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Abstract

Reinforcement learning for multi-agent games has attracted lots of attention recently. However, given
the challenge of solving Nash equilibria for large population games, existing works with guaranteed
polynomial complexities either focus on variants of zero-sum and potential games, or aim at solving
(coarse) correlated equilibria, or require access to simulators, or rely on certain assumptions that are
hard to verify. This work proposes MF-0ML (Mean-Field Occupation-Measure Learning), an online mean-
field reinforcement learning algorithm for computing approximate Nash equilibria of large population
sequential symmetric games. MF-0ML is the first fully polynomial multi-agent reinforcement learning
algorithm for provably solving Nash equilibria (up to mean-field approximation gaps that vanish as the
number of players N goes to infinity) beyond variants of zero-sum and potential games. When evaluated
by the cumulative deviation from Nash equilibria, the algorithm is shown to achieve a high probability
regret bound of O(M 3/4 4 N=1Y2M) for games with the strong Lasry-Lions monotonicity condition, and
a regret bound of O(M 112 1 N=1/6M) for games with only the Lasry-Lions monotonicity condition,
where M is the total number of episodes and N is the number of agents of the game. As a by-product, we
also obtain the first tractable globally convergent computational algorithm for computing approximate
Nash equilibria of monotone mean-field games.

Key words. mean-field games, symmetric N-player games, Nash equilibrium, occupation measure, multi-agent
reinforcement learning, operator splitting

1 Introduction

In the domain of game theory, multi-agent systems present both profound opportunities and formidable
challenges. These systems, where multiple agents interact under a set of strategic decision-making rules,
are pivotal in fields ranging from economics [40] to autonomous vehicle navigation [63]. The inherent
complexity and dynamic nature of these interactions pose significant challenges, primarily due to the scale
of agent populations and the complexity of each agent’s strategy space [55, [62].

Introduced by the seminal work of [27] and [34], mean-field games (MFGs) provide an ingenious way
of finding the approximate Nash equilibrium solution to the otherwise notoriously hard N-player stochastic
games. It offers a powerful framework to tackle the complexities of multi-agent systems. MFGs simplify the
analysis of large populations by considering the limit where the number of agents approaches infinity, allowing
for the modeling of each agent’s interaction with the average effect of the rest of the population instead of
individual agents. This limiting regime has been shown to provide both analytical and computational tools
for finding approximate Nash equilibria for symmetric IN-player games, especially when the number of agents
N is large. It has been established that the Nash equilibria of MFGs can be used to construct O(1/v/N)-
Nash equilibria for the corresponding N-player game [27, 34, (12, [47]. This approach has been extensively
explored in the literature, with applications noted in areas such as financial markets, crowd dynamics, and
large-scale social networks.
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In recent years, there is a surge of interest in introducing reinforcement learning (RL) to solving MFGs,
which then serves as a tool for multi-agent reinforcement learning (MARL) [54] [51], [19].

Reinforcement Learning. Reinforcement Learning is a segment of machine learning where an agent
learns to make decisions by performing actions and receiving feedback in the form of rewards or penalties.
This learning paradigm enables agents to learn optimal policies through trial-and-error interactions with a
dynamic environment. RL has been successfully applied to various problems, including complex games like
Go and practical applications such as robotics and sequential decision-making tasks. RL can be categorized
into three settings: simulator setting, online setting and offline setting. Offline RL involves learning from
a fixed dataset without the ability to gather new data [32, [59] [42]. In the simulator setting, one is allowed
to have access to some simulator that can provide samples of next state and reward given any current
state, any current action at any time [I8] [48]. Online RL, on the other hand, does not have such access.
One needs to interact with the environment in real-time to collect samples by adopting certain strategies
[4, 5, 29 [I]. Online RL emphasizes the need for algorithms that can efficiently balance exploration (i.e.,
trying new actions to discover potentially better strategies) and exploitation (i.e., leveraging known strategies
to maximize rewards), a balance that is critical in dynamic and uncertain environments. Compared to the
simulator setting, online RL usually faces larger challenges in the design and analysis of the algorithms
due to the fact that one can not modify the underlying system/environment and observe samples that are
beneficial to the learning procedure. However, in many applications, it is hard to build reliable simulators,
where designing online RL algorithms becomes crucial.

