let &, € C be a primitive n-th root of unity.
Then, for a non-negative integer k,

gflk B {n if k=0 (mod n),
=0

0 otherwise.

Proof. Let ¢ = 1 (mod n), F; = (a) and §,—1 € C be a primitive (¢ — 1)-st root of unity
g-1 _
such that £ ", = &,. Consider the primitive character 7' € F} defined by T'(a') = ! _.

Then o™+ is a primitive n-th root of unity in Fj and T(ozq%l) = ¢,. Now let x = T* and
—1

Cn = o’ in Proposition and the result follows. O

We now recall some details about the Teichmiiller character and the p-adic gamma
function. For further details, see [27], 28]. Let Z, denote the ring of p-adic integers, Q,
the field of p-adic numbers, @ the algebraic closure of Q,, and C, the completion of @p.
Let Z, be the ring of integers in the unique unramified extension of @, with residue field
Fy. Recall that for each = € I, there is a unique Teichmiiller representative w(z) € Z;
such that w(x) is a (¢ — 1)-st root of unity and w(x) = = (mod p). Therefore, we define
the Teichmiiller character to be the primitive character w : Fy — Z; given by x — w(z),
which we extend with w(0) := 0.
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Let p be an odd prime. For n € Z* we define the p-adic gamma function as

Lp(n) = (=1)" H J

0<] <71
plj

and extend it to all z € Z, by setting I',(0) := 1 and I',(x) := lim,,—,, I'y(n) for = # 0,
where n runs through any sequence of positive integers p-adically approaching x. This

limit exists, is independent of how n approaches x, and determines a continuous function
on Zj, with values in Z;. The function satisfies the following product formula.

Theorem 3.4 ([22] Thm. 3.1). If n € Z*, ptn and 0 <z < 1 with (¢ — 1)z € Z, then

r—1n—1 r—1 n—1

[T IT 0o (2295) = w(m@9) [T 0 () TTr(E5). 62

k=0 h=0 k=0 h=1

We note that in the original statement of Theorem B4 in [22], w is the Teichmiiller char-
acter of F). However, the result above still holds as w|]p; is the Teichmiiller character of
F¥.
P
The Gross-Koblitz formula, Theorem below, allows us to relate Gauss sums and
the p-adic gamma function. Let 7, € C, be the fixed root of 2P~! + p = 0 that satisfies

Tp = (p — 1 (mod (¢ — 1)?).
Theorem 3.5 ([22] Thm. 1.7). For j € Z,

r k
o(@) = —n D) HF(J—I)

4. PROOFS OF MAIN RESULTS

4.1. Finite Field Setting. We first prove Theorems 2.1 &

Proof of Theorem [2Z]]. We expand the summands by definition and then apply Proposition
and Theorem B1] as follows:

Som (B A,
:q_——lll:ol %Ug(m) PR
- ;F; j ggféx)) g;é_’? <—1>mx<A>§x<<z>
- X I e e
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gAw 9B o n
q_lzn i ARG

m n—1 w 1/})
dJEF* =1 1=0 ( B; )

_ F Aixnzlgigm,oglgn—l \n
N "\ Bixh 1<i<m,0<1I<n—1 .

O
Proof of Theorem[2Z.3. By Definition [T} we have
P Aixl i1<i<m,0<1<n—1 \
"B, i 1<i<m,0<1i<n—1 .
.g BZX) nm
x(=1D)""x(XN). (4.1
q-lZHlHo S0 ). @)
eF;

Making the change of variable x — x Xy, in the right hand side of ([@I]) gives us

P Aixh i 1<i<m,0<1<n—1 )
"B, 1<i<m,0<i<n—1 .
Aixlnzlgigm,Oglgn—l )

Xn(A) - nm ”m<BzX£L l<i<m,0<l<n-1

Using the fact that x,(A) =1 if and only if A is an n-th power, completes the proof. [

4.2. p-adic Setting. We now prove Lemma and Theorems 2.712.9

Proof of Lemma 20 The case when ¢ = p was proven in [36, Lemma 3.3] and the same
approach works here. If we let x = w’, 4; = @%@V and B; = @@ then it is
straightforward to show, using the Gross-Koblitz formula, Theorem B.5] that

g(Aix) 9(Bix)
9(Ai) g(By)
7y Beltai — gZ0p") To((bi+ g5000)  auphy— 22 g (b4 2
N k=0 Fp(<azpk>) Fp((—blpk» (=) (4.2)

