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We study the problem of two harmonically trapped atoms in the presence of spin-orbital-angular-
momentum coupling. The two-body energy spectrum is numerically calculated by utilizing the
exact diagonalization method. We analyze how the degeneracy of energy levels is lifted under the
interplay between the interatomic interaction and spin-orbital-angular-momentum coupling. The
exact numerical results show an excellent agreement with that of perturbation theory in the weak-
interaction limit, as well as that in the absence of spin-orbital-angular-momentum coupling. The
properties of correlations between the two atoms are also discussed with respect to the interaction
strength. The findings in this work may provide valuable insights into few-body physics subjected
to spin-orbital-angular-momentum coupling, and the possible experimental detection of spectrum
functions in many-body systems, such as radio-frequency spectroscopy.

I. INTRODUCTION

The coupling between the orbital angular momentum
L of a charged particle and its spin S, known as the LS
coupling, plays a fundamental role in few-body physics.
In atomic physics, LS coupling contributes to the fine
structure of atomic spectra, and explains the splitting of
spectra lines into multiple components in the presence
of an external magnetic field [1]. In nuclear physics, LS
coupling provides a dominant interaction mechanism in
understanding the nuclear structure in the framework of
the shell model [2]. Taking a broader perspective, the
spin-orbit (SO) coupling lies at the heart of many-body
physics in condensed matters, influencing the band struc-
ture, electronic transport properties, and emergent phe-
nomena such as topological insulators [3, 4]. Understand-
ing and controlling SO coupling in materials are essential
for advancing technologies such as spintronics, topologi-
cal materials, and quantum computation.
In recent decades, the successful realization of SO cou-

pling in cold bosonic and fermionic atoms provides a
remarkably flexible playground to study these fascinat-
ing phenomena closely associated with SO coupling in
a highly controllable way [5–7]. Though the SO cou-
pling has been intensively studied both experimentally
and theoretically in cold atoms during past years [5–
37], it is until very recently that the type of LS cou-
pling, or say spin-orbital-angular-momentum (SOAM)
coupling [38–45], is just achieved in the experiments with
cold atoms [46–48] and has stimulated fruitful studies of
such an intriguing quantum system [49–57]. Unlike the
situation in condensed matter physics that the SOAM
coupling of electrons is a relativistic effect and much
weaker than the Coulomb interaction, the energy scale
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of SOAM coupling realized in cold atomic experiments
could be comparable to that of interatomic interactions
and even to the many-body characteristic energy scale.
This challenges the conventional perturbation theory for
calculating the few-body energy spectrum in dealing with
SOAM coupling. As a consequence, the difficulty may
lie, for example in the two-body problem, that the sep-
aration between the center-of-mass and relative motions
is not straightforward even in the Hamiltonian, posing
significant challenges for theoretical treatment.

In this work, we theoretically study the problem of
two harmonically trapped atoms in the presence of the
type of SOAM coupling achieved in recent experiments
with 87Rb atomic gases [46–48]. An unperturbed theo-
retical framework is developed for solving the two-body
Schrödinger equation. By taking into account a tunable
interaction potential and the SOAM coupling, the energy
spectra and eigenfunctions of two atoms in a harmonic
trap are numerically calculated by solving the derived
secular equation via the approach of exact diagonaliza-
tion. We demonstrate the intrinsic mechanism under-
lying the elimination of degeneracy in two-body energy
levels due to the interplay between the interatomic in-
teraction and SOAM coupling. Our numerical results
show excellent consistency with that in the limit without
SOAM coupling, as well as that of perturbation theory in
the weak-interaction limit. We further introduce a corre-
lation function and find that the correlations between the
two atoms are significantly modified by SOAM coupling.

The rest of the paper is organized as follows. The
model single- and two-body Hamiltonians are introduced
in Sec. II. In Sec. III, we introduce the single-body prob-
lem and show the expressions of the single-body wave-
functions as well as the eigenenergies. In Sec. IV, we
further discuss the two-body problem and develop a sec-
ular equation for the eigenenergy and eigenfunction in
the presence of SOAM coupling. Finally in Sec. V, our
numerical results and findings are present. We first jus-
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tify the numerically calculated energy spectrum without
SOAM coupling by comparing it with the analytic result.
We then illustrate the energy spectrum as well as an in-
troduced correlation function in the presence of SOAM
coupling, and discuss the role of interaction potential and
SOAM coupling. A summary is given in Sec. VI.

II. HAMILTONIAN

The SOAM-coupling effect has been achieved in
bosonic 87Rb atoms by using a pair of copropagating Ra-
man beams operated in Laguerre-Gaussian (LG) modes
with opposite angular momenta [46–48]. The external

orbital angular momentum of atoms changes when tran-
sitioning between two internal ground hyperfine states.
It leads to a so-called Raman-induced SOAM coupling,
which is effectively described by the Hamiltonian [48]

Ĥ = Ĥho + Ω(r) σ̂x − n~

mr2
l̂zσ̂z +

(n~)
2

2mr2
, (1)

at resonance with a vanishing two-photon detuning.
Here, Ĥho = −~

2∇2/2m + mω2r2/2 is the Hamilto-
nian of a harmonic oscillator with trapping frequency ω,

Ω (r) = ΩR (r/w)
2|n|

e−2r2/w2

is the effective transverse
Zeeman field with the coupling strength ΩR and the waist
w of LG beams. n is the angular momentum transferred
from LG beams to atoms during the Raman process.
We have adopted the polar coordinate r = (r, ϕ), and

l̂z = −i~∂ϕ is the angular momentum operator and σ̂x,z
are Pauli matrices. Apparently, the key feature of SOAM

coupling is characterized by the term l̂zσ̂z. In the exper-
iment [48], the waist of LG beams is about 63µm, much
larger than the size of condensate, i.e., r ≪ w. Thus
the effective transverse Zeeman field Ω (r) experienced
by atoms is considerably weak and negligible within the
length scale of the atomic cloud. As a result, the single-
body Hamiltonian in the presence of SOAM coupling can
be further simplified to be [50]

