arXiv:2404.17777vl [math-ph] 27 Apr 2024

Two-level Adiabatic Transition Probability for
Small Avoided Crossings Generated by
Tangential Intersections

Kenta Higuchi and Takuya Watanabe
April 30, 2024

Abstract

In this paper, the asymptotic behaviors of the transition probability
for two-level avoided crossings are studied under the limit where two pa-
rameters (adiabatic parameter and energy gap parameter) tend to zero.
This is a continuation of our previous works where avoided crossings are
generated by tangential intersections and obey a non-adiabatic regime.
The main results elucidate not only the asymptotic expansion of transi-
tion probability but also a quantum interference caused by several avoided
crossings and a coexistence of two-parameter regimes arising from differ-
ent vanishing orders.

1 Introduction

In quantum mechanics, especially in the quantum chemistry, the adiabatic ap-
proximation and the Born-Oppenheimer approximation are widely used. The
adiabatic theorem, the motivation of these approximations, asserts that in the
slowly varying Hamiltonian the quantum effect like the transition between the
energy-levels hardly occurs. From this point of view, it is important to ac-
curately describe how much slowing down the variation shrinks the transition
probability.

In this paper, we study a mathematical model such that the transition prob-
ability is not always small even in case of the adiabatic approximation. Since
the transition probability intuitively depends on the size of the smallest gap be-
tween energy-levels, the approaching (resp. receding) speed to (resp. from) the
smallest gap, and the quantum interference, we consider asymptotic behavior
in a two-parameter singular limit h,e — +0 of solutions to the time-dependent
Schrédinger equation

z‘h%q{z(t) — H(to)b(t), teER. (1.1)



Here, the Hamiltonian H(¢;¢) is given as a 2 x 2 matrix-valued function

H(tye) = (Vg) _;(t)> , (1.2)

where V(t) is a real-valued smooth function and h,e are small positive param-
eters. Its two eigenvalues are

Ey(tie) = £/V ()2 + 2.

In this model, the ratio ¢/h is interpreted as the time variable, EL(t;¢) are the
two energy-levels of H(t;¢), and the adiabatic limit A — 0 corresponds to the
slow variation of the Hamiltonian H (¢;¢) compared with the time.

According to the adiabatic theorem, one expects that for a solution () to
(L.1), the projection II_(¢;¢)1(t) onto the eigenspace associated with E_(t;¢)
is “small” for every t € R if ¥(tg) belongs to the eigenspace associated with
E, (to;e) at some tg € R. More simply, we can say that the adiabatic theorem
asserts the smallness of the transition probability. Here, we call

P(e,h) :=  lim_||TL (5 ) (1) (1.3)

the transition probability, where JZ' is the normalized solution to such that
limy, oo [|TT-(t;€) S, (£) || o = O with ||.J," (£)|| .. = 1 (this solution will be intro-
duced in Appendix[A.1]). These limits exist under suitable conditions on V near
infinity (Condition [Alin this paper). Note that [[¢(t)52 = S [Tt (t; €)w(t)]|2
is constant in ¢ for any solution .

As long as € > 0, the two energy-levels F (¢;¢) are smooth functions of ¢,
and never intersect with each other:

tuel]lg |Et(t;e) — E_(t;¢)| = tiIglﬂEQ\/V(t)Q +e2>2>0. (1.4)

This quantity called the energy-gap is bounded from below by 2e even if V'
vanishes at some point. This phenomenon occurring near each zero of V is
called an avoided crossing. The simplest case V (t) = vt with a positive constant
v is investigated individually by L.D. Landau and C. Zener in 30’s [16, 23]. The
transition probability
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for this case is known as the Landau-Zener formula. This is exact and true
for any positive €, h. For fixed € > 0, this formula implies that the transi-
tion probability is exponentially small with respect to h > 0. There are many
results generalizing the Landau-Zener formula. Under some analyticity con-
dition, such an exponential decay estimate is obtained even in case of more
general Hamiltonian, for example operator-valued unbounded Hamiltonians as
in [4, (5l [12] [13] [17], while a smoothness condition without an analyticity yields
nothing but a polynomial decay with respect to h as in [I5]. Note that in the



general setting, the condition of the energy-gap is replaced with the gap con-
dition, which mandates that the spectrum is decomposed into a disjoint union
of two subsets and that the distance between them is positive. The history of
these generalizations can be consulted in the survey [9] and in the books [8] [19].

The transition probability may become larger when the energy-gap is also
small. In our model, this situation occurs if V(¢) vanishes at some ¢ and if €
(see (|1.4)) is sufficiently small compared with h. One observes from Landau-
Zener formula that the transition probability is small and the adiabatic
approximation is reasonable if & > h'/2. However, one also observe that it is
almost one if ¢ <« h'/2. The former situation is called the adiabatic regime,
and the latter the non-adiabatic regime, which was discussed in [22] and also in
[3, 18].

The leading term of the transition probability is given by the same formula
by replacing v with |V’(0)| when V(¢) vanishes only at ¢ = 0 and V’(0) # 0,
namely, the situation that V'(¢) and —V (¢) intersect transversely at t = 0 (see
[12] and also its microlocal version [3]). From the viewpoint of the energy-levels,
the approaching/receding |E (t;€) — E_(¢;€)| — 2e = 2(/V ()% + €2 — €) near
a transversal crossing of £V is of order [¢|.

In the tangential case V'(0) = 0, the transition probability is studied by one
of the authors under the condition & > h™/("+1) corresponding to the adiabatic
regime, where m stands for the vanishing order of V' at ¢ = 0 as in [20] 2]
(equivalently, |E4(t;e) — E_(t;€)| — 2¢ is of order |¢|™). In this case, transition
probability is exponentially small as he~(™+1/™ tends to 0. The analyticity of
V' and the adiabatic regime condition are necessary for applying the exact WKB
method. In fact, the “complex crossing points” of the energy-levels, which are
the zeros of Ey(t;e) — E_(t;¢) on the complex plane and are called turning
points in the WKB method, are essential for this case. The adiabatic regime
condition implies that these complex crossing points are not too close to each
other.

On the other hand, the situation corresponding to the non-adiabatic regime
e <« h™/(m+1) is studied by the other author [I0]. He applied other classical
method (also used in [2]) to a little bit more general setting. The transition
probability is almost one as in the Landau-Zener formula only when m is odd,
and that it is still small of order eh=™/(m*1) when m is even.

One of other generalizations is the existence of several avoided crossings.
Following the classical probability theory, one may think that the transition
probability is obtained by multiplying and summing the non-negative “local
transition probability” around each avoided crossing. However, as well as other
quantum situations, only a complex-valued probability amplitude is associated
with each avoided crossing. Then the “total” probability amplitude is given by
multiplying and summing them, and the transition probability is its absolute
square. This phenomenon is treated in [14] 2], [22].

This paper is a continuation of the authors’ previous works in the viewpoint
of dealing with several avoided crossings generated by tangential intersections
with different vanishing orders in the non-adiabatic regime. Our first result,
Theorem [I], concerns several tangential avoided crossings in the non-adiabatic



regime, that is, ¢ < A™/ (1) with m the maximum among the avoided cross-
ings. It shows that the transition probability is almost one when the number
of odd avoided crossings is odd and that it is small of order eh=™/(m+1) when
the number is even. The effect of the quantum interference appears in the co-
efficient of the term of order eh~™/(m+1)  In Formula , the second term
describes the quantum interference while the first term is given by the sum of
absolute square of the local transition probability amplitudes. In particular,
this coefficient vanishes in some cases. We also show some concrete models (see
Remark and Examples and .