MARL and mean-field RL. The integration of RL with multi-agent settings has garnered significant
interest in the recent decade. However, given the difficulties of finding Nash equilibrium in the general
multi-agent systems, extending algorithms and analyses to the RL setting imposes further challenges. The
theoretical works on MARL either focus on variants of zero-sum games [6l B8] B3I}, 2] and potential games
[36, 13}, 23], or aim at solving (coarse) correlated equilibria [30, 49]. For general multi-agent systems, RL
algorithms for finding Nash equilibrium usually suffer from exponential computational complexities [24] [33]
11]. Another stream of works on MARL deals with RL in MFGs to potentially tackle the curse of many agents
in the traditional MARL literature. Most of these works propose and analyze RL algorithms that require
access to mean-field simulators, under either contractivity assumptions [19, [3] 20} [16, [60], monotonicity
assumptions [35] [61], or some stringent oracle assumptions [54], [52] [53]. For the online setting, [56] works
with N-player environments but suffers from an inherent gap in addition to the mean-field approximation
error due to the heavy regularization needed for the contractive convergence analysis framework; [57] removes
such inherent gaps but focuses on stage games; [26] 25] establishes sample complexities of online mean-field
RL when one has access to a finite model class which contains the true model.

Our work. In this work, we aim to solve online reinforcement learning for a class of large population
sequential symmetric games that adhere to the classical Lasry-Lions monotonicity condition. In Section [3]
we introduce the MF-0MI-FBS (Mean-Field-Occupation Measure Inclusion with Forward-Backward Splitting)
algorithm. This algorithm is designed to find Nash equilibrium of the limiting MFG by transforming the Nash
equilibrium search into a monotone inclusion problem over occupation measures. We establish convergence
results for this algorithm when the MFG model is fully known. Then, in Section [ we propose MF-0ML
(Mean-Field-Occupation Measure Learning) which is extended from the MF-OMI-FBS algorithm to address
N-player models where the models are unknown. To address the exploration-exploitation trade-off in the
online RL setting, in each episode, we randomly select one agent to follow a fully exploratory policy, while
the remaining agents implement policies derived from the normalized updates of an approximated version
of MF-OMI-FBS. We are able to show that when evaluated by the cumulative deviation from Nash equilibria,
the algorithm achieves a high probability regret bound of O(M 34 L N2\ ) for games with the strong
Lasry-Lions monotonicity condition, where M is the total number of episodes and N is the number of



agents of the game. This bound includes two components: the first, O(M 3/ 4), arises from the learning
procedure itself, while the second, O(N 120 ), results from the mean-field approximation error. For games
that only satisfy the basic Lasry-Lions monotonicity condition, our algorithm exhibits a regret bound of
O(M11/12 + N_1/6M).

To sum up, we propose the first fully polynomial MARL algorithm for provably solving Nash equilibrium
(up to mean-field approximation gaps that vanish as the number of players N goes to infinity) beyond
variants of zero-sum and potential games.

Technical challenges and novelties. Our method diverges significantly from most existing literature
on RL for MFGs, which typically updates directly on policies. By converting the problem of finding a Nash
equilibrium into one of identifying the corresponding occupation measure, our approach facilitates the use
of optimization tools from the broader literature. Moreover, it is crucial to effectively transfer from the
space of occupation measures back into the policy space when designing online RL algorithms. This dual
transformation is key to our approach and underscores its novelty.

In addition, the presence of dynamics introduces inherent new difficulties in online RL compared to
stage games [57] as it introduces an unknown constraint set over occupation measures that needs to be
estimated /learned. It is well-known that optimization problems are sensitive to the perturbations of con-
straint sets, making the analysis of learning algorithms difficult. To resolve this issue, we identify a nearly
unconstrained reformulation of the projection onto the set of the occupation measures (¢f. Lemma [I0) and
obtain a robust optimization problem which facilitates the analysis.

