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Unstable arithmetic fracture squares in co-topoi
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Abstract

We show that for a large class of co-topoi there exist unstable arith-
metic fracture squares, i.e. squares which recover a nilpotent sheaf F as the
pullback of the rationalization of F' with the product of the p-completions
of F' ranging over all primes p € Z.
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1 Introduction

Let R C Q be a subring of the rational numbers, and write P for the set of
primes p € Z that are invertible in R. Note that specifying R is equivalent to
specifying P since we can recover R as Z[p~!|p € P].

Bousfield and Kan defined in [BK72] for all p € P a p-completion func-
tor L,: An — An which are the universal functors which invert H.(—,Fp)-
equivalences. They also defined an R-localization functor Lr: An — An, which
is the universal functor which inverts H,(—, R)-equivalences.

They then proved the existence of arithmetic fracture squares:

Theorem (Bousfield-Kan). Let X € An. be a pointed nilpotent anima. Then
there is a canonical cartesian square

X — Hpe pLpX
L
LrX —— Lp HpEP LpX.

The goal of this paper is to generalize this result to a large class of co-topoi.
Recall from [Mat24 Section 3] the definition of the unstable p-completion func-
tor L,: X — X for every oco-topos X and any prime number p € Z. In [AFH22],
Asok-Fasel-Hopkins defined the unstable R-localization functor Lr: X — X on
an oo-topos X. We will review its construction in Section [3

We will define the notion of a locally finite-dimensional cover of an co-topos
in Definition 5.1l We say that an oco-topos X admits a locally finite-dimensional
cover if there exists such a cover. This is the generality in which unstable
fracture squares for arbitrary nilpotent sheaves exist. Examples include any
oo-topos locally of homotopy dimension < n (e.g. any presheaf co-topos, or
the category of G-anima for a group G), and topoi of the form Shvy;s(Smg) of
Nisnevich sheaves on the category of smooth schemes over a qcgs base scheme S
of finite Krull-dimension, which appear frequently in motivic homotopy theory.
For proofs that these oo-topoi indeed admit locally finite-dimensional covers,
see Appendix [Al

Our main theorem is the following:

Theorem A (Theorem [B7). Let X be an co-topos that admits a locally finite-
dimensional cover. Let X € X, be a nilpotent pointed sheaf (see [Mat2]), Def-
ingtion A.10] for the definition of nilpotence in an oo-topos). Then there is a
canonical cartesian square

X—>HP€PL,,X
|- |

LRX*> LRH LpX

peP

From this, we can also immediately deduce the following:



Theorem B. Let X be an oco-topos that admits a locally finite-dimensional
cover. Let f: X — Y be a morphism of nilpotent pointed sheaves in X,. Then
f is an equivalence if and only if f is a p-equivalence for all p € P (i.e. Ly(f)
is an equivalence for all p € P) and f is an R-local equivalence (i.e. Lg(f) is
an equivalence).

The assumptions on the co-topos can be relaxed if one requires the sheaf X
to be truncated:

Theorem C (Proposition B6). Let X be an oo-topos with enough points. Let
X € X, be a nilpotent pointed sheaf which is n-truncated for some n. Then
there is a canonical cartesian square

X —— [lpep LpX
-
LrX —— LRHpePLPX'

Notation
We will use the following symbols:

R a subring of Q

P the set of prime numbers invertible in R

An the oo-category of anima/spaces/oo-groupoids

Disc(X) | the subcategory of O-truncated objects of an oco-topos X
Grp(C) | the group objects in a 1-category C with finite products

Ab(C) the abelian group objects in a 1-category C with finite products

Lp the (un)stable R-localization functors, see Sections 2] and Bl
L, the (un)stable p-completion functors, see [Mat24, Sections 2 & 3]

(=)/p the functor given by X ~ cofib (X LN X) on a stable category
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2 Stable R-Localization

Let A be a presentable additive co-category ([GGN16, Definition 2.6]). The two
examples we have in mind are presentable stable co-categories and presentable
abelian categories, which are additive by [GGNI6, Proposition 2.8] (note that
the homotopy category of a stable category is triangulated, so in particular
additive).

Definition 2.1. Let T4 be the collection of morphisms of the form
mp x: X EN e X Y, X,

i.e. given by multiplication-by-p on X, with p € P and X € A. Let T 4 be the
strongly saturated class of morphisms generated by T4. We call a morphism in
T 4 an R-local equivalence.

Lemma 2.2. The saturated class T 4 is of small generation.

Proof. Since A is presentable, it is in particular accessible, i.e. it is generated
under k-filtered colimits by a small set K C A of k-compact objects for some
regular cardinal . In particular, we see that T 4 is generated by morphisms of
the form m,, x with p € P and X € K, which form a small set. O

Definition 2.3. An object X € A is called R-local if Map 4(f, X) is an equiv-
alence for all R-local equivalences f: Y — Y.

Lemma 2.4. There is a localization functor Lp: A — A (called R-localization)
with the following properties:

e For a morphism f:Y — Y’ the morphism Lr(f) is an equivalence if and
only if f is an R-local equivalence,

e an object X € A is R-local if and only if the unit X = LrpX is an
equivalence, and

e an object X € A is R-local if and only if Map 4(f, X) is an equivalence
forall f €Ty

Proof. This is [Lur09, Proposition 5.5.4.15], using that T 4 is of small generation
by Lemma, O

Lemma 2.5. An object E € A is R-local if and only if my g is an equivalence
for allp € P.

Proof. By Lemma 2.4 E is R-local if and only if Map 4(m, x, E) is an equiv-
alence for all p € P and X € A. Note that Map 4(m, x, E) is homotopic to
Map 4(X, m, i), as both maps are just multiplication by p on the Eo-group
Map 4 (X, E): Indeed, we have the following commutative diagram:



Map 4 (X, E) —2— Map 4(&"_, X, E) —— Map 4(X, E)

H I H

Map 4 (X, E) —2— &"_ Map 4(X, E) —— Map 4(X, E)

H | H

Map 4 (X, E) —2— Map 4(X,&"_, E) —— Map 4(X, E).

Here, the composition of the top row is just Map 4(mp, x, E), the composition
of the bottom row is Map (X, my g), and the composition of the middle row is
multiplicatiion by p on Map 4(X, E'). Hence by the Yoneda lemma, E is R-local
if and only if m,, g is an equivalence for all p € P. O

We now want to describe the R-localization functor explicitly. If R # Z,
i.e. if P # (), write N for the set P x N, and pr;: N — P for the first projec-
tion. Enumerate N via some bijective function s: N — N. There is a functor
(=) : A— Fun(N, A), that sends an A € A to the N-indexed diagram A, with
I.: A for all n, and such that the map A, — A, ,, is given by multiplication

Ey pri(s(n)).

Lemma 2.6. Suppose that R # Z, i.e. P # (). The R-localization functor Lg
1s equivalent to the functor

Ly == colim (—) .
R Coﬁ}m()

Proof. There is a natural morphism 7: id 4 — L’; given by the canonical inclu-
sion into the colimit A = Ay — colim, A, = L’;(A). It suffices to show that
n exhibits L’; as the R-localization functor, i.e. we have to show that L’;(A) is
R-local for every A, and that the canonical map n: A — L3(A) is an R-local
equivalence.

Since strongly saturated classes are stable under transfinite compositions
(as they are closed under colimits in the arrow category), it immediately follows
that 7 is an R-local equivalence (because multiplication by a prime p € P is an
R-local equivalence by definition).

We are left to show that L%;(A) is R-local. It suffices to show that p is
invertible on L'z (A) for every prime p € P by Lemma 23] So fix a prime p € P.
By [GGN16, Corollary 4.8], A is canonically enriched over the category Sps
of connective spectra (or equivalently over the category of E-groups). Thus,
we see that L'z(A) = L'5(S) ® A, where L,(S) is the same colimit applied to
the sphere spectrum. It therefore suffices to show that p is invertible on L’5(S).
Since the homotopy groups m, : Sp~, — Ab commute with filtered colimits and
are jointly conservative, we are reduced to show that p is invertible on L, (7, (S))
for all n > 0. Thus, in particular we are reduced to the case that A = Ab is the
1-category of abelian groups.