Ĥ = − ~
2

2mr

∂

∂r
r
∂

∂r
+

1

2
mω2r2 +

(

l̂z − n~σ̂z

)2

2mr2
, (2)

which captures the key feature of SOAM coupling.
The two-body Hamiltonian takes the form of

Ĥ =

2
∑

i=1

Ĥi + Û (r1, r2) , (3)

where Ĥi is the single-body Hamiltonian of the ith
atom, and Û (r1, r2) is the two-body interaction poten-
tial. Here, we consider an interaction existing in the spin-
singlet channel, i.e.,

Û (r1, r2) = V (r12) |0, 0〉 〈0, 0| , (4)

where we have introduced

|0, 0〉 ≡ |S = 0, Sz = 0〉 = 1√
2
(|↑↓〉 − |↓↑〉) , (5)

with the total spin S = 0 and the corresponding mag-
netic quantum number Sz = 0 along the z axis. V (r12)
depends only on the distance r12 = |r12| ≡ |r1 − r2| be-
tween atoms.

III. SINGLE-BODY PROBLEM

For a single atom, it is easily found that the angular

momentum l̂z is conserved as well as the spin σ̂z along
the z axis. Thus the single-body problem can be solved
for given angular momentum and spin. The associated
single-body wave function is then written as

|ψlσ〉 = ulσ |l, σ〉 , (6)

with

〈ϕ|l, σ〉 = eilϕ√
2π

|σ〉 , (σ =↑, ↓) . (7)

In the spatial representation, we have

ψlσ (r) = 〈r|ψlσ〉 = ulσ (r)
eilϕ√
2π

|σ〉 . (8)

After inserting Eq. (8) into the single-body Schrödinger

equation Ĥψlσ (r) = εψlσ (r), we obtain the radial equa-
tion satisfied by ulσ (r), i.e.,

[

d2

dξ2
+

1

ξ

d

dξ
− (l ∓ n)

2

ξ2
+

(

2ε

~ω
− ξ2

)

]

ulσ = 0, (9)

with ξ = r/aho and aho =
√

~/mω, which is the stan-
dard radial equation of a two-dimensional (2D) harmonic
oscillator, but with the angular momentum number l∓n
corresponding to the spin σ =↑, ↓, respectively. The ex-
plicit form of the radial wave function uklσ (r) is

uklσ (r) = Nklσ

(

r

aho

)|l∓n|

e−r2/2a2

hoL
|l∓n|
k

(

r2

a2ho

)

,

(10)
and

Nklσ =
1

aho

√

2 · k!
(k + |l ∓ n|)! (11)

is the normalization coefficient. Here, Ll
k (·) is the asso-

ciated Laguerre polynomials. Finally, the eigenstates of
the single-body problem are characterized by three quan-
tum numbers, i.e., the principle quantum number k, the
angular quantum number l, and the spin σ, i.e.,

ψklσ (r) = uklσ (r)
eilϕ√
2π

|σ〉 . (12)

The corresponding eigenenergy is

εklσ = (2k + |l ∓ n|+ 1) ~ω. (13)

Here, we recall that ”−,+” corresponds to the results of
spin σ =↑, ↓, respectively.
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IV. TWO-BODY PROBLEM

Unlike the situation in the absence of SOAM coupling,
the center-of-mass and relative motions of two atoms are
coupled by SOAM coupling, even in the Hamiltonian.
The angular part of a two-body state is characterized by
four quantum numbers, i.e., {l1z , l2z; s1z, s2z}, where liz
and siz are respectively the orbital angular momentum
and the z-axis spin projection for the ith atom. However,
they are not good quantum numbers in the presence of

interaction. Obviously, Û does not commute with l̂iz,
and it flips the spin as well, for example,

Û |↑↓〉 = V (r12)

2
(|↑↓〉 − |↓↑〉) . (14)

Fortunately, the projection of the total spin S on the
z axis, i.e., Sz, is conserved by the interaction. This
is easily seen by expanding the two-body Hamiltonian
in the spin basis {|↑↓〉 , |↓↑〉 , |↑↑〉 , |↓↓〉}. We find that
the two-body Hamiltonian is diagonalized in three blocks
corresponding to Sz = 0,±1 respectively, i.e.,

Ĥ =













Ĥ
(0)
↑↓ + V/2 −V/2 0 0

−V/2 Ĥ
(0)
↓↑ + V/2 0 0

0 0 Ĥ
(0)
↑↑ 0

0 0 0 Ĥ
(0)
↓↓













, (15)

where we have

Ĥ
(0)
↑↓ =

∑

i

Ĥi,r +

(

l̂1z − n~
)2

2mr21
+

(

l̂2z + n~
)2

2mr22
,(16a)

Ĥ
(0)
↓↑ =

∑

i

Ĥi,r +

(

l̂1z + n~
)2

2mr21
+

(

l̂2z − n~
)2

2mr22
,(16b)

Ĥ
(0)
↑↑ =

∑

i

Ĥi,r +

(

l̂1z − n~
)2

2mr21
+

(

l̂2z − n~
)2

2mr22
,(16c)

Ĥ
(0)
↓↓ =

∑

i

Ĥi,r +

(

l̂1z + n~
)2

2mr21
+

(

l̂2z + n~
)2

2mr22
,(16d)

with

Ĥi,r = − ~
2

2mri

∂

∂ri
ri
∂

∂ri
+

1

2
mω2r2i . (17)