Other related works. The idea of transforming the problem of finding Nash equilibria to an optimization
problem over occupation measures follows from [22], which obtains an optimization framework for solving
Nash equilibria for MFGs and establishes local convergence results for the projected gradient descent algo-
rithm. Our work focuses on a special class of monotone MFGs and designs algorithms based on operator
splitting that achieve global convergence, which is further extended to the online RL setting. The idea
of utilizing occupation measure has also been adopted in continuous time MFGs to obtain new existence
results for relaxed Nash equilibria and computational benefits [7, [14]. It is later used to study the sensitivity
analysis of Stackelberg MFGs [2I]. The method of monotone operator splitting is also used in [39, [0 43] to
design computational algorithms for solving Nash equilibria in continuous-time monotone MFGs with fully
known models.

2 N-player games and mean-field games

Problem setup. We consider symmetric Markov N-player games, with a common finite state space S =
{1,...,S}, a common finite action space A = {1,..., A}, a finite planning horizon 7' > 1 and an initial state
profile sg = (3(1), ceey sév ) € SV. Being symmetric, the rewards and dynamics of any agent in the game depend
only on the state-action pair of the agent, and the set of state-action pairs of the population (regardless of
the order), or equivalently the empirical state-action distribution of the population. More precisely, at time
t €T :={0,...,T — 1}, each agent i € [N] := {1,..., N} receives a random reward r,(si,al, LY¥) (with its
expectation denoted as Ry(s!,al, L)) when the game is at state profile s; and taking action profile a;, and
transitions to state s 41 independently (over the IV agents) with transition probability Py(st 11 |st, at), where
st = (s,...,sN) e SN a; = (a},...,al¥) € AV, and LY (s,a) = %Eie[ml{si =s,at =a} (s€S,ac A
is the empirical distribution of the population.

For any agent ¢ € [N], an admissible strategy/policy m; (t € T) is a mapping from S to A(A), where
A(X) is the set of probability distributions over X. We denote the set of all such strategy profile/policy
sequences m = {7 }se7 as II. When agent i takes policy 7 € II (i € [N]), at each time ¢ € T, given the agent
states s¢ (i € [N]), the actions ai ~ 7i(s!) (i € [N]) of all agents are taken independently. Note that here we
consider the case where all agents take randomized /relaxed local policies depending only on their own local



state, which is suitable for decentralized execution that is efficient in the large-population settings we focus
on. For notational flexibility, we use m¢(a¢|s¢) and my(s¢, ar) exchangeably to denote the a;-th dimension of
the probability vector m(s¢). The goal is to find a Nash equilibrium (NE) of the game, which is defined
below.

Definition 2.1 (Nash equilibrium (NE) of a N-player game). A strategy profile w = {Wi}ie[m with 7/ =
{mi}lier € I is called a Nash equilibrium (NE) of the N-player game if and only if NashConv(s) = 0. Here
NashConv is defined as

1 i1 ~i N i
NashConv(7) := N Zie[N] (ﬁn}gﬁ(‘/ (m, @t ) = Vi) |, (1)
where Vi(7) := Ex [Y,c7 re(si, af, L}Y)] is the expected cumulative reward of agent ¢ (with initial state s)),
and the expectation is over the trajectory of states and actions when the agents take independent actions
aj ~m(s]) for j € [N] (t € T).

At this equilibrium point, no player has the incentive to unilaterally deviate from their chosen strategy,
given the strategies chosen by the others. Intuitively, NashConv characterizes the aggregated single-agent
side sub-optimality of a strategy profile, and an NE is a strategy profile with no such sub-optimality. It is
well-known that showing the existence of NEs and finding them are difficult for general N-player games [47].
To alleviate this, a relaxation of the Nash equilibrium concept is introduced.

Definition 2.2 (e-Nash equilibrium of an N-player game). A strategy profile 7 is called a e-Nash equilibrium
(NE) if NashConv(w) < e.

