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THE DENSITY OF GABOR SYSTEMS IN EXPANSIBLE LOCALLY
COMPACT ABELIAN GROUPS

E. KING, R. NORES, AND V. PATERNOSTRO

ABSTRACT. We investigate the reproducing properties of Gabor systems within the context of
expansible groups. These properties are established in terms of density conditions. The concept
of density that we employ mirrors the well-known Beurling density defined in Euclidean space,
which is made possible due to the expansive structure. Along the way, for groups with an
open and compact subgroup, we demonstrate that modulation spaces are continuously embed-
ded in Wiener spaces. Utilizing this result, we derive the Bessel condition of Gabor systems.
Additionally, we construct Gabor orthonormal bases with arbitrarily small or large densities,
enabling us to conclude that a Comparison Theorem, such as the one proven to be valid in the
FEuclidean case, cannot hold in this context. Finally, we establish that Gabor frames possess
the Homogeneous Approximation Property.

1. INTRODUCTION

A Gabor system is a set of functions in L?*(R%) that are obtained by translating a single
window in time and frequency along a set A C R??. Their structure makes them of particular
importance in many applications such as wireless communication, analysis and description of
speech signals or music signals and more (see for instance, [10, 11, 22]). Because of this, it is
important to study their reproducing properties, that is, to understand which properties of the
generating window and the set A of time-frequency shifts guarantee the Gabor system to be an
orthonormal basis, a Bessel sequence, a frame, or a Riesz basis. When the set A does not have
a particular structure, these reproducing properties are stated in terms of its Beurling density.

Consider a subset A in R?. The upper and lower Beurling density of A, denoted by DT (A)
and D~ (A) respectively, captures its asymptotic behavior within balls of varying radius. In
mathematical terms, they are given by:

ANB ANB
DYt (A) = limsup sup #(—dr(iﬂ))’ and D™ (A) = liminf inf #(—dr(ﬂf))
=00 gcRd r T—00 gcRd r
where B,(z) denotes the ball centered in z with radius r and # indicates the cardinality of a
set. A very complete survey on the results about density of Gabor systems is [14].

Beurling density is a concept that is also related to conditions for sampling and interpolation.
See, for example, Landau’s result in [18]. In order to explore the validity of Landau’s result in the
context of locally compact abelian groups that are compactly generated, Grochenig, Kutyniok,
and Seip in [12], provide a definition of Beurling density by means of a comparison with a
canonical lattice of reference. We refer to [1] for related results on the existence of sampling and
interpolation sets near to the critical density in LCA groups.

In this paper we focus on studying Gabor systems in terms of density within the framework of
expansible locally compact abelian groups, that is, locally compact abelian (LCA) groups which
have an open and compact subgroup and an expansive automorphism. (See Definition 2.2.1 for
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more details). One example of a such an expansible LCA group is the space of p-adic numbers
Qp-

This type of LCA group does not possess lattices, and thus, the notion of density given in
[12] needs to be reformulated. However, the presence of the expansive automorphism allows us
to elaborate the concept of density in the spirit of Beurling density in R?. A similar approach
was given in [21].

Then, given an expansible LCA group G, a window ¢ € L?(G) and a set A C G x G,
where G denotes the Pontryagin dual group of GG, we explore whether or not the Gabor system
generated by ¢ by time-frequency shifts along A, S(¢,A), is a Bessel sequence or a frame of
L?(G) depending on the density of A. We first show that if S(p, A) is a Bessel sequence in
L?(@), then A must be of finite density. Conversely, when A is of finite density and ¢ has some
decay, S(¢,A) is a Bessel sequence. Our results are thus analogues for expansible LCA groups
of [5, Theorem 3.1] and [14, Theorem 12|, which are in the Euclidean setting.

Surprisingly, in the framework in which we work, we can construct Gabor systems that are
orthonormal bases, with the set of time-frequency shifts having arbitrarily small density in some
cases and arbitrarily big density in others. This contrasts with what happens in the Euclidean
case, where if a Gabor system S(p,A) is a frame of L?(R%), the lower density of A must be
bigger than 1 (see [5, Theorem 1.1]). Another consequence of our construction is that it is not
possible to obtain a Comparison Theorem in this context such as [5, Theorem 3.6]. However,
we were able to prove that, in the setting of expansible LCA groups, a Gabor system that is a
frame has the well-known Homogeneous Approximation Property (see Theorem 5.3.3).

On the other hand, we move to a more abstract setting where we deal with unitary and
projective representations of a locally compact group having an open and compact subgroup.
We based our analysis in the notion of modulation spaces introduced in [8, 9]. We prove that
the generalized wavelet transform (voice transform) induced by the (unitary or projective) rep-
resentation, continuously maps the modulation space of order p into the Wiener space W (C, ¢P).
We then apply these resuls to the case were the projective representation is the one given by
time-frequency translations, resulting in Gabor systems.

The article is structured as follows: In Section 2, we recall certain definitions about LCA
groups and expansive automorphisms as well as what we will need about frame theory. We
investigate in Section 3 the concept of density. We establish its (essentially) independence with
respect to the chosen automorphism used to defining the density and we show an equivalent
condition for a set to have finite upper density. Moving to Section 4, we use the theory of
modulation spaces developed by Feichtinger and Grochenig in [8, 9]. When the underlying
locally compact group has an open and compact subgroup, we establish one of the pivotal
results of this work, namely, the continuous inclusion of modulation spaces into Wiener spaces
through the generalized wavelet transform. Finally, in Section 5 we prove that some classical
properties of Gabor systems hold true in our context and provide examples which show that
there are others that do not.

2. PRELIMINARIES

In this section we fix the context where we will work in. We will also recall some aspects of
frame theory that we will need.

2.1. LCA groups. A locally compact abelian group G — LCA group for short — is an abelian
group which is also a locally compact topological space such that both multiplication and inver-
sion are homeomorphism of the space. We will always assume that the topology is Hausdorff.
See, e.g., [16] for a general reference
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Given an LCA group G written additively, we denote by G its Pontryagin dual group. By
m¢g we denote a Haar measure associated to G (with the desired normalization defined below).
Since the dual of the dual group is topologically isomorphic to the original group, for & € G
and z € G we write (z,£) to indicate the character £ applied to = (i.e. £(x)) or the character
x applied to €. For a subgroup H C G, its annihilator is denoted by H+ and is defined as
H+ = {¢ ¢ A@ : (h,&) = 1VYh € H}. Tt is well known that if H is closed, H* is a closed

subgroup of G.

For a closed subgroup H of G, the dual of the quotient group G/H, (T/?I is algebraically and
topologically isomorphic to H+ and H is algebraically and topologically isomorphic to G JH*.