Especially, the interaction is involved in the subspace of
Sz = 0 as anticipated. Therefore, it is reasonable to
consider the two-body solution in the subspace of Sz = 0,
i.e., {|↑↓〉 , |↓↑〉}, while the solutions in the subspaces of
Sz = ±1 are simply ones of free atoms. In the subspace
of Sz = 0, the Hamiltonian takes the explicit form of

Ĥ =

[

Ĥ
(0)
↑↓ + V (r12) /2 −V (r12) /2

−V (r12) /2 Ĥ
(0)
↓↑ + V (r12) /2

]

. (18)

In addition, the total orbital angular momentum L̂z =

l̂1z + l̂2z is also conserved. This can be seen as follows.
The two-body potential V (r12) can be decomposed as

V (r12) =

∞
∑

l=−∞

Vl (r1, r2) e
−il(ϕ1−ϕ2), (19)

with

Vl (r1, r2) =

∫

rdrV (r)

∫

kdkJ0 (kr)Jl (kr1)Jl (kr2) ,

(20)
in terms of the Bessel functions of the first kind Jn(x)
(see the details in Appendix A). Then we have the com-

mutation relation between l̂iz and V (r12) as

[

l̂iz , V (r12)
]

= −i~ ∂V
∂r12

∂r12
∂ϕi

, (21)

which leads to

[

L̂z, V (r12)
]

= 0. (22)

As a consequence, the angular part of the two-body wave
function is alternatively described by another four quan-
tum numbers {lz ≡ (l1z − l2z) /2, S;Lz, Sz}, in which Lz

and Sz are conserved. In the following, we are going to
solve the two-body problem in the subspace of Lz = 0
and Sz = 0, and it gives l1z = −l2z ≡ l. The two-body
wave function may be written as

Ψ (r1, r2) = ψ↑↓ (r1, r2) |↑↓〉+ ψ↓↑ (r1, r2) |↓↑〉 . (23)

By inserting the two-body wave function Eq. (23) into
the Schrödinger equation, we obtain

[

Ĥ
(0)
↑↓ + V/2 −V/2
−V/2 Ĥ

(0)
↓↑ + V/2

]

[

ψ↑↓

ψ↓↑

]

= E

[

ψ↑↓

ψ↓↑

]

. (24)

Regarding the spatial wave functions, we may expand
them in the non-interacting basis as

ψ↑↓ (r1, r2) =
∑

k1k2l

Ak1k2

l uk1

l,↑ (r1)u
k2

−l,↓ (r2)
eilφ√
2π
, (25)

and

ψ↓↑ (r1, r2) =
∑

k1k2l

Bk1k2

l uk1

l,↓ (r1) u
k2

−l,↑ (r2)
eilφ√
2π
. (26)

Recalling l1z = −l2z ≡ l at the given total angular mo-
mentum Lz = 0. Here, we have defined φ ≡ ϕ1−ϕ2. Af-
ter substituting these wave functions back into Eq. (24),
we obtain the following secular equation,
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{

2~ω

[

(k1 + k2 + |l − n|+ 1)⊗ I 0
0 (k1 + k2 + |l + n|+ 1)⊗ I

]

+

[

V
(↑↓)(↑↓) −V

(↑↓)(↓↑)

−V
(↓↑)(↑↓)

V
(↓↑)(↓↑)

]}[

A

B

]

= E

[

A

B

]

, (27)

with

V(↑↓)(↑↓)

(k1k2l)(k′

1
k′

2
l′)

≡
∫∫

[

uk1

l,↑ (r1)u
k2

−l,↓ (r2)
Vl′−l (r1, r2)

2
u
k′

1

l′,↑ (r1)u
k′

2

−l′,↓ (r2)

]

r1r2dr1dr2, (28a)

V(↑↓)(↓↑)

(k1k2l)(k′

1
k′

2
l′)

≡
∫∫

[

uk1

l,↑ (r1)u
k2

−l,↓ (r2)
Vl′−l (r1, r2)

2
u
k′

1

l′,↓ (r1)u
k′

2

−l′,↑ (r2)

]

r1r2dr1dr2, (28b)

V(↓↑)(↓↑)

(k1k2l)(k′

1
k′

2
l′)

≡
∫∫

[

uk1

l,↓ (r1)u
k2

−l,↑ (r2)
Vl′−l (r1, r2)

2
u
k′

1

l′,↓ (r1)u
k′

2

−l′,↑ (r2)

]

r1r2dr1dr2, (28c)

V(↓↑)(↑↓)

(k1k2l)(k′

1
k′

2
l′)

≡
∫∫

[

uk1

l,↓ (r1)u
k2

−l,↑ (r2)
Vl′−l (r1, r2)

2
u
k′

1

l′,↑ (r1)u
k′

2

−l′,↓ (r2)

]

r1r2dr1dr2, (28d)

and the identity matrix I. It is easy to verify the relation
[

V
(↑↓)(↓↑)

]†

= V
(↓↑)(↑↓). The concerned two-body spec-

trum E as well as the wave functions are then obtained
by numerically solving Eq. (27).

V. NUMERICAL RESULTS

For the convenience of numerical calculations, we
choose a spherical-square-well (SSW) potential as the in-
teraction potential, i.e.,

V (r12) =

{

−V0, 0 ≤ r12 ≤ ǫ,

0, r12 > ǫ,
(29)

with the depth V0 > 0 and an interaction range ǫ. The
advantage of this choice lies in avoiding the complex reg-
ularization of the zero-range model, and capturing the
low-energy behavior of two-body states outside the inter-
action range, which should be universal for cold atoms.