One notices that the border of the parameter regimes for each avoided cross-
ing depends on the vanishing order m. Consequently, there are parameter
regimes which is adiabatic for some avoided crossings and non-adiabatic for
the others when there are several tangential intersections of V' (t) and —V (¢).
Our second result , Theorem 2] concerns this situation, and shows that the lead-
ing term of the transition probability depends on the parity of the number of
odd avoided crossings in the non-adiabatic regime. Since the local probability
amplitude around an avoided crossing in the non-adiabatic and adiabatic regime
has already been computed in T heorem and in [21], Theorem [2|is obtained by
combining them. The novelties of this paper are to examine precisely the tran-
sition probability in the intermediate regime, where the non-adiabatic regime
and the adiabatic one coexist, and to elucidate a possibility of “switching of
the transition probability” by varying two parameters €, h continuously without
changing V (t) as in Example 2.11] Note that the situation neither adiabatic
nor non-adiabatic regime, namely, e ~ A™/("+1) for some m > 2, has not been
treated yet, although the case for m = 1 was treated by [7].

Our proof is based on the classical method. We first introduce the Jost solu-
tions Jlft = Jei(t;a, h) and JF = J*(t;e, h) admitting the asymptotic behavior
(2.1) at infinity, and in particular, J; satisfies (see Appendix for the
construction). Then the total transition probability amplitude and the tran-
sition probability are ss1(e, h) and the square of its modulus, where so1(e, h)
stands for the (2, 1)-entry of the scattering matrix S(e, h) defined by

(Jf (te,h), J; (e, b)) = (JF(te,h), I (t;2,h))S(e, h).
Note that one has
I_(t;e)J, (t;e,h) — s21(e, h)J; (t;e,h) = 0 as t — +oc.

To study the entries of S(g, h), we continue the solutions tht from —oo to +oo.
More precisely, we construct solutions which approximately belong to the eigen-
spece associated with E4 (t;¢) away from any avoided crossings, and compute
the transfer matrices between the bases consisting of such solutions. The trans-
fer matrix is almost diagonal when there is no avoided crossing between two
points. Thus, the transfer matrix Ty across each avoided crossing near tj is
crucial to obtain the transition probability. The four entries of T}, are the prob-
ability amplitudes of the local transition at the vanishing point t.

The asymptotic behavior of T}, around each avoided crossing near t is given
in Theorem [3] As we mentioned above, the exact WKB solutions used in the



previous work [21] concerning avoided crossings generated by tangential inter-
section are no longer valid in the non-adiabatic regime. The solutions are con-
structed in Section |3| by the method of successive approximations (MSA for
short) due to [2, [I0]. For example, the (1,2) and (2, 1)-entries of T'(e, h) cor-
respond to the local transition probability amplitude from E, to F_ and from
E_ to E4 when the vanishing order m is odd and V(¢)(t — ) > 0 near tj.
The leading term of them is given by applying the degenerate stationary phase
method (Lemma to the oscillatory integral , where the derivative of
the phase function F2 fot V (r)dr off-course has a zero of the same order as V.

This paper is organized as follows. In Section [2] we make precise the defini-
tions and settings, and state our main results Theorems [If and |2, We construct
the solutions by the method of successive approximations (MSA) in Section
and prove the connection formulas Theorem [3] and Proposition [£.2] by using
these solutions in Section [4| Finally, we will complete the proofs in Section
To obtain the product of 2n + 1 matrices of SU(2), we employ an algebraic
formula shown in Appendix

2 Results

2.1 Assumptions and main result

As mentioned in the introduction, we focus on the non-adiabatic regime and
work under the C'*°-category without any assumption on the analyticity. We
notice that the assumption on V(¢) and the setting of the problem are sightly
different from the previous work [22] but the definitions of the transition prob-
ability in the series of our works are the same. We first assume the following;:

Condition A. The function V(t) € C*°(R;R) has a limit V,. € R\ {0} (resp.
Ve € R\ {0}) as t — +oo (resp. —o0), and satisfies

V —V, € L'([0,4+0)), V =V, L'((~00,0]), V’'ecL'R).

For simplicity, we assume V,. > 0. Based on the argument in Appendix
under Condition [A] one sees the unique existence of Jost solutions JF(t)
(e € {¢,r}) which satisfy the asymptotic conditions:

- - ]
JE(t) ~ exp —%\/\/;?—1—52 ( cos Oy ) as t — +o0,

sin 6,

cos 0,

T [ it oo 5| [ coste 7
J, (t) ~exp h\/Vg +e sin 6, as t — —oo,
[t 1/ —sind
(1) ~ = 2 4 g2 ¢ . _
J, (t) ~ exp +h\/VE —i—s_ ( cos 6, ) as t — —oo,

where tan 20, = ¢/V, with 0 < 6, < 7/2 (equivalently determined by 6, =
arctan(e~!(\/V2 +¢e2 — V4))). The pairs (J;7,J7) and (J;,J; ) form bases

ToYr

r .t | _ .
J(t) ~ exp e V2 +e2 ( sin 0y ) as t — +oo,
(2.1)




of the solution space. Each of them corresponds to one of the eigenvalues
+4/V?2+¢e? and £+/V7 + €2 of H(t,e) at the infinity. Note that a function

1 = t(1p1,19) is a solution to if and only if *(—1)9,1) is so. This implies
that (J;F(¢),J(t)) and (J,(t),J, (t)) are orthonormal bases on C? at each
t € R. Then we can introduce the scattering matrix S(e,h) as the change of
basis between the pairs of Jost solutions:

(T, J7) = (5, 07) S(eh), - S(e,h) = ( s e ) (2.2)

This matrix is unitary. In particular, one has |s11]| = [s22], |$12] = [s21], and
|811|2 —+ |821|2 =1.

Definition 2.1. The transition probability P(e,h) is defined by
P(e,h) :=|so1(e, h) |2

Remark 2.2. The above definition of the transition probability is equivalent to
(T.3). In fact, one has || JE(t)|c2 = 1 for any t, and

t_1>ir_noo HHiJéi(t)ch =1, t_l)ir_noo ’|H¢Jgt(t)|‘c2 =0,
Jim [T () = 1, M ([ 750 ez = 0.

Condition B. The function V(t) has a finite number of zeros t; > -+ > t,, on
R, where each zero ty for k=1,...n is of finite order denoted by my.

This assumption implies that for k =1,...,n,
VOt =0 (1<I<my), vp:=Vm () #£0. (2.3)
Let m, denote the maximal order of the zeros:

My = max m; 2.4

je{l,2,..n} (24)
and let A, denote the index set of k € {1,2,...,n} which attains m. (i.e.,
my =m. <= k€ A,). Put

k
o) = ij (2.5)
j=1

for k =1,2,...,n. Then V, = lim;_, 1, V(t) > 0 implies that o determines
the sign of V() on each interval (t44+1,%), and in particular o,, determines the
sign of Vp, namely (—1)7+V(t) > 0 for ty41 <t <ty and (—1)7"V, > 0.

As we mentioned in the introduction, the ratio of € and (a specific power of)
h is crucial. We set

P i= Hm, (2.6)



{r+V(t) =0}

Figure 1: An example of V (¢) and energies E (e, h)

where
P =t (€, h) := eh™ ™1 (2.7)

for each m € N. We focus on the regime u, < 1. In the case where there
exists at least one avoided crossing generated by a tangential intersection, that
is my > 2, we obtain the following result.