When H C G is an open and compact subgroup, then so is H+ C G. As a consequence, the
quotients G/H and G JH* are discrete abelian groups.

For an LCA group G with an open and compact subgroup H, we consider the following
normalization of the Haar measures involved: we fix m¢ such that mg(H) = 1 and mg(H*) = 1.
As explained in [16, Comment (31.1)], this choice guarantees that the Fourier transform between
L2(G) and L2(G) is an isometry. We take my = mg |p, mp =mg |gr and mg g and e
to be the counting measures. Then, the Fourier transforms between L?(H) and L2(CA¥ JH*) and
between L?(G/H) and L?(H") are isometries.

2.2. Expansive automorphisms. Let G be an LCA group. The group of homeomorphic
automorphisms of G into itself is denoted by Aut(G). For a given A € Aut(G), the measure
i defined by pa(U) = mg(AU) where U is a Borel set of G is a non-zero Haar measure on
G. Therefore, there is a unique positive number |A|, the so-called modulus of A, such that
pa = [Almg.

For A € Aut(G), there is an adjoint A* € Aut(G) defined as (Az,~) = (z, A*7) for all z € G
and v € G. It holds that |A*| = |A].

We next present the definition of expansive automorphisms as given in [2], where they were
used to define a wavelet theory over local fields. See also [21].

Definition 2.2.1. [2, Definition 2.5] Let G' be an LCA group and H C G an open and compact
subgroup, and let A € Aut(G). We say that A is expansive with respect to H if the next two
conditions hold true:

(1) HC AH;
(2) ﬂngo A"H = {0}.

When H is fized or clear from the context, we will simply say that A is expansive.

There exist many groups GG with expansive automorphism A. We now give several examples.

Example 2.2.2. [2, Example 2.10] Let p be a prime number. Define the p-adic valuation over
Qas |p'xlp =p7" for allr € Z and all x € Q such that the numerator and denominator of x are
both relatively prime to p. Then Q,, is the completion of Q with respect to the p-adic valuation.
Each element of Q, may be represented as a Laurent series

Qp, = Zanp": ng € Z and a, € {0,1,...,p—1} »,

n>ng
where addition “carries” rather than is modular. That is,

(p—Dp+ 1p=p® # Op.
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Then Qy, is a locally compact abelian group with group operation addition and topology defined
via the p-adic valuation. The Laurent series are not formal as they converge in the topology.

Then the p-adic integers Z,, defined as the set of power series

Zy = Zanp": anp €{0,1,...,p—1} 5,
n>0

is an open and compact subset of Q,. Further characterizations of Z, are that Z, is the unit
ball (with respect to p-adic valuation) of Q, and the closure of Z in Q,.

The p-adic numbers are self-dual. Let {-} : Q, — Q,, be defined as

max{0,n0}
> anp"p = > anp™
n>ng n=ng

Then each y € Q, defines an element of @p as (-,y) = exp(2mi {-y}).

If we consider A : Q, — Q,, to be the morphism given by Ax = p~
phism of Q, and it is easy to see that is expansive with respect to Z,.

Lz, then A is an automor-

Example 2.2.3. [2, Example 2.11] Let p be a prime number, where I, is the field of order p.
The additive group of the field F,((t)) of formal Laurent series in variable t:

F,((t) = Z ant" i ng € Z and a, € o,

n>ngo
where addition is modular rather than “carries”:
(p—Dt+1t=0t=0

is an LCA group with respect to the topology defined from an analog of the p-adic valuation. The
set of formal power series

Fpllt] =4 D ant™: an €F,
n>0
is an open and compact subgroup. One possible expansive automorphism is multiplying by t=1.
However, the structure of F,((t)) yields a richer collection of automorphisms.

Both classes of the LCA groups above are also fields. Further examples may be formed by
considering the additive groups of finite field extensions or vector spaces over the above examples.

Example 2.2.4. [2, Example 2.14] Let G1 be an LCA group with an open and compact subgroup
Hy and Gy be a nontrivial discrete abelian group. If we consider G = G1 X G4, then G is an LC/I\4
group with aopen and compact subgroup H = Hy x {0}. Further, the annihilator H* is Hy x Go
and if Ay is an automorphism of G1 which is expansive with respect to Hy, then A = A; X idg,
18 an automorphism of G which is expansive with respect to H. However, in this case, the union
of all positive iterates A"H can not cover G since AH = A1 Hy x {0}.

Following [21], we shall call an LCA group which admits an expansive automorphism an ezpan-
sible group. Expansiveness can also be characterized by the action of the adjoint automorphism
as the next lemma shows, whose proof can be found in [2, Lemma 2.6].

Lemma 2.2.5. Let G be an LCA with an open and compact subgroup H C G, and let A €
Aut(G).
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(i) H C AH if and only if H+ C A*H*.
(i) H C AH if and only if H- C A*H*.
(131) If H C AH, then

(1) () A"H = {0} < [JA™H+=G.

n<0 n>0

Given an LCA group G with an open and compact subgroup H and expansive automorphism
A: G — G, we define for n € Z and z € G,

Qu(z) =z + A"H.

One may think of this as the “ball” with “center” z and “radius” |A|", keeping in mind that
if y € Qn(z) then Qn(z) = Qn(y), so the choice of “center” is not unique. In the case that
G =Q,, H=1Z,,and A is multiplication by 1/p, the @, () are precisely the balls in the metric
induced by the p-adic valuation. Note that each @, (z) is an open and compact subset of G and
also a coset of A"H in G. Moreover, by [15, Theorem 4.5], {Qn(2)}nezzcc is a basis for the
topology of G.

In this paper, we will be dealing with the specific scenario of forming “balls” in G x CAl, where
G satisfies the hypothesis above. In that case, we write for n € Z and (z,v) € G x G

Qn(z,7) = (2,7) + (A" ® (A")") (H x H)
2) — (z+ A"H) x (’y n (A*)"HL) — Q,(x) X Qn().

Note that in this case, the “radius” of @, (z,7) is (|A||A*[)* = |A|*".
When A is expansive with respect to H and A* is expansive with respect to H-, we have that
{Q”(x’7)}nez,xe(},fye@ is a basis for the topology of G x G. This is because for n < m,xz € G

and v € G, Qu(@) x Qum(7) C Qm(@,7).