Substituting for (@2) and y = w’ in Definition yields the result. O
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Proof of Theorem [2.7. Let ({a;},{b;}) are defined over Q with corresponding exponents
{pi:1<i<t},{g:1<i<s}). Then

Do (e = ZZ0P) Toll(bi - Z20P) gty 225 gty 225
El Ty ({aip)) L) 7
T UG )
-

LGt 3 (- ety 22 ]

(4.3)

For a given ¢, with 1 < i < ¢, choose | € Z such that 0 <[ — qj_iil < 1. Then, noting that

{{+h|h=0,....p; =1} ={h [ h=0,...,p; — 1} (mod p;) and applying Theorem 3.4
withn =p; and z =1 — ”” we get that

T Ty ( § IR = R (| p‘{fa)p’ﬂ)
kl_Io}_[o pﬂz ") _kl;Itho PP(<;%pé>)

(-1)0- 22 '
=oln” ) IIn( - 200)
r—1 '
= w(p; ") [T 0 (229" (4.4)
k=0
Similarly, with 0 < qj_iil — 1 <1, we have
r—1¢g;—1 P _. ] k
I —+ i;p ) ") HF ( ) (4.5)
k=0 h=0

As a;,b; € Zy, p does not divide their denominators and, hence, ged(p, p;) = ged(p, ¢i) =
1. So {hpk |h=0,...,p;i—1}={h | h=0,...,p; — 1} (mod p;) and

pi—1 pi—1 pi—1

SUkp) - = Sk - B = SO B gk (46)

h=0 h=0 h=0
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where we have used Hermite’s identity: for a positive integer m, |mz| = hmz_ol LJE + %J
Similarly,
qi—1 .
bk j i ok
ST Lty 22| — | et (4.7)
h=0

Straightforward applications of the Gross Koblitz formula (Theorem BH) and (3] yield

6 r—1 [¢ k c k R
HH hp‘>) FP( _thp'» (_p)L<quz1pk>_%k1J+|_<_ >+JP1J
H1 k=0 C_" = 7)PR) Tp (=32 + 5)ph)
6 C C
_ H g(w ’f)g(w_ n) . —s(O)-l—s(y)w( 1)]6 —q ( )+s(])( 1)36
HSGa) @)
(4.8)

_ q—5(0)+5(j) (_1)j5 wj(M)
r—1 t

—iPi 1 d% ok
T ITm G o 0 [T ) o 20 o
k=01i=1
Substituting for (£3) in Definition [Z7] yields the result. O

Proof of Theorem[28. Let ({na;},{nb;}) be defined over Q with exponents ({p; : 1 <
i <t},{g; : 1 <i<s}). Then, ({a; + 1},{b; + L}) are defined over Q with exponents
({np;: 1 <i<t},{ng;:1<i<s})as

ﬁﬁ T — 27r1(a1 ﬁﬁ T — 27r1al 327”:1 ﬁ " e27rinai Hf 1£ -1
= T o ol n _ p27inb; = ng; _
iR R Car I i B e § P

We note that

t i t ’ t ; n
M, = Hiszl (”pi):s — (i =Y i) His=1 P _ Hi;lpip = M".
H¢:1 (ng;)"™" Hizl q;" % Hi:l g7

We also note that if D(z ) = gcd(]_[l LxPi —1,T[;_; % — 1) has degree ¢, then D, (z) :=
ged([Ti, 2™ — 1,5, 2™% — 1) has degree nd. If z = exp <27”C) is a zero of D, (z) with

2minc

T ) is a zero of D(z) with the same multiplicity, i.e.

multiplicity s, (c) then 2" = exp <

s(nc) = sp(c).
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As ({na;},{nb;}) are defined over Q we use Theorem 2.7 expand the summands and
then apply Proposition 3.2, with y = @’, to get

n—1
naiy, na, ..., Nam !
me M A
; |:nb17 nbe, ..., nbn, ‘C L
q—2
= __1 (_1)j(m+5) q—s(O)—l—s(j) wj(M )
-1
r—1 t vk jpzka Jq qul ka
X HHPp(<qTfp ))( = HF 2 J9i kY ) (—p)La-T
k=0i=1
n—1 .
x Y@ (G)
=0
= —1 (_1)j(m+6) q—s(O)—i-s(j) wj(M ) )\)
q— —
J
j=0 (mod n)
r—1 t . —ipi & i
TG ' P8 T n () ) T
k=01i=1
qfl_l
__TNT (_qyinlmts) —s(0)+s(n) —in( g
o j;( 1) g @M - 2
T —jnpi L_jnfiPkJ : jng; L]"Qz kJ
X Hrp(< -1 P >)( p) - HF ((q L >)( p)ra-1
k=0i=1 palie}