A. Without SOAM coupling

As a self-examination, let us first consider the trivial
system in the absence of SOAM coupling. It recovers
exactly the case of two harmonically trapped atoms as
described in Refs. [58–61]. Here, we take into account
the spin degrees of freedom. This leads to additional
degeneracy of energy levels in the two-body spectrum,
which may be partially lifted when the SOAM coupling
is present later. The center-of-mass (c.m.) motion is
decoupled from the relative motion for two interacting
atoms in a harmonic trap, and the combination of the
c.m. energy Ecm and the relative-motion energy Erel

contributes to the total energy E = Ecm + Erel. Explic-
itly, the c.m. motion energy takes the simple form of a
harmonic oscillator as Ecm = (2nc + |lc|+ 1) ~ω, while
the relative-motion energy is governed by the interaction
in the spin-singlet channel via Eq. (4), and is determined

by the Schrödinger equation

[

− ~
2

2µ
∇2

r +
1

2
µω2r2 + V (r)

]

ψ (r) = Erelψ (r) . (30)

Note that the two-body interaction works only in the
spin-singlet channel, and does not affect the states in
the spin-triplet channel. Here, µ = m/2 is the reduced
mass, and r ≡ r12 is the relative coordinate of two atoms.
Since the orbital angular momentum lr of the relative mo-
tion is a good quantum number, different angular partial
waves are decoupled. Thus the wave function of the rel-
ative motion for the lrth partial wave may be written as
ψlr (r) = u

lr
(r)eilrϕ/

√
2π. After substituting back the

wave function, the radial equation becomes

[

H(lr)
r + V (r)

]

u
lr
(r) = Erelulr

(r), (31)

where H
(lr)
r is the radial Hamiltonian of a 2D harmonic

oscillator, i.e.,

H(lr)
r = − ~

2

2µr

d

dr
r
d

dr
+

~
2l2r

2µr2
+

1

2
µω2r2. (32)

For the self-consistency, we focus on the solution in the
subspace of zero total orbital angular momentum, i.e.,
lc = −lr. In the non-interacting limit, the energy of two
atoms takes the simple form of

E = 2 (nc + nr + |lr|+ 1) ~ω ≡ 2 (N + 1)~ω, (33)

the degeneracy of which is DN = 2 (N + 1)2. Taking
the N = 1 level with E = 4~ω as an example, there are
eight degenerate states in total, each four in the spin-
singlet and spin-triplet channels. Explicitly, these states
are, respectively, corresponding to the quantum numbers
(nc, nr, lr) = (1, 0, 0) , (0, 1, 0) , (0, 0,±1). As the interac-
tion is turned on, only the degeneracies for different en-
ergy levels in the spin-singlet channel are partially lifted,
leaving the degeneracy of lr (for example, the degener-
acy corresponding to lr = ±1 for the N = 1 energy level
remains, as shown in Fig. 1.).



5

0 2 4 6 8 10
0

2

4

6

8

10

4

FIG. 1. (Color online) The energy spectrum of two atoms Ek

in the absence of SOAM coupling as a function of the interac-
tion strength denoted by the depth V0 of a spherical-square-
well potential, calculated by numerically solving Eq. (27) with
n = 0. The blue crosses denote the s-wave energy spec-

trum E = E
(s)
rel + ~ω consisting of the ground c.m. energy

with nc = 0 and the relative energy E
(s)
rel obtained by solving

Eq. (37). The inset zooms in the tiny region near V0 = 8~ω
and Ek = 4~ω to emphasize four spin-triplet and two spin-
singlet states. Here, we have set a relatively small interaction
range ǫ = 0.3aho.

The radial equation of the relative motion in Eq. (31)
can be solved analytically for an SSW potential. Let us
consider the s-wave solution (lr = 0) as an example. The
solution outside the range of the interaction, i.e., r > ǫ,
takes the form of (unnormalized)

u>0 (r) = e−r2/2d2

U

(

−ν, 1, r
2

d2

)

, (34)

where d =
√

~/µω =
√
2aho is the harmonic length for

the relative motion, and ν constructs the s-wave relative-
motion energy as

E
(s)
rel = (2ν + 1) ~ω. (35)

Here, U (a, b, z) is the Kummer function of the second
kind, which satisfies the boundary condition at a large
distance, i.e., u>0 (r → ∞) ∼ 0. Inside the interaction
range, the radial wave function has the form of

u<0 (r) = ce−r2/2d2

M

(

−κ, 1, r
2

d2

)

(36)

with κ = ν + V0/2~ω. Here, M (a, b, z) is the Kummer
function of the first kind, which guarantees the wave func-
tion being finite at r = 0, i.e., u<0 (r → 0) ∼ const 6= 0.
By using the continuity condition of the radial wave func-
tion and its first-order derivative at r = ǫ, we obtain the

equation satisfied by the energy E
(s)
rel

ν
U
(

1− ν, 2, ǫ2/2a2ho
)

U (−ν, 1, ǫ2/2a2ho)
+ κ

M
(

1− κ, 2, ǫ2/2a2ho
)

M (−κ, 1, ǫ2/2a2ho)
= 0.