Theorem 1. Assume Conditions[4], [B and m, > 2. Then there exist po > 0
and hg > 0 such that, for any e and h with p.(e,h) € (0, uo] and h € (0, hgl,
the transition probability P(e,h) has the asymptotic expansions:

1-Cu(h)p? + O (ui (u* + heGnetD )) if oy, is odd,
P(e,h) =
1
C.(hyu2 + O (ui (u* + hm*<m*+1>)) if o is even,
where the coefficient C.(h) consists of the product of two factors v, and 6.(h),
that is Ci(h) = 7.0, (h), which are given by

2

o (U ) (e (1 PO (oY),

2 1 2 [l .
5.(h) = Z ;| ” 7T+ 2 Z |vjug| 77T cos <h/ V(t)dt—i—@i;fi), (2.8)

JEA jkEA. tr
j<k
with
ok (sgnfuj)mi_'_1 if my is odd and sgnv; = —sgnuvy,
’ = *
My
0 otherwise.

Here, I' stands for the standard Gamma function I'(z) = 0+°° t*~le7tdt.

Remark 2.3. When every avoided crossing is generated by a transversal in-
tersection, that is, my, = 1, Theorem (1| is proven in [2Z] under an additional
assumption that V is analytic near the real line. Our method also deduces the
same asymptotic formula under Conditions [4], [Bl and the additional condition
that fiy := (log(1/h))"/2eh=1/2, replaced with p., is sufficiently small (see also
[10, Remark 1.2]).
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Figure 2: Cases (b) (left) and (c) (right) in Example

Remark 2.4. The factor v, depends only on the highest order m, of the zeros
and never vanishes while the factor §.(h) depends also on the behavior of V' not
only the local property at zeros and may vanish. This vanishing phenomenon
corresponds to the destructive quantum interference. Suppose, for ezample, that
|vj| among j € Ay are the same. Put N, := #A, and n, := minA.. Then the
condition for 0.(h) to vanish is given by

N, +2 Z cos V; + Z cos(V; = Vi) | =0, (2.9)

JeEAN{n.} Jk€AN{n.}
i<k
where . 1)
2 [t 1— (—1)m- ™
P = = Vt)dt + ————— B D ——— 2.10
Vii= g, ), VO e e ge T (2.10)

The algebraic curve (2.9) in (N, — 1)-variables {V;}jea,\{n.} appears as so-
called Fermi surface in the context of the discrete Laplacian on the (N, — 1)-
dimensional diamond lattice, which is a generalization of the hexagonal lattice

(see [1]).

The rest of this subsection is devoted to the concrete expression of the tran-
sition probability in Theorem (1| for typical models by means of the following ge-
ometric quantity on the (time-energy) phase space. For each k =1,2,...,n—1,
we denote the area enclosed by V(t) and —V (¢) between t;41 and t; by

A ;zz/tk V(1) dt. (2.11)

tht1

Example 2.5 (Two avoided crossings). Let the number n of avoided crossings
be two. Then the transition probability P(e,h) is 1 (resp. 0) modulo O(u?) if the
sum oo = my+ms of the order of zeros is odd (resp. even). In particular, when
the two zeros have the same order, one sees that P(e,h) = O(u?) independent
of the parity of the order. We give the coefficient Cy(h) attached to p? in each
situation:

(a). my > mgy;

C(h) = Yoy 0|77 (2.12)



(b). m1 =mg € 2Z — 1 and |v1| = |ve|;

__2 A T
(h) = 4y, A cos? [ — —— ). 2.1
Cult) = | =5 cos? (1= T)
(¢). my1 =mg € 2Z and |v1] = |vs;
Ci(h) = 4fyml|v1|7""12+1 cos? % (2.14)

Remark 2.6. In Cases (b) and (c) of Ezample we see that Cy(h) may
vanish and the order of the transition probability varies due to the destructive
quantum interference under the Bohr-Sommerfeld type quantization rule

% + 7 €27 Case (b),
A o (2.15)
— 217 .
5 +m1+1€ wZ Case (c)

This condition is a generalization of that shown in [22] (for m; =1).

Example 2.7 (Three avoided crossings). Letn = 3. The transition probability
is determined modulo O(u?) by the sum (my +mso +ms) whereas the coefficient
C.(h) attached to p? is determined by zeros t; only for j € A, and by integrals of
V' between them. In particular, when #A. < 2 and A, # {1,3}, the coefficient
Cy(h) is given by the same formula as a model with two avoided crossings.

(a). Ax = {1,3} and |v1] = |ve|;

__=2 —1)™m2
C(h) = 47, V1|~ 7177 cos? (W) . (2.16)
(b). m1 =mg=mg €2Z—1 and |v1| = |ve| = |vs|;
Cu(h) = oy 01| 7077 [3+2(cos(ﬂ E— ) (2.17)
! h mq+ 1
As T Al — Ay
reos( - ) res(T )
(¢). m1 =me =mg € 2Z and |v1| = |vz| = |vs];
Ci(h) = 7m1|v1|7m12+1 [3 +2 (cosf;l1 + COS% + cos (W))} .

Remark 2.8. While the destructive quantum interference condition in the case
n = 2 is that the area on the phase space is quantized (i.e. discretized) as in
(2.15), that condition in n = 3 is that two areas lie along the Fermi curve.



{(r+ V()= AT

T+V(@) =0}

Figure 3: Cases b (above) and ¢ (below) in Example

h (N)s;n(A)u b

Figure 4: Adiabatic and non-adiabatic regimes (A4),, and (N),, for m = 3,11
(logarithmic scale, 10719 < g h < 1, (A)m = {(g,h); pm > 100}, (N),, =
{(g,h); 0 < p, <0.01}).
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2.2 Coexistence of the two parameter regimes

Recall that the quantum dynamics around each avoided crossing near ¢ = ¢
depends principally on the magnitude of the parameter p,,,. More precisely,
fm,, < 1 and iy, > 1 correspond to the non-adiabatic and adiabatic regimes
(note that the regime pi,,, ~ 1 is studied only for the transversal case my = 1
[3]). This parameter is different for two zeros of V' (¢) with different order, thus
the transition problem with several avoided crossings generated by tangential
intersections admits various regimes.
Note that u,, obeys the algebraic order relation:

m<m <= pm <l (2.18)

The regime ,,, < 1 considered in Theorem [l| corresponds to non-adiabatic
regime fi,,, < 1 for every k € {1,...,n}. Conversely, the regime iy, > 1
(with mg standing for the minimum order mingeqy,... ny M) considered in [20]
corresponds to adiabatic regime p,,, > 1 for every k.

Here, we consider the case that the two different regimes coexist, that is, the
set of indices is decomposed into a disjoint union of two parts

{1,2,....,n} = A, UA,

such that o o
i, > 1 (VE € Ay), tm, <1 (VE €Ay).

Again by (2.18)), this corresponds to
By 2= Py > 1,y 1= g, <1
where we put my, := max, - Mk and my 1= minkE/Tjj my. We also put
AI; = {k; mg = mb}, Aﬁ = {k‘; mg = mn}.

Figure [4] illustrates the regimes for m = 3,11. When each zero of V is either
of order 3 or 11, we here study the regime (N)3 N (A)1; while Theorem [1| and
[20] concern the regime (N);; and (A)s, respectively. In Figure [5) the problem
here corresponds to (N); N (A)2 or (N)2 N (A)s. Note also that these figures
are displayed with a logarithmic scale. Hence the borders between regimes
are straight lines. Indeed, the border pu,, = c¢ for some ¢ > 0 is rewritten as
loge =logc+ 27 log h.

In the study of adiabatic regime, one of the authors employed the exact-
WKB method [20] which requires the function V' to be analytic. Hence we also
suppose the additional condition.

Condition C. V(t) is real-analytic on an interval containing [tn,t1].

