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Abstract

We present a novel computational method for direct numerical simulations of particle-laden flows with fully-resolved
particles (PR-DNS). The method is based on the recently developed Volume-Filtering Immersed Boundary method
[Dave et al, Journal of Computational Physics, 487:112136, 2023] derived by volume-filtering the transport equations.
This approach is mathematically and physically rigorous, in contrast to other PR-DNS methods which rely on ad-hoc
numerical schemes to impose no-slip boundary conditions on the surface of particles. With the present PR-DNS
strategy, we show that the ratio of filter size to particle diameter acts as a parameter that controls the level of fidelity.
In the limit where this ratio is very small, a well-resolved PR-DNS is obtained. Conversely, when the ratio of filter size
to particle diameter is large, a classic point-particle method is obtained. The discretization of the filtered equations is
discussed and compared to other PR-DNS strategies based on direct-forcing immersed boundary methods. Numerical
examples with sedimenting resolved particles are discussed.
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1. Introduction

Expanding computing power offers the opportunity to perform simulations of particle-laden flows where the flow
around individual particles is fully resolved. Such simulations, referred to hereafter as Particle-Resolved Direct Nu-
merical simulations (PR-DNS) make it possible to investigate the micro-scale dynamics of particle-laden flows with
the highest possible fidelity. However, the majority of previously proposed methods rely on ad-hoc numerical schemes
that leave several questions unanswered.

Uhlmann [32] was amongst the first to develop a methodology for PR-DNS that is both stable for a wide range
of parameters and computationally efficient. In his approach, fast and scalable Cartesian grid solvers are employed
in conjunction with an Immersed Boundary (IB) method to handle moving spheres. The IB method of Uhlmann [32]
is an extension of the original method of Peskin [21] wherein no-slip boundary conditions are imposed using ad-hoc
forcing terms added to the right-hand side of the governing equations. This is a popular approach that has seen many
variations [36, 9, 16, 35)]. Uhlmann [32] builds the IB forcing term by requiring that the no-slip boundary condition
is satisfied on Lagrangian points placed on the surface of the particles. A spreading operation is then performed by
convolving with a regularized Dirac delta [23]] to turn the Lagrangian forcing into smooth Eulerian forcing. Uhlmann
[32]] showed that this strategy can capture reasonably well the drag force on single and several spheres, fixed or
moving, at Reynolds numbers up to ~ 350 with only 12 grid points across the diameter.

However, there are several limitations the above mentioned IB method, the chief of which are (i) the ambiguity
related to the placement and volumes of the Lagrangian forcing points and (ii) the unstable computation of hydrody-
namic forces for low density ratios. These two problems stem from the ad-hocness of the method, i.e., the fact that the
IB method is based purely on numerical considerations to impose boundary conditions without being derived from
first principles. As a consequence, the volumes associated with the Lagrangian forcing points are not uniquely defined
and become a tuning parameter. It is also not clear how these volumes are related to the width of the regularized
Dirac delta, and what effect the latter has on the flow in the vicinity of the interface. Further, the method does not
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give a definitive answer to whether the forcing should apply throughout the particle volumes or not. Uhlmann [32]
constrains the forcing to the particle surfaces, and gives a formula to compute the hydrodynamic force on the particle
that makes use of the acceleration of the internal flow. As acknowledged by Uhlmann [32], this approach is unstable
for particle-to-fluid density ratios p,/py < 1.2.

Subsequent approaches to PR-DNS relied on variations of Uhlmann’s method to improve drag predictions and/or
stabilize the method for low density ratios. Because Uhlmann’s method tends to over-predict drag, Breugem [4]
proposed to retract inward the Lagrangian forcing points by a small distance, a fraction of the grid spacing Ax. In
the view of Breugem [4], retracting the Lagrangian forcing points is warranted because spreading the Lagrangian
forcing onto the Eulerian grid with a numerical Dirac delta that has finite width leads to an apparent diameter that is
larger than the actual one. However, the retraction distance depends on the particle Reynolds number and specifics
of the numerical method [28, [18]], which adds another tuning parameter. Instead of displacing the Lagrangian points,
Zhou and Balachandar [37]] proposed to vary the associated volumes. Zhou and Balachandar [37] view these volumes
as relaxation weights that control how fast velocity errors decay. They propose to choose the largest permissible
weights that keep the method stable. They carry out a stability calculation for a single fixed sphere, but extensions to
multiple moving spheres are left out due to increased complexity and lack of universality. The lack of robustness of
Uhlmann’s method for low density ratios is a particularly thorny issue, as it prevents investigations of an important
class of flows laden with neutrally buoyant particles. To address this problem, Kempe and Frohlich [[17] still used
the formula provided by Uhlmann [32]], but, instead of assuming rigid-body motion to simplify the calculation of the
acceleration of the internal flow, they compute this term by direct integration. This approach requires an expensive
numerical procedure to build a level set function that is < 0 inside and > O outside the particles. Later, Tschisgale et al.
[31]] improved on [17] by adding a semi-implicit time scheme for the particle motion which enable stable integrations
with larger time steps.