So we will construct an inverse to the multiplication by p map ¢: Lz(A) —
L5 (A), where A is an abelian group. For each n write ¢,: A — L3 (A) for the



canonical maps into the colimit, and m;: A — A for multiplication by j € N on
A. Note that we have

Yy = tnMyp.
We write k(n) for the largest integer smaller then n such that pri(s(k(n))) =

p. Since p appears infinitely many times in N, k(n) — oo as n — oo. In
particular, there is a smallest m(n) > n such that k(m(n)) > n. We let a(n) =
[T50m0) ey (s(i)). Let ¢: Liy(A) — L)y(A) be the map given on the n-th
component by

Ol = Li(n)Ma(n)
This is well defined: We have to check that ¢t,, = iy, 1m
immediately from the definitions. Moreover, we see that

pr1(s(n)), Which follows

Lk(n)MpMa(n) = tk(n)+1Ma(n) = tn-

We now have to check that ¢ is an inverse to ¥. By the universal property of
the colimit, we can check this on components:

PYn = PLuMyp = L(n)Ma(n)Mp = ln

and

YPun, = Ylgn)Ma(n) = ti(n)MpMa(n) = tn-
This proves the lemma. O

Corollary 2.7. Let F: A — B be an additive, sequential-colimit-preserving
functor of presentable additive co-categories. Then LrF = FLg.

Proof. If R = Z, then Lpg is just the identity functor, which clearly commutes
with F'.
If R # 7Z, we have the following diagram:

colim

A % Fun(N, A) —— A

P
=) colim
B —=» Fun(N, B) <2, 3.
The left diagram commutes by definition, and the right because F' preserves

sequential colimits. By Lemma we know that the composition of the rows
is the functor L. This immediately implies the corollary. O

If D is a presentable stable co-category with a t-structure (D>, D<o) [Lurl7,
Definition 1.2.1.4], we will write DY := D¢ N D<q for the heart of this t-
structure (this is a abelian category, so in particular additive), and m,: D —
DY for the homotopy object functors. If the t-structure is accessible [Lurl7,
Definition 1.4.4.12] and compatible with filtered colimits, i.e. D<g is stable under
filtered colimits, then the heart D is itself presentable, see [Lurl?, Remark



1.3.5.23]. Moreover, in this case 7, (—) commutes with filtered colimits, whence
Lrmy(—) = m,(Lr(—)) by Corollary 27

The main result about stable R-localization is the following characterization
via the homotopy groups:

Proposition 2.8. Suppose that D is a stable co-category with an accessible t-
structure (D>, D<) compatible with filtered colimits, and that the t-structure
is separated (i.e. 7, (X) =0 for all n already implies X =0).

A morphism f: E — F in D is an R-local equivalence if and only if 7, (f)
is an R-local equivalence in DY for all n € Z.

Moreover, an object E € D is R-local if and only if 7, (E) is R-local in DY
for alln € Z.

In particular, LrE = F if and only if Lrm,(E) = m,(F) via f for alln € Z.

Proof. We have that f is an R-local equivalence if and only if Lg(f) is an equiv-
alence. By separatedness, this is equivalent to m,(Lgf) being an equivalence
for all n. As m,(Lrf) = Lrm,(f) by Corollary 271 this is equivalent to 7, (f)
being an R-local equivalence for all n. This proves the first claim.

For the second claim, note that E is R-local if and only if E = Lr(E) via
the unit. By separatedness, this is equivalent to m,(E) = m,(LgE) for all n,

which is equivalent to m,(E) = Lgm,(FE) being an equivalence for all n. But
this just means that 7, (FE) is R-local for all n. This proves the proposition. O

3 Unstable R-Localization

Let X be an oo-topos [Lur09, Definition 6.1.0.2]. In this section, we will prove
some results about the R-localization functor in X, defined by Asok-Fasel-
Hopkins [AFH22]. We will start by recalling its construction.

Definition 3.1. For p a prime write
ppa: S' = BZ — BZ = S*
induced by the morphism p: Z — Z. Write p,, ,: §™ — S™ for the map

o = Ppa Addgar: SP 2 LA ST §1 A gl g0

Definition 3.2. Let S be the collection of morphisms in X’ given by
PpU = Ppn Xidy: 8" xU = S" xUforpe Pn>1and U € X

and denote by S the strongly saturated class of morphisms of X generated by
S. We call a morphism in S an R-local equivalence.

Lemma 3.3. The saturated class S is of small generation.



Proof. Let (U;)ier be a small set of generators of X', which exists since X is
presentable. Then S is generated by the small set of morphisms of the form
PpnU; With p € P, n > 1 and 7 € I, since the product — X — commutes
with colimits in each variable (colimits are universal in oo-topoi, see [Lur(Q9]
Proposition 6.1.0.1]). O

Definition 3.4. An object X € X is called R-local if Map . (f, X) is an equiv-
alence for all R-local equivalences f: Y — Y.

Lemma 3.5. There is a localization functor Lg: X — X (called R-localization)
with the following properties:

o Let f: Y =Y’ be a morphism. Then Lg(f) is an equivalence if and only
if f is an R-local equivalence,

e an object X € X is R-local if and only if X =2 LrX, and

e an object X € X is R-local if and only if Mapy (f, X) is an equivalence
forall feS.

Proof. This is [Lur09, Proposition 5.5.4.15], using that S is of small generation,
see Lemma [3.3] O

Our first goal is to show that R-local equivalences induce isomorphisms on
mo. For this, we need the following well-known fact:

Lemma 3.6. Let C; and Cy be presentable co-categories, and let T be a strongly
saturated class of morphisms in Cy, generated by a class T. If F': C; — Cq is
a colimit-preserving functor such that F(f) is an equivalence for every f € T,

then F(f) is an equivalence for every f € T.

Proof. Let T' be the class of morphisms f such that F(f) is an equivalence, i.e.
T’ is the preimage under F of the class of equivalences in Cy. It follows from
|[Lur09, Proposition 5.5.4.16] that T" is strongly saturated (note that the class of
equivalences is strongly saturated by [Lur09, Example 5.5.4.9]). In particular,
since T C T’ by assumption, we conclude that T C T". O

As a corollary, we obtain:

Corollary 3.7. An R-local equivalence f: X — Y induces an isomorphism
mo(f): mo(X) = mo(Y).

Proof. The functor myp = 7<¢: X — Disc(X) preserves colimits, as it is left ad-
joint to the inclusion. Whence by Lemma [3.6] it suffices to show that mo(pp.n,v)
is an isomorphism for all p, n and U. But note that mo(pp n,vr) is the endomor-
phism on m(S™ x U) = m(S™) x mo(U) induced by pp.,, on mo(S™) and by the
identity on mo(U). Since S™ is connected, the result follows. O

Recall the following results from [AFH22]:



Lemma 3.8. For a point s of X, there is a canonical equivalence Lrs* = s*Lg.

If S is a conservative family of points, then an object X € X is R-local if and
only if s* X is R-local for all points s € S. Similarly, a morphism f: X —Y in
X is an R-local equivalence if and only if s*f is an R-local equivalence for all
seS.

Proof. The first statment is [AFH22| Proposition 2.3.6 (1)], note that their proof
is working also if X is not 1-localic. The last statment follows immediately from
the first. O

We get the following as an immediate corollary:

Corollary 3.9. Let f*: X 2 Y: f. be a geometric morphism of co-topoi. Sup-
pose that Y has enough points. Then there is a canonical equivalence Lrf* =2

f*Lg.

Proof. We have a canonical map f* — f*Lp. It suffices to prove that this map
is an R-local equivalence, and that the right hand side is R-local. Since ) has
enough points, by Lemma we can check both properties on stalks. So let
s*: Y — An be a point of ).

Note that s*f* is a point of X. Therefore, since idy — Lpg is an R-local
equivalence, also s*f* — s*f*Lg is an R-local equivalence (again by B.g). Sim-
ilarly, by the same lemma we also get that s* f*Lr = Lrs*f* is R-local. O

Recall the notion of nilpotent sheaf in an co-topos [Mat24] Definition A.10].

Lemma 3.10. If X has enough points, then the functor L preserves nilpotent
sheaves.