Under this condition, when ¢ is small enough, there exist 2my, zeros of V (¢)?+

€2 near each t = t;, like the power roots. We call these zeros turning points and

11
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Figure 5: Adiabatic and non-adiabatic regimes (A),, and (N),, for m = 1,2, 3.

denote the nearest two turning points to the real axis on the upper half-plane
by Cr,1(€), Ck,ms (€), which behave like

AL 27 —1
ck,j<s>~tk+(m’“a) exp[ ] m’]

Vk ka

as € = 0. As in [22], the action integral Ay ;(e) for j = 1, my is given by

€

Cr.i(€)
A= 2/ VV (1) + g2 dt,

173

where the path is the segment from t; to ( ;(¢) and the branch of the square
root of the integrand is € at ¢ = t;. Note that Im A ; > 0 on this branch and
there exist a ; > 0 such that

Im Ay j = ag,_je™+0/me 40 <€<mk+2>/mk)

as e — 0.

Roughly speaking, the absolute value of the “probability amplitude of the
transition around an avoided crossing near t;” is small in the limit p,,, — 4+00.
Contrary to the non-adiabatic case A,, this fact is independent of the parity of
my. The probability amplitude has the same order as

exp —aku%kﬂ)/m"‘ <1, ay:=min{Imag 1, Imagm,, }-
From the sake of distinguishing this difference, we introduce
Aa’dd ={k € Ay; my : odd} = {k(1),k(2),...,k(N)},

where N = #A949 stands for the number of the elements of A2, and the
elements are labeled in ascending order k(1) < k(2) < --- < k(N).
We also introduce the effective energy V'(t) = V (t; my, my) in this regime by

N Vit trot1ys bt )
V(t) = { (t) on (tr—1):trcar))

2.19
V(t) otherwise, (2.19)

12



where 1;,(9;) is taken as —oo when t(9;—1) = tx(n) (see also ([2.21)).
Putting a := minge s, ax and introducing two functions

€1 = €1(my, my, @) = 1, + exp {—augmﬁﬂ)/mn} 7
€2 = €2(my, my, a) = (,ub + hm) + M—(mu“)/mu exp [ au(m”l)/mq :

we state the asymptotic expansion of the transition probability in this interme-
diate regime:

Theorem 2. Assume Conditions [4] [B and [Cl Then there exist 0 < po < 1
and hg > 0 such that, for any € and h satisfying p, < po < ,ual < g, and
h € (0, ho], the transition probability P(e,h) has the asymptotic expansions:

1—L(e,h) + E(g,h) if (o0 + N) is odd,
P(e,h) =
L(e,h) 4+ E(g,h) if (on, + N) is even,

where the leading term L(g,h) = O(e?) and the error therm E(e,h) = O(e1€2).

Remark 2.9. The parity which characterizes the transition probability depends
not only on o, determined by V but also on N determined by the regime. This
implies that the switch of P(e,h) occurs with changing the regime without doing
the energy V (see Figure @

As we mentioned in Section [2.2] Theorem [2] covers the range of the pair of
the parameters (g, h) included in the parameter regime determined by m, and
my. Regarding € as a function of h like a one-parameter problem, we find the
typical cases, which realize the intermediate regime py — oo and p, — 0.

Polynomial case: If ¢ ~ h* with

my, my
<a< s
my, + 1 my + 1

the contribution coming from Ay is exponentially small.

Logarithmic case: If ¢ = (hlog(1/h?))™/(™i+1) with some positive constant
p, the contribution coming from Ay must be taken into account, since

exp[—augmnﬂ)/m”] = hor,

In the former case, the leading term is similar to that in Theorem |1 and is
given by

IR
L(e,h) = if E Yolvj] mb“—i-?E ReC (e,h) cos [h/ V(t)dt} )
JEN, J.kEA, tr
i<k
(2.20)
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where the factor C’;bk(s,h) is of O(1) and consulted in (5.16)). In other cases
including the latter case, the leading term is more complicated than (2.20). In
fact, the leading term L(e, h) is of the form:

2 1 (4 .
12 Z Wlvja| T 2ZRe C;?k(e,h) oS {h/ V(t)dt]
23

JEA, JkEA,
i<k
_ (my+1)/my
+ Z exp 2akuﬁ
ke,
t;
b my+1)/m 1 I
+ 2 Z Re ijik(e,h)ub exp [—akﬂg D/ q cos [h V(t)dt}
JEA, kEA; tk
i<k
t.
+1 1 [ -
+2 ZRe C’?)ﬁk(s, h) exp [—(aj + ak)uémn )/mq cos {h/ V(t)dt] ,
j,k‘EAﬁ tr
i<k

where C’;’uk(e,h) and Cg’ﬁk(e,h) are of O(1) and referred in (5.17) and (5.18)

respectively.

Remark 2.10. The mized terms coming from €3 correspond to quantum inter-
ference terms referred in Remark[2.]} The phase shift caused by the integral of
the energy V changes into the phase shift done by that of the effective energy V.
as in Figure [0

In our method, we represent the Jost solution JZ by several bases. As
we mentioned in the introduction, each basis is consists of solutions corre-
sponding to an eigenvector associated with Ey(¢,) in each region between
two avoided crossings. Consequently, the absolute value of the coefficients gives
| (¢;€)J, ||c2. Moreover, one observes from our proof that

1~ [y (t58) T () [lc2 > gy (86) T (8)||c2 ~ 0, (2.21)

for any ¢t € R, where o(t) := (—=1)"NsgnV(t). In this sense, (the square
of) the modulus of the probability amplitude that the energy follows the curve
T = Ey)(t;€) is almost 1. In Figure @, we draw this curve in green.

Example 2.11. Figure[§ shows an ezample case with my, = 2k—1 (k =1,2,3).

3 Construction of exact solutions

In this section, we construct exact solutions which form a local basis near each
vanishing point ¢ = t; by means of a method of successive approximations due
to [6]. While the equation treated there is a second order 2 x 2 system of time-
independent Schrodinger equations, our equation in this paper is a first order
2 % 2 system.
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fr+vit) =0 AT B = p5 < 1

-
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my =5 my =3 ~="m =1 — 2
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{r+ V() =0 AT ps <1< ps
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=5 =3 =1 _ —Cs s 2

G:T/(_t)_:o} mg my m P(e,h) = (’)((e ks 4 pg) )
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Figure 6: Change of the effective energy of Example 2.11] for each regime

3.1 Estimates of fundamental solutions

For simplicity, we assume t;, = 0, and let m denote my. Let I be a small interval
containing the vanishing point 0 in its interior. We fix

I,
ut(t) = exp (:FZ/ V(s)d5>
h Jo
as a particular solution to
(hD; £V (t))u=0 on I (3.1)

respectively, where D; stands for —id/dt. For any point a € I, we define an
integral operator K by

" ds for feC(I), (3.2)

i ' f(s)
KEf0) = ) [ B

where C(I) is the Banach space of continuous functions on I equipped with the
norm ||f||c(1) = sup,¢; |f(z)]. Since

(hD; + V()K= f = f for feC(I), (3.3)
for any a € I, the integral operator KX : C(I) — C(I) is well-defined as a
fundamental solution of hD; + V(t) respectively for the signs =+.
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Using these fundamental solutions K;ti with base points a* € I respec-

tively, our equation (|1.1]) turns into the integral system with arbitrary constants
ct,cmeC:
Ui(t) = —eK 5 a(t) + cut (1), (3.4)
Pa(t) = —eK i (t) +c u(b). '

Depending on the choice of the base points a™ and a~, the initial value for 1
and 15 at these points are determined:

di(a®) =ctut(a®), wa(a”)=cu(a7).

In the next subsection, we show a construction of the unique solution to the
system by an iteration. For this purpose, we give the following estimates for the
fundamental solutions. Note that they are independent of €, and this estimate
gives the critical rate p,, = eh~"/(m+1),

Let || - |l for ¢ € R be a norm on the space of continuously differentiable
functions C*(I) defined by
171l := sup[ ]+ h? Sl}plf’l feci). (3.5)

Proposition 3.1. For any a* € I, there exists C > 0 such that

IS K T I < CRTm T ]y (3.6)

for h > 0 small enough.