(37)
After solving Eq. (37), we could depict the total energy

spectrum via E = Ecm + E
(s)
rel for the s-partial wave in

the absence of SOAM coupling.
In Fig. 1, we present the typical two-body energy spec-

trum as a function of the SSW depth V0 in a harmonic
trap. The grey curves indicate the two-body spectrum
obtained by numerically solving Eq. (27) in the absence
of SOAM coupling, i.e., setting n = 0. The blue crosses

denote the s-wave energy spectrum E = E
(s)
rel + ~ω con-

sisting of the ground c.m. energy with nc = 0 and the

relative energy E
(s)
rel obtained by solving Eq. (37). As we

anticipate, the degeneracies of energy levels in the spin-
singlet channel are partially lifted by interaction while
the spin-triplet states remain still. Taking the energy
levels near E = 4~ω for example, there are four degen-
erate states in the spin-triplet channel, which are not
affected by interaction. Instead, four previously degen-
erate states in the spin-singlet channel split into three as
the SSW depth V0 increases, two of which, correspond-
ing to lr = ±1, are still degenerate, see the inset. In the
figure, one can see that these analytical energies denoted
by the blue crosses are in excellent agreement with the
corresponding numerical results via Eq. (27) (i.e., lines
counting for the s-wave case).
For ultracold atoms, the s-wave interaction is usually

parameterized by the universal scattering length. Fol-
lowing Ref. [58], we introduce a 2D scattering length for
the SSW interaction by

ln
a2d
aho

=
J0

(

√

mǫ2V0/~2
)

√

mǫ2V0/~2J1

(

√

mǫ2V0/~2
) − ln

2aho
ǫeγE

, (38)

where γE is the Euler gamma constant, and Jν (·) is
the Bessel function of the first kind, see the detailed
derivation in Appendix B. In Fig. 2, we present the two-
body energy spectrum Ek as a function of this intro-
duced scattering length ln(a2d/aho). Similarly, the solid
curves indicate the total energy including different par-
tial waves obtained by numerically solving Eq. (27), while
the blue crosses denote the analytically derived s-wave

energy spectrum E
(s)
rel + ~ω counting the ground c.m.

energy. Furthermore, the asymptotic behaviour of the

s-wave energy spectrum E
(asy)
k in non-interacting limit

around Ek = 2(k + 1)~ω (k = 0, 1, 2, · · · ) takes an ex-
plicit form of [58]

E
(asy)
k

∼= 2 (k + 1)− 2

ln 2 + 2 ln (a2d/aho)
, (39)

as denoted by red circles near the energy level Ek = 2~ω
in the figure. Here, the ground-state energy of the c.m.
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FIG. 2. (Color online) (Left) The energy spectrum of two atoms Ek in the absence of SOAM coupling as a function of the
introduced 2D scattering length ln (a2d/aho) via Eq. (38) for a spherical-square-well potential. The solid lines are obtained by

numerically solving Eq. (27) with n = 0, the blue crosses denote the specific total energy E
(s)
rel + ~ω with the s-wave relative

energy E
(s)
rel calculated by solving the analytic expression Eq. (37), while the red circles indicate the asymptotic behavior of the

total energy E
(asy)
k , i.e., Eq. (39), in the non-interacting limit. (Right) The s-wave scattering length in 2D as a function of the

spherical-square-well depth. The insets illustrate the position of resonance when a bound state appears near the threshold.

motion is also included. In general, both the analytic re-

sults E
(s)
rel and E

(asy)
k show an excellent agreement with

the corresponding ones in our numerical calculations.
Unlike the situation in three dimensions, the two-body
bound state appears even for an extremely shallow depth
V0 in 2D. This implies a positive 2D scattering length for
an arbitrary SSW depth. The scattering resonance oc-
curs, corresponding to ln (a2d/aho) → +∞ or V0 → 0 as
shown in the right plot of Fig. 2, in the non-interacting
limit, once the bound state appears. Thus the energy
spectrum tends to the non-interacting result of Eq. (33).
The binding energy of the two-body bound state in-
creases (but negative) as the SSW depth increases. Dur-
ing this process, the 2D scattering length decreases to
zero, i.e., ln (a2d/aho) → −∞, before the next two-body
bound state appears. The energy spectrum then tends
to approach the non-interacting result again.

B. With SOAM coupling

We now turn to discuss the role of SOAM coupling
by taking into account a nonzero n (the orbital angular
momentum transferred to atoms in the Raman process)
and solving Eq. (27) numerically.

1. Energy spectrum

After considering the SOAM coupling by setting n = 2,
the calculated two-body energy spectrum is presented as

a function of the SSW depth V0 in Fig. 3. Under the
interplay between the SOAM coupling and interaction,
the degeneracy of each energy level is further lifted. This
can be understood as follows. The interaction lifts the de-
generacy of the energy levels in the spin-singlet channel,
while the energy spectrum in the spin-triplet channel is
unchanged as we have found in the absence of SOAM cou-
pling. However, the SOAM coupling will mix the spin-
singlet and spin-triplet states since the total spin is no
longer conserved as expected. As a consequence, it gives
rise to the additional splitting of energy levels and the
elimination of energy degeneracies.

In order to further understand the underlying physics
of the two-body spectrum in the presence of SOAM cou-
pling, let us adopt a perturbation analysis of Eq. (18)
in the weakly-interacting limit, i.e., V0/~ω ≪ 1. In the
absence of interaction, i.e., V0 = 0, the Hamiltonian H is
readily diagonalized in the non-interacting basis

ψ↑↓ (r1, r2) = uk1

l,↑ (r1)u
k2

−l,↓ (r2)
eilφ√
2π

≡ |k1, k2; l, ↑↓〉 ,

ψ↓↑ (r1, r2) = uk1

l,↓ (r1)u
k2

−l,↑ (r2)
eilφ√
2π

≡ |k1, k2; l, ↓↑〉 ,

where we note that l1 = −l2 ≡ l required by the zero total
angular momentum Lz = l1 + l2 = 0 and φ ≡ ϕ1 − ϕ2.
Then we can derive the two-body spectrum by

[

ψ∗
↑↓, ψ

∗
↓↑

]

[

Ĥ
(0)
↑↓ 0

0 Ĥ
(0)
↑↓

]

[

ψ↑↓

ψ↓↑

]

=

[

E↑↓ 0
0 E↓↑

]

, (40)
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with

E↑↓ = 2 (k1 + k2 + |l − n|+ 1) ~ω, (41a)