Proof. For a nilpotent sheaf X € X, apply [AFH22, Lemma 2.3.10] to the
nilpotent morphism X — . O

Recall the following definition:

Definition 3.11. Let G € Grp(Disc(X)) be a sheaf of groups. We say that G
is R-local if for each p € P the p-power map x — zP (considered as a map of
sheaves of sets) is an isomorphism.

Asok-Fasel-Hopkins constructed an R-localization functor

Lr: Grp(Disc(X)) — Grp(Disc(X))
G— T (LRBG)

that exhibits the category of R-local nilpotent sheaves of groups as an exact
localization of the category of nilpotent sheaves of groups [AFH22| Proposition
2.3.12 (1), (2)]. If A € Grp(Disc(X)) is abelian, then also LrA is abelian: Since
everything can bec checked on stalks, this follows from the corresponding result
in An, see [BK72, V.2.1]. In particular, we see that on sheaves of abelian groups,
this functor agrees with the R-localization functor from Section [ (as both are
localization functors on the same class of local objects).



We will say that a map f: G — H of sheaves of groups is an R-local equiv-
alence if and only if Lrf: LRG — LgrH is an equivalence. If G and H are
abelian, this agrees with the notion of R-local equivalence from Section

We get the following unstable analogue of Proposition 2.8

Proposition 3.12. Suppose that X has enough points. A morphism f: X —Y
of pointed nilpotent sheaves in X, is an R-local equivalence if and only if 7, (f)
is an R-local equivalence for all n > 1.

A pointed nilpotent sheaf Y € X, is R-local if and only if 7,(Y") is R-local
for alln > 1.

In particular, LpX =Y wvia f if and only if Lpm,(X) = 7, (Y) via f for all
n>1.

Proof. We start with the proof of the second statement. By [AFH22| Corollary
2.3.13 (2)], we have a canonical equivalence Lgm,(Y) = 7, (LgY). U Y is R-
local, then Ly, (V) = 7, (LRrY) 2 7, (Y), i.e. m,(Y) is R-local. On the other
hand, if 7, (Y) & Lrm,(Y) for all n > 1, then m,(Y) 2 7, (LgY) for all n > 1.
Note that mo(Y) = * since Y is connected, and mo(LgY) = * by Corollary 371
We conclude by hypercompleteness that ¥ = LrY (note that the topos is
hypercomplete since it has enough points, see [Lur09, Remark 6.5.4.7]).

For the first statement, we will again use the equivalences Lpm,(X) =
mn(LrX) and Lrm,(Y) = 7, (LRY) for all n > 1. In particular, for every
n > 1 there is a commutative square

Lmn(X) 2D [ (V)

bk

(LX) ™D 0 (LRY).

If f is an R-local equivalence, then the bottom arrow is an equivalence. In
particular, also the top arrow is an equivalence, i.e. m,(f) is an R-local equiv-
alence. If on the other hand all the m,(f) are R-local equivalences, we con-
clude that for every n > 1 also m,(Lrf) is an equivalence. By nilpotence,
mo(LrX) = * = mo(LRrY ). Thus, we conclude by hypercompleteness that Lpf
is an equivalence, i.e. f is an R-local equivalence.

The last statement follows by combining the two results. O

Asok-Fasel-Hopkins showed in [AFH22, Lemma 2.3.10] that for a morphism
f:Y — K of pointed nilpotent sheaves with connected fiber, then Lgfib(f) =
fib(Lrf). We need the following strenghtening of their result:

Lemma 3.13. Suppose that X has enough points. Let f: Y — K be a morphism
of pointed nilpotent sheaves Y, K € X,. Then t>1fib(Lrf) = Lrr>1fib(f).
Moreover, if fib(f) is connected, then fib(Lgf) = Lrfib(f).

Proof. 1t follows from [Mat24] Lemma A.12] and Lemma BI0 that Lr7>1fib(f)
and 7>1fib(Lrf) are nilpotent. Note that there is a natural comparison mor-
phism «: 7>1fib(f) — 7>1fib(Lrf). By Proposition B12 it suffices to show

10



that « induces for all n > 1 isomorphisms
Lpmn(t>1fib(f)) = mn(7>1fib(LR[)).

Note that the fiber sequences fib(f) - Y — K and fib(Lrf) — LgY — LrK
give us a diagram of long exact sequences

— 1 (K) ——— m(fib(f) ——— m(Y) —— -

| | |

i — 7Tn+1(LRK) — Wn(ﬁb(LRf)) _ Wn(LRY) N

Since Lg is an exact localization functor on Grp(Disc(X)), and since (again by
Proposition BI2) we have canonical isomorphisms Lrm,(Y) & m,(LrY) and
Lrmp(K) & mp(LrK) for all n > 1, the 5-lemma implies that we also get
isomorphism Ly, (fib(f)) = m,(fib(Lrf)). In particular, we conclude that

Ly (T21fib(f)) = Lrmn (fib(f)) = mn (ib(LRS)) = T (T21fib(LRS)).

For the last statement, suppose that fib(f) is connected. Thus, we get
Lrfib(f) & Lrr>1fib(f) = 7>1fib(Lrf). Thus, it suffices to show that fib(Lgf)
is connected. This can again by seen from the long exact sequence: The mor-
phism m LrY — m LgrK is surjective as it is isomorphic to the morphism
LrmY — Lrm K, which is surjective since Lp is an exact functor, and the
morphism mY — m K is surjective since fib(f) is connected. As mo(LrY) =
by Corollary B, this implies mo(Lgfib(f)) = *. O

We show next that R-localization behaves well with respect to truncations
and connected covers. For this, we first need this simple lemma:

Lemma 3.14. Let f*X = Y: f. be a geometric morphism. Let X € X, be a
pointed sheaf, and n > 0. We then have equivalences

T<n /"X 2 f T<n X, Ton f*X = 150X, and 7, (f*X) = [, (X).

Proof. The first equivalence is [Lur09, Proposition 6.3.1.9]. For the second, note
that there is by definition a fiber sequence

TZnX - X = Tgn_lX.
Because f* is left exact, it induces a fiber sequence
f*TZnX — f*X — f*Tgn_lX.

Since by the first point we have an equivalence f*7<,_1X = 7<,_1X, it also
follows that f*7>,X = 7>, f*X. The last equation follows from the first and
left-exactness of f* because m,(X) = 0"7<, X. O

Lemma 3.15. Suppose that X has enough points. Suppose that X € Xy is a
pointed sheaf. Then there is a canonical equivalence

LRT21X = TZlLRX-

11



Proof. Since connective covers and R-localization commute with taking stalks
(see Lemma B4 and Lemma B8], and since there are enough points, we can
assume that X is a pointed anima, so X = Il;c;X; decomposes as a coprod-
uct of connected spaces (this would not work in an arbitrary co-topos). Let
0 € J be the index such that X is the component containing the basepoint.
Then 751X = Xj. Since the colimit of R-local equivalences is again an R-local

equivalence,
X = HjGJXj — HjGJLRXj

is an R-local equivalence.

We now show that Iljc;LpX; is R-local. Let U € An be an anima,
n > 1 and p € P. We have to show that p,,u induces an equivalence
Map 4, (8™ x U, ;e jLrX,;) — Map 4,,(S™ x U,IL;eyLrX;). By writing U as
the disjoint union of its components, and pulling out the coproduct from the
left side of the mapping space, we may assume that U is connected. But then,
any map S™ x U — IIc;LrX; factors (uniquely) over some LrX;. The claim
then follows because LrX; is R-local.

This now implies that LpX = Iljc;LrX;. Note that by Corollary B.7]
LrXy is connected. Therefore, we see that 7>1LrX = LpXo = Lgr7>1X. This
proves the lemma. O

For the result about truncations we need the following stability property of
nilpotent sheaves:

Lemma 3.16. If X € X, is nilpotent, so is T<p X forn > 0.

~

Proof. If n = 0, then 7<, X = * is nilpotent. Otherwise, we see that m(X) =
71 (7<pX). In particular, the action of m1(7<,X) on 7, (7<nx) is the same as
the action of 7 (X)) on 7 (X) if k& < n, or the trivial action on the trivial group
if £ > n. Thus, 7<,X is still nilpotent. O

Lemma 3.17. Suppose that X has enough points. Let X € X, be a pointed
nilpotent sheaf. Then LrT<nX = 7<,LrX for alln > 0.