For notational simplicity, when the strategy profile w = {ﬁi}ie[ N] 1s symmetric, namely 7t = € II for
all i € [IN], we also denote NashConv(w) := NashConv(7). We say that 7 is an (e-)NE of the N-player game
if and only if the strategy profile 7 := {n"};cy] with 7" = 7 is an (e-)NE.

Mean-field games. As an approximate and limiting model of the aforementioned symmetric Markov N-
player game with a large population size N, we introduce a mean-field game (MFG) with the same finite
time horizon T' < oo, finite state space S and finite action space A. Such a game consists of an infinite
number of symmetric/anonymous players, and a representative player independently starts with an initial
state so ~ u) € A(S), where ul) (s) = & > ie[N] 1{s} = s} (s € S) is the empirical initial state distribution
of the aforementioned N-player game being approximated. For any policy sequence w € II, we denote by
L™ = {LT }1e1 as the mean-field flow induced from 7, defined recursively as

L§ (s, a) = i (s)mo(als),

Lf(sa) = ma(@ls) D Pusls,a)Lf(s,a), te{0,....T -2} @)
s€S,acA

Namely, LT denotes the joint state-action distribution among all players at time ¢, and can be viewed as
an approximation of the empirical state-action distribution L} of the population under policy sequence
m. In each time step t € 7, the representative player takes an action a; € A following the randomized
policy m¢(+|s¢) € A(A), receives a reward r¢(s¢, at, LT ) and moves to a new state s;11 following the transition
probabiltiy Pi(-|s¢, ay). Similar to the N-player games being approximated, we can define the (mean-field)
Nash equilibrium (NE) solution concept of the MFG here. A policy sequence m = {7 }1e7 is an NE of the
MFG if and only if its exploitability Expl(m) = 0, where the exploitabilty is defined as

Expl(m) = max V™ (L™) — V™ (L™). (3)

' ell

Here given any mean-field flow L = {L;}1e7 € A(S x A), V™(L) is defined as the expected total reward
of 7 of the L-induced Markov decision process (MDP) M(L) with rewards 7 (s, a;) := 7¢(s¢, a¢, L) and



transitions Pj(si+1|st,a¢). Similarly, a policy sequence 7 is called an e-NE if and only if Expl(w) < e.
Intuitively, the exploitability of a policy sequence characterizes the room for unilateral improvement of any
representative player, mimicking the counterpart definition for N-player games. Note that the exploitability
is always non-negative by definition.

Outstanding assumptions and approximation guarantees. Throughout this paper, we consider the
following assumptions of Lipschitz continuity and monotonicity (on the expected rewards).

Assumption 1. The expected rewards are Cr-Lipschitz continuous in Ly € A(S x A) for any s € S,a €
At € T, namely |Rt(s,a,L§1)) — Ry(s, a, L£2))| < C’RHLS) - L£2)||1 for any Lgl), L£2) € A(S x A). Further-
more, we also assume that the random rewards are a.s. bounded, i.e., |ri(s,a,L)| < Rpax < 00 a.s. for all
se€S,ac AteT,LeA(S x A).

Assumption 2. The expected rewards are \-Lasry-Lions monoton (A > 0) in the sense that for any
(LD Yier, AL Yier € A(S x A), we have

S (Ruls,a, L) = Ri(s,a, LNV (s,0) — LP(s,0) < =AY (LY (s,0) — LT (s,0))%,
teT,seS,ac A teT,s€S,acA

Note that when A > 0, the property in Assumption [2] is typically referred to as strongly (Lasry-Lions)
monotone. When A = 0, Assumption [2is a slight generalization of the standard (Lasry-Lions) monotonicity
assumption in the MFG literature. More precisely, except for being implicitly adopted in [22], the literature
on monotone MFGs are largely either restricted to stationary rewards that depend on ju; := ) 4 Li(+, a)
[15] [45], [44), [17], or requiring the stronger condition that the inequalities

ST (ri(sia, LYY = (s, a, L)) (L (s,a) — LiP (s,0)) <0
s€S,ac A

hold for each individual ¢t € 7 [61]. Furthermore, throughout the paper, whenever Assumption [2]is assumed,
we can indeed replace it with a weaker assumption that only require that the expected rewards are monotone

on “reachable” (or induced) mean-field flows in the sense that for any two policies 7!, 72 € II, we have

S (Re(s,a,LT) = R(s,a, LF))(LT (s,0) — LT (s,a)) < 0.
teT ,s€S,acA

But for clarity, we stick to slightly stronger Assumption 2] which has a more consistent form compared to
the monotonicity assumptions in the literature.