For the sake of the proof of Proposition we introduce the the following
lemma which plays an important role in this paper.

Lemma 3.2. On a compact interval I C R, consider the integral

Zr(h) == /If(t) exp <2hz /t: V(s)ds> dt, (3.7

with a continuously differentiable function f € CY(I) possibly depending on h.
Then there exists a constant C > 0 independent of f (but depending on V') such
that

T < Chsup((s]+ 1), (33

for h > 0 small enough when V' does not vanish on I. If ty is the unique zero
in I of V, one has

0] < € (n swplf| + nsup 1) =Onm LAl (39)
I I m

where m denotes the order of vanishing at tog. Moreover if f is independent of
h, we have
1 2
Zi(h) = f(to)wmh™T + O(hm=+T). (3.10)
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Here, the constant wy,, is given by

1

(m+ 1) ™ m+ 2
=2 ) r{mr2) 3.11
v <2V(m)(to)| m+1) " (3:11)
with
cos <7r) m: even,

S 2(m+1) (3.12)

exp sgn(VO™) (to))im m : odd

2(m+1) o

Proof of Lemma[3.3 Suppose that V does not vanish on I, that is, a non-
stationary case. Then we have for t € I

h d 21 t 2 t
V@) di exp (h . V(s)ds) = exp (h . V(s)ds) . (3.13)

This with an integration by parts and the compactness of I implies the estimate
from above of |Z;(h)| by Chsup;(|f] + |f]).

Suppose next that tg is the unique zero of V in I. Take a smooth cut-
off function x such that x(t) = 1 for |t — to| < ChRY (D and x(t) = 0 for
|t —to| > 2CRY(m+1) | On the support of 1 — x, one has the estimate

d C
dt (2;19()15))‘ S ot (S§P|f| +t81;p|f’|> :

This with a similar argument as above implies that contribution coming from
the support of 1—y to the integral is estimated by ChY/ ™+ || f|| L The other
part is estimated by h'/(™*1) sup; | f| since the support of x is O(h'/(™+1)) and
the estimate follows.

We then suppose also that f is independent of h. Let g = g(t) be the smooth
function defined near ty such that

t (m)

to

+O(t — to).

Take a smooth cut-off function y whose value is 1 near ¢y and supported only on
a small neighborhood where the change of the variable 7 = (t — to)|g(t)|*/("+1)
is valid. Then one has

2 [t 1 ~ Girmt1
[xor@ens (3 [ V) ds = ol = [ sieenioe ar
to

with o = sgng(to) and a smooth function f = f(r) satisfying f(0) = f(to).
The resulting asymptotic formula is obtained from this integral by applying
the method of degenerate stationary phase (see e.g. [11]). The non-stationary
estimate (3.8)) is applicable on the support of 1 — .

O
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Based on this lemma, let us prove Proposition [3.1

Proof of Proposition[3-1. For f € C*(I), we have by definition
-1 ok i ff 2i [°
(WS KL (uT ) = — exp | F— [ V(r)dr| f(s)ds.
@ h at h 0

According to (3.9) of Lemma this integral is estimated by Cht [ =

m+1 :

For the derivative, we have
d i 2 [*
2 (@)K @F )] = exp (F2 / V(r)ydr) f(2).
dt h hJo

This is clearly bounded by h~!sup; |f]. O

Remark 3.3. The argument in the proof of Lemma[3.4 shows that the estimate
(13.6) becomes better as O(h) if the integral interval does not contain t = 0.

3.2 Method of successive approximations (MSA)

From Proposition it follows that for each !(ct,c™) € C2, there uniquely
exists a solution to the integral system (3.4). By a linearity of the system, the
solution is given by the linear combination c¢jwi(t) + cows(t) of the solutions
w1 (t) and wa(t) corresponding to the choices e; = #(1,0) and es = *(0,1) for
(¢T,¢™). Moreover, the solution can be constructed by MSA:

2(52K2'+Ka_,)ku+
wi(t) =wi(t;a,a™) = k20 3.14
1( ) 1( ) —€K;7 Z(EQKJ;KG‘_,)]CUJF ( )
k>0
—eK L) (2K, Kl )kuT
resp. wy(t) = wo(t;at,a™) = k20 3.15
P 2( ) 2( ) Z(EQKG__ K;__‘_)kui ( )
k>0

in I for a fixed small eh~7+1. These iteration formulas imply that the solutions
admit the asymptotic expansions when i, := eh™ »+1 — 0 as follows:

. <u+<t> FEKE KL u+<t>> (cwi»)
) = _ + )
Kt (1) o)

—eKCHu () O(u,)
wo ;a+,a7 = “ .
( ) (u(t) + %K, K;Zru(t)) " <0(ufn)>

(3.16)
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Notice that Proposition allows us to choose arbitrarily the base points a®
of the fundamental solutions in this construction. As we mentioned in Remark
[3-3] we obtain better asymptotic formulas

wi(t;a,at) = (u"'(t) E;(?)(gz/h)) on IN{xt>0} (3.17)

if £a~ > 0, that is, the integral interval [a™,¢] of K__ does not contain the
zero, and likewise

O(e)

wo(t;a™,a”) = (u(t) L O(Ez/h)> on IN{xt>0} (3.18)

if £a™ > 0, that is, the integral interval [a™, ] of K does not.

Take (e, h)-independent constants r and £ such that £ < 0 < r and [¢,7] C I.
We define the four MSA solutions wy ., wa ,, w1 ¢, and wo e in I as

wir(t) = witsr,r), war(t) == wa(tsr,7),

wu(t) = w1 (t;4,0), w2,£(t) = wy(t; 4, 0). (3.19)

According to Proposition and the asymptotic formula , one sees that
the asymptotic behaviors of these MSA solutions as p,, — 0 are clear on [¢, ],
and also that w; . (t) (resp. w;(t)) (j = 1,2) behave like the initial data wu;(t)
near t = r (resp. t = {) for a fixed small y1,,,. Moreover the pairs (wy ,(t), wa (%))
and (wy,¢(t), wa,(t)) form bases of the space of solutions.

4 Connection formulas

In this section, we also treat a zero of V (¢) as t;, = 0 for simplicity. The purpose
of this section is to establish the two connection formulas. One of them connects
across the vanishing point and the other does between the consecutive vanishing
points.

4.1 Across the vanishing point

The crucial point of this proof is the connection formula between the two bases

(w1,r(t), wa,r(t)) and (w1 ¢(t), wa(t)) introduced by (3.19) in the previous sec-
tion. The claim of this subsection is the asymptotic behavior of the transfer
matrix T'(e, h) as follows:

Theorem 3. For the solutions defined by (3.19), we have

(ng(t) wu(t)) = (wlyr(t) w27r(t)) T(e, h), (4.1)

where the 2 x 2-matriz T = T(e, h) admits the following asymptotic formula:

T(e, h) = I — iptom Toup + O3, + o h777) (4.2)
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as (g,h) — (0,0) with ji, = eh™ ™+ — 0 and

T@ub = < 0 Wén) ) (43)

W
where wy, is given by (3.11) with ty = 0.

Remark 4.1. By construction and the symmetry K,itf = —KFf, we have

<_01 (1)> Wye=wie (o=r1). (4.4)

This makes T symmetrical in the following sense:

T = (71 T2) € SU(2), (4.5)

To T1

where SU(2) is the special unitary group of degree 2 (see . Namely, T is
unitary (|71|* + |m2|? = 1). This is a consequence that the time evolution by H
s unitary and that for ¢ = £, 7, the basis

oo (7). ()

of C? is orthonormal.