Proof. By Lemma the sheaf LrX is nilpotent, and by Lemma also
T<nX and 7<,LpX are nilpotent. Whence by Proposition it suffices to
show that Lpmi(7<nX) = mi(7<nLrX) for all & > 1. If & > n then both
sides are 0. On the other hand, if & < n, then the result follows by using
Proposition again, since we then get a chain of equivalences

LRTFk(TSnX) = LRﬂk(X) = Wk(LRX) gﬂk(TSnLRX).
O

Let Sp(X) be the stabilization of X, with induced adjunction ¥°: X =
Sp(X): Q°° [Lurl®, Section 1.4]. The stabilization has a separated accessible
t-structure given by Sp(X)._;, = { E € Sp(X) |Q>°FE = x}. (This t-structure
is always right-separated, see [Mat24, Lemma A.5]. A similar proof shows that
the t-structure is left-separated if A’ is hypercomplete, e.g. if X has enough
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points [Lur09, Remark 6.5.4.7].) Moreover, this t-structure is compatible with
filtered colimits [Lurl8| Proposition 1.3.2.7 (2)]. We end this section by proving
a comparison result between unstable and stable R-localization.

Lemma 3.18. Suppose that X has enough points. For a 1-connective object
E € Sp(X), there is a canonical equivalence

LrQ®E = Q*LRE.

Proof. There is a canonical map Q*F — Q®LgFE. By Proposition 2.8 the
sheaf LgFE is still 1-connective, whence Q°°F is nilpotent by [Mat24, Lemma
A.11]. By Proposition 312 it therefore suffices to show that Lrm,(Q*°FE) =
Tn(Q°LRE) via the canonical map for all n > 1. As 7,(Q*°FE) = m,(E),
and similarly 7, (2°LrFE) & 7, (LgE), the lemma follows immediately from
Proposition 2.8 O

4 Nilpotence-Stability of p-Completions

Let X be an oo-topos. Recall that for every p € P there exists a functor L, : X —
X which is the universal functor that inverts p-equivalences, i.e. morphisms
f: X = Y in X such that ¥(f)/p is an equivalence, see [Mat24, Section
3]. In this section, we will prove that if X € X, is a nilpotent sheaf which is
n-truncated for some n, then 7> [[, L, X is nilpotent as well.

Notation 4.1. We write Hp for the product over all primes p € P.
We will start with the following well-known fact:

Lemma 4.2. Let T be a small co-category, and Xe: Z — X, be a diagram. For
n > 0 there is an equivalence T>y,lim; 7>, X; = 7>, lim; X;.

Proof. Write temporarily L: &, >, &= X,: R for the colocalization given by the
n-connective cover, so that LR = 7>,. Note that R commutes with limits (as
a right adjoint), and that the unit id — RL is an isomorphism (as L is fully
faithful). Thus we get equivalences

Tonlim; 75, X; = LRlim; LRX;
=~ Llim; RLRX;
=~ Llim; RX,
~ LRlim; X;

= Tanimz- Xl
O

Lemma 4.3. Let f: Y — K be a map of nilpotent sheaves in X, where Y
is n-truncated for some n > 0, and K s an Eilenberg-MacLane sheaf in degree
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n+1 (e.g. a layer of a principal refinement of the Postnikov tower of a nilpotent
sheaf). Then there are equivalences

o1 [ [ Lofib(Y — K) = 754 fib <H Ly =] LpK>
p p

p
27’>1ﬁb<7’>1HLpY —)T>1HLPK>.

p p

Proof. We calculate

o1 [[ Lofib(Y = K) = 7oy [ [ r21fib(L,Y = LK)
p p
o1 [[6b(LY — LK)

p

7>1fib <H Ly =] LpK>

p p

TZlﬁb<T21HLpY — T21HLPK>7

p p

IR

I

where we used [Mat24, Proposition 3.19] in the first equivalence, Lemma [£.2] in
the second and last equivalence, and the fact that limits commute with limits
in the third equivalence. O

This now allows us to prove the stability property:

Lemma 4.4. Let X € X, be n-truncated for some n > 0 and nilpotent. Then
T>1 Hp L,X is nilpotent as well.

Proof. Since X is truncated and nilpotent, there is a sequence of truncated and
nilpotent sheaves X = X, AN Xp-1 — -+ = Xo = * such that p; fits into
a fiber sequence X — X1 — K(Ag,ni) for some A € Ab(Disc(X)) and
ng > 2, such that Xj_; is (ng — 1)-connective, by [Mat24] Lemma A.15]. We
will prove the result by induction on the minimal length of such a sequence, the
case n = 0 is trivial. We will write Y := X, and K := K(A,,n,), i.e. there
is a fiber sequence X — Y — K. Lemma [£.3] supplies us with an equivalence

o1 [ [ LpX = mafib <T>1 [1L:Y = 71 HLPK)
p

p p

Now note that we have

o1 [[LoK = o1 [[ Q715" LyAy = 751 Q° [ [ 72127 Ly A,
p p p
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where we used [Mat24, Corollary 3.18] and that Q2° commutes with limits as a
right adjoint. Therefore, we see from [Mat24, Lemma A.11] that 751 [, L, K
is nilpotent because it is a connected infinite loop sheaf. By induction, we see
that 7>1 [ [, LY is nilpotent. We therefore conclude by [Mat24, Lemma A.12]
that 71 [, L, X is nilpotent as well. O

5 Locally Finite-Dimensional Covers of co-Topoi

In this section, we introduce the notion of a locally finite-dimensional cover of
an oo-topos and prove some basic properties of such covers.

Definition 5.1. Let X be an oo-topos. A locally finite-dimensional cover
{U; },c; of X is collection of co-topoi U; and geometric morphisms

fi*: X = Z/{i: f*,i
that satisfy the following:

1. For i € I, the oo-topos U; has enough points and is locally of homotopy
dimension < n; for some n; > 0.

2. The functor f; has a further left adjoint fi; for each i € I.
3. Write §; for the collection of points of U; for every ¢ € I. The collection
S = U{s*fi*: X = An|s* € S;}

icl
of points of X is a conservative family (i.e. they jointly detect equiva-
lences).

Lemma 5.2. Let X be an oo-topos with a locally finite-dimensional cover
{Ui },cr- Then the functors f: X — U; preserve all limits and colimits and
are jointly conservative.

Proof. Each functor f7 has both a left adjoint f,; and a right adjoint f, ;, this
immediately implies the first statement. The second statement is clear since
every point s* € S factors through some f* by definition, and the s* € S are
jointly conservative. O

Lemma 5.3. Let X be an oo-topos with a locally finite-dimensional cover
{U; };cr- Then X is Postnikov-complete (and thus in particular hypercomplete).

Proof. Note that U; is Postnikov-complete for every ¢ € I, see [Lur09, Propo-
sition 7.2.1.10]. Using [Lur09, Proposition 5.5.6.26], we have to show that for
every X € X the canonical map X — lim, 7<, X is an equivalence, and that
for every Postnikov pretower (X,,),, the canonical map 7<ylim,, X,, — X,, is an
equivalence. Since the f; commute with truncations and limits and are jointly
conservative by Lemmas B.14] and [5.2] the result follows immediately from the
Postnikov-completeness of U;.

Hypercompleteness follows from the proof of [Lur09, Corollary 7.2.1.12],
which only uses Postnikov-completeness of the topos. o
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6 Locally Highly Connected Towers

In this section, we introduce locally highly connected towers in a X', subordi-
nate to some locally finite-dimensional cover . We prove that R-localization
commutes with limits along such towers, and provide some examples.

Definition 6.1. Let X be an co-topos with a locally finite-dimensional cover
U= {U; };c;, and let (X,,), be an N indexed tower in &, consisting of connected
objects. We say that the tower is

1. nilpotent if every sheaf X, is nilpotent,

2. highly connected if for every k > 1 there is a Ny > 1 such that 7 (X,,) =
mx(Xn, ) for all n > Ny,

3. locally highly connected (subordinate to U) if the tower (fFX,)n is highly
connected for every i € I.

Remark 6.2. Let (X,,), be a tower of connected objects in some co-topos X.
Then the tower is highly connected if and only if the connectivity of the fibers
fib(X,, = X,—1) goes to co as n — 0.