Under Assumption [T} it can be shown that an NE solution exists for the MFG [47, [10] 22]. In addition,
we also have the following approximation guarantees of the approximating MFG for the original N-player
game. The proof can be found in Section B.11

Theorem 1. Suppose that Assumption D holds. Then if w € II is an e-NE of the MFG, it is also an ¢ -NE
of the original N-player game, where € = ¢ + 2CR\/§SAT/\/N + CrSAT/N.

Remark 1. The approzimation guarantees of MFGs have been widely studied in the literature [{7, 10,57, [56].
We provide the result and the proof here for self-containedness. We remark that here we do not need the
assumption that players in the N-player game have i.i.d. initial state distributions which is commonly
assumed in the literature. In addition, by utilizing the structure that the dynamics of the players are decoupled
from each other (cf. [45,[44),[17]] for the same assumption), the approzimation error we obtain depends linearly
on the time horizon T, which is in sharp contrast to the exponential growth in the general setting [58].

'We call it Lasry-Lions monotone as it was first introduced in the seminal work of [34] on mean-field games. This is also to
distinguish it from another commonly adopted monotone assumption in the differentiable normal-form /stage games literature
[37], which assumes monotonicity of the reward gradients w.r.t. actions.



3 Solving mean-field Nash equilibria via occupation-measure inclusion

In this section, we first study computational algorithms for finding the NEs of the MFG that is used to
approximate the NEs of the original symmetric Markov N-player game, assuming full knowledge of the
MFG. This serves as the stepping stone for designing the mean-field RL algorithm for solving the original
N-player game in the episodic online RL setup in the next section. Throughout this section, to better
conform to the MFG literature, we slightly relax the model assumption to allow the initial state to follow
an arbitrary (fixed) distribution g € A(S), with the empirical distribution ) as the special case.

3.1 Representing mean-field NE with occupation measure

Motivated by the appearance of the induced MDP in the definition of mean-field NE in (3)), we first recall
the classical result that an MDP can be represented as a linear program of the occupation measure. Such
an observation is first noted in [4I] in the context of (single-agent) MDPs, and more recently applied to
MFGs in [22] to propose an optimization-framework called MF-OMO (Mean-Field Occupation-Measure
Optimization) for computing mean-field NEs. However, due to the inherent non-convexity of the quadratic
penalty formulation, convergence of algorithms under the MF-OMO framework to NE solutions is only
shown when the initialization is sufficiently close. In this work, we instead propose a monotone inclusion
framework of occupation measures, called MF-OMI (Mean-Field Occupation-Measure Inclusion) to exploit
the underlying monotonicity of the MFG, which eventually leads to globally convergent algorithms to NEs.

Occupation measure. We begin by introducing a new variable dy(s,a) forany t € T, s € S,a € A, which
represents the occupation measure of the representative agent under some policy sequence m = {ﬂ't}te'y’ in an
MDP with transition kernel P;(s;y1|s¢, a;) and initial state distribution pqg, i.e., di(s,a) = P(s; = s,a; = a),
with sg ~ 1o, Se41 ~ Pi(-|st,at), ap ~ m(-|s¢) for t = 0,...,T — 2. By definition, we have d;(s,a) = L] (s,a).
Given the occupation measure d = {d;};c7, define a set-valued mapping Normalize that retrieves the policy
from the occupation measure. This mapping Normalize maps from a sequence {d;}ic7 C ]Rié to a set of

policy sequences {7 }te7: for any {d;}ie7 C Rig‘, m € Normalize(d) if and only if m(als) = %
=z o€ y

when »° /4 di(s,a’) > 0, and 7 (-|s) is an arbitrary probability distribution over A when y" . 4 di(s,a") = 0.