E↓↑ = 2 (k1 + k2 + |l + n|+ 1) ~ω. (41b)

It’s straightforward to see that the energy spectrum be-
comes even times of the harmonic trapping energy as
E = 2~ω, 4~ω, 6~ω, · · · . Let us focus the discussion on
the lowest two energy levels as an example, i.e., degen-
erate E↑↓ = E↓↑ = 2~ω, corresponding to the states
|k1, k2; l, ↑↓〉=|0, 0;n, ↑↓〉 and |k1, k2; l, ↓↑〉=|0, 0;−n, ↓↑〉.
Therefore, we have the lowest energy E

(0)
0 = 2~ω with a

two-fold degeneracy, manifested as

H(0)
∣

∣

∣
Ψ

(0)
1

〉

= E
(0)
0

∣

∣

∣
Ψ

(0)
1

〉

, (42a)

H(0)
∣

∣

∣
Ψ

(0)
2

〉

= E
(0)
0

∣

∣

∣
Ψ

(0)
2

〉

, (42b)

with the unperturbed Hamiltonian

H(0) ≡
[

Ĥ
(0)
↑↓ 0

0 Ĥ
(0)
↑↓

]

, (43)

and two associated degenerate states

∣

∣

∣
Ψ

(0)
1

〉

≡
[

|0, 0;n〉
0

]

,
∣

∣

∣
Ψ

(0)
2

〉

≡
[

0
|0, 0;−n〉

]

. (44)

When the interaction V is turned on, but small, we
may utilize the degenerate perturbation theory to see
how this two-fold degeneracy of the lowest energy is
lifted. The unperturbed wave function

∣

∣Ψ(0)
〉

can be ex-

panded as a linear combination of
{
∣

∣

∣
Ψ

(0)
1

〉

,
∣

∣

∣
Ψ

(0)
2

〉}

in

the degenerate sub-Hilbert space, i.e.,
∣

∣

∣
Ψ(0)

〉

= α1

∣

∣

∣
Ψ

(0)
1

〉

+ α2

∣

∣

∣
Ψ

(0)
2

〉

. (45)

The perturbed Hamiltonian takes the form of

H = H(0) +H(1), (46)

with the perturbation

H(1) =

[

+V/2 −V/2
−V/2 +V/2

]

. (47)

Up to the first-order approximation, the perturbed wave
function and the corresponding energy can be written as

|Ψ〉 ≈
∣

∣

∣
Ψ(0)

〉

+
∣

∣

∣
Ψ(1)

〉

, (48a)

E0 ≈ E
(0)
0 + E

(1)
0 , (48b)

where
∣

∣Ψ(1)
〉

and E
(1)
0 are the first-order corrections

to the wave function and energy, respectively. After
substituting the perturbed wave function and the cor-
responding energy back into the Schrödinger equation
H |Ψ〉 = E0 |Ψ〉, we get

H(0)
∣

∣

∣
Ψ(1)

〉

+H(1)
∣

∣

∣
Ψ(0)

〉

≈ E
(0)
0

∣

∣

∣
Ψ(1)

〉

+ E
(1)
0

∣

∣

∣
Ψ(0)

〉

,

(49)
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FIG. 3. (Color online) The energy spectrum of two atoms
Ek in the presence of SOAM coupling as a function of
the spherical-square-well depth V0, calculated by numerically
solving Eq. (27) with n = 2. The blue dots indicate the
lowest two energy levels at small V0, calculated from the per-
turbation approach. The inset zooms in the tiny region near
Ek = 2~ω with V0/~ω varying from 0 to 4.

up to the first-order approximation. After taking the

inner product respectively with
〈

Ψ
(0)
1

∣

∣

∣
and

〈

Ψ
(0)
2

∣

∣

∣
, we

obtain eventually the secular equation
[

W11 W12

W21 W22

] [

α1

α2

]

= E
(1)
0

[

α1

α2

]

, (50)

with the matrix element being

Wmn ≡
〈

Ψ(0)
m

∣

∣

∣
H(1)

∣

∣

∣
Ψ(0)

n

〉

. (51)

∣

∣

∣
Ψ

(0)
1,2

〉

are just the single-body wave functions described

in the previous section and thus one can straightfor-
wardly construct the matrix of W . Therefore, the first-

order energy correction E
(1)
0 can be conveniently ob-

tained by numerically solving this secular equation. In

Fig. 3 and the inset, the corrected energy E0 ≈ E
(0)
0 +

E
(1)
0 of the E

(0)
0 = 2~ω level is denoted by blue dots in

the weak-interaction limit. We can find that the lowest
two energy levels split as interaction strengthens and co-
incides with the exact numerical results shown in grey
lines at small values of V0.
By taking a relatively small interaction strength V0 =

2~ω, we further illustrate these two lowest energy levels
as functions of the transferred orbital angular momen-
tum n in Fig. 4. The numerically calculated energies
in blue dots show a great agreement with the one from
the perturbation approach denoted by red circles. Sur-
prisingly, we find that the separate energy levels due to
interactions tend to approach each other and restore ap-
proximately the degeneracy as n increases. This can be
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FIG. 4. (Color online) Lowest two energy levels Ek of two
atoms in a harmonic trap with the SOAM coupling, as a func-
tion of the transferred orbital angular momentum n at a small
spherical-square-well depth V0 = 2~ω. The numerical results
in blue dots are compared with the one calculated from the
perturbation approach denoted by red circles.

explained by the perturbation theory as follows. To the
first-order approximation, we find that the off-diagonal
elements W12 = W21 of the matrix W in Eq. (50) de-
crease towards zero as n increases, while the diagonal
elements W11 = W22 are irrelevant to n. Therefore, the
off-diagonal elements are becoming negligible compared
to the diagonal elements at large n, leading to no level
repulsion and a tendency of degeneracy. The weak in-
teraction introduces only a uniform shift to previously
splitting energy levels.