If we denote the summand of the last expression above as f(j) then it is easy to show that
q—-1_
FG+b(EY) = f(5) for all 0 <b<n— 1. Thus 3,7, /() = £ X023 /(). So.

n—1
naiy, naz, ..., NAmpy
G
lzzgm m[nbl, nby, ..., nb G L
-1 a=2
= (—1)7m+0) g=s(0)Fs(n) g5im (A . )
q—1=
. —Jnp; nplka ng; L]nqukJ
< TTTIT (G2 ' HF (F5p) (=p) !
k=0i=1
1 & 2
= = — (-1 )J(nm+n5) q—sn(0)+5n(y) W (M, - \")

o

=
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r—1 ¢t inp mpi k| g Lanz o
x TTTT T (2 () o0 HF (") (=p) 1"
k=0i=1
ai+%:1§z’§m,oglgn—1 n
:annm I . .
bi+:1<i<m,0<1<n-1 q

O

Proof of Theorem [2.3. This proof is similar to its finite field counterpart, Theorem
We expand nm[{al + } {b; + %} | A ]g, by Definition [25] and make the change of

variable j — j — = L to get that
q—1
Noting that w%()\) # 1, as A is not an n-th power, completes the proof. O

4.3. Classical Setting.

Proof of Theorem [2Z12. From its definition, it is easy to see that

n—1
(a)nk - nnk H (% + %)k
1=0
Therefore,
n—1 nay nas na n—1 co m (na)
F, > s e m‘1111|: i)k Lk
Z(:) [ nby  nbe, ..., nby, Sn 2 l:OkZ:oilzll (nb;), (&2)
_ iﬁ (nas), Lk nz_:lglk
k=0i=1 (nbi)y, 1=0
_ . T (na; k ok
=n ];) ljl (nb0), z (by Cor. B3)
k=0 (I;Od n) =
— T (nal)nk nk
=n
= (et ),
=n 2™,
2L 6o,
as required. O

5. APPLICATIONS

In this section we give some applications of our main results. The purpose is mainly
to show the different types of applications, giving one or two illustrative examples in each
case. So, the list of such results shown here is by no means exhaustive.
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5.1. Finite Field Setting. Using Corollary2.3]we can leverage known reduction formulas
at lower orders to get new reduction formulas. We give examples when m = 2, 3, 4.

Corollary 5.1. For q odd and A%, B* # «,

A, @A, B, B 9(B?)g(A2B*) 9(A2)g(RB?)
&, (107 AB? (IDAB g(A2Bz)g(B4) R

Proof. Applying Corollary Z3lwith m =2, A\ =1, Ay = A, Ay = B, B = ¢ and By = AB
we get that

4F4<A, A, B, ¢B 1)

e, ¢, AB, @AB
A2 A2, B2
:2F2< e, A2B2 ‘1> +2F2< e, A?B? ‘_1>q'

Each oF5 can be reduced to an expression in terms of Gauss sums by Theorems 1.9 and
1.10 in [35], respectively, giving the desired result. O

Corollary 5.2. For ¢ =1 (mod 4) and A% # ¢,

I X4, ﬂa 4A X4A X4A X4A ‘ 1
6146 g, ©, A7 @A, A,

_ I g(SA)g(xaSA) .. _
14y SReA) (o) Z ¢5A —ox f4=10)

RP=¢p O otherwise.

e, C, C

0 if x4C' is not a square,
= C(-1) x |1+ 3 9(D) g(x4D)
9(¢D) g(x1D)

(5.1)

otherwise.
D2=x,C

We apply Corollary 2.3l with m = 3, A = 1, A1 = xu, A2 = xu4, A3 = Y44, By = e,
By = A and Bs = A to split the ¢Fg in the statement of the corollary into gF3(--- |
+1) + 3F5(--- | —1). The 3F3(--- | +1) can be reduced by [35, Thm. 1.11] and the