Proof of Theorem[3 Since the pair (w; ., ws,) forms a basis of the space of
solutions, the matrix (wy ,(f) wa,-(t)) is invertible for any ¢ € I. Then is
rewritten as

T(e,h) = (wi,r(t) we,r () ™" (wa,e(t) wa,e(?)),

where the right-hand side is also independent of ¢. Substituting r for ¢, we have

T(E,h) — <UO(7’) u+()(r)) (wll(’r‘) wgvg(r))

0 u’(r)sKZ‘u’(r) (46)

=ld- (u"'(T)aK[u"'(r) 0 > + Olim).

Here, we have used utu~ =1 and (3.16].

In order to prove Theorem [3] it is enough to compute the asymptotic be-
havior of the quantity u™(r)eK,u~(r) as (,h) — (0,0) with g, — 0. The
computation of

€ 24

u” (reKu (r) = W /ZT exp (h /Ot V(s)ds) dt (4.7

is carried out based on Lemma In fact, since the integral interval [¢, ] of
(4.7) contains the zero of V(t), we have
u” (reK u (r) = —% (cumhﬁ + O(hﬁ))

= i@ + O h751). (4.8)
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Combining (4.6) and (4.8)), we obtain Theorem
O

Hence this theorem implies that the transfer matrix Ty in (5.1)) is given by

ma,h):( 1 wmk”’"k)+0<u%%+umkhm$+l> (4.9)

—1Wm, ey, 1

as (2, h) = (0,0) With i, = h™ 71T — 0,

4.2 Between the vanishing points

In addition to Theorem |3 which gives the connection formula around the van-
ishing point of V (¢), a similar argument yields the following proposition, which
gives the connection formula between two consecutive zeros of V(t).

Let tg41 < tx be two consecutive zeros of V() (i.e. V # 0 on |tgy1, tx[) with
multiplicities my, myy1, and let £;,7; (j = k,k + 1) be base points such that
U1 < tpy1 < rpe1 < Ly < tp < ri. The configuration of these points implies
that each interval I; := [{;,r;] includes ¢; and does not intersect with each
other. We set m,. = max{my, my41}. We can consider two bases (w1 ¢, , w2 s, )
and (Wi r,,,,W2,r,,,), Which are similarly given by the formulas with
to =t and tg = tr4+1 respectively.

Proposition 4.2. The change of basis Ty x+1(c, h) given by

(wlﬂ"k-u ) w2ﬂ“k+1) = (wllk y W20y )Tk~]€+1 (57 h) (41())

admits the following asymptotic behavior as (e,h) — (0,0) with p,,, — 0:

-
exp(—+ V(t)dt 0 2
Ty rt1(e,h) = ( A “ ) . +o(Z).
, tr
0 exp (% ftk+1 V(t)dt) h
(4.11)

Remark 4.3. The error term in ({4.11)) is rewritten as O(%/h) = O(u?). From
the order relation (2.18|) of ., with respect to m, this error is smaller than that

in (4.2) when m > 1.

Proof of Proposition[{.4 We can derive from (4.10) the expression of T} 41 by
a similar way to the proof of Theorem [3 We set uif = exp (ZFi fttk V(s)ds/ h),
and compute the matrix Tj 41 by using the value at ¢ = {;:

Tyk+1(g, h)

= (w10, W2,0,) " (Wi, py W) |y,
(5 wte) (9 i le) vo(5)):
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Here, we have used the asymptotic formulas (3.17)) and (3.18). Note that the
integral interval [ryy1, ;] of the fundamental solutions for the construction does
not contain any zero of V(t). We deduce (4.11)) from this with the identity

uki(ék)uf_i_l(ﬂk) = exp (:I:;L/ ' V(t)dt) . (4.12)

tht1

O

5 End of the proofs

By using the transfer matrices Ty, (k =1,2,...,n), Txx+1 (k=1,2,...,n—1)
introduced in the previous section and T, Ty in Appendix [A7] the scattering
matrix S = S(g, h) is represented as

S = TT71T1T1,2T2T2,3T3 to Tn—l,nTnTZ~ (51)

Here, the matrix T, (resp. T¢) has a similar form to T ;41 which connects Jost
solutions JF (resp. J;F) and local solutions near ¢; (resp. t,). The previous
section shows the asymptotic behaviors of Ty, and T, ,+1 (see (4.9), ), and
the appendix does those of 7). and T} (see (A.17), (A-18)), (A.20)). The formula
of T; depending on the sign of V, can be rewritten as

Thn n 1S even
T, =4 """ o o ) (5.2)
Tont+1d (on is odd),
by means of o, = Y ;_, my, and
__[exp (*%RZ) 0 ' ({0 -1
where J is a complex structure on C2, that is, J2 = —Id. Note that all of these

transfer matrices are elements of SU(2), which is mentioned in By using
the notation , the scattering matrix S is expressed as S = T, 17, (resp.
S =T 17,J)if o, is even (resp. odd). This implies that, when o, is even (resp.
odd), the off-daiagnoal entry sy equals e~ /"1l (vesp. e~ r/h7l). From
Lemmal@ alone, it is complicated to examine the asymptotics of 73, up to the
coefficient of O(u?). However, thanks to the unitarity of the scattering matrix
S, that is, |s11|> + |s21]/? = 1, the computation of the asymptotic behavior of
|s21|% can be reduced to that of |73, |2 even if o, is odd.

5.1 Proof of Theorem [1

Let us demonstrate the proof of Theorem [I| Taking the complex numbers «y,

Br(1) and v in Lemma as

. te
P 7
A = 17 Bk(/’[’) = —lWmy tmy Vi = eXp <_h/ V(t)dt> )
tr41
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and noting i, < us for any k, we have from the algebraic formula (A.28]) the
asymptotic behavior of |75|? as follows:

T3 =12 Y fwm, P+ 202 Re Y Twme S VO
JEA a;cgﬁ (5.4)
+O(12) + O(ptaprar),

where .1 stands for p,,, 1. Concerning the error terms in , the former
one, i.e. O(u?), is a higher order error term coming from A, and the latter is a
cross term between the largest vanishing order and the second largest one. This
error coming from a cross term is at most O(pprs—1). If m, is odd, W, is not
real for j € A,, and the following phase shift term may arise from the product
Wm,wWm, depending on the sign of v; and vy:

(( ) —( ) (sgnv;)m sgn v sgn v
sgnvy) — (sgnv,))w - j = — k>
arg (W, Wi, ) = 20 £ 1) CEEAL 2(my, + 1) J

0 otherwise.
(5.5)
Therefore, when m,, is odd, the quantity |721|? behaves like

2 [t ,
12 (w?)? Z |Uj|—m3+1 + 2Re Z |'Uj’Uk.‘_m,*1+1 cos (h/ V(t)dt+ga,k>

JEA. j.kEA. b
i<k
+0(p2) + O(prepnn), (5.6)
where
wl =2 7(m*—|—1)! m*ﬂl—’ M 2 )
2 my + 1
4 (sgnvj)L if sgnv; = —sgnuy,
99k — 2(my + 1)
0 otherwise.