In this work, we present a novel PR-DNS method that is based on the recently developed Volume-Filtering Im-
mersed Boundary (VFIB) method [8]. This method is derived from first principles by applying a volume-filter [2] to
the Navier-Stokes equations first, then, discretizing the resulting filtered equations. Several unclosed terms arise from
the filtering procedure, but as discussed in [8]] most of these terms drop in the DNS limit, i.e., when the filter size ¢
is much smaller than the particle size d,, and any other characteristic length scale of the flow. In this limit, the no-slip
boundary condition is used as closure in the interface force density representing the momentum exchange between
solid and fluid. Because this method is based on a strict physical and mathematical derivation, it does not suffer from
issues related to ad-hocness as with methods based on Uhlmann’s method. There are no problems with placing and
sizing Lagrangian forcing points since no such concept is used in the derivation. In the VFIB method, the motion (or
lack of) of the immersed solid is enforced with a force density that represents the momentum exchange between the
two phases. This forcing expresses in terms of a surface integral on the immersed body. The discretization of this
integral on a tessellation of the interface may be interpreted as Lagrangian forcing at the centroids of the elements
making up the tessellation. Under this interpretation, the forcing points have volumes that express in a closed form,
in terms of the element surface area and surface density, in contrast with the ambiguous volumes in the method of
Uhlmann [32]]. Further, we have shown in [§]] that the hydrodynamic stresses on an immersed solid have two contribu-
tions: resolved stresses, due to flow features larger than the filter size, and residual stresses. We have shown that it is
imperative to include residual stresses and gave a formula to do so which incorporates the no-slip boundary condition
as closure. With this approach, there is no need to integrate the acceleration of the internal flow.

The paper is organized as follows. We present the governing equations solved in the present PR-DNS strategy in
section E} We review the derivation with volume-filtering, discuss the origin of resolved and residual stresses, and
geometrical properties of the interface, namely, the interfacial volume fraction and the smearing length. In section 3]
we present the discretization and numerical implementation of these equations. We give several numerical examples
in section |4, where we discuss the relative contributions of the resolved and residual stresses, provide comparisons
with experimental data, and demonstrate the robustness and stability of the method for low density ratio and neutrally
buoyant particles. Finally, we give concluding remarks in section[3]



2. Governing equations

2.1. Equations summary

We consider N particles enclosed by surfaces S, for p = 1...N, suspended in an incompressible fluid with
constant density p, and viscosity u . The equations solved in this PR-DNS strategy are based on the volume-filtering
framework established in [8]. Here, we present a condensed summary of the equations for the particle and fluid
phases. Sections[2.2]—[2.5]provide the specific details of the derivation.

Starting with the particle phase, we evolve each particle “p” by solving the following equations of motion
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where m,, V), I, x,, u,, and w, denote the particle mass, volume, moment of inertia, centroid, linear velocity, and
angular velocity, respectively. In the above, 7, represents the unfiltered stress tensor due to the fluid surrounding the
particle. It contains contributions from resolved and residual stresses. Section [2.3|provides all the details on how to
derive, close, and compute 7.

For the carrier phase, we solve volume-filtered equations for a mixture fluid with velocity u and pressure p. As
discussed in [8]], we obtain the mixture equations by introducing additional constitutive equations inside the solid and
solving for the mixture mass and momentum. For reasons of computational efficiency, we assume fluid constitutive
equations inside the particles, with identical density and viscosity as the fluid outside (see details in §2.2). The
resulting mixture equations for the conservation of mass and momentum are
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where G is a filter kernel of size &/, u} is the velocity at the solid-fluid interface of particle “p”, g is gravity, and ¢ is
the so-called smearing length. The latter quantity is a geometric property that depends on the filter kernel shape and
size, as well as the local curvature of the interface (see §2.3|for details).

There are many possible choices for the filter kernel G provided that it verifies three fundamental properties: (i) G
must be unitary, i.e, it integrates to one, (ii) symmetric, i.e., G(-y) = G(y), and (iii) compact, i.e., G(y) = 0 for
[yl > 6. As we have shown in [8]], the choice of G matters little when the immersed surface is well-resolved by the
filter. This is the case when ¢7/d, < 1 for particles with characteristic size d,,. For this reason, we choose a simple
filter kernel that is the product of three one-dimensional triangle kernels, i.e,

+
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2.2. Volume-filtering framework

The governing equations (@) and () result from volume-filtering conservation equations inside and outside the
solids. The derivation is presented in great detail in [8]. For the sake of brevity and to help with subsequent discussion,
we present only the highlights of the derivation.



The velocity u and pressure p introduced in are mixture quantities defined as,

u

p
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where ay, uy, and ﬁf are the fluid volume fraction, filtered velocity, and filtered pressure, respectively. Similarly, «j,
u,, and p, denote the solid quantities. Volume-filtering is carried out using a kernel G that is (i) unitary, (ii) symmetric,
and (iii) compact with size d7 [8]. The fluid and solid volume fractions are obtained by filtering the phase-indicator

functions 17 and 1,
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Here, a/(x) and a,(x) represent the fraction of space occupied by the fluid or solid within a region of size 6 centered
at an arbitrary position x. Within the fluid region sufficiently far away from the interface such that the solid region
does not intersect the filter kernel, ay = 1 and ey = 0. Conversely, ay = 0 and @, = 1 within the solid region and
sufficiently away from the interface. Note that the two volume fractions are constrained by ay + @, = 1. Further,
because of the finite width ¢ of the kernel G, the volume fractions at positions within 6/2 from the interface take
values between 0 and 1. Thus, ¢, represents the sharpness or the filter kernel and controls the resolution of the method.