Compact notation. To facilitate the presentation below, hereafter we define vectors cg(L) € R%AT and
be R as

0
_RO('7'7LO) .

cr(L) = : , b= . (4)
—Rp_1(,+, Lr—1) 1o

with the subscript R = {R;};e7 denoting the dependency on the expected rewards, and Ry (-, -, L;) € R4
being a flattened vector (with column-major order) of the expected rewards Ry(s,a,L;). In addition, we
define the matrix Ap € RT*SAT 44

Wo =2 0 0 0 0
0o W, -Z 0 0 0
0 0 W, —Z 0 0
Ap = : : (5)
0 0 0 0 Wr_o1 —Z
' Z 0 0 0 0 0

Here the subscript P = { P, };c7 denotes the dependency on the transition probabilities, W; € RS*S4 is the
matrix with the s-th row (s = 1,...,5) being the flattened vector [P;(s|-,-)] € R4 (with column-major



order), and the matrix Z is defined as
A
e N
Z :=Is,...,Ig] € RS>S54, (6)

where Ig is the identity matrix with dimension .S. In addition, we also represent the mapping from « to L™
in (2) as I'(7; P) to make the dependency on P explicit.

For notational brevity, we alternatively use ¢(L), A and L™ to denote cr(L), Ap and I'(7; P) under the
ground-truth rewards R and transitions P, and mainly highlight the dependencies on R and P when they
are replaced with their approximations. With slight abuse of notation, we also use d € RS4T to denote the
flattened /vectorized in the same order as ¢(L) from the original vector sequence {d; }sc7 € R54. Accordingly,
hereafter both d = {d;}+c7 and L = {L;}c7 are viewed as flattened vectors (with column-major order) in
R9AT or a sequence of T' flattened vectors (with column-major order) in R4, depending on the context,
and we use Li(s,a) and Lg,; (resp. di(s,a) and ds ) alternatively.

In [22], it is shown that 7* € II is an NE of the MFG if and only if 3d*, L* € R%4T, such that
7m* € Normalize(d*) and that the following two conditions hold: (A) d* solves the linear program which
minimizes c¢(L*) " d subject to Ad = b, d > 0; (B) L* = d*. Note that condition (A) is exactly the well-known
occupation-measure linear program reformulation of the L*-induced MDP, as introduced at the beginning
of this section.

Last but not least, we adopt the following notation. For any vector x € R", we use z;; € RI—i+1
to denote the sub-vector containing its i-th to j-th elements. For any closed convex set C' C R", its
normal cone operator Ng(+) is defined as a set-valued mapping with Ng(u) = 0 for v ¢ C and Ng(u) =
{v e R (w—u) < 0,Yw € C} for u € C. In addition, the dual cone of C is defined as the set
C*={yeRy'z>0,VrecC}

MF-OMI: Mean-field occupation-measure inclusion. We now introduce MF-OMI, an inclusion prob-
lem formulation of MFGs with occupation-measure variables, which we will utilize to exploit the underlying
monotonicity of the MFGs to obtain globally convergent algorithms to NE solutions.

Theorem 2 (MF-OMI). Finding an NE solution to the MFG is equivalent to solving the following inclusion
problem, referred to as MF-OMI (Mean-Field Occupation-Measure Inclusion):

Find d such that 0 € c¢(d) + Niz|az=b,2>0}(d), (MF-OMI)

More precisely, if d is a solution to (ME-OMTI), then any © € Normalize(d) is an NE of the original MFG.
And if ™ is an NE of the original MFG, then L™ is a solution to (ME-OMI).

We now show that when the original MFG exhibits monotonicity properties, then MF-OMI is a monotone
inclusion, namely both ¢ and the normal cone operator /\/'{m| Az=b,z>0} are monotone. Before we proceed, let
us first recall the following definitions of monotonicity properties