On the other hand, wy,,; is real when m, is even. In this case, the quantity
|721|% can be computed similarly as the formula by replacing w? with
w? cos(m/2(my + 1)) and 6% with 0. Therefore we have completed the proof of
Theorem [

O

5.2 Proof of Theorem [2]

The intermediate regime where p, — 0 and uy — oo requires making use of
the transfer matrix based on the exact WKB method in [21] under Condition
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[C] at the vanishing points governed by an adiabatic regime. Namely, in the
intermediate regime, the transfer matrix T}, is replaced as

(N) A
T™M(e,h) ke,
k (E’h) kEAﬁ7

where T’ éN) is equal to and T, ,gA) will be given below. The key of the proof
of Theorem 2]is to reduce the computation of the product including the different
kinds of the transfer matrices in to the same computation as in the proof
of Theorem [

According to the exact WKB method in [2I], we obtained the existences of
the exact WKB solutions ¢F (e = £,7) near a vanishing point and their asymp-
totic behaviors away from the vanishing point under an adiabatic regime. More-
over we got the change of basis between (1/12', ¥, ) and (¢;F, 7). By matching
the asymptotic behaviors of the exact WKB solutions F and the MSA solu-
tions wje (j € {1,2},8 € {¢,7}) on their semiclassical wave front sets referred
in [I0], we have the connection formula between them. Consequently, in the

(5.7)

case where both my and o,_1 are even, the transfer matrix TIEA) is of the form:

A o (% =B
T, =1 = (m a ) e SU(2),

where ayg, B have the asymptotic expansions as fi,,, — 00:

1

o7 (Ag1 — Ak,mk):l

(077 zexp[

mp 41
(Ak,l - 2Ak,1 + Ak,mk ):| + @ (MmkMk ) ’ (58)

1
_1 mi -
+(-1) exp{ -

B = (‘U”{exp {—;}L(Am —Ak,mk)]

Z’ -
— (=1)"™* exp {—%(Akg =241 + Ak,mk)} }

_nrk+1
+0 (,umkm* exp [aﬂggzwrl)/mk}) ) (5.9)

with the notations given in Actually ay, is of O(1) and S is exponentially
small of O(exp[fau%z"ﬂ)/m’“]) as fm, — 0o. Notice that the above case where
both my, and oj_1 are even implies that the eigenvalue of H(¢,¢) (i.e. the energy
of the system: /V(¢)2 4+ ¢?) and the energy without an interaction (i.e. V(¢))
have the same sign before and behind the vanishing point ¢ = ¢;. Conversely,
in the case where the sign of \/V(t)2 4+ €2 does not coincide with that of V()
near the vanishing point, the correspondence of the exact WKB solutions to

the MSA solutions varies. In fact, T,EA) for k € [Tti depends on mj and ox_1 as
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follows:

Ty if (my,ox—1) = (even, even),
Cor—1Ty if (my,or—1) = (even, odd),
(A) _
I, = ( ?) T if (mg,or—1) = (odd, even), (5.10)
O\ o e .
( > Co11Ty it (my, ox—1) = (0dd, odd),

where the matrix Q = <(1) é) equipped with useful properties:

a b d 2
Q ( d) (b ) Q. Q-1 (5.11)
. . . . a b a b
and C is an operator of taking a complex conjugate, that is C e a)=\e a)

Notice that each matrix in ((5.10) from which are removed the factor iQ if it
exists belongs to SU(2). Introducing the notation of the transfer matrix T},
belonging to SU(2) as follows:

TN keh,

T keAy (my,or_1) = (even,even),

Cor1TyY keAy (my,or_1) = (even,odd),
=1, B (5.12)

( 0 Z> Ty kelAy (my,or-1) = (odd, even),

((Z) _OZ> Co Ty kedAy (my,o5-1) = (odd,odd),

and recalling the commutative property (5.11), we can express the scattering
matrix in the intermediate regime by

n n
S=1" H TiTh 1 = T (H T,;Tk,kH) Q)™ , (5.13)
k=1 k=1

where the notation of ;1; for the 2 x 2 matrix A; depending on j stands for

— {QA]»Q (k(20 = 1) < j < k(20)),

A; = (5.14)

Aj otherwise,

with the same notations as in §2.2 Remark that if A; € SU(2) then QA;Q €
SU(2). Hence the expression (5.13]) implies that the algebralc lemma (A.27)) can
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be applied directly to the computation of the off-diagonal entry of the product,
and that the transition probability depends also on the parity of the number
N = #A349.

As a sequel to this computation of the product in (5.13)), we can derive the
dependence on p, 1y more precisely. Denoting the (1,1)-entry of T} by «} , we

see that o, is of O(1) and, in particular aj = 1 for & € Ay. Setting, similarly,
the (2,1)-entry of T} by (., we can rewrite 3} as

— {Pkﬂb (ke n,),

B = a1} /m (5.15)
" L aw(mi, o) expl—agp™ ™) (k € Ay),

where py, and qx(my, ok—1) are uniquely determined by , and .
Notice that py and q(myg,or—1) are of O(1) in each regime. On the other
hand, T}, +1 can be regarded as the matrix Ty ,41 by replacing f/(t) (see )
with V'(¢). From this fact, it is deduced that the asymptotic of the transition
probability in the intermediate regime is determined by the effective energy V.
Hence, we can obtain the asymptotic behavior of |72;|? as follows:

__2 1 [t .
12 Z W|vj11] T | QZRe Cjb-?k(s, h) cos [h/ V(t)dt}
tk

JEN, J.kEA,
Jj<k
+ Z exp [—2akﬂ§mu+1)/mq
keAy
my+1) /m L[y
+2 Z ReC;Pk(a, h)p, exp [—akug s/ u]cos {h/ V(t)dt}
JEA, kEA; tk
i<k
1 1 (%
+ QZRe C’?fik(s,h) exp [—(aj + ak)uém”+ )/mq cos [h/ V(t)dt]
j,kGAu tr
i<k
+ 0(6162),

where €1, €3 are given in §2.2 and

Cu(e,h) = p; P, (5.16)
k—1 s ~
ey = 11 ok | akpsaxlme, ony), (5.17)
r=j+1
e L\
che )y =ay | T[ ak | afas(my,o5-1) aulme, orr)- (5.18)
rk=j+1

The proof of Theorem?2 have been completed.
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A Appendix

A.1 Jost solutions

In this subsection we give the existence of the Jost solutions for the defini-
tion of the scattering matrix. We remark that the smallness of & is not required
for the argument here.

We first consider the Jost solutions JF near +o00. A discussion for JljE is
done similarly but the difference is that we are assuming that V. is positive
(Condition . Let H, denote the limiting Hamiltonian at +oo:

V. €
e (% 5) "
The functions defined by
Yy _ —ixnt/h COSOr “in _ tiret/h [ —sinb,
pHO = () pr = et (R (4

where A, = /V2+¢? and tan20, = ¢/V, (0 < 6, < w/4), are particular
solutions to hD;) + H,1) = 0 and form a basis of C? for each t € R.

Proposition A.1. There uniquely exists a pair of solutions (¢, ¢;) to the

system such that
lim (7 (1) — o () = 0. (A.3)

t—+o0

Proof. Let U(t) be a 2 x 2-matrix valued C'-function. We have

4 (@, U) = 2LOUED) + 2.0 (1) = - B, OUE) + 8,0 ()
with @, := (p;F, ¢, ). Thus, if U(t) satisfies
U' = %@;%H — H,)®,.U, (A.4)

each column of the matrix-valued function ®,U is a solution to the equation
(T.1). Put A.(t) := &, (H — H,)®,. From the identity

H-H, = (V({H)-V,) (3 _01) (4.5)
and Condition |A] the matrix-valued function A, (¢):
cos 20, —et2idnt/hgipn 2,
a0 =0 -1 (o T e ). (40
is integrable on the half-line [0, co[. Then the function
—
U, (t) == exp (-’ Ar(s)ds) : (A.7)
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is well-defined and solves the equation ((A.4) with the boundary condition

lim U,(t) = Id.

t——+o0

Here we recall that Id stands for the 2 x 2 unit matrix. We finally obtain the
solutions ¢ (t) with the asymptotic behavior (A.3):

(@1 (1), ¢ (1)) = ()T (1) (A.8)
O

From Proposition and the trace-free property of H(t;e), the pair of
(¢;F, ¢, ) forms a basis. Similarly, this fact implies that ¢ (resp. ¢, ) coincides

T

with the Jost solution J; (resp. J,7).