3F3(--- | —=1) by (BJ)), giving the desired result. O

The case corresponding to Corollary with A = ¢ is covered by Corollary



14 DERMOT McCARTHY AND MOHIT TRIPATHI
Corollary 5.3. For ¢=1 (mod 4), A* # ¢, B8 # ¢ and A% # pB*,

8F8<A’ pA, xad, Xad, B, B, xuB, xaB 1>
€, P, X4, ﬂv ABv QDABv X4AB7 ﬂAB
_ 9(BYg(ATB%) g(Ah)g(RB*)
g(A'BY)g(B®) i 9(R)g(A'B?Y)
A2 (A2, B4 A2 2 2
9(A%) g(A%pB") 3 F2<R90A,B,soB‘l>_
9(A2B?) g(A?pB?) R e g

R2=A2

Proof. We apply Corollary 23] with m = 4, A = 1, A1 = A, Ay = xu4, A3 = B,
Ay =xuB, By = ¢, By = x4, B3 = AB and B, = x4AB to split the gFy in the statement

of the corollary into 4Fy(--- | +1) + 4Fy(--+ | —=1). The 4Fy(--- | +1) can be reduced by
Corollary B0l and the 4Fy(--- | —1) by [35, Thm. 1.5], giving the desired result. O
5.2. p-adic Setting. We begin by looking at Corollary in the case that a; = i,
b; =1, ie.,
L1 1 L1 1
7 2 2 | 3 2 2 ‘ )
me[l 1 1‘ L+me[1 1 1 L
13 1 3 13 )
ZQmGQm[‘* 111 1 HA]. (5.2)
L3 13 13 g

=

We will consider (5.2]) for m = 2,3,4 and various values of \.

Corollary 5.4 (m =2,A=1). Let ¢ =p" be an odd prime power. When ¢ =1 (mod 4),
we write ¢ = x° + y? for integers x and y, such that x = 1 (mod 4), and p{x when p =1
(mod 4). Then

-1 if g =3 (mod 4),

13 1 3
404[‘11 s e 1‘1} ={1+42 ifg=1(mod8),
2 2 g 1 -2z if ¢g=5 (mod 8).
Proof. By [20, Thm. 4.9],
s 3 ~1 if ¢ =3 (mod 4
2G2[ 22 ‘ 1} = A (mod 4), (5.3)
11 ; +1 if ¢ =1 (mod 4).
Combining [35] Thm 1.10] and [9, Lemma 3.5] we have
11 0 if ¢ = 3 (mod 4),
QGQ[ i i ‘ -1 ] =< +2z if ¢=1 (mod 8), (5.4)
1 —2x if ¢ =5 (mod 8).
Substituting (5.3) and (54) into (5.2]), when m = 2 and A = 1, yields the result. O

Corollary 5.5 (m =3,A=1). Let g =p" be an odd prime power. When q =1 (mod 4),
we write ¢ = 2% + y? for integers x and y, such that p { x when p = 1 (mod 4). When
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¢ =1,3 (mod 8), we write ¢ = u? +2v? for integers u and v, such that p{u when p=1,3
(mod 8). Then

4(2? +u?) —3q if ¢ =1 (mod 8),

aP I IR e sy
1 % 1 % 1 % . 422 — g if g =5 (mod 8),

—q if ¢ =7 (mod 8).

Proof. Combining [35, Thm 1.11] and [9, Lemma 3.5] we have

I 1 1 if ¢ = d4
5Gs| 2 2 2\1} 0 g =3 (mod 4), (5.5)
111 g 4x® —2q if ¢ =1 (mod 4).
From [I3] we have
4u? —q if ¢=1 (mod 8),
L1 1 — 42 if ¢ = d
$Ga| 202 2| | =g 3 {mod 8), (5.6)
1 11 ; q if ¢ =5 (mod 8),
—q if ¢ =7 (mod 8).
Substituting (0.5 and (5.6]) into (B.2]), when m = 3 and A = 1, yields the result. O

When ¢ = p we can relate the hypergeometric functions in (5.3]), (.5) and (5.6]) to the
p-th Fourier coefficients of certain modular forms. All modular forms will be denoted fy,
where the subscript # is the form’s unique identifier from LMFDB [32], and will have

Fourier expansion fu = ano an(fu)q".