Example 6.3. Let f*: X =2 Y: f. be a geometric morphism of co-topoi. Since
f* commautes with homotopy objects, it follows that if (X, is a highly connected
tower in X, then also (f*X,,)n is highly connected.

Lemma 6.4. Let X be an co-topos with a locally finite-dimensional cover U =
{Us }icpr and let X € X, be a connected pointed sheaf. The Postnikov tower
(T<nX)n is locally highly connected. If X is moreover nilpotent, then so is the
Postnikov tower.

Proof. The Postnikov tower is highly connected, so in particular locally highly
connected by Example If X is nilpotent, then so is 7<, X for all n, see
Lemma [3.16 o

Lemma 6.5. Let X be an oo-topos locally of homotopy dimension < N for
some N, s*: X — An be a point, and (X,,), be a highly connected tower in Xi.
Then the natural map s*lim,, X,, — lim,, s*X,, is an equivalence.

Proof. We will repeatedly use that 7, (s*(—)) = s*(m,(—)), see Lemma B.14
We first show that the natural map induces isomorphisms

i (s*lim, X,,) — 7 (limy, s*X,)

for every k > 0 (for the induced basepoints on the respective objects). By
assumption, for every k > 0 there is an N > 1 such that the transition maps
induce equivalences

Te(s" Xn) &2 s"mp(Xn) — s"m(XnN,)
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for all n > Nj (in the case k¥ = 0 we can take Ny = 1, as the objects are
connected by assumption). We may assume without loss of generality that
Ny > Ny whenever k > k' by taking the maximum. Thus, we get from e.g.
[Mat24, Lemma 3.24] an equivalence

7 (limy, $* X)) 2 s* (X, )-

On the other hand, mg(s*lim, X,,) = s*m(lim, X,). It therefore suffices to
show that 7y (lim,, X,) 2 m;(Xy, ) via the projection. Because the N}, are non-
decreasing, this is equivalent to showing that the map fiber fib(lim,, X, — Xn,)
is k-connective. Since the topos is generated under colimits by objects U of
homotopy dimension < N, it suffices to prove that for any such U the anima

fib(lim,, X,, — X, )(U) 2 fib(lim,, X,,(U) = Xy, (U)).

is k-connective, By assumption, the map X, — Xy, is k-connective, there-
fore, the map X, (U) — Xy, (U) is k — N-connective as U has homotopy
dimension N (see [Lur09, Lemma 7.2.1.7]). This immediately implies that
fib(lim,, X,,(U) — Xn,(U)) is k — N — l-connective, because sequential lim-
its of anima can lower the connectivity by at most one (this follows from the
Milnor sequence). The result follows by reindexing the Nj.

The lemma now follows from Whitehead’s theorem, if we can show that
s*lim,, X,, (and thus also lim,, s*X,,) is connected. But we have seen above that
mo(s*lim,, X,,) = s*mo(lim,, X,,) = s*m9(Xn,) = *, since by assumption X, is
connected for every n. O

Corollary 6.6. Let X be an oco-topos with a locally finite-dimensional cover
U= {U},cr, and (Xp)n be a locally highly connected tower subordinate to U.
Let s* € S be a point (i.e. the point s* factors over some f7). Then the natural
map s*lim, X, — lim, s*X,, is an equivalence.

Proof. Write s* = s} f*. The natural map factors as
sy filim, X,, — s7lim,, f7 X, — lim, s} f¥X,,

which are equivalences by Lemmas and [6.8] as (f X, ) is highly connected
by definition. o

We now prove that the R-localization commutes with limits along locally
highly connected towers.

Lemma 6.7. Let X be an oo-topos with a locally finite-dimensional cover U =
{Us }icr- If (Xn)n is a nilpotent locally highly connected tower subordinate to
U, then so is (LrXn)n-

Proof. First note that (LrX,,), consists of nilpotent objects by Lemma B.10l
Let ¢ € I. By assumption, (fX, )y is highly connected, i.e. for every k > 0 the
system (7 (fXn))n is eventually constant, say, for n > Ny, for some Nj,. So pick
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k > 0, we have to show that the same is true for the system (7 (fFLrX,))n.
We claim that the same N works: We have

e (f{ LrXn) = (LR f] Xn) =2 Lrm(f7 Xn),

where we used Corollary 3.9 in the first equivalence and Proposition [3.12] for
the second equivalence (note that f*X,, is nilpotent). But this is constant for
n > N by assumption. O

Lemma 6.8. Let (fn)n: (Xn)n — (Ya)n be a morphism of nilpotent highly
connected towers of anima. Suppose that fy is an R-local equivalence for all n.
Then lim,, f,: lim, X, — lim, Y, is an R-local equivalence.

Proof. Note that by definition, all the X, and Y,, are nilpotent. Choose integers
Nyi, > 0 for every k > 0 as in the defintion of highly connected towers, by taking
the maximum we may assume that the Ny work for both (X,,), and (Y;,),. We
know that 4 (lim,, X,,) = (X, ) and 7 (lim, V3,) = 7 (Y, ) for all & > 0, see
e.g. [Mat24 Lemma 3.24]. By PropositionB.12 it suffices to show that the map
7 (lim,, f5,) is an R-local equivalence for every k > 0, but this map corresponds
under the above equivalences to the map 7 (fn,): 7 (Xn,) = 7 (Y, ), which
is an R-local equivalence by the same lemma. O

Proposition 6.9. Let X be an co-topos with a locally finite-dimensional cover
U= {U},cr, and (Xp)n be a nilpotent locally highly connected tower subordi-
nate toU. Then Lglim, X, =lim, LrX,,.

Proof. Since a limit of R-local objects is R-local, it suffices to show that the
natural map lim,, X;, — lim, LrX,, is an R-local equivalence. By Lemma
this can be checked on the conservative family of points S. So suppose that
s*ff € § is such a point. Note that both (X,), and (LrX,), are nilpotent
locally highly connected, the first by assumption, the second by Lemma
Therefore, the towers (fX,,), and (fFLrX,), are nilpotent highly connected
by definition. Consider the following commutative diagram:

s* frlim, X,, —— s*f*lim, LpX,

¥ :

lim,, s* £ X;, —— lim,, s* f;LrX,.

The vertical arrows are equivalences by Lemmas and It therefore suffices
to show that the map lim,, s* f*X,, — lim,, s* f;LrX,, is an R-local equivalence
in An. Note that s* f*X,, — s* f*LrX, is an R-local equivalence by Lemma[3.8
The lemma thus follows from Lemma [68, since the towers (s*f*X,,), and
(s*f¥LrXn)n are clearly also nilpotent highly connected. O

We end this section by proving that p-completion of a nilpotent sheaf can be
computed on the Postnikov tower. This is a reformulation of [Mat24, Theorem
3.27], but in the context of an co-topos X with a locally finite-dimensional cover.

18



Lemma 6.10. Let f*: X = Y: f. be a geometric morphism of co-topoi such
that f* has a further left adjoint f. For a sheaf X € X we have a canonical
equivalence L, f*X =2 f*L,X.

Proof. There is a canonical map f*X — f*L,X, which is a p-equivalence by
[Mat24, Lemma 3.11]. It therefore suffices to show that f*L,X is p-complete.
This follows formally since the further left adjoint fi preserves p-equivalences
by the same lemma. O

Lemma 6.11. Let X be an co-topos with a locally finite-dimensional cover U =
{Ui },c;- Suppose that X € X, is a nilpotent sheaf. Then (t>1]],cp LpT<nX)n
1s a nilpotent locally highly connected tower subordinate to U. The same is true
for the tower (L,T<nX)n for any prime p.

Proof. Note that for a prime p the sheaf L,7<, X is connected as 7<, X is by
assumption, and p-completion preserves connected objects, see [Mat24, Lemma
3.12]. Thus, the second statement is just a special case of the first, with P = {p}
The sheaves 7>1 [[, Lp7<, X are nilpotent by Lemma 4l Choose i € I. We
have to show that { fim>111, LpT<nX)n is a highly connected tower. We have

fiT>1 HLPTSnX ¥ 7> HLpTSnfi*Xa
p P

where we used Lemmas B.14] and We can therefore reduce to the
case that X is locally of homotopy dimension < N, and have to show that
(7>1[], Lp7<nX)y is highly connected.