2.3. Frames and Riesz bases. Let {¢;}ic; be a family of elements in a separable Hilbert
space H. It is said that {y;}ics is a frame for H if there exist constants A,B > 0 such that

(3) AlFIP <D 1wl < BIFIP VM.
iel
The constants A, B are called frame bounds. The frame operator defined as Sf =3, (f, vi)¢i

for f € H, is a bounded, invertible, and positive operator from H onto itself. This provides the
well known frame decomposition

f=8T18f=> (f.e0¢i VfeEH,
i€l

where ¢; = S~ l¢;. The family {¢;}ics is also a frame for H, which is called the canoni-
cal dual frame, and has frame bounds B~!, A~!. Any other frame {ﬁgi}iel satisfying f =
Yoierlt cpz>(gl Vf € H,is called a dual frame, and it is well known that a frame can have dual
frames besides the canonical one (typically infinitely many). For a general reference on frame
theory, see, e.g., [4].

Riesz bases are special cases of frames and can be characterized as those frames which are
biorthogonal to their canonical dual frame, i.e., such that (¢;, ¢;) = 0;;.

A family {p;};c; which satisfies the right inequality in (3) (but possibly not the left) is called
a Bessel sequence for H.
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3. DENSITY WITH RESPECT TO EXPANSIVE AUTOMORPHISMS

In this section, using the balls defined above, we will consider the concept of density, which
will extend that of the well known Beurling density for Euclidean spaces R%. This concept has
been considered before in LCA groups that are compactly generated in [1, 12], however, with
another approach. In [21] the authors work with the same density as here, but they consider a
slightly different notion of expansive automorphism. In fact, their automorphism only satisfies
condition (2) of Definition 2.2.1.

Definition 3.0.1. Let G be an LCA group, H C G an open and compact subgroup and A €
Aut(G) expansive with respect to H. For n € Z, a sequence (countable or uncountable) A C G
is said to be (A,n)-uniformly separated if #{A N Qn(z)} <1 for all x € G. We say that A is
simply uniformly separated if it is (A, n)-uniformly separated for some n € Z. Additionally, A
is said to be A-separated if it is a finite union of uniformly separated sequences.

Recall that, if G is an LCA group and H C G is a subgroup, a section of a quotient group
G/H is a measurable set of representatives, and it contains exactly one element of each coset.
As we already said, if H C G is an open and compact subgroup, since H' is also compact, then
G/H is a discrete group. Thus, every section C' C G for the quotient G/H must be discrete as
well. This is because for x € C, x = C' N (x + H) and then, since x + H is an open set in G, C
is discrete with respect to the topology of G.

With this in mind, we can say that A is (A,n)-uniformly separated if and only if #{A N
Qn(A"c)} < 1 for all ¢ € C. This is a direct consequence of the fact that for every n € Z,
{Qn(A"c)}eec is a partition of G, that is, G = |J,cc @n(A"c) where the union is disjoint, and
that Q,(A"c) = Qn(z) for every x € @, (A™¢).

Definition 3.0.2. Let G be an LCA group, H C G an open and compact subgroup and A €
Aut(G) expansive with respect to H. For a sequence A C G, the upper and lower Beurling
density of A are defined by

DX(A) = limsup —— maX #{ANQn(2)},

n—-+4o00 ‘A’
and

D75 (A) —hmlnf ]A\ mln#{AﬂQn( )},

respectively. If DY (A) = D (A) we say that A has uniform density Da(A) = D} (A) = D (A).

The analogy with the Beurling density defined in R? [5, 14, 21] is clear from the definition
noting that, since m¢ is invariant under translations and mg(H) = 1, we have that |A|" =
ma(A"H) = ma(Qn(z)) for any x € G.

At first glance, the Beurling density seems to depend on the automorphism. However, if
both the automorphism and their adjoint are expansive, the density becomes independent of the
automorphism choice, as we show next. First, we observe some properties about sections that
will be useful.

Remark 3.0.3. Given A € Aut(G) expansive with respect to an open and compact subgroup H
of G, the quotient AH/H must be finite. This is because AH is compact and then, it may be
covered by finite (disjoints) cosets x+H. Let Co C AH be a finite section for AH/H. Therefore,
AH = U, ec, H + co, and then we have that ma(AH) = #Cy which implies |A| = #Cy.
Moreover, since AH C G is also an open and compact subgroup, we can take Ci a discrete
section for G/AH. An easy computation shows that the set C' := Cy + C1 must be a (discrete)
section for G/H. From now on, we will consider sections for G/H of this form.
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Lemma 3.0.4. Let G be an LCA group, H C G an open and compact subgroup and A, B €
Aut(G) be expansive with respect to H such that A* and B* are expansive with respect to H~+
as well. Then, for every sequence A C G,

Di(A)=DH(A) and  Di(A) = Dy(A).

Proof. Because of the expansiveness of A* we know by (1) that G = J,,5q A"H. Let n € N be

fixed. Then there exists kg = ko(n) € N such that B"H C A" H because B"H is compact and
{A¥H} ey is an open cover of nested sets.

Let X = {x;}ic; € A* H be a section of A* H/B"H. Then

AR H = | J(B"H + ),
el
and for z € G,
Qum () = ARH + 2 = | JB"H + z;) + z = J QF (i + ).
iel iel
By intersecting with A and taking the maximum cardinal over G we obtain the following
inequality,
max #{Qi (x) N A} = max #{U QB (x; +x)NA}
zeG 0 el el "
< By, NA
< ggleag #{Qr (xi +2) N A}

=D max#{Q7 (x) N A} = (#]) max #{Qy (+) N A}.

icl
Furthermore, #(A* H/H) = #(A* H/B"H)#(B"H/H) and then
Al
#I = #(A™H/B"H) = Bl

Finally, we obtain

max,eq #{Qp (z) N A} - |AlF maxgeq #{QF () N A} _ Maxgeq #{Qp () N A}
| Ao - Bl | AR |B|" '

If we take limsup,,_,., in the last inequality we have that D} (A) < DA(A). By using the
expansiveness of B* and doing the same reasoning we obtain that D} (A) = D5 (A). A similar
procedure proves that D (A) = D5 (A).

U

As a consequence of the above result and in order to keep as clear as posible the exposition,
we choose to omit the subscript A in the density and simply right DT (A), D~ (A) and D(A).

The next lemma shows a characterization of the sequences A whose upper density is finite
and provides a valid version of [5, Lemma 2.3] in this context. Our proof is based on the group
structure. In [21, Theorem 3.7|, the authors proved the same result based on [21, Lemma 2.3],
which is not satisfied in our case. (See Example 2.2.4 and [21, Lemma 2.3, item (ii)]).

Lemma 3.0.5. Let G be an LCA group, H C G an open and compact subgroup and A € Aut(G)
expansive with respect to H. If A C G is a sequence, then the following conditions are equivalent:
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(i) DT (A) < oo;
(i3) For some n € Z there exists N, > 0 such that #{A N Qn(A"c)} < N,, for all ¢ € C,
where C' is a section for G/H.