The filtered velocities are defined from the unfiltered quantities, also called point-wise quantities [2,[11]], as follows
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As with the volume fractions, the filtered velocity of one phase decays to zero into the other phase within a distance
07/2 from the interface.
Within the fluid, the point-wise governing equations are the incompressible Navier-Stokes equations
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For simplicity, we assume that the fluid density and viscosity are constant. These equations must be completed with
appropriate boundary conditions, namely, the no-slip boundary condition on the surfaces of the particles,

up(x)=ul(x)forxes, p=1,...,N. (14)

Filtering the fluid equations (T2) and (T3] leads to the following equations,

P
%w-(afﬁf) = 0, (15

asV - (?f +R, - TSFS) +F, (16)

o,  _ _
Ps (E(afuf) + V- (asuy u.f'))
where Ty = —ppI + puy (Vﬁf + Vﬁ; 4 -ﬁf)l) is the filtered stress tensor, Tsps = Uyt — U ;U is the subfilter scale

tensor, and R, is the residual viscous stress tensor [8]]. The term F; represents the momentum exchange between the
solid and fluid phases. It expresses as
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Figure 1: The ratio of filter size to particle diameter controls the resolution in the volume-filtering framework. No closures are needed in the
PR-DNS limit (67 < d,) considered in this study.

Following [8]], this term can also be expressed as
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where a is the fluid volume fraction at the interface and the term uf , = Uy — uf represents the slip at the interface
between the filtered velocity and the no-slip boundary condition.

Filtering introduces a closure problem (see schematic in figure [I). In general, models for the interfacial slip
u,, the subfilter scale tensor 7srs, and the residual viscous stress tensor R, must be supplied. However, for well
resolved particles, i.e, 67/d, < 1, these unclosed terms can be neglected. We refer to this as the DNS limit of the
volume-filtering method, and neglect the unclosed terms in what follows.

To obtain governing equations for the mixture quantities, we must choose equations to solve inside the solid. The
most straightforward choice is to assume rigid body motion or some other solid mechanics model. But, as we explain
in [8]), it is computationally more advantageous to assume that the particles are thin, rigid shells that enclose an internal
fluid with density and viscosity that match those of the outside fluid. With this assumption, volume-filtered governing
equations similar to equations (I3]) and (I6) can be written for the internal fluid. Summing up the governing equations
for the internal and external fluid yields the mixture equations (4) and (5) presented in the summary section

2.3. Fluid stresses on resolved particles
Calculating the hydrodynamic force exerted on particle “p” requires integrating the fluid stress on the particle

surface, i.e.,
Fﬁzfj; n-tpdS. (19)

»
In the expression above, 7 is the unfiltered fluid stress tensor. In the present volume-filtered formulation, 7, decom-
poses into filtered and residual parts: 7y = T + 7/.. In the DNS limit (67/d, < 1), these two contributions can be
calculated from the mixture quantities # and p as follows [§]]

n-t, = —-pn+u(Vu+Vu') - n (20)
n-t, = af,lﬁ(pf%uf +Vp—,us2u) (21)
Hence, the hydrodynamic force on particle “p” has the following two contributions
FP = ffs —pn+u(Vu + Vu') - ndS + ffs af,,f(pf%uf +Vp —ufvzu)ds ) (22)
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where the first integral on the right-hand side of gives the resolved force iZ, and the second integral gives the
residual force F7'.

To understand the significance of the resolved and residual forces, it is useful to consider the limit where the filter
size is much larger than the particle diameter. This is the usual limit considered when deriving Euler-Lagrange models
[5.[10]. With the assumption 67/d, > 1, the resolved force is usually approximated as

F, = ff n-T.dS = fff V-TdV =V, V-7 (23)
s, v,

Thus, the resolved force may be interpreted as the force resulting from the undisturbed flow [19} [10]. The residual
force cannot be evaluated in closed form when 6¢/d, > 1, as it involves unresolved fluctuations of the fluid stress
tensor. Thus, F Z " is commonly modeled as a drag force. For example, Stokes drag would be used to model the residual
force for spherical particles with Reynolds number Re, < 1,

, usx,,)—u
PP~ m, 0D " ) (24)
Tp

where 7, = ppdﬁ /(18uy) is the particle response time. Depending on the flow regime, additional force models such as
added mass, Saffman lift, and Basset History may be appended to the drag force in , e.g. 130125017, 126} 127, 34].

Unlike in Euler-Lagrange models, both filtered and residual stresses can be directly evaluated using equations (20}
and (21)) in the present PR-DNS framework. The no-slip boundary condition serves as closure for the residual force to
obtain the closed form above. Note that the residual force does not vanish even in the limit of very high resolutions,
i.e., 0y/d, very small. This is due to the fact that expressions and must be evaluated on the solid-fluid
interface, which is within the transition region for the filtered quantities. In we show that for vanishingly small
values of 6¢/d,, the residual and filtered forces have equal contributions. With increasing 6,/d,, the residual force
becomes larger than the filtered one.