So let k > 1. We have to find an Ny > 1 such that

(o1 [ [ LomenX) = mi(ro1 [ [ Lomen, X)
p

p

for all n > Nj. We claim that Ny = k + N + 3 works. We prove the result
by induction on n > N, the case n = Nj being trivial. Since the sheaf X is
nilpotent by assumption, we can find a principal refinement of the Postnikov
tower, see [Mat24, Lemma A.15]. We can therefore find an m,, > 1 and fiber
sequences X,y — Xpm—1 = K(Am,n + 1) for each 1 < m < m,, such that
Xno = T<n-1X, Xy m, = T<n, all the X,, ,,, are n-truncated and A,, abelian
group onjects in Disc(X). By induction on m, it therefore suffices to show
that 7 (71 Hp L, X m) = m(T>1 Hp L, X, m—-1). We write Z == X,, p,, ¥ =
Xm,m-1 and K = K(A;,n + 1), hence there is a fiber sequence Z — Y — K.
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We have

o1 [[ LpZ = mor [[ Lofib(Y — K)
p

p

= 7oy [[roafib(LY — LK)
p

= 7oy [[fib(L,Y — LK)
p

>1fib (H LY -] LpK>

p p

m>1fib <T>1 1LY = = ]] LpK> ,

p p

1%

where we used [Mat24, Proposition 3.20] in the second equivalence, Lemma
in the third and last equivalences, and that limits commute with limits in the
fourth equivalence. By the long exact sequence in homotopy, it therefore suffices
to show that the connectivity of 7>1 ][, LK is at least k + 2. By [Mat24,
Corollary 3.18] and Lemma there is an equivalence

o1 [[ Lo = 721 [] % limy, S HAJp".
p p

It therefore is enough to show that [, Q°limy, X" H A/ p¥ is k + 2-connective.
It suffices to show that (][, 25°limy, SnHA/p*)(U) is k + 2-connective for every
U of homotopy dimension < N (as they generate the topos under colimits by
definition). But we have

(J] @ctime s HA)p*)(U) = [ ] Q°limy S"((HA)(U)) /9",

as evaluation of sheaves commutes with limits and infinite loop spaces (note
that by stability, (—)/p* is the shift of a fiber). As U is of homotopy dimension
< N, we see that X"(HA)(U) is n — N-connective (see e.g. [Lur09, Lemma
7.2.1.7], applied to the overtopos Xr7). Therefore, [, 5°limy, Yr(HA)U) ) p*
is n— N — 1-connective: (—)/p” is a colimit and therefore preserves connectivity.
On the other hand, products of anima perserver connectivity, and sequential
limits of anima can lower the connectivity by one by the Milnor sequence. But
asn > Ny =k + N + 3, we get that the connectivity of the anima in question
is at least (k+ N +3) — N —1 =k + 2. This proves the lemma. O

Proposition 6.12. Let X' be an co-topos with a locally finite-dimensional cover
U = {U},cq, and X € X, be a nilpotent pointed sheaf. Then we have a
canonical equivalence [[, LpX = lim, [], LyT<, X.

Proof. By Lemmal5.3] X is Postnikov-complete, and we thus have to show that
I, Lplim, 7<, X = lim, [], L,7<nX. Since products commute with limits,
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it suffices to prove the result for a single p € P, i.e. we have to prove that
Lylim,, 7<, X = lim, L,7<,X. Since the right hand side is p-complete as a
limit of p-complete objects, it therefore suffices to prove that the canonical map
lim, <, X — lim, L,7<, X is a p-equivalence. This can be checked on the
conservative family of points S, see [Mat24l Lemma 3.11]. Let s* € S, i.e. s* is
a point of X that factors through some f: X — U;. By Corollary [6.6] we have
equivalences
s*limy, <, X 2 lim, $"7<p X

and
s*lim,, Lp7<n X = limy, s*L,7<, X,

as both (1<, X ), and (L,7<, X ), are locally highly connected subordinate to U,
by Lemmas and [617] respectively. By definition and [Mat24] Lemma 3.11],
for each n the map s*7<, X — s*L,7<, X is a p-equivalence of anima. Thus,
also lim,, s*7<p X — lim,, s* L,7<,, X is a p-equivalence by [Mat24, Lemma A.31].
This proves the proposition. O

7 Stable Arithmetic Fracture Squares

Let D be a stable presentable co-category. In this section, we will prove the
stable analog of the main theorem, Theorem [R.71

Proposition 7.1. Suppose that there is a small set I, and for every i € 1
an ezact localization functor L;: D — D. Let L': D — D be another ezact
localization functor. In particular, there are natural transformations a;: idp —
L; and o/ idp — L'. Suppose further that we have the following compatibilities:

(a) LyL' =0 for all j € I.
(b) Lj[],i: Ly — L; 1, Li is an equivalence for all j € 1.
(c) {L'}U{L;|jeI} is a conservative family of functors.

There is a cartesian square of functors

idp %% T, L,

la' la’ I, L:

Rty A

Proof. Note that the square is clearly commutative. Let G be the pullback of
the span L' — L'[], L; - [[, Li. There is a canonical map f: idp — G. We
have to show that f is an equivalence. Using it suffices to show that L'f
and the L; f are equivalences.

We first show that L’ f is an equivalence. Since L’ is exact, applying it yields
the following diagram where the square is cartesian:
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L,Hj Qj

L/
N\
L'G ——— L'T[, L,
L'a’ .
1’7{ lL’a' I1, L:
RNy 7 s

Since L’ is a localization functor, L'a/ is an equivalence. Thus, in particular, the
right vertical morphism is an equivalence. Since the inner square is cartesian,
we see that also prg is an equivalence. Hence, we conclude that L'f is an
equivalence.

Now fix j € I. We argue similarly that L;f is an equivalence: First, apply
L; to get the following diagram, where again the inner square is cartesian:

L IT; ai
L
L,G — LTI, Li
Lja/ p?"gl J{Lja/ l_L L;
, L;L'T], o ,

We see from @ that the bottom corners in the diagram are both 0. In particu-
lar, they are equivalent, and therefore pry is also an equivalence. The morphism
L; 1], o is an equivalence by @ Therefore we conclude that L; f is an equiv-
alence. This proves the proposition. o

The stable p-completion functor L,(—) = lim, (—)/p": D — D is the uni-
versal functor which inverts p-equivalences (i.e. maps f: X — Y such that f/p
is an equivalence), see e.g. [Mat24] Section 2]. This is an exact localization
functor, write oy,: idp — Ly, for the unit of the associated adjunction. We will
also write ag: idp — Lg for the unit of the associated adjunction of the exact
localization functor Lr: D — D.

Proposition 7.2. There is a cartesian square of functors

idp M 11, Ly

J{O‘R laR Hp LP

L «@
Lr %"LR I1, Lp-

Proof. We want to apply Proposition [l with I = P, L; = L, and L' = Lp.
Thus, we have to show that L,Lr = 0 for every prime ¢ € P, that Ly Hp ay
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is an equivalence for every prime ¢ € P, and that the L, and Lp are jointly
conservative.

We first show that Ly Hp ap is an equivalence for every prime £ € P. So
fix a prime ¢. Using [Mat24] Lemma 2.6], it suffices to show that Hp ap is
an {-equivalence, i.e. that ([[, a,)/¢: idp J€ — (I1, Lp) /€ = [1,(Lp//€) is an
equivalence. Note that L, /¢ = 0 for every prime p # /¢ since ¢ is invertible on
Ly. Therefore, (I[, ap) /¢ = ap//¢, which is an equivalence by definition.

We now show that LyLr = 0 for every prime ¢ € P. By Lemma [Z3]
multiplication by £ is an equivalence on Lg for all £ € P. In particular, we get
that LyLr = 0 from the description of L, as the f-adic limit limy (=) /¢, see
e.g. [Mat24, Lemma 2.5].