Additionaly, if (it) holds for some n € 7Z, it holds for every n € Z.

Proof. (i) = (i). It is obvious from the definition of DT (A).

(ii) = (i). Let n € Z and N,, > 0 be such that #{A N Q,(A"c)} < N,, for all ¢ € C and call
for every c € C, AN Qn(A%c) = { A1, -+, A\re} with r =r(c) < N,,. Now, for j € {1,---,N,}
and ¢y € Cp set Ajoy = {Njcoter : €1 € C1}. By construction, each element of Aj ., lies in a
different coset of G/A™H. Then, since there are at most |A|N, many A;., sets, we have that
any coset of G/A™H contains at most |A|N,, elements of A.

Now, since
A" H = AMAH) = | ) (A"H + A"co)
coeCo
and
G=A"G= |J @UH+Aq+A)= ] | | @"H+A4%)+ A" |,
co€Co,c1€C c1€C1 \co€Clo

each coset of G/(A"T1H) has at most |A|?>N,, elements of A. Continuing by induction, we see
that if m > n, then each coset of G/(A™H) has at most |A|/™ "+ N, elements of A.

As a consequence,

DY (A) =limsup —— |A| max#{AﬂQm( )}

m——+00

< limsup ——| A" "IN,

m——+00 ‘A’
Ny

Suppose now that (i7) fails for some n € Z. Then, maxzeq #{A N Qm(z)} = +oo for every
m > n. As a consequence, DT (A) = +oc. This completes the proof. ]

Remark 3.0.6. Note that if A C G is a sequence and DT (A) < oo, we can deduce from the
proof of Lemma 3.0.5 that for every fired n € Z, A = UJE{I Ni},c0€Co Aj e, where the union is
disjoint. Moreover, every set Aj . is a uniformly separated sequence because we saw that each
element of Aj., lies in a different coset of G/A"H and then #{A;., N[A"H + A"c]} < 1 for
every c € C. Therefore, when DT (A) < oo we have that A must be a finite union of uniformly
separated sequences; that is, A must be A-separated. Since uniformly separated sequences must
be countable, A must be countable as well.

Example 3.0.7. Let G be an LCA group, H C G an open and compact subgroup and C' section
of the quotient G/H. Consider A := C. Then, we have that for all c € C, #{C N Qu(c)} =1
and proceeding as in the proof of Lemma 3.0.5 we get #{C N Qn(A"c)} = |A|" for all n € Z.
Therefore, DT (C) = D~ (C) =1 = D(C).

4. MODULATION SPACES ON LOCALLY COMPACT GROUPS

In this section, we consider GG a locally compact group (non necessarily abelian), with an open
and compact subgroup H. Using definitions and lemmas from the seminal papers [8, 9], we will



THE DENSITY OF GABOR SYSTEMS IN EXPANSIBLE LOCALLY COMPACT ABELIAN GROUPS 9

prove that the generalized wavelet transform continuously maps modulation spaces into Wiener
spaces.

Let G be a locally compact group with right Haar measure mg. To emphasize that G needs
not be abelian, along this section we use multiplicative notation. Given H a Hilbert space, a
unitary representation of G on H is a continuous homomorphism 7 : G — U(H). For f,g € H
we consider V,f : G — C, the generalized wavelet transform (also called woice transform or
representation coefficients) of f with respect to the window ¢ defined by

Vof(x) :=(f,n(x)g), z€G.
The set of analyzing vectors on G is given by
) A= {geH:VygeL'(G))

Note that for g € H and = € G, since 7 is a representation, Vi, (7(2)g)(y) = V,g(x~tyx) for
all y € G. Thus, A is invariant under w. Then, when 7 is an irreducible unitary representation,
that is, without proper invariant subspaces, A must be a dense linear subspace of H.

In the remainder of this section, we assume that H C ( is an open and compact subgroup.
Examples of non-abelian groups with that property follows.

Example 4.0.1. Fiz p prime and n > 2. Then the general linear group GLy,(Q)) is a non-
abelian locally compact group with well-understood representation theory, and GLy(Zp) is an
open and compact subgroup [3].

We denote the space of continuous functions on G as C := C(G). For ¢ € C and every x € G
we see that [|Xm - ¢lloc = Supyep, [9(y)| < 0o, where x4 is the characteristic function of A that
takes the value 1 for x € A and 0 otherwise.

For 1 < p < oo, the Wiener space W (C, LP) is defined as

W(C,I7) = {peC: /G Ixte - ollfdma() < oo}

It turns out that W (C, LP) equipped with the norm |[¢|lwc,zr) == (Jg I XHz - <,0||godmg(:17))1/p

is a Banach space.
Additionally, if C'is a section of G/H and 1 < p < oo, let us denote by W(C, ¢P) the space

W(C, ) :={pecC: > |lxna-¢lE < oo}
el
We note that W (C, ¢?) does not depend on the choice of the section C. Furthermore, it holds

that W (C, 7) endowed with the norm given by ||¢|lw (cer) == (X pec I XHz - gp||go)l/p is a Banach
space.

Moreover, it can be seen that actually W(C,¢?) = W(C, L?) and the norms || - |y (c,z») and
| - llw(c,evy coincide as we show in the next lemma.

Lemma 4.0.2. Let G be a locally compact group with an open and compact subgroup. Then,
W (C, ) =W(C,LP). Moreover, for ¢ € C,

||90||W(c,ep) = ||90||W(C,Lp)-
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Proof. Let ¢ € C. Since G = |J . Hc where the union is disjoint, C' is a section of G/H and
mg(H) =1, we can write

-y / It - @lBodma(x)

Il e.am = | Ite - olBedmeta

ceC
= Z/ Ixme - lbedmata) = llxme - %
ceC ceC
= H‘puw(c,zp)'
Then ¢ € W(C, ¢P) if and only if ¢ € W(C, LP). O
We now consider the following subset of A,
(5) B={geH:VygeW(C,L"}

which turns out to be also invariant under 7. As before, when 7 is irreducible, B is dense in H.
Moreover, when additionally G is abelian, as a consequence of [9, Lemma 7.2], A = B.

Fixing an arbitrary non-zero element g € A, the space .#'(G) is given by
MG = {f eH V,f € LYG)},

and it is called a modulation space. It is a Banach space with the norm | f|| ,1 = || Vyf| L1
The set .#" is independent of the choice of ¢; i.e., different vectors in A give the same space
with equivalent norms (see, for instance, [8, Theorem 4.2]). Considering the topological dual

of /1, denoted as (#*(G))', and p € [1,00], it is said that f € .#P(G), the modulation space
of order p, if f € (A1 (G)) and ||[Vyfllre() < +00. These spaces are Banach spaces with the
norm || f||.z» = [|Vyfllzr, and they are also mdependent of the choice of the window g. For more
details on these spaces we refer to [8, Section 4].