2. Correlations

We turn to discuss the correlations of two atoms by in-
troducing a correlation function or an integrated density
function. If we fix the position of the atom 1, for exam-
ple, at r1, the probability of finding the atom 2 at the
position r2 is |Ψ(r1, r2)|2. Therefore, the total probabil-
ity of the atom 2 appearing at the position r2 is simply
obtained by integrating over all r1, and that is

g (r2) =

∫

dr1 |Ψ(r1, r2)|2 . (52)

The function g (r2) characterizes the intrinsic correlation
between the two atoms. In Fig. 5, the correlation func-
tion g (r2) is plotted as a function of r2 = |r2| and the
SSW depth V0 for the two lowest-energy states around
E = 2~ω. Here, we have also integrated out the angular
part with respect to ϕ2.
In the absence of SOAM coupling, i.e., n = 0

shown by the upper panel in Fig. 5, the system in
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FIG. 5. (Color online) Contour plots of correlation functions
g (r2) of two lowest states for energy level Ek = 2~ω, i.e.,
second-lowest and lowest energy levels respectively in Fig. 1
and Fig. 3, as functions of radius r2 and the spherical-square-
well depth V0. In the insets, the specific values of correlation
functions at r2 = 0 are depicted as a function of V0.

the non-interacting limit is nothing but two free atoms.
The two-body wave function is simply the product
of two single-particle ground-state wave functions, i.e.,

e−r2
1,2/2a

2

ho/
√
πaho. After some straightforward algebra,

we derive g (r2) = 2e−r2
2
/a2

ho which yields g (r2) = 2
at r2 = 0. The correlation in the spin-singlet chan-
nel increases as the interaction strength increases, while
it remains unchanged in the spin-triplet channel as an-
ticipated since the interaction appears only in the spin-
singlet channel, i.e., Eq. (4). In sharp contrast, when the
SOAM-coupling effect is included, e.g., n = 2 shown by
the lower panel in Fig. 5, the states in the spin-singlet and
spin-triplet channels are closely coupled. We find that the
SOAM coupling plays a crucial role and both correlation
functions at r2 = 0 of these two lowest-energy states ex-
hibit a strong dependence on the interaction strength.

VI. CONCLUSIONS

We have studied the roles of spin-orbital-angular-
momentum coupling and a two-body interaction po-
tential in the underlying physics of two harmonically
trapped atoms by addressing the associated two-body en-
ergy spectrum and correlations. Starting from the two-
body Hamiltonian counting a tunable interaction poten-
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tial and the spin-orbital-angular-momentum coupling, we
have derived an explicit secular equation for numerically
calculating the associated eigenenergy and eigenfunction.
In the absence of spin-orbital-angular-momentum cou-
pling, the calculated energy spectrum can well reproduce
the analytic result in previous works, i.e., only the spin-
singlet states are significantly affected by the two-body
interaction and the degeneracies in the energy spectrum
disappear gradually as the interaction strength rises.
In the presence of spin-orbital-angular-momentum

coupling, we have made a careful analysis of the two-body
spectrum and the correlation as functions of the interac-
tion strength as well as the transferred orbital angular
momentum. We first develop a perturbation approach
to justify the numerical result in the weak-interaction
limit, which demonstrates the crucial role of the inter-
play between the interaction and spin-orbital-angular-
momentum coupling in the elimination of energy-level
degeneracy as the interaction enhances. In addition, we
have introduced a correlation function, i.e., an integrated
one-body density function, to characterize the behavior
of two-body wave functions with respect to the interac-
tion strength as well as the radius with and without spin-
orbital-angular-momentum coupling. The correlations
show direct evidence of the mixing of the spin-triplet and
spin-singlet wave functions due to spin-orbital-angular-
momentum coupling. At large transferred angular mo-
mentum, we find that the deviated energy levels of the

lowest two states due to a definite weak interaction tend
to approach each other and restore the degeneracy as the
strength of spin-orbital-angular-momentum coupling in-
creases. This intriguing behavior is further explained by
employing the perturbation approach.

We have focused our study in the subspace of two defi-
nite conserved quantum numbers, corresponding to van-
ishing total orbital angular momentum Lz and total spin
Sz along the z axis. This could be conveniently gen-
eralized to non-zero values of Lz and Sz. In addition,
the transverse effective Zeeman field has been neglected
here due to the weak light-atom coupling in space in
the present experimental setup, which may also be fur-
ther considered according to the exact diagonalization
method.
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[16] K. Jiménez-Garćıa, L. J. LeBlanc, R. A. Williams,
M. C. Beeler, C. Qu, M. Gong, C. Zhang,
and I. B. Spielman, Tunable spin-orbit coupling
via strong driving in ultracold-atom systems,
Phys. Rev. Lett. 114, 125301 (2015).

[17] N. Q. Burdick, Y. Tang, and B. L. Lev, Long-
lived spin-orbit-coupled degenerate dipolar fermi gas,
Phys. Rev. X 6, 031022 (2016).

https://doi.org/10.1063/1.3293411
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1038/nature09887
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.102.046402
https://doi.org/10.1126/science.1212652
https://doi.org/10.1103/PhysRevLett.109.115301
https://doi.org/10.1103/PhysRevA.90.013616
https://doi.org/10.1038/nphys2824
http://dx.doi.org/10.1038/nphys2905
https://doi.org/10.1103/PhysRevLett.114.105301
https://doi.org/10.1103/PhysRevLett.114.070401
https://doi.org/10.1103/PhysRevLett.114.125301
https://doi.org/10.1103/PhysRevX.6.031022


10

[18] B. Song, C. He, S. Zhang, E. Hajiyev, W. Huang,
X.-J. Liu, and G.-B. Jo, Spin-orbit-coupled
two-electron fermi gases of ytterbium atoms,
Phys. Rev. A 94, 061604 (2016).