2.4. Volume fraction

Although the residual stresses are given in the closed form (22), evaluating these terms requires calculating the
fluid volume fraction at the interface ay;. The definition (8) does not provide an efficient way of calculating the
volume fraction field @y because it requires computationally expensive procedures to build and integrate the fluid
phase-indicator function 1/ [3,4]. Instead, ay can be computed efficiently for arbitrarily shaped particles by solving
the following Poisson equation [33} (3],

Va, = V‘[Z I/ n(y)goc—y)ds]. 25)
P Y

Figure [2] shows the fluid volume fraction field ay obtained by solving equation @ for an isolated spherical
particle. Note that we deliberately choose a coarse filter size 6; = (1/4)d,, to highlight the transition region around
the interface. The integration of equation is performed with second order schemes and an algebraic multigrid
method on a uniform Cartesian grid as described in [§]]. To provide sufficient resolution of the kernel and the transition
region, we choose the grid spacing Ax such that Ax = ¢¢/4. Thus, 16 grid points lie across the diameter for the case
with 6 = (1/4)d, shown in figure 2] The surface of the sphere is discretized using a Delaunay triangulation with
approximate element size As = ¢¢/8. Although solving the Poisson equation increases the overall computational
cost of the method, it remains significantly faster than computing the volume fraction from the definition (8.

Solving equation (25) gives the complete volume fraction field, both within and away from the particle. This
serves two purposes: (i) computing the interfacial volume fraction ay; needed to evaluate the residual stresses in
equation (ZT), and (ii) visualizing the location of particles using the iso-surface ay = a .

Here, we emphasize that the interfacial fluid volume fraction oy is equal to 0.5 only when the interface is perfectly
planar. For spherical particles, as; depends on the relative size of the filter kernel 6 and the particle diameter d,,. To
illustrate this behavior, we show the variation of a; for 0.1 < 6¢/d, < 2 for an isolated spherical particle in figure
E} We generate this data by solving @]) on a fine grid Ax = min(d,/12,6,/4). We then use trilinear interpolations

6



Figure 2: Fluid volume fraction field ey in the vicinity of an isolated spherical particle obtained by solving equation . In this example, the
filter size is 67 = (1/4)d),. The grid is uniform with spacing Ax/6; = 1/4, which is sufficiently fine to resolve the transition region. The sphere
is meshed with a Delaunay triangulation such that the approximate triangle size is As = d/8. The semi-transparent surface shows the iso-surface
af; = 0.5+0.176 X (67/D), which represents the interfacial fluid volume fraction and the location of the solid-fluid interface.
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Figure 3: Variation of the interfacial fluid volume fraction with filter size for an isolated sphere. The red dashed line is the fitas; = 0.5+ 1.7 107! x
(67/dy) —3.85107* x (6¢/d))*.
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Figure 4: Fluid volume fraction field for two spheres at contact (top panels) and a sphere resting on a wall (bottom) at different interface resolutions.
At the contact region, the interfacial fluid volume fraction a/f; vanishes which leads to a local cancelation of the residual stresses on the particle.

to evaluate a at locations on the particle surface. Note that @y is the same at all location on the surface owing
to spherical symmetry. As evidenced in figure [3] the interfacial fluid volume fraction approaches 0.5 for very fine
resolutions. This is because the curvature of the sphere on the scale of the filter becomes increasingly negligible
when 6,/d,, — 0, making the interface appear flat. With increasing ratio 6/d,, the interfacial fluid volume fraction
increases as the concave curvature of the sphere leads to comparatively less solid than fluid under the filter kernel. For
8¢/d, < 0.5, the variation of a7, with 67/d,, is linear and may be fitted by z; = 0.5 + 1.7 107! x (64/d,,). Note that
this fit applies for the triangle kernel only. Although not shown here, other kernels yield different fits.

Solving the Poisson equation (23) may be forgone in unbounded and dilute particulate flows. In such flows,
the particles appear isolated as particle-particle and particle-wall contact is negligibly rare. Thus, the fit ay; =
0.5 +0.176 x (67/d,) can be directly injected in equation @ to speed-up the calculation of the residual stresses
without solving the volume fraction equation (23).

In contrast, configurations where particle-particle and particle-wall contact are encountered lead to non-trivial
volume fraction fields. In these cases, the interfacial volume fraction a/,; varies on the surface of the particle. Most
notably, a; drops considerably at the particles-particle and particle-wall contact points. Figure@illustrates this effect
in the cases of a spherical particle contacting another spherical particle of equal diameter or a flat wall. The figure
shows the fluid volume fraction field a for the filter sizes 6, = (1/4) X d,,, (1/8) x d,,, and (1/16) X d,. In all these
cases, ay reduces considerably at the contact point between solids. Consequently, the residual stresses in equation
(21) from the contact region also reduce.

2.5. The smearing length and surface density function

Similar to the interfacial volume fraction a/,;, the smearing length ¢ is another geometric property of the interface
that depends on the local interface curvature, shape, and size of the filter kernel [§]. It appears in the coupling term in
the mixture equation (3) and in the residual stresses in (ZI). As such, it must be computed carefully to yield accurate
results in this PR-DNS strategy.
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Figure 5: Variation of the smearing length with interface resolution for an isolated spherical particle. The red dashed line is the fit £/6; =
0.5 +8.331072 x (67/dp) — 6.80 1072 x (6/d,,)*.

The smearing length is tightly connected to the surface density function,

N
(x) = Z f G(y — x)dS (26)
p=1

yes,

which has dimensions of inverse of length. Integrating X over the entire domain gives the total interfacial area. In the
case of N-monodisperse particles of diameter d,, integrating X gives Nﬂdf,.