Corollary 5.6. Consider the modular form fss.9.4.4 = n%(42)n*(82) = Zn21 an(f32.2.0.0)9" €
S2(T'0(32)). If p is an odd prime, then

13 1 3
4G4[ i‘ i i i ‘ 1} = ¢(—1) + ap(f32.2.0.0)-
2 2 p
Proof. From [40, Prop. 1 & Thm. 2] we have
L1
2Ga| 2 2 | =1] =ay(faad) (5.7)
11 »
Substituting (5.3) and (5.7) into (5.2]), when m = 2 and A = 1, yields the result. O

Corollary 5.7. Consider the modular forms fi63.cqa = n°(42) = anl an(f16.3.c.a)q" €

S3(To(16), (_—4)) and f956.2.0.0 = anl an(f256.2.0.0)9" € S2(T0(256)). If p is an odd prime,
then

13 1 3 1 3
6G6[ ‘11 ‘11 11 111 11 111 ‘ 1 :| = ap(f16.3.c.a) + 90(2) " Op2 (f256.2.a.a)-
2 2 2 P
Proof. The relation
L1 1
3G3[ i i i ‘ 1 L = ap(f16.3.c.a) (5.8)
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corresponds to one of Rodriguez Villegas supercongruence conjectures [44] and can be
found in[39]. From [40, Thms. 5 & 6] we have

11 1
3G3|: i i i ‘ -1 :| = 90(2)(ap(f256.2.a.a)2 —p)=¢(2)- ap2 (f256.2.0.0)- (5.9)
p
Substituting (5.8) and (5.9) into (5.2), when m = 3 and A = 1, yields the result. 0

In fact, we can produce similar results to Corollary B.7, for almost any rational A, via
the following result of Ono’s combined with the modularity theorem.

Theorem 5.8 ([40] Thm. 5). Lett € Q—{0,4} and consider the elliptic curve Ey/Q given
by
Ey:y? = a3 — 22 + (43 — tYao + 15 — 415

If p is an odd prime for which ord,(t(t —4)) = 0, then

L1 1 _
3G3|:i i ‘%]p:@(ﬂ_élt)(ap(fjty_p),

2
1
where ap(Ey) =p+ 1 — #E,(F)p).

Here are some examples where one of the modular forms has complex multiplication
(CM), corresponding to the elliptic curves in [40, Thm. 6].

Corollary 5.9. Let

13 1 3 1 3
— 4 4 4 4 4 4
GGG[A}p._GGGL L1l ‘AL.

6Go | 51 ]p = p(=7) - ap2(f1568.2.0.0) + ap2(f32.2.0.0)

—p if p=3 (mod 4),
= —7 M a.a
©(=7) - ap2(f1568.2.0.a) + {4952 —p ifp=1(mod 4),

where p = 2% +y? = 1 (mod 4), with x odd.
(2) Forp+2.3,

6Go[ 64 ] = 0(14) - ape(fi5682.0.a) + 9(2) - ap2(f32.2.0.0)

—p if p=3 (mod 4),

= p(14) - ay2(f1568.2.0.0) + ¢(2) {4$2 —p ifp=1(mod 4)

where p = 2% +y? = 1 (mod 4), with x odd.
(3) Forp#2.5,
6Ge | %= ]p = p(5) - ap2(f200.2.0.6) + P(=3) - ap2(f36.2.0.0)

—p if p=2 (mod 3),
= 5 . a _3
#(5) - a2 (fa00200) + 9(=3) {4:8 —p ifp=1(mod 3),

where p = 2% + 3y?> = 1 (mod 3).
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(4) Forp#2,5,
6Ge | 16 ]p = p(5) - ap2(f200.2.0.0) + P(3) - ap2(f36.2.0.0)

= 5 M a 3
©(5) - ay2(f200.2.a.6) + ©(3) {41,2 —p ifp=1 (mod 3),

where p = 2% + 3y? = 1 (mod 3).
(5) Forp+# 2,3,5,13,

6G6 | 1056 ]p = (65) - ap2(fa225.2.0.n) + (=T7) - ap2(f19.2.0.0)

—p if p=3,5,6 (mod 7),

©(65) - ap2(f1225.2.0.0) + 0(=7) {4x2 —p ifp=1,2,4 (mod 7),

where p = 2% + Ty* = 1,2,4 (mod 7).
(6) Forp+# 2,3,5,13,

6Go[ 4096 | = 0(65) - ap2(faz25.2.0.n) + ¢(7) - ap2(f19.2.0.0)

—p if p=3,5,6 (mod 7),

= (65) - o 7
©(65) - ap2(fa225.2.0.0) + #( ){4x2 —p ifp=1,2.4 (mod 7),

where p = 2% + 7y> = 1,2,4 (mod 7).