It is known [9, Theorem 8.1] that for general locally compact groups, when g € B, V, maps the
space P into W (C, ¢?). We will prove now that, when G has an open and compact subgroup,
Vg maps " into W(C, ¢P) continuously.

Proposition 4.0.3. Let G be a locally compact group with an open and compact subgroup H,
m: G — U(H) an irreducible unitary representation of G, g € B, and 1 < p < 4o0. If
f e #P(Q), then Vyf € W(C,¢P). Furthermore, there exists a constant K > 0 such that

(6) Vo fllwc,ery < Kl fll.av
for every f € AP (Q).

Proof. By [9, Theorem 8.1] we know that for f € .#?(G) we have V,f € W(C, LP), and that for
each set X = {z;};c; which is a section of G/H, the linear operator given by

Rx : f = (Vof(xi))ier
maps .ZP(G) in (P(I) continuously; i.e., there exists Kx > 0 such that
Vo (@i))ietller < Kx|fllar V€ A"(G).

Consider F = {Ryx : X is a section of G/H} and fix f € .#P(G). Then, since V, f is continu-
ous, we have that

sup [|[Rx(f)llee = sup  [[(Vof (@:))ictller = (Vg f (20))icrler
Rxer X={zi}ier
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where X is a section of G/H and, for each i € I, #; € H + z; is a point that maximizes |V, f|
on H + x;. Then, by the uniform boundedness principle there exists K > 0 such that

sup [|[Rx| = sup Kx <K.
Rx€eF Rx€eF

Consequently, we have for all sections {z;};e;r of G/H that the following inequality holds

(Vg f (@i))ietller < K| fll.arv
for every f € .#P(G). Now, note that, for each f € #P(G), [[Vofllwc,ery = (Vo f (Zi))ictller
for a proper section X = {&;};c;. Thus,

Vo fllwcery < Kllflar  VF € .#%(G).
O

We shall see now that there is a valid version of Proposition 4.0.3 for projective representations.

For this, let G be a locally compact group and recall that a projective representation is a
continuous mapping IT : G — U(H) for which there exists a continuous function o : G x G — T,
called a 2-cocycle, such that II(x)II(y) = a(x,y)(zy). It is usual to call II an a-projective
representation to emphasize the dependence of II on . As we did for unitary representations,
we define the generalized wavelet transform corresponding to a projective representation as

VI f(z) = (£, I(x)g),
for f,g € H.

Every projective representation of G induces a unitary representation on the Mackey group
associated to G. The last is defined as follows: if GG is a locally compact group and « is a
2-cocycle, as a topological space, it is just G x T and the product is given by

(z1,71) (22, 72) = (v172, 1 T20(T1, 72)),
for z1,22 € G and 711,79 € T. The Mackey group associated to GG is a locally compact group

and its Haar measure is given by the product of the Haar measures on G and T. Then, for a
a-projective representation IT : G — U(H), define 7 : G x T — U(H) as

(7) m(x, ) = 7I(x),

for 7 € T,z € GG. This mapping 7 turns out to be a unitary representation, and it is irreducible
when IT is. Note that for every f,g € H, x € G and 7 € T we have

V;_If(x) =7(f, 7Il(x)g) = 7(f,7(z,7)g) = TV, f(x,T),

with V, f being the generalized wavelet transform associated to m. As a consequence, the sets A
and B given in (4) and (5) respectively, remain equal if we use the generalized wavelet transform
induced by II instead of the one induced by the unitary representation given by (7). Then, the
same holds for modulation spaces.

Therefore, we obtain the corresponding version of Proposition 4.0.3 for projective representa-
tions. This result is a particular case of [13, Theorem 2.5, with a significant distinction being
our successful demonstration that the inclusion given by the Wavelet transform is continuous.

Theorem 4.0.4. Let G be a locally compact group with an open and compact subgroup, 11 : G —
U(H) a irreducible projective representation of G, g € B and 1 < p < +oo. If f € 4P (Q) then
VgH f e W(C,¢P). Furthermore, there exists a constant K > 0 such that

(8) IV fllwic,ery < KllFllav

for every f € AP (Q).
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Proof. Note that if H C G is the open and compact subgroup of G, then H x T is an open and
compact subgroup of the Mackey group of GG. Also note that if C' is a section of G/H, then
C x {1} is a section of (G x T)/(H x T). Therefore, for each ¢ € C' we have

X ke - V;_[fHOO = |IxHexT - Vg flloo
and then

V3 fllwc.ery = Vo flwciax) o)
The result follows by applying Proposition 4.0.3. O

5. REPRODUCING PROPERTIES OF (GABOR SYSTEMS

In this section we study Bessel and frame conditions on Gabor systems in terms of density.
To be precise, let us fix G, an LCA group. For every x € G, the translation operator by z of a
function f € L?(G) is given by

T.fly) = f(y —z), for mg-a.e. y€@G.

For € € @, the modulation operator by ¢ of a function f € L?(G) is defined by
Mef(y) = (v, ) f(y), for mg-ae. ye€G.

Now, given a funcion ¢ € L?(G) and a sequence A C G x é, we define the Gabor system
generated by ¢ and A as

S((p, A) = {METxSD}(m,ﬁ)EA'
In order to establish frame conditions on S(p, A) in terms of density of A, we assume that
G has an open and compact subgroup H, and we fix A € Aut(G) expansive with respect to H
such that A* is expansive with respect to H+. Then, the densities of A C G x G are

D+(A) := lim sup Trgn  max H#{ANQn(z, )},
n—+4oo ’A‘ " (z,£)eGXG

and

D™ (A) :=liminf ——  min ANQu(z, &)},
() = liminf o min#{A0 Q0. )

where Q,(z,§) is defined as in (2).

On the other hand, note that translation and modulation operators are unitary in L?(G), and
they satisfy the intertwining relationship M¢T, f = (2, )T, Mcf for all z € G, £ € G and for all
f € L*(G). Thus, the Gabor representation II : G x G — U(L*(G)) given by

(9) (z,&) := M¢T,

is an irreducible projective representation with 2-cocycle given by a((x1,£1), (x2,£2)) = (x1, &2).
Then, we can make use of the tools described in the previous section. In particular, we have
defined the well-know short-time Fourier transform

where, f,g € L*(G@), and (z,¢) € G x G. For fixed f,g € L*(@), Vyf is well defined and
continuous on G x G.
When we consider translations along a section of G/H and modulations along a section of

G /H* of the function y, it turns out that the obtained Gabor system is an ortonormal basis
for L?(G). See [13, Theorem 2.7, Case II] for a proof of this fact.
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Lemma 5.0.1. Let C and D be sets of coset representatives of G/H and @/HL respectively,
and consider A = C x D. Then, S(xm, ) is an orthonormal basis for L*(G).