The smearing length {(y;) at a location y; on the solid-fluid interface is the inverse of X at that location, i.e.,
£(yp) = (Z(y;)~'. For a perfectly flat interface, £ can be easily evaluated as £ = G013, Using the filter in @ and
, ¢ = 6¢/2 at locations where the interface is flat.

Figure [5| shows the variation of the smearing length ¢ with the ratio 67/d, for an isolated spherical particle with
diameter d,,. With vanishing 6/d,, £ approaches the value for a flat interface G(0)™'/? = 5;/2 as the particle curvature
becomes negligible on the scale of the filter kernel. For larger values of 6¢/d, but less than 0.5, the fit £/6; =
0.5+8.331072 x (67/d,) — 6.80 1072 X (6;/d,,)* provides a good approximation of the smearing length.

3. Numerical implementation

Having addressed the theoretical background in §2] we now address the numerical implementation of the method.
Our strategy relies on iterative Adams-Moulton and Crank-Nicolson schemes to update particle and fluid solutions
from time stage n to n+ 1, respectively. This a robust second-order procedure that we have used in [8] to implement the
volume-filtering immersed boundary method, and in [14] and [15] to implement shear-periodic boundary conditions
and Euler-Euler solvers for particle-laden flows, respectively.

In the following, we describe the procedure to advance the solution from time stage n to n + 1 when accounting
for the resolved particles:



Step 0. Before initiating any sub-iterations, we start by setting the quantities at sub-iteration k = 0 and time level
n + 1 to the old values at time level n:

n+l n

wy” = u" (fluid velocity)

pett = p" (fluid pressure)

x’;,jrol = x}, (particle centroid position)

u';,jrol = u}, (particle centroid velocity)

w;})l = ), (particle centroid angular velocity)

Next, we increment the counter k and initiate the sub-iterations.

Step I (Particle Solver). Insteps 1.1 to 1.5, we integrate forward the particle-phase equations (I)) — (3) and update the
particle boundaries.

Step 1.1 In this step, we determine the hydrodynamic force F Z,;l,k and torque T Z;Sk applied on a particle “p”
using data from the previous sub-iteration k and time level n + 1. Discretizing the integrals in equation with the
mid-point rule gives:

n+l
Fipw = (), A @7
1€S, ’
n+l
T = D0t —xpihx(nzp) A, (28)
t

where the set S, represents the elements of the surface mesh of this particle, x, represents the centroid of element 7, n,
the normal pointing from the solid to the fluid at x,, and A, the associated surface area. Recall that the hydrodynamic
stresses have resolved and subfilter components (§2.3)), such that,

(mr)y = (nem)y o+ (mem) s (29)
(n- ?f)’t’;l = |t (Vuz“ + (Vuz“)T) . (30)
| 1
n+ N
(n ’ T})t,k = 22+1|t ;lg'l’ 3D
t

where (-)|; denotes quantities evaluated at x, using second order trilinear interpolations. The term fl”,:r !'is computed in
Step 2.2 of the prior sub-iteration.
Step 1.2 Next, we update the particle centroids with a second order Adams-Moulton method,

Xl o= xp+ At (32)
At (1

wiby = wpe 2t S (R B e @)
P
At (1

n+1 n n+1 n

Wil = wp+,—{5(Th,;,k+Th,p)} (34)
V4

Step 1.3 In this step, we update the centroids of the surface elements on each particle. This amounts to solving
the rigid body equations,

d—t(x, —Xp) = W, XX —Xxp) (35)
d
d_tn' = WX (36)
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for all surface element centroids x; and normals n, on a particle “p”. Integrating equations (33)) and (36) must be
carried out with great care to avoid unphysical deformation of the partlcles. For this reason, we solve these equations
exactly which yields the following updates,

1 1
Xl = Xpgr T Rp(AD( — X)), (37
1
mi = Ry(Ann,,. (38)
Here, R ,(Ar) denotes a rotation matrix with axis wﬁlﬂ / ‘“Z}le angle § = Atw:jcil, and where “’7»}11 = ‘”erkln . w’;}}Ll .
The product between R, (Ar) and an arbitrary vector a is easily evaluated using the formula
wn+l n+l a) a)n+1
. 1 s yay
R,(Ana = cos(B)a +sin(0)—="= x a + (1 - cos(f)) —=—— L= (39)
P+ W kvl " Dpgsl
Step 1.4 Next, we update the surface density function X,
1
@ =) Y AGE-xtl) (40)

p tes,

The procedure to build the filter kernel G(x — x”*! ) on the fluid grid is described in detail in §3.3.2 of [8].

t.k+1
Step 1.5 The final step of the particle solver consists in computing the new fluid volume fraction a%{rl by solving

the following Poisson equation:

n+1 n
Vi, = V- [Z D i AGE - x,:k‘m] (1)
p teS,

Further details can be found in [8]].