Next, we give the asymptotic behaviors of ¢; as ¢ — 0 near some fixed point
t.. Take t,. > t; (recall that ¢t; = max{t € R; V = 0} is the first zero of V)
satisfying

/ T V) - V) dt 0. (A.9)

+oo
We introduce some kind of the action integral taking into account of contribu-
tions from the infinity as

tr
R = Vit, +/ (V(s) - V,.) ds,
+oo

and put
ot
ut = exp <$;L V(s)ds) .

tr

Proposition A.2. We have

_irn (WEHOE/R)N o in O(e)
oF(t) = e Hir/h ( 0(5 ) , 0y (1) = et Rh (Ur + 05(62/h)>

as (e2/h,e) — (0,0) uniformly for t in a small neighborhood of t,.
Before proving Proposition we prepare the following.

Lemma A.3. Let A be a matriz of the form:

t (—a b
A_h(B J
with a € R\ {0} and b € C. For |b/a| < 1, one has

eA(e—w/hw«b/a)?) - OWv/a) )
O(b/a) e+l O((b/a)?)
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Proof. Since A2 = —h~2(a® + |b|?)Id, an algebraic computation gives

e = (cos %) Id —Ié (sin %) <—ba Z) (A.10)

where z = /a2 + |b[2. We have z = sgn(a)a(1+ O(b*/a?)) under |b/a| < 1 and
a # 0. This gives the following asymptotic formula:

—ia/h 2 ;

a_ (e +0((b/a)%) 0 Clsm 2 (O 0

© < 0 etia/h L O((bja)?)) Tz (Smh) b 0)
The lemma follows from b/z = O(b/a). O

Proof of Proposition[A.3 From the expression (A.6), U, defined by (A.7) is

written as

i [ —Ir(t)cos20,.(c) T.(t;h)sin20, ()
U.(t;e,h) = exp < ( )) , (A.11)

WA (6 h) sin20, () T.(t) cos 20,.(¢)

where

t

t
Z.(t) = / (V(s) = Vy)ds,  Jn(t;h) = / (V(s) = Vy)et2isr /s,
+o0 +oo
Apply Lemma with
a=a(t,e) =Z,(t)cos20,(c), b=0bt,e,h)= T (t;h)sin20,(¢). (A.12)

By the choice of ¢, with the condition (A.9)), a = Z,.(t) cos 20,.(¢) never vanishes
for ¢ near t,. By definition, we have 0,(¢) = O(e), and consequently |b/a| =
O(g). Then Lemma shows

e~ TrM/h L O(2 /h) O(e)
Ur(t,e, h) - < O(E) e+z‘IT(t)/h + O(EQ/h)) (A'13)
Note that we have the following decomposition of Z,(t):
t t
() = Z.(tr) + / (V(s) = V;)ds = R, + / V(s)ds — V,t. (A.14)
t, tr

Since ®,(t) admits the asymptotic formula

w0 -t )= (1+0(5)) (o ). @

as (€2/h,e) — (0,0), Proposition [A.2] follows from (A.13) and (A-14). O
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The asymptotic formula

_ ut + O(2/h ] e iBr/h 0
(Jﬁr J; ) — ( T +(9(5()€ /h) - +(§2€2/h)> ( 0 6+iRr/h> (A.16)

is directly deduced from Propositions and Therefore, we obtain

_ [em i /h 4 O(e2/h) O(£?)
T = ( (9(52) eTiRe/h 4 O(Eg/h)> . (A.17)

For the Jost solutions J; (t), the same argument as above works when V; > 0
and a similar one induces the existences and the asymptotic behaviors when
Ve <0.

In the case where V; > 0, by exchanging the sub-index r for ¢, one sees

_ (¢ O ) O(e?)
= ( O(e%) etiRe/h | @(gz/h)> : (A.18)

Here
ty

Ry = Vity +/ (V(s) = Vi) ds

— 00

with ty < t, = min{t € R; V = 0} satisfying that the second integral term in
the right-hand side does not vanish.

In the case where V; < 0, we choose instead of particular solutions
@7 (t) to hDyp + Hep = 0 as

+ — oAt/ SiDW — _ tidet/h — COS 1)y
pi () =e (cosw)’ pr () =e (mw ) (A.19)

where Ap = \/V? +¢? and tan2n, = ¢/(—Vy) (0 < n¢ < 7/4). They coincide
with the leading terms of Jost solutions J;~(t) when V; < 0 and satisfy the
asymptotic formulas:

o, 90), i (1550)

as (e2/h,e) — (0,0) for each ¢. One sees that, with (A.19)), Propositionalso
holds. One also have similar asymptotic formulas to those of Proposition

ﬁ(t) = e+in/h (uz_ +O(’g22/h)) , ¢Z (t) _ efiRz/h <u€_ zg;ez/h))

as (¢2/h,€) — (0,0) uniformly in a small neighborhood of ¢ = t,, where uf =
exp(Fi fttz V(s)ds/h). We obtain

- O(e) —e~MRe/h 4+ O(e2/h)
Tr = (e"riRg/h + O(EQ/h) (’)(8) ) : (A'2O)
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A.2 Algebraic lemma

In order to know the asymptotic behavior of the scattering matrix (5.1)), it
suffices to compute the products of the matrices of the following forms:

o=y B). a3 2)

where ay,, B, and vy, are complex numbers such that det T}, = det Ty 11 = 1,
namely |ax|? + [Bk|? = |vk|? = 1, and Br(u) = O(u) as u — 0. Notice that, in
our context (see (4.2), Ty and T k41 have this form with the numbers given
modulo O(u?) by

‘ i [
ar =1, Br=—ikpm, = O(tm, ), Vi = exp <_h/ Vt)dt | .
tht1

In this subsection we give an algebraic formula by means of these notations ay,
Br(p) and vy for simplicity. We know that the product of them is of the form

_ (awvr =Ry
LTk k41 = (ﬂka To— ) : (A.21)

Let SU(2) be the special unitary group of degree 2 given by

a

SU(2) = {T € My(C); T = <b

_ab) ,a,b € C, detT = 1}. (A.22)

One sees that all of the above matrices belong to SU(2). Denoting the products
of these matrices by

T =TT 5Ts -+ Ty Tyis = (Tl,} T&E) € SU(2), (A.23)
To1 Tag

we get the following lemma:

Lemma A.4. As p — 0, the following asymptotic formulas hold.

i (u) = [ ] ey + 02, (A.24)

j=1

n j—1 n j—1 n

To1(p) = Z (H an) B (1) H oy ( %) H ve | +0(u?),

j=1 \r=1 k=j+1 k=1 k=j

(A.25)
Tio(n) = =73 (), Toa(p) = i (w), (A.26)
with the convention that ngl a, = ngl v, =1.
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The proof of this lemma is based on the mathematical induction for the prod-
uct of the matrices (A.21)). A simple computation of |73;|?, which corresponds
to the transition probability, gives

k—1
51 [* = Z Bi(w*+2Re | > Biway | [ of | ewBrln H Ve
1<j<k<n k=j+1
+ 00", (A:27)
with the convention that HH —j a? H = 1. Note that we used |ay| =
1+ O(p?) and |vg| = 1 in the above computatlon. In particular, when o =

1+ O(u?), we have
|73 |2 Z 18; (1) + 2Re Z Bi(1 H V2| +0u?). (A.28)
1<j<k<n

Remark that the factor 7, does not appear explicitly in the leading term in the
formulas (A.27)) and (A.28).
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