5.1. Bessel sequences. In this section we show one necessary and one sufficient condition for
a Gabor system to be a Bessel sequence of L?(G).

We begin by proving that if a Gabor system is a Bessel sequence, then A must have finite
upper density. This was proved before for R? in [5, Theorem 3.1].

Theorem 5.1.1. Let ¢ € L*(G) and let A € G x G. If S(p,A) is a Bessel sequence in L2(G),
then D' (A) < oo.

Proof. Let f € L*(G) with || f||2 = 1 such that (p, f) # 0 and define A, f : G X G — R>o
A&pf(x7£) = |V<Pf(x7£)|

Then, A, f is continuous on G x G.

As A, f # 0, there exists (x0,&) € G % G and ng € Z such that 7 := inf{A,f(x,§) : (z,§) €
@no(z0,&0)} > 0.

If we had DT (A) = oo, by Lemma 3.0.5 for each N > 0 there should exist some (zy,&y) such
that #{A N Qno(l‘N,fN)} >N .

Now, note that if (z,€) € Qn,(zn,&N), then (x,&) — (N, EN) + (20, &0) € Qny (0, &0) and thus

|(fs Me—gn g0 Ta—antao®)| 2 1
Since [(f, Me—¢y+eoTo—an+a0P)| = [(Meg—en Tg—an fr MeTpp)| we have that

Z ‘<M§O—§NT1'O—1'Nf7 MﬁTx‘Pﬂz > 772N7
(-’E,ﬁ)EAﬂQnO (UEN,EN)

for all N € N. Hence, S(¢,A) can not be a Bessel sequence because |[Mg,—¢yTro—anfll2 =
Ifll2 = 1. O

The above theorem extends to a finite union of Gabor systems. More precisely, let
Ai,...,A, € G x G be sequences each indexed in Iy,...,I., respectively. That is, Ay =
{(@ik, & k) tier,, for 1 < k < r. Define I = {(i,k) : i € I;,1 < k < r} and A as the se-
quence {(z;x,& ) : (i,k) € I}. By abuse of notation, we will simply write A = (J;_; Ay and
say that A is the disjoint union of A1,...,A,. Once this is clear, we can state the result that
we announced.

Theorem 5.1.2. For 1 <k <7, let p € LQ(G) and A, C G x G a sequence. Consider A the
disjoint union of Ay,..., Ar. If Uj_q S(¢k, Ai) is a Bessel sequence, then DV (A) < oo.

Proof. Note that since (J;_; S(¢r, Ax) is a Bessel sequence, so is S(pg, Ag) for every 1 <k <r.
Then, by Theorem 5.1.1 we have that DT (A) < oo for every 1 < k < r.

Now, since A is the disjoint union of Ay,...,A,, for each n € Z and (z,{) € G x é,

HANQu(x,6)} =D #{Ax N Qu(=, 8},

k=1

and as a consequence

From here the conclusion follows. O
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In what follows we shall prove a weaker converse of Theorem 5.1.1. For this to be true, we
have to assume that the generating function of the Gabor system must have a particular decays;
that is, it must be a function of .Z(G).

As a consequence of [17, Theorem 4.7] we have that, when the representation involved is the
Gabor representation (9), A = B = .#"'(G), and then, Theorem 4.0.4 holds for g € .Z*(G).

Then, we have the following result, which is a generalization of [14, Theorem 12] to our setting,.

Theorem 5.1.3. Let o € #(G), ¢ # 0 and A C G x G any sequence with DT (A) < +oo.
Then S(p, ) is a Bessel sequence.

Proof. By Lemma 3.0.5, since D" (A) < +oo there exists Ny > 0 such that #{ANQu(c,d)} < Np
for all (¢,d) € C x D. Then for f € L*(G),

Z ‘(faMﬁTx(sz: Z ’V<Pf(x7§)‘2

(z,8)EA (z,£)EN

= > Y. IVef@ 9P

(e,d)eCX D (z,£)eANQo(c,d)

< Y N s [Vef(@,0)

(e,d)eCxD (z,£)€Qo(c,d)
= NollVi IRy .5 < NoK | 1%

where the last inequality is the result of Theorem 4.0.4. Finally, since ||f|| 42 = ||V, f]|2 and by
the well-known orthogonality relationship of the short-time Fourier transform (see [8, Section
2.2, |V fll2 = || fll2]l¢ll2, we conclude the result. O

It is known that every locally compact abelian group G is algebraically and topologically
isomorphic to R? x G, where Gy is an LCA group with an open and compact subgroup (see,
e.g., [6]). For the case where Gy is an expansible group we can combine Theorem 5.1.3 with [14,
Theorem 12] to prove a similar statement for the product group R? x Gy.

Proposition 5.1.4. Let Gg be an expansible LCA group. Take g1 € MY (R?), go € M (Gy) and
A = Ay x Ay, where A; C R* and Ay C Gy % (/}\0. Suppose that Ay and Ao have finite upper
density, where the density of Ay is the usual Beurling density defined in the introduction, and
the density of Ay is as in Definition 3.0.2. If we consider g € L*(R% x Gy) given by g = g1 ® go,
then S(g,A) is a Bessel sequence for L*(R? x Gp)

Proof. First observe that for (z1,z9,&1,&2) € (RY x Go) x (R x é\o) and f € L*(R? x Gy), we
have

Vof(z1,29,61,8) = /Rd : Fy2)9(y1 — w1, y2 — 22) (Y1, §1) (Y2, §2) dma, (y2)dyr

= /Rd . Fy,y2)91(y1 — 1) g2 (y2 — 22) (Y1, €1) (Yo, Eo)dma, (y2)dyn

/ g1(y1 — 21)(y1,&1) </ f(y1,yz)gg(y2)<y2,£2>dmco(y2)> dyr
Rd Go
= Vg, (Vgofo(2,82)) (x1,61),

where by f, we denote the function the is obtained when the first variable of f is fixed.
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On the other hand, since both upper densities are finite, we know from Lemma 3.0.5 and [5,
Lemma 2.3] that there exist Ny and N; € N such that
#(A2 N Qo(x,€)) < Nyfor all (z,8) € Gy x Go and
#(Ay N By(t)) < Ny for all t € R*,
where By(0) = [0,1]%% and By (t) = B1(0) +t
Putting this together we obtain

Z |ng($1,3§‘2,£1,£2)|2 = Z Z |V91 (Vg2f.(ﬂj‘2,£2)) ($17£1)|2

(z1,22,81,62)€EA (w2,€2)€N2 (#1,61)EM

— Z Z Z Vg, (Vgy fo(@2,62)) (21, &1)]?