Step 2 (Fluid Solver). In the next steps, we advance the fluid velocity and pressure to n + 1 using a predictor-corrector
approach.
Step 2.1 We start by computing an intermediate flow field using a Crank-Nicolson method:

it =u" + AVt + AtM( @+ u")) + AtaM ( @+ ”“)) (42)
where M represents the momentum operator,
M@) = -V - (un) + szu. (43)

The Jacobin dM/0u allows the treatment of the non-linearity with a Newton-Raphson method [1} 22].
Step 2.2 Next, we compute a second intermediate velocity that accounts for the interphase-momentum coupling
term,

~n+1 v+l n+1
oy =Wy + AF (44)
where the last term is discretized as
n+1 n+1 n+l n+l
Fii = ZZ( S G — X)) (45)
p teS,
and the forces t”l:’ +11 on the centroids of the surface elements are
un+1 _ ﬁ’”l
n+l _ tk+1 k+11¢
i = pr =R, (46)
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n+l

Note that, rigid body dynamics dictate that the velocities u;;

at the centroid x, of triangular surface elements are

n+l _ . n+l n+1 n+l1 n+l
U1 = Upprl + Wy k1 X (xt,k+l - xp,k+l) . 47)

Step 2.2 Next, we find the pressure at sub-iteration k£ + 1 and time-level n + 1 by solving the pressure-Poisson

equation for ¢ = pit! — pi*!,

Pig on
V2 = A_ftv ! (48)

Step 2.3 Finally, we apply the pressure correction to get a divergence-free solution:

P o= i+ (49)
At

un+l — ﬁn+1 _ —V¢ (50)
fk+1 fik+1 Pf

Step 3. : Repeat steps 1-2 until k = kpqx-
Although, in principle, the iterative procedure should be carried for a large number of sub-iterations [1}, 22], we
have found that kn,x = 2 is sufficient to yield accurate results as we show next.

4. Numerical examples

4.1. Flow past a sphere and the role of sub-filter stresses

In this section, we discuss the relative importance of resolved and residual stresses on the hydrodynamic force
exerted on a particle. For this purpose, we consider the flow past a sphere of diameter d, at Reynolds number
Re = Ud,/v = 25 up to 300, where U is the upstream velocity. The numerical configuration is identical to the one
used in [§]. The computational domain is long by 264, in the flow direction, and by 16d,, in the other two directions.
The sphere is located at a distance 6d,, from the inlet.

We perform simulations at three resolution levels: a coarse resolution with 67 = (1/3)d,,, an intermediate resolu-
tion with 6y = (1/6)d),, and a fine resolution with 6y = (1/9)d,,. In all cases, we ensure that the filter kernel is resolved
with 4 grid points, i.e., Ax = ¢¢/4. This is sufficient to converge the results with respect to Ax [8]. In terms of the
ratio d,/Ax, we get 12, 24, and 36 for the coarse, intermediate and fine resolutions, respectively. In addition, we use
a Delaunay triangulation with typical element size A; ~ 6,/8 to discretize the surface of the particle. We carry the
integration until 20 X d,,/ U, by which point the flow becomes steady.

Figure [6a] shows the predicted drag coefficient with the present PR-DNS strategy for Reynolds numbers be-
tween Rep = 25 and 300. The numerical results compare very well with the Schiller-Naumann correlation Cp =
(24/Re) x (1 + 0.15 Re®%%"), the body-fitted simulations of Johnson and Patel [12] (JP), and the experiments of Roos
and Willmarth [24] (RW) for the full range of Reynolds numbers considered. The agreement is good even at the
lowest resolution 6, = (1/3)d,,, yielding values of the drag that are within 15% of the Schiller-Naumann correlation.
This agreement improves with increasing resolution such that the deviations from the Schiller-Naumann correlation
drop to within 2% at 6 = (1/9)d,.

The contributions of the resolved drag and residual drag are shown in figures and |6d| for the cases with
coarse, intermediate, and fine resolution, respectively. In general, the drag due to residual stresses exceeds the drag
resulting from the filtered stresses. Based on the data in figures[6bH6d] the Reynolds number does not seem to have an
impact on the relative contributions of the resolved and residual drag. However, as the ratio d/d,, decreases, which
indicates better resolution of the surface, the discrepancy between the relative contributions of the resolved and filtered
drag reduces. Figure[6d|suggests that in the limit 6;/d, < 1, both resolved and residual drag have equal contributions.

4.2. Unbounded settling

We now consider the settling of a single particle in an initially quiescent flow. The present simulations are the
numerical analogous of the experiments carried out by Mordant and Pinton [20]. Two non-dimensional numbers

control the settling behavior, the density ratio p,/py and the Galileo number Ga = /(p,/ps — l)gd;’ /v. For this
12
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Figure 6: Variation of the drag coefficient with Reynolds number in PR-DNS with a fixed sphere. Figure@shows the predicted drag converges

towards the Schiller-Naumann correlation with improving resolution of the particle. Figures@-@shows the relative contributions of the resolved
and residual drag at the resolution 6 /d), = 1/3, 1/6, and 1/9, respectively.
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Figure 7: Evolution of the settling velocity of a single particle in an unbounded domain at (a) p,/py = 2.56 and Ga = 255.35, (b) pp/ps = 7.71
and Ga = 206.17, and (c) p,/ps = 2.56 and Ga = 49.12. Dashed line correspond to simulations with the present PR-DNS strategy at varying filter
size. The solid black lines correspond to the experimental data from Mordant and Pinton [20].
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Table 1: Comparison of the Froude number Fr = v, o/ 1/gd),, Reynolds number Re = v, cd),/v, and normalized characteristic time 795 1/g/d,
from the present simulations and the experiments of Mordant and Pinton [20].