We are left to show that the functors L, and Lg are jointly conservative.
By stability, it is enough to show that if an object X is Ly-acyclic for every
¢ € P and Lgr-acyclic, then X 2 0. So suppose that L X = 0= L, X for every
¢ € P. We deduce that X /¢ (L, X) /¢ = 0, i.e. multiplication by ¢ is invertible
on X for every £ € P. In particular, X is R-local, by Lemma Therefore,
X =2 LrX =2 0. This proves the proposition. O

Corollary 7.3. For every X € D the canonical square

X ——— I, LpX

| |

LrX —— LRHprX

1S cartesian.

We also need a version of the above corollary where we take n-connective
covers of the p-completions. For this, we need the following very general lemma:

Lemma 7.4. Suppose that D is equipped with a t-structure (D>o,D<o), and
that there is a cartesian square

X —Y

L]

X — Y.
Suppose moreover that X € Dx,, for some n. Then also the square

X — .Y

l !

TZnX/ E— TZnY/
1S cartesian.

Proof. Write F for the limit of the span 75>, X" — 7>,Y" < 7>, Y. By stability,
we know that there is a commutative diagram
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F— s (XaY) —— 7Y

| l |

X—m Xy ——— Y

| | !

cofib(FF - X) —— 7<,_1 (X' ®Y) —— 7<p1Y’,

where the rows and columus are co/fiber sequences. To see that the map F — X
is an equivalence, it therefore suffices to show that

Tgnfl(X/ S¥) Y) — T§n71Y/

is an equivalence. This follows from the assumption that X = fib(X' &Y — Y’)
is n-connective. (|

Corollary 7.5. Suppose that D is equipped with a t-structure (Do, D<), which
is accessible, separated and compatible with filtered colimits. Suppose that X €
D>.,. Then there is a canonical square

X ——— o0 [, LpX

| |

LRX e TZnLR Hp LpX

which is cartesian.
Proof. We get a canonical cartesian square

X —— T, L,X

| |

LRX —_— LR Hp LpX

from Corollary[7.3l Note that since X is n-connective by assumption, and LrX
is n-connective by Proposition 2.8 it follows from Lemma [7.4] that

X —— o0 [l, LpX

| |

LrX —— TZnLR Hp LpX

is cartesian. O
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8 Unstable Arithmetic Fracture Squares

Let X be an oo-topos with enough points. In this section, we will prove the
main theorem. We need the following simple lemma;:

Lemma 8.1. Let

X —Y ——7

L b

X —sY — 7

be a commutative diagram in a pointed oco-category C. If the rows are fiber
sequences and h is an equivalence, then the left square is cartesian.

PT’OOf. We have X =Y Xz *x 2Y X gt *x =2Y Xy Y’ Xz * 2y Xy X/, where
we used in the first and last equivalence that the rows are fiber sequences, and
in the second equivalence that h is an equivalence. O

Corollary 8.2. Let f: X — Y be an R-local equivalence in X.. Then the
square

TZlX — X

lrz o Jf

7'21Y — Y

is cartesian.

Proof. This follows immediately from Lemma [8] since mo(f): mo(X) — mo(Y)
is an equivalence by Corollary 3.7 O

Lemma 8.3. Let X € X, be a connected sheaf. Then there are natural com-
mutative squares

X ——— I, LpyX
j | 1)
LpX — Lg[[, LpX

and
X —— ™1 Hp L,X

| | @)
LpX —— 1>1LR Hp Ly,X.
The first square is cartesian if and only if the second square is cartesian.

Proof. The square () is given by the natural maps into the localization functors
(i.e. the units of the associated adjunctions). By assumption X is connected,
and hence so is LrX by Corollary Bl Therefore, the square () factors as
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X —— 7o 1, LpX —— [, L, X

| | |

LRX —_— TZlLRHprX —_— LRHpLPXa

which proves the existence of the square [2]). Since the right square in the above
diagram is cartesian (see Corollary [B.2]), the last claim follows from the pasting
law for pullback squares (the dual of [Lur09, Lemma 4.4.2.1]). O

Lemma 8.4. For A € Ab(Disc(X)) and n > 1, the canonical squares

K(An) — Hp L,K(A,n)

J 1 g

LRK(A, n) — Ly Hp LPK(A, n)

and

K(A,n) — T>1 Hp LpK(A77’L)

J 1

LRK(A, n) E— TZILR Hp LpK(A, ’I’L)
from Lemma[83 are cartesian.

Proof. By Lemma [B3] it suffices to show that the square (@) is cartesian. We
write HA € Sp(X) for the Eilenberg-MacLane spectrum of A. Since X"H A is
1-connective, we get the following cartesian square from Corollary [.5] using the
fact that Q2° preserves limits:

QgOEnHA e Q?(OT21 Hp LpEnHA

| |

OFLRS"HA —— QX751 L[], LS HA.

Note that we have K(A,n) = Q°¥"HA. Moreover, we have seen Q°LrFE =
LrQSE for 1-connective sheaves of spectra F in Lemma It follows from
Proposition 2.8 that LgX"H A is n-connective, so in particular 1-connective,
whence QX Lp¥"HA = LrK(A,n). Thus, we arrive at the following cartesian
square (using that Lr commutes with the 1-connective cover functor, which
follows easily from Proposition 2.8)):

K(An) ——— 71 [[, QL2 "HA

l !

LRK(A7TL) —_— LRT21 Hp QiOLPEnHA
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We now calculate
o [[ QLS HA = 7oy [[ 21 QLS HA 2 7oy [ [ Lo K (A, ),
P P p
where we used Lemma [£2] and [Mat24] Corollary 3.18]. Similarly, we calculate
Lpror [[ QL S"HA = Lroy [[ LyK (A, n) 2 751 L [ [ LK (A, n),
P P p

where we used the above equivalence and Lemma [B.15l Thus, the above carte-
sian square is equivalent to

K(A, n) — T>1 Hp LPK(A, n)
LRK(A, n) —_— TZlLR Hp LPK(A, n),
which proves the lemma. o

We need another lemma about pullback squares and connected covers. This
is an unstable version of Lemma [T.4

Lemma 8.5. Let

X —Y

|

X — Y
be a cartesian square in X,. Suppose that X is connected. Then

X — 5 7Y

l !

TZlX/ e 7'21Y/
is cartesian.

Proof. Let F be the limit of the cospan 751X’ — 7>1Y” - 7>1Y. By Lemma[L.2]
there is an equivalence X = 75X = 7>, F. It therefore suffices to show that
F is connected. Since X = X’ Xy, Y, we know that A = fib(X — X') =
fib(Y — Y’). Similarly, since F = 751X’ X,.,y' 7>1Y, we know that B =
fib(F — 751 X’) 2 fib(7>1Y — 751Y”). Thus, we get the following diagrams of
long exact sequences of sheaves of pointed sets:

m(X) — m(X') —— m(A) —— =



and

m(F) —— m(X') mo(B) mo(F) —— %
| | [
m(Y) —— m (V) mo(B) * *.

From the first diagram, we see that mo(A4) — mo(Y) is the trivial map. In
particular, mo(A) is the quotient of 71 (Y”) by 71 (Y'). But by the second diagram,
this also true for my(B). Therefore we conclude that mo(A) 2 m(B). But from
the first diagram, we see that m1(X’) — m(A) is surjective. In particular, we
see in the second diagram that this implies that 7o(F) = #, which is what we
wanted to prove. O

Proposition 8.6. Let X € X, be n-truncated for some n > 0 and nilpotent.
Then the canonical squares

X ——— I, LpX

| | ®

LRX E— LR Hp LpX

and
X — T>1 Hp LpX

| | 0

LRX —_— TZlLR Hp LpX
from Lemmal8.3 are cartesian.