Proof. We use (0.2 with m = 3. We then consider Theorem [5.8] for appropriate values of
t and combine with the modularity theorem (curves and modular forms are determined in
Sage [45] and LMFDB [32]). We follow [40, Thm. 6] for evaluation of coefficients in the
CM forms. (1) t=12,5. (3)t=5,3. (5) t = 82,9 For cases (2), (4) and (6) we note
that [20, Thm. 4.2]

773 37 7|1
3G3[1 1 1‘AL:"D(_A)'3G3[1 1 1‘XL'

O

We can perform a similar exercise in the case of m = 2 for a1 = %, as = %, by = % and
by = %, using the following result of the first author.

Theorem 5.10 ([36] Thm. 1.2). Let p > 3 be prime. Consider an elliptic curve Eqp,/F), of
the form E,p : y* = 2®+ax+b, with j(E,p) # 0,1728. Define ap(Eqp) = p+1—#Eq5(Fp).
Then

13 27b2
plEas) = pl0)-paGa| | 1] -20 ] (.10
3 3 p

Combining Theorem [5.10] and Corollary 210, with m = 2, the following corollary is
immediate.

Corollary 5.11. Let p > 3 be prime. For E,;/F, and E_q/F, elliptic curves with
J(Exap) #0,1728,

1 5 3 7 67,4
13 3 T 36 b

4G4[ ? g ? g 94,6 } ol )(ap(Ea,b) + ap(E—a,b))‘
5 3 3 6 a”lp P
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By taking different values of a and b we can relate special values of the 4G4 in Corollary
BTl to coefficients of modular forms. Here is one such example with ¢ = 1 and b = 1.
Again, we use Sage [45] and LMFDB [32] to identify the relevant elliptic curves and
modular forms.

Corollary 5.12. Forp > 3,

15 3 1 g6
p- 4G4[ i S i S 91 ] = (—1) - ap(f248.2.0.c) + ap(fo2.2.0.0)-
6 3 3 & p

Barman and Saikia [5] provide similar results to Theorem for the elliptic curves
Ei:y? =23 +ax? +band By : y? = 23 + ax? + bx. Their results can also be used to
provide relations similar to those in Corollaries [5.11] and

We now examine an application of (5.2]) in the case m = 4.

Corollary 5.13. For p an odd prime,

1 1
G 4 4
8Lrg 1 1

[SIEEEN]
==
DOl s o
e
DOl o
[SIEEENI]

‘ 1 } = ap(f8.4.a.a) + ap(f32.2.0.0) - ap(f32.3.ca) + P
p

Furthermore, the right-hand side reduces to ap(fs.4.0.a) +p when p =3 (mod 4).
Proof. By a result of Ahlgren and Ono [I, Thm. 6] we have, for p odd,

1101 1
30302 2|1 = va) + 1. 11
4G4[ 1111 ‘ L ap(fs.4.aa) + D (5.11)
In [38], the first author and Papanikolas proved that, for p odd,
11 1 1
2 2 2 2| 1| = aa) * ca 12
4G4[ 1111 ‘ L ap(f32.2.0.a) - ap(f32.3.c.0), (5.12)
and both sides of (.12]) are zero when p = 3 (mod 4). Substituting (5.11]) and (5.12)) into
(E2), when m =4 and A = 1, yields the result. O

5.3. Classical Setting. Similar to the development of Corollaries B.IM5.3] in the finite
field setting, we can use Theorem [2.12] with n = 2, to leverage known reduction formulas
at lower orders to produce reduction formulas at higher orders in the classical setting.