Ga Pplps 5¢/d, d,/Ax Vpoo! \/@ Vpolp/V  T9s+/gld,
Present 255.35 2.56 1/3 12 1.79 365.35 11.85
Present 1/4 16 1.80 367.44 11.18
Present 1/6 24 1.79 365.47 10.97
Experiments [20] - - 1.80 367.41 11.48
Present 206.17 7.71 1/3 12 3.60 286.61 13.48
Present 1/4 16 3.60 286.32 12.75
Present 1/6 24 3.60 286.39 12.44
Experiments [20] - - 3.57 284.04 11.96
Present 49.12 2.56 1/3 12 0.99 38.96 7.68
Present 1/4 16 1.02 40.01 7.49
Present 1/6 24 1.04 41.07 7.37
Present 1/8 32 1.06 41.60 7.27
Experiments [20] - - 1.06 41.63 7.70

comparison, we focus on three well-characterized cases in [20] which yield the pairs (p,/p = 2.56, Ga = 255.35),
(op/p =7.71,Ga =206.17), and (p,/p = 2.56,Ga = 49.12).

We perform simulations in a fully periodic domain with gravity applied along the y-direction. In the horizontal
plane, the domain has dimensions 8d,-by-8d,,. In the vertical direction, the domain is long by 60d,, for the cases at
Ga = 255.35 and Ga = 49.12 and by 90d,, for the case at Ga = 206.17. The discretization is uniform and depends
on the filter size 6y as we maintain 6;/Ax = 4 in all cases. The coarsest filter size we consider is 6, = (1/3)d),
which yields 12 grid points across the diameter and grid sizes 96 X 720 x 96 and 96 x 1080 x 96. The simulation
with finest filter has 6, = (1/8)d,, resulting in 32 grid points across the diameter and grid sizes 256 x 1920 x 256
and 256 x 2880 x 256. The other filter sizes we consider are 6y = (1/4)d, and 6y = (1/6)d,, which yield 16 and
24 grid points across the diameter, respectively. We also apply a forcing that maintains a constant mass flow rate in
the vertical direction. This forcing represents a Galilean invariant transformation [30] and is necessary since in our
formulation gravity applies explicitly in the governing equations of both fluid and solid phases. All simulations are
carried out until # X /g/d, =35 .

Figure (7| shows time series of the normalized vertical particle velocity v,/ \/ngp for the three cases at (p,/p =
2.56,Ga = 255.35), (p,/p = 7.71,Ga = 206.17), and (p,/p = 2.56,Ga = 49.12). The agreement between PR-DNS
and experiments of Mordant and Pinton [20] is excellent both during the acceleration phase and the steady state,
even at the lowest filter size 6y = (1/3)d,. The agreement improves with decreasing d, which also demonstrate the
convergence of the method under filter size refinement.

For a more quantitative comparison, we report in table EI the normalized terminal velocity v, o/ \/ngp (which is
also equal to the Froude number Fr), terminal Reynolds number Re = v, d,/v, and normalized time taken by the
particle to reach 95% of its terminal velocity T9s /g/d,. At 6¢ = (1/3)d,, the difference in terminal settling velocity
between the experiments and simulations is about 0.6%, 0.9%, and 6.4% for the cases at Ga = 255.35, 206.17, and
49.12, respectively. At 6y = (1/6)d,,, the discrepancy between experiments and simulations drops to 0.5%, 0.8%, and
1.3% in these three cases. For the case at Ga = 49.12, further improving the resolution with 6y = (1/8)d,, reduces the
discrepancy in settling velocity to about 0.07%. The characteristic times 795 computed from the present simulations
also agree very well with the experimental values as shown in table

If one considers the simulations to be converged when the terminal velocity is predicted within 5% of the reference
values, then this is achieved with the present strategy for relatively coarse simulations: with 6, = (1/3)d, (i.e.,
dp/Ax = 12) for the cases at Ga = 255.35 and 206.17, and 6 = (1/4)d,, (i.e., d,/Ax = 16) for the case at Ga = 49.12.

4.3. Low density ratio and neutrally buoyant particles

To show the robustness of the force calculation using equation (22)) for particles with low density ratios, we revisit
the case of a freely settling particle from the previous section. We consider 6 cases where p,/py is progressively
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Figure 8: Particle settling velocity at low density ratios.

reduced from 2.56 to 1.0. The case at p,,/py = 2.56 is the one previously analyzed in and for which Ga = 49.12.
The case where p,/ps = 1 corresponds to a neutrally buoyant particle. Save for the varying particle density, the
particle diameter, fluid density, viscosity and gravity are identical in the all these cases. The numerical parameters are
also identical in all cases, with 6, = (1/4)d,,.

Figure[§]shows a time series of the particle vertical velocity. All runs converge and are stable. This includes cases
where p,/py < 1.2, which are known to diverge using force calculation methods based on integrating the flow inside
the particle [32].

As one expects, figure 8| shows that the particle terminal velocity reduces with p,/ps. In the case p,/py = 1, the
particle vertical velocity remains identically zero during the entire run, as one would expect for a neutrally buoyant
particle. In this case, the buoyancy force and gravity balance exactly preventing any motion of the particle.