(w2,€2)€N2 jeZ2d (x1,61)EANB1(])

< D> DY M sup Vo (Voo fo(a,€2)) (a1, &)

(I2,§2)€A2j622d (xlvfl)EAlﬁBl(j)

— Nl Z H‘/gl(Vg2fo(x2752))HI2/V(Rd)

(z2,62)€A2

<M Z Hngf-(x%52)”%2(]1@)}(1”91||i2(Rd),
(z2,62)€A2
where in the last inequality we used [14, Theorem 12] and the fact that Vj, fe(z2,&) € L?(R9)
for a.e. (x2,&2) € Gy x Gy.
Now, using Fubini and Theorem 4.0.4 we have

MiKilonlegsy 3 Vol @y =Ko 3 [ Waabu(on )Pl
(22,62)€A2 (x2,82)€A2

= Ko/ > > Vo Fyr (2, €2) P dyn

(e, d)eCXD (x2,E2)€A2NQo(c,d)

< Ko/ Z Ny sup Vg fon (222, &) 2dy
R (e, d)eCxD (z2,§2)€A2NQo(c,d)

= Koo [ Vau iy
2
<K [ 1l

=& [ 1Py = K1,
R4 J Gy

Since Z(x175027§1,€2)€/\|<f’M(§17§2)T(5017x2)g>|2 - Z(ﬂcl,xzéléz)@\|ng(x1’$2’£1’£2)|2’ the above
computation shows that S(g,A) is a Bessel sequence.

O

5.2. Riesz bases and frames. In the Euclidean case, it is well known that if A and T" are
sequences of R?? and for v, ¢ € L*(R?), S(1,A) is a frame and S(¢,T) is a Riesz basis of
L?*(R%), then the upper density (resp., lower) of I' will be lower or equal than the upper density
(resp., lower) of A (see [5, Theorem 3.6]). The following corollaries can be derived from this
result.
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Corollary 5.2.1. Let g € L*>(R%) and A C R%.

(i) If S(g,A) is a Riesz basis of L>(RY) then D(A) = 1.
(i3) If S(g,A) is a frame of L?*(R?) then D~(A) > 1.

In our context, none of these statements are true, as we will prove with the following example.
This also indicates that it is not possible to have a density comparison theorem like the one valid
in the Euclidean case.

Example 5.2.2. Let G be expansive with A and H given. ¢ := xa-1g and A = Ay + Ao with
Ay and Ay sections of G/H x G/HY and (H/A™'H) x (H-/A*"YHL) respectively. We have
that A=YH is an open and compact subgroup, A is expansive with respect to A~ 'H and A is a
section of (G/A™LH) x (G/A*YHL). Then S(x -1, M) is an orthonormal basis for L*(G) by
Lemma 5.0.1.

We want to calculate D(A). For n € N we have

max _#(Qu(x, ) NA) < > max _#(Qu(w,8) N (A1 + \2))

(z,£)eGXG Ao€Ag (z,£)eGXG

= > max _#(Qn(,6) NA)

Ap€As (z,£)eGXG

=#NAy max #(Qn(z,&) NAy)

(z,6)eGxG

= [AP max _#(Qu(z,&) N A).
(z,£)eEGXG

Dividing by |A]*™ and taking limsup we obtain that
D*(A) < JAPD* (A1) = |4

By doing analogous calculation with the minimum, we obtain that D~ (A) > |A|?D~ (A1) = |A|?
and therefore D(A) = |A|%.

Using the same procedure as in Example 5.2.2, we can construct orthonormal Gabor bases
with arbitrarily large density or arbitrarily close to 0 density. For this, it suffices to consider,
for each k € Z, the function ¢, = x4+ and Ay a section of (G/A*H) x (G/A*HL). We then
have that D(A;) = |A|7?* and S(yy, Ay) is an orthonormal basis for L(G).

5.3. Homogeneous Approximation Property. An important tool that also holds in this
context is the Homogeneous Approximation Property (HAP) for Gabor frames. The HAP in
L?*(R%) was introduced by Ramanathan and Steger in [19] in order to prove the Comparison
Theorem, but is a fundamental result of independent interest. It essentially states that for any
irregular Gabor frame S(p, A) in L?(R?), the rate of approximation of a Gabor frame expansion
of a function f is invariant under time-frequency shifts of f. What Ramanathan and Steger
established corresponds to what is subsequently identified in the literature as weak HAP . In the
Euclidean case, Christensen, Deng and Heil demonstrate in [5] that every Gabor frame possesses
this particular property. We will prove that the same holds true in our context.

Definition 5.3.1. Assume that S(¢,A) = {McTp0}(p e)en is a frame for L*(G), and let ® =
{bee}@e)en denote its canonical dual frame. For each n € Z and (y,v) € G X G, set

W(n,y,7) = span{ds¢ : (2,§) € AN Qn(y,7)}
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We say that S(p,A) has the Homogeneous Approximation Property (HAP) if
Vf € L*(G) and Ye > 0, 3N € N such that
dist(M, T, f, W(N,y,7)) < e, ¥(y,7) € G x G.

Our goal is to prove that every frame of the form J;_, S(¢k, Ax) has the HAP. We need the
next lemma.

Lemma 5.3.2. Set ¢ := xy and let n € Z be fized. Then, there exists C' > 0 such that for
every f € L*(G) and every (z,€) € G x G, we have

(10) (o MeTLf)P < © / / @M P dme(y) dmg ).

Further, when n < 0, equality holds in (10) when C = |A|=2". For arbitrary n € Z, C =1 may
be chosen to make the inequality hold.