Corollary 5.14. For Re(b) < 1,

L atg b b+ 3
4Fy “oa 1 2 1 2 ‘ 1]
I, 5, g5+a—b, 1+a-b
1 [P(1+20—2)P(1—48) (1420 —25)[(1+a)
2 " |T@—20)0(1 + 2a — 4b)  T(1+2a)0(1+a—2b)]"
Proof. We use Theorem T2 with n =m =2, A =1, a1 =a, ap = b, by = % and by =
%—I—a— b to split the 4 Fy in the statement of the corollary into o Fy [--- | +1]+2F5 [--- | —1].
The oF5 [+ | +1] can be reduced by Gauss’ theorem [3, p. 2] and the oF5[--- | —1] by

Kummer’s theorem [3| p. 9], giving the desired result. O
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Corollary (.14l is a direct analogue of Corollary [B.1] and is already known. It appears
(without proof) in [42] eqn. 11, p. 555].

Corollary 5.15.

6F6|:Z’ f’ 7 ta §+a, 1 —a, %—a‘l}

I, 5, 1—a, 5—a, 1+a, 5+a

_I‘(1—|—2a)F(1—2a)[ INEY V22
47 I(

F—20r(G+20) T+ Pra+ Dr(-a+ Pr(-a+ )
(

Proof. Combining Whipple’s [53] eqn. (9.3)] and [53] eqn. (10.3)] we get that

3F3[ R | —1] = ”P(H?“)P(l_a) —. (5.13)
1, 14+a, 1l-a V2P (5 + )05+ )T (-5 + )T (-5 + %)

WenowuseTheoremWithn—2 m=3 AX=1,a = }l,ag— 7t a, ag—%—a,
by = b2 5 —a and by = 5 + a to split the gFg in the statement of the corollary into
3F3[ | +1] + sF5 [+ | —1]. The 3F5 [+ | +1] can be evaluated using Dixon’s theorem
53l eqn. (10.1)] and the o F5 [-- - | —1] by (513)), giving the desired result. O

Corollary B.I5lis a direct analogue of Corollary [5.221 We are conscious of the fact that it
is unlikely such a result is not already known. However, we haven’t found Corollary [5.15]
in the literature.

Corollary 5.16. For Re(b) < &

]
a, a+%,a+%,a+%, b, b+ 1, b+ 1, b+ 3
sty 1 : i 3 l4+a—b, 1+a-b, t4+a—0b §—I—a—b‘l
) 2 4 1 2 ) s 4 s 4

_ 1 [P(+4a—4b)P(1—8b)  T(1+4a—4b)0(1 +2a)

47 [P —4b)D(1+4a —8b) ~ T(1+4a)I'(1 + 2a — 4b)
I'(1+ 2a — 2b)T(3 + 2a — 2b) [%—a, 2b,  2b M
2T(1+2a) (5 +2a—4b) *° 1+a, %

Proof. Again, we use Theorem[2.12] this time withn =2, m =4, A=1,a1 = a, as = a+%,
a3 = b, ay :b+%, by = %, by = %, by = %—i—a—band by = %—Fa—b. This splits the

sFs in the statement of the corollary into 4Fy [+ | +1] + 4Fy [--- | =1]. The 4Fy[--- | +1]
can be evaluated using Corollary .14 and the 4Fy [--- | —1] by a result of Whipple [53]
eqn. (3.4)], giving the desired result. O

Corollary (£.16l is a direct analogue of Corollary and, again, we haven’t found it in
the literature.

6. MORE ON THE RELATIONSHIP BETWEEN F(---), AND G[---],

We recall the discussion at the end of Section 2.I]and beginning of Section regarding
the domains of F'(--- ), and G- - - |4, when considered as functions of ¢. Let F; = (T'). For

fixed a;,b; € Q, if we consider ,, Fy, ({T%@=1}; {T%(@=1D} | ), to be a function of ¢, then
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the domain is all ¢ = 1 (mod d), where d is the least common denominator of the elements
in {a;}U{b;}, ensuring a;(q—1),b;(q—1) € Z. Via LemmalZ8} ,,, Fy, ({7901 }; {Tb:(a=1Y |
-)q extends to G [{ai}; {bi} | -], whose domain is all ¢ relatively prime to d.