4.4. Settling under confinement

For a more quantitative validation of the approach at low density ratios, we reproduce numerically the exper-
iments of ten Cate et al. [29]. In the latter, a 15mm sphere with density 1120kg/m? is placed in a box of size
100mmx160mmx100mm filled with a viscous fluid. ten Cate et al. [29] consider four cases where the fluid density
and viscosity are varied to yield (o; = 970kg/m?, iy = 373x107° Ns/m?), (oy = 965kg/m?, uy = 212x 1073 Ns/m?),
(oy = 962kg/m3,u; = 113 x 1073 Ns/m?), and (o; = 960kg/m> u; = 58 x 1073 Ns/m?). In terms of non-
dimensional number, these cases correspond to the pairs (p,/p = 1.155,Ga = 5.88), (p,/p = 1.160,Ga = 10.55),
(op/p = 1.164,Ga = 19.85), and (p,/p = 1.167,Ga = 26.53). While the density ratio p,/ps ~ 1.1 does not vary
significantly in these four cases, it is the variation of the Galileo number that leads to faster or slower particle settling.

Figure[9shows the enclosure and sphere upon initialization in our numerical analogue. Similar to the experiments,
the enclosure has dimensions 6.67d, x 10.67d, x 6.67d,, and the sphere is initially located at the vertical location
¥p = 8.5d,, from the bottom. Note that both sphere and enclosure walls are all represented with the volume-filtering
immersed boundary method presented here and in our prior study [8]. The simulation domain is 7.5d,x11.5d,x7.5d,,,
which is slightly larger than enclosure, which allows us to compute the solid volume fraction within the solid enclosure
as well as within the particle using equation (23). In these simulations, the resolution is 6; = (1/6)d,,, which yields
24 grid points across the particle diameter.
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Figure 9: Configuration for the comparison with the experiments of ten Cate et al. showing the initial location of the sphere at height
yp = (8.5)d, from the bottom. The gray transparent surface corresponds to the isocontour @y = 0.5. Both particle and enclosure walls are
represented with the same volume-filtering immersed boundary method.

6.67x d,

Figure [T0] shows the settling of the sphere for the cases at Ga = 19.85 and Ga = 26.53. After a short transient,
the spheres reach their terminal settling velocity. Once the particles are within ~ d,, from the bottom wall, they start
decelerating until collision occurs, which we handle using a basic soft-sphere collision model, namely, the linear
spring-dashpot model [6].

Figure [ T]shows a comparison of the particle settling velocity and normalized height from the present simulations
with §; = (1/8)d,, and the experiments of [29]. As one can see from the figures, the agreement is very good throughout
the entire trajectory of the particle and in all four cases. This demonstrates the capacity of the present strategy to
capture the dynamics of particle-laden flows at low density ratios with high-fidelity.

5. Conclusion

We developed a computational strategy for high-fidelity simulations of flows laden with fully resolved particles.
This approach is robust, stable, and reproduces experimental benchmarks with high accuracy for a wide range of
particle-to-fluid density ratios. In particular, the method is stable for low-density ratio and neutrally buoyant particles
without any special treatment.

To build the mathematical framework of this method, we used the well-established volume-filtering method [2]]
to derive filtered equations, which we then integrate numerically. This modeling approach is well-established in the
multiphase flow community, and has been previously used to derive Euler-Lagrange models for particle-laden flows.
In those prior studies, the filter width ¢ is assumed to be much larger than the particle size d,, to justify the point-
particle view of the disperse solid phase. In the present work, we adopt the opposite limit 6y < d,,. This makes the
particle geometry, boundary layer surrounding the particle, and all other flow features well-resolved by the filter. This
approach requires no closures and offers the highest possible fidelity for simulations of particle-laden flows.

Our method shows excellent agreements with benchmark experimental data for cases with fixed and moving
particles. In our tests, a coarse filter 6; = (1/3)d, is often times sufficient to get the drag force within 10% of the
reference values. Since we ensure that Ax = 6¢/4, this coarse filter yields 12 grid points across the particle diameter.
The agreement with the reference values falls within 1 or 2% when using a fine filter, such as 6, = (1/8)d, which
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Figure 10: Normalized velocity magnitude at different non-dimensional times * = 1 x /g/d, for the case at (a) (p,/p = 1.164,Ga = 19.85) and
(b) (pp/p = 1.167,Ga = 26.53). The gray regions are those where a; > 0.5, thus corresponding to the solid phase.
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yields 32 grid points across the particle diameter. We verified these results in benchmark cases of flow past a fixed
sphere at various Reynolds numbers, settling spheres in an unbounded medium, and settling spheres in a confined box
at density ratios p,/py ~ 1.1 and different Galileo numbers .

We also showed the importance of the filtered and residual drag. These two contributions have not been considered
in prior PR-DNS methods, but arise organically in the volume-filtering framework. We showed that the total drag
exerted on a particle has two contributions originating from the filtered fluid stress tensor T and from the residual
tensor T = 7 — 7. When 6¢/d,, is vanishingly small, the residual drag accounts for at least 50% of the total drag. For
small but intermediate filter sizes such as 6y = (1/3)d, or 6; = (1/4)d,, the residual drag is greater than the filtered
drag, although the two contributions have similar order of magnitude. This is to be contrasted with Euler-Lagrange
methods, i.e., the limit where 6y > d,, where the total drag is often assumed to be completely dominated by the
residual drag.
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