Proof. By Lemma B3] it suffices to show that the square (@) is cartesian. Since
X is truncated and nilpotent, there is a sequence of truncated and nilpotent
sheaves X = X, EAN Xn1 — -+ = Xg = x such that p; fits into a fiber
sequence Xj — X1 — K(Ag,ni) for some A € Ab(Disc(X)) and ny > 2, see
[Mat24, Lemma A.15]. We will prove the result by induction on the minimal
length of such a sequence, the case n = 0 is trivial. We will write Y = X,,_1
and K := K(A,,ny), i.e. there is a fiber sequence X — Y — K. By induction,

we know that the canonical square

Y ——— I, LY

| | g

LRY e TZILR Hp LpY
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is cartesian. Moreover, it follows from Lemma [8.4] that the canonical square

K— T>1 HprK

| | ®

LRK Emd TZlLR Hp LpK

is cartesian. Using X 2 fib(Y — K), Lemma now supplies us with an
equivalence

o1 [[ Lo X = 71fib <T>1 1Y — HLPK)
p

p p

This then also implies

TZILRHLZ)X = LRT21 HLPX
p p
=~ LRTZIﬁb<7-Zl HLPY — T>1 HLPK>
p p
7>1fib <LR7’>1 [1Z:Y = Lari [ LPK>

1%

p p
= 75, fib <7’>1LR [1z.y - T>1LRHLPK>,
p p

where we used Lemma in the first and last equivalence, the above equiva-
lence for the second equivalence, and Lemma [3.13]in the third equivalence (note
that the relevant sheaves are nilpotent by Lemma [4]). Moreover, Lemma 313
supplies us with an equivalence

LrX = Lpfib(Y — K) = fib(LgY — LzK),

since X is connected. Thus, plugging in these equivalences, we have to show
that the following square is cartesian:

fib(Y > K) ——— Tzlﬁb(T21 I1, LY = 72111, LpK)

J !

fib(LgY — LpK) ——> TZlﬁb(TzlLR I1, LY = 71Lr ], L,,K).

Since limits commute with limits, and since the squares (7)) and () are cartesian,
we know that the square
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fib(Y = K) —— fib (721 I1, LY = 7111, LpK)

J !

(LY — LaK) — b(r21Lall, LY = m1Lr T, LpK).

is cartesian. Thus, the lemma follows from an application of Lemma[83] as X =
fib(Y — K) and LrX 2 fib(LgY — LrK) are connected (use Corollary 3.1 for
the second claim). O

Theorem 8.7. Let X be an oco-topos with a locally finite-dimensional cover
{U; };c;- Suppose that X € X, is a nilpotent sheaf. Then the canonical squares

X ——— I, Ly X

| | g

LrpX —— LRHprX

and
X —— 7> Hp L,X

| | w
LrX —— 721LR Hp LpX
from Lemmal8.3 are cartesian.

Proof. Tt suffices to show that the square ([I0) is cartesian, see Lemmal[83] Note
that for all n, 7<, X is nilpotent (Lemma [B.16) and n-truncated. Therefore, it
follows from Proposition (and the fact that Lr commutes with 7>1, see
Lemma BI5) that there are functorial cartesian squares

Tan —_— T™>1 Hp LpTSnX

l !

LRTan —_— LRT21 Hp Lp’TSnX.
In particular, since limits commute with limits, we get a cartesian square

limn TSnX E— hmn T>1 Hp Lp’TSnX

l |

lim,, LRTan — lim, LRT21 Hp LpTSnX.

Note that since X is Postnikov-complete by Lemma [(.3] the upper left cor-
ner is isomorphic to X. Using Lemma BI7 we compute lim, LpT<,X =
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lim,, 7<, LrX = LrX. Note that (7>1 Hp L,7<nX)y is a locally highly con-
nected tower by Lemma [6. 11l Thus, Proposition gives us an equivalence

lim, Lrrs1 [ [ Lpm<nX = Lglim, 751 [ [ Lyr<n X.
p p

Thus, plugging in these equivalences, we arrive at the cartesian square
X — hmn T>1 Hp Lp’TSnX

| |

LRX E— LRlimn T>1 Hp LpTan~

Since X and LgX are connected (see Corollary B7), this square factors over
the square

X — 1>1lim, 7> Hp Lyr<n X

LrX —— TZlLRhmn T>1 Hp L;,,TSHX.

This square is again cartesian, this is an application of Lemma We have
equivalences

T>1limy, 7> H Lpt<p X = 7>1lim, H LpT<n X = 751 H L,X
p p p

by Lemma and Proposition [6.121 Using this calculation and the fact that
L commutes with 7>; (see Lemma [B15)), we also get an equivalence

TZlLRHmn T>1 HLPTS"X = TZILR HLPX
P p

Combining these equivalences, we arrive at the cartesian square

X ——— 1[0, LpX

| |

LRX e TzlLR Hp LpX

This proves the theorem. O

A Examples of oco-Topoi that admit a Locally
Finite-Dimensional Cover
In this section, we provide a list of examples of oco-topoi that admit a locally

finite-dimensional cover, and therefore are co-topoi where Theorem [R.7] holds.
The main example is the following:
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Example A.1. Let X be an oco-topos locally of homotopy dimension < n for
somen > 0. If X has enough points, then X has a locally finite-dimensional
cover, giwen by the identity id: X =2 X' id.

Spcializing the last example, we get:

Example A.2. Let C be a small co-category. Then P(C) := Fun(C°P, An) has
a locally finite-dimensional cover, as it is locally of homotopy dimension 0, see

[Lur09, Example 7.2.1.9].

The other two examples we provide are coming from motivic homotopy the-
ory:

Proposition A.3. Let X be a quasicompact quasiseperated scheme of finite
Krull dimension, and write Smx for the category of quasicompact smooth X -
schemes. Write T for either the Zariski or the Nisnevich topology on Smx
(see [BH17, Appendiz A] for a definition of the Nisnevich topology), and X =
Shv,(Smx) for the co-topos of T-sheaves on Smx. Then X admits a locally
finite-dimensional cover.

Proof. We first prove the case where 7 is the Zariski topology. For any smooth
X-scheme U, write Uy, for the small Zariski site of U (i.e. the poset of open
subsets of U, equipped with the Zariski topology). Write Shva, (Usar) for the co-
topos of sheaves on this site. By [Lur09, Proposition 6.3.5.1] there is a canonical
geometric morphism of co-topoi

9u: X = Xju: gues,

such that g;; has a further left adjoint gr7;. Note that Xy = Shv,..((Smx),v),
where the site (Smx ),y carries the induced topology. The canonical inclusion
Uar — (Smx),u is a morphism of sites, and therefore induces a geometric
morphism

hir: Xy 2 Shvgar(Usar): hu

Note that hf; has a further left adjoint hy): By the adjoint functor theorem, it
suffices to prove that hj; commutes with limits. We get the following commu-
tative diagram

X/U 4>hU Sthar(Uzar)

[ b

P((SmX)/U) —r P(Uzar),

where the bottom morphism k is given by restriction of functors. The vertical
morphisms commute with limits (as they are right adjoints to the respective
sheafification functors), and & commutes with limits because limits of presheaves
can be calculated on sections. It therefore suffices to show that ki(X) satisfies
Zariski descent for every X — U € Xy This is clear, as any Zariski cover in
U,.r is also a Zariski cover in (Smy)y.
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Composing these geometric morphisms, we get a geometric morphism
fé: X = Shvzar(Uzar): fU,*a

such that f{; has a further left adjoint fr).

Note that Shv,a, (Uzar) is locally of homotopy dimension < dim U by [Lur09,
Corollary 7.2.4.17] (here we use the assumptions on X). It has enough points,
since it is the co-topos associated to a topological space.

The collection of geometric morphisms (ff;)vesmy is jointly conservative:
Suppose that ¢: X — Y is a morphism in X, and suppose that ff;(¢) is an
equivalence for every U € Smy. in particular, by taking global sections, we
see that the morphism (f}(X))(U = U) — (f5(Y))(U — U) is an equivalence
(where U — U is the terminal object in Uyar). Since h{; is just given by restric-
tion, this is equivalent to the morphism (g;;(X))(U — U) — (95;(Y))(U — U).
But this in turn now is equivalent to the morphism ¢(U): X (U) — Y (U), as
g¢; is right adjoint to g 7, which maps the terminal object U — U to U. Since
U was arbitrary, we see that ¢ is an equivalence.

This proves that the collection (ff;: X — Shv,ar(Usar))v forms a locally
finite-dimensional cover of X.

If 7 is the Nisnevich topology, one argues similarly, but replacing the small
zariski site U,y by the small nisnevich site Uy, consisting of étale U;-schemes,
equipped with the Nisnevich topology. The rest of the proof is the same, we
get that Shvyis(Ue) is locally of homotopy dimension < dimU from [CM21]
Theorem 3.18] (and it has enough points, given by henselian local schemes, see
[BH17, Proposition A.3]). O
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