It is possible to extend the domain of ,,, Fy,, ({T%(@~D}; {T*(@=D} | ), without moving
to the p-adic setting, in certain circumstances. Specifically, if the parameters ({a;}, {b;}),
or some subset thereof, are defined over Q. Using the same notation as in Section 221 if
({ai},{b;}) are defined over Q with corresponding exponents ({p; : 1 < i < t},{¢g; : 1 <
i < s}), then [7], for A; = T%(@=1) and Tb(a—1),

Ay, Az, o, Ay
mﬂ<&,&,m,3\9
1)ts+ q—2 5

Zq—s(o +5(— H (T7P%) Hg(T_jfh’) CTI((=D)™FOMTIN). (6.1)

=1 =1

We can use (6I) as the definition of ,,F,,({T%@~D}; {1t} | X), if ({a;},{b:})
are defined over Q, and then its domaln is all ¢ relatively prime to d, the same as

Gml{a;};{bi} | -]4. Letting T' =@ in (G1), then using the Gross-Koblitz formula, Theo-
rem [30] followed by the change of variable j — (¢ — 1) — j, we get, via Theorem 27} that

({1 @D} {101 | \), = Go[{ai}; {0} | A1, So, if ({a;}, {bi}) are defined
over Q, then ,, Fy,({T%(@= 1}, {Tb(@=D} | ), as defined by @), and ,,Gm[{ai}; {bi} | -1,
are equivalent, up to inversion of the argument A\. Therefore, Theorem 2.8 Corollary
.10k equation (5.2); and, Corollaries [5.4H5.13] all still hold with ,,,G,,[{a;}; {b:} |
\], replaced by ,, F,, ({7~} {Th(@=D} | A7), as defined by (6.1).

The case where some, but not necessarily all, of the ({a;}, {b;}) parameters are defined
over Q was considered by Doran et al. in [I1]. Let S, and S, be submultisets of {a;} and
{b;}, respectively, such that

locs, @ =™ g2 —1

_ o2mib s A
Hbesbx e [[=z% -1

for some positive integers p1,ps,...,p: and q1,¢o, ..., qs, with ¢ and s minimal. We say
(Sa, Sp) are defined over Q and we use the the same notation D(z),d,s(c) and M, as
defined in Section Z2 Let S, = {a;}\ S, and S, = {b;} \ Sp. Then [I1], for A; = T~V
and b1,

Ay, Agy .., Ay
mFm<Bl, By, ..., Bp ‘)‘
)t+s+1 g2 ¢ s
Zq—s(o +5(— Hg (T9P1) H (T—79)
i=1 i=1

+a(g—1) -
<11 ° T;a(q 1 )) H g(T—aD) (=)™ M), (6.2)
€s,
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So, we can use (B2) as the definition of ,, F, ({T%@~ D} {T%(@=DY | X), if (S,, Sp) are
defined over Q, and then its domain is all ¢, such that ¢ is relatively prime to d;, where
dy is the least common denominator of of the elements in S, U Sy, and, ¢ = 1 (mod ds),
where dy is the least common denominator of of the elements in S, U S,. If ({a;}, {b:})
are defined over Q, then, taking S, = {a;} and Sy = {b;}, we recover (6.1

If (Sg, Sp) are defined over Q, it is straightforward to show, using the same approach as
in the proof of Theorem 2.7] that

a aip, ag, ..., Qpy ‘A _ 1 (—1)im+0) (=sO+s() 5 (Af - \)
bla b27 R bm q q_l
7=0
r—1 t =Pk S . Jq
XHHr (5229) ()T LT ((250) ()"
k=0i=1 i=1

X H e qfi)pk» (—p)—t<apk>—§%’1J I1 =) (—p)_“_bmm%ﬁj-

(6.3)

Again, letting T' = @ in (6.2)), then using the Gross-Koblitz formula, Theorem 3.5 followed
by the change of variable j — (q—1)—j, we get, via ([6.3)), that ,, F, ({T%@~D}; {T0i(a-D1 |
N)g = mGml{ai};{b;} | A71],. However, in this case, if the full ({a;},{b;}) are not
defined over @, then the domain of ,, F,, ({791}, {Tb(a=D1 | ), is smaller than that
of Gonl{aik; (i} | o

This is the reason we use G[---];. While G[---], will coincide with F(---), (up to
inversion of the argument A) on any domain on which F(---), is defined, G[---], will
always be defined on the largest domain possible, i.e., when ¢ is relatively prime to d,
where d is the least common denominator of the elements in {a;} U {b;}.
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