[19] J. Li, W. Huang, B. Shteynas, S. Burchesky, F. i. m. c.
b. u. i. e. i. f. Top, E. Su, J. Lee, A. O. Jamison, and
W. Ketterle, Spin-orbit coupling and spin textures in op-
tical superlattices, Phys. Rev. Lett. 117, 185301 (2016).

[20] L. F. Livi, G. Cappellini, M. Diem, L. Franchi, C. Cli-
vati, M. Frittelli, F. Levi, D. Calonico, J. Catani,
M. Inguscio, and L. Fallani, Synthetic dimensions and
spin-orbit coupling with an optical clock transition,
Phys. Rev. Lett. 117, 220401 (2016).

[21] K. Osterloh, M. Baig, L. Santos, P. Zoller, and M. Lewen-
stein, Cold atoms in non-abelian gauge potentials:
From the hofstadter ”moth” to lattice gauge theory,
Phys. Rev. Lett. 95, 010403 (2005).

[22] J. Ruseckas, G. Juzeliūnas, P. Öhberg, and
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Appendix A: Decomposing of V (r12) in the angular

basis

Let us expand the interaction potential V (r12) in the

basis of the angular eigenstates of l̂1z and l̂2z . To this
end, the two-body potential can be written as

V (r12) =

∫

drV (r) δ (r1 − r2 − r) . (A1)

Since we have

δ (r) =
1

(2π)
2

∫

dkeik·r, (A2)

it yields

V (r12) =

∫

dr
V (r)

(2π)2

∫

dkeik·(r1−r2−r). (A3)

By using the two-dimensional plane wave expansion,

eik·r =
∞
∑

l=−∞

ilJl (kr) e
il(ϕk−ϕr), (A4)

we find

V (r12) =

∫

dr
V (r)

(2π)
2

∫

dkeik·(r1−r2) · e−ik·r

=
1

2π

∫ ∞

0

V (r) rdr

∫

eik·(r1−r2)J0 (kr) kdkdϕk

=

∞
∑

l=−∞

Vl (r1, r2) e
−il(ϕ1−ϕ2) (A5)

with

Vl (r1, r2) =

∫ ∞

0

rdrV (r)

∫ ∞

0

kdkJ0 (kr) Jl (kr1)Jl (kr2) .

(A6)

Appendix B: Scattering parameters for a

spherical-square-well potential

Let us consider the scattering problem of two atoms
interacting with a spherical-square-well potential in 2D.
The relative motion of two atoms is described by the
following equation

[

−~
2

m
∇2 + V (r)

]

ψ (r) = Eψ (r) (B1)

with

V (r) =

{

−V0, 0 ≤ r ≤ ǫ,

0, r > ǫ,
(B2)

and E > 0 for a scattering problem. The angular momen-
tum is a good quantum number, thus the wave function is
written as ψ (r) = ul (r) e

ilϕ/
√
2π,which yields the radial

equation

[

1

r

∂

∂r
r
∂

∂r
− l2

r2
+ k2 − mV (r)

~2

]

ul (r) = 0 (B3)

with k2 = mE/~2. For the s-wave scattering, i.e., l = 0,
the solution takes the form of By solving the equation,
we conveniently obtain

u0 (r) =

{

cJ0 (Gr) , 0 ≤ r ≤ ǫ,

cot δ0 · J0 (kr) −N0 (kr) , r > ǫ,
(B4)

where δ0 is the s-wave scattering phase shift, c is a nor-
malization parameter, and G2 = k2 + mV0/~

2. Here,
Jν (·) and Nν (·) are Bessel functions of the first and sec-
ond kinds. By using the continuity condition of the wave
function and its first-order derivative at r = ǫ, we easily
obtain the scattering phase shift

cot δ0 =
(kǫ)J0 (Gǫ)N1 (kǫ)− (Gǫ) J1 (Gǫ)N0 (kǫ)

(kǫ)J0 (Gǫ)J1 (kǫ)− (Gǫ) J1 (Gǫ)J0 (kǫ)
.

(B5)
Expanding cot δ0 at small k, we obtain the effective-range
expansion of the scattering phase shift in 2D, i.e.,

cot δ0 =
2

π
ln (ka2D) +O

(

k2
)

(B6)

with the 2D s-wave scattering length

ln
a2D
ǫ

=
J0

(

√

Ṽ0

)

√

Ṽ0J1

(

√

Ṽ0

) + γE − ln 2, (B7)

https://doi.org/10.1103/PhysRevA.102.063328
https://doi.org/10.1103/PhysRevA.105.023320
https://doi.org/10.1103/PhysRevResearch.4.033023
https://doi.org/10.1103/PhysRevA.105.063308
https://doi.org/10.1103/PhysRevA.106.043302
https://doi.org/10.1023/A:1018705520999
https://doi.org/10.1103/PhysRevB.82.054524
https://doi.org/10.1103/PhysRevA.83.063618
https://doi.org/https://doi.org/10.1016/j.physleta.2011.06.045


12

with Euler gamma constant γE ≈ 0.577216 and Ṽ0 ≡
V0/

(

~
2/mǫ2

)

, or in a form of

ln
a2d
aho

=
J0

(

√

mǫ2V0/~2
)

√

mǫ2V0/~2J1

(

√

mǫ2V0/~2
) − ln

2aho
ǫeγE

. (B8)

Explicitly, the relationship between this introduced scat-
ter length ln (a2d/aho) and the two-body interaction
strength V0 can be seen in the right plot of Fig. 2.