Proof. In order to simplify the notation we write dy := dmg(y) and dy := dmgz(7). We first show
that the statement holds for (z,£) = (0,0) and n < 0, noting that we may apply Fubini-Tonelli’s
theorem to manipulate the integral since H x H* is compact and f € L?(G):

//n(O’O)KCP, M, T, f)|? dy dy = //n(o,o) Ty M _p, )2 dy dry = //Qn(o’o) (M Ty, )2 dy dvy
- /AH/ — </ (2, =7)xm(z +y)WdZ> (/G<w,'v>xH(w + ) f(w) dw> dy dvy

/f /f /A* nHL(% =) {w,7) /AHHXH(Z+y)XH(w+y)dyd’Yd’lUdZ

/f /f / (w—2,7) </ X(An )N (=24 H)O(—w+H) (Y) dy) dry dw dz.
A* npl G

Since A is expansive and n is nonpositive,

n i oz, w€E€H
X(An H)A(= 2+ H)N(—w+H) () = { E)(.A #(v)

otherwise ’
hence
c(A"H); z,weH n
/GX(AnH)m(—z+H)m(—w+H)( ) dy —{ 0: otherwise — Al xH (2)xH (w).
Therefore,
// (o, My T, )| dy dy = /f /f / (w— 2, MA"xH (2)xH (w) dy dw dz
n(o A* nHL

\Al"/f /f (A" H)xw(2)xar (w) dw dz

=1 [ 76 /G Fw)xar () (w) dw dz = | AP /G FExa(z) de /G F )Xz (w) dw
— AP (o )2,

where we have used that (A*)"H+ C H* since A is expansive and n is nonpositive.

Now, for arbitrary (z,&) € G x G and n < 0, replace f by MT, f in the calculations above
to obtain
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(o, McT, f)? = A2 / / (. M T, M T, f) 2 dy dy
— A / / o [ T DM ML A dy
|A| —an // v+£Ty+mf>| dl/dV
— A / / (o, M. T )2 dy .
Qn(z,€)
Finally, for n > 1, we note that
(. MeT f) 2 // (o, M. T, 1) dyd7<// (o2 M Ty £) 2 dy .
QO(:B75
]

If o1,..., 0 € L2(G), A1,..., A, € G x G is such that Ui—; S(¢k, Ag) is a frame for L?(G)
let us denote its canonical dual frame as

{¢k79075 : (x7 é.) € Aka 1 S k S T},
Given n € Z and (y,7) € G x G we recall that

Wi(n,y,7v) :=span{¢p e : (2,&) € Qn(y,7) N Ay, 1 <k <7}

Note that since J;_; S(pk, Ax) is a frame for L?(G), S(pk, Ax) is a Bessel sequence for every
1 < k < r. Then, by Theorem 5.1.1, DT (Ay) < oo, and by Lemma 3.0.5, #(Q(y,v) N Ag) is
finite for every 1 < k < r. Hence, W(n y,7y) is a ﬁmte dimensional subspace of L?(G) and thus
closed. The following result states that for this type of frame the HAP always holds.

Theorem 5.3.3. Let ¢1,...,p0, € L*(G), A1,...,Ax € G x G be such that Up—1 Sk, Ag) is a
frame for L?(G). Then, for every f € L*(G) the following condition holds:

Ve >0, 3N € N such that V (y,v) € G x é, d(M\ T, f,W(N,y,7v)) <e.

Proof. Let
K={felL*G):Ve>0, 3N eNs.t. ¥(y,7) € G x G, d(M,T,f,W(N,y,7)) < €}.

Then, it is easily seen that K is a subspace that is closed.

We want to show that M~T,p € K for all (y,v) € C x D where ¢ := xg and C and D are
like in Lemma 5.0.1. By this lemma, we know that {M~Ty, ¢}, 1)ccxp is an orthonormal basis
for L?(@) and then we will conclude that K = L?(G).

Consider A to be the disjoint union of Ay,...,A,. Then, by Theorem 5.1.2 we know that
DT (A) < oo. Therefore, by Remark 3.0.6 for each fixed 7 € Z there exists a partition of each Ay

into disjoint sets Agk), . ,Agi) such that #{Ag-k) NQa(x,&)} <1 forevery j =1,...,ng, every

kE=1,...,r and every (z,§) € G X G. Then, in order to simplify the notation, we can fix 1 € Z
and assume that each Ay is uniformly separated for that 7.

From here, we deduce that for (z1,&1), (z2,&2) € Ag, Qa(x1,61) N Qalwe, §2) =
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Now, fix (z0,&) € C x D and take any (y,7) € G x G. Since Ur—1 S(¢k, Ag) is a frame, we
can write

M’YTZ/(MEOTSUOQD) = Z Z <M’YTZ/(M50TSC090)7METx(tDw(bk,w,f'
=1 (-'E,ﬁ)EAk
Now, since for every n € Z, 3741 3" e)enymnng My Ty (Mg Tugp), MeTopr) Pr iz g 15 an ele-
ment of W(n,y,~), we have that

d(M“{Ty(Mﬁonocp)’W(na Y, 7))2

<

< ”M'yTy(MﬁoTxo(P) - <M’YTZ/(M§0T1‘0()0)7 Mng§0k>¢k,x,5H2
k=1 (wé)eQn(y”Y)mAk

T
=13 Y ML (Mg ) Me Lo e
=1 (z,6)eAL\Qn(y,7)

~Z S UM T, (Mg, Toy), MeTopr)
k=1 (z,£)eA\Qn(y,7)

T

= é Z (e, Me_ 7—§0Tx—y—xo()0k>’2
=1 (2,£) €A \Qn(y,7)

T

o’ 3 / / o, My Ty d d,

( 76 EAk\Qn(y'y "(w_y_m()’s_“{—fo)

| /\

(11)

IN

where in the last inequahty we have used Lemma 5.3.2. Note that by a simple change of variables

// (¢, MsT.op)|* dz do = // [, MsT,p)|? dz do.
Qan(y+xo—z,v+&0—E) al(r—y—20,6—7—&0)

Since balls with center in Ay an radius n are disjoint, we have that for a fixed k € {1,...,r}
U Qi(z —y — 20, — v — &)
(,8)EAK\Qn (¥,7)

is a disjoint union. Moreover, for every n > n

U Qn(x —y—x0,§ =7 —&) C <G x G) \ @n—n (20, o),
(2,£) €M \Qn (y,7)

and then, combining this with (11) we obtain that
d(M Ty (Mg, Ty ), W(n,y,7))* < CCZ // R (o, MsT,pp)|? dz db.
GXG)\Qn—n (z0,80)

The last integral can be made as small as we want by taking n large enough, independently
of (y,7)- O

Corollary 5.3.4. Let ¢1,..., ¢, € L*(G), Ay,...,Ap € G x G be such that Up—1 Sk, Ag) is
a frame for L?(G). Then for each f € L*(G) and each € > 0, there exist N € N such that

V(y,7) € Gx G, Vk>0, Y(z,€) € Qrly,") A(MeTof, W (N + k,y,7)) < e

Proof. Simply note that if (z,£) € Qk(y,7), then W (N,x,§) C W(N + k,y,7) and therefore
d(Me Ty f, W(N + k,y,7)) < d(MeTo f,W(N, z,§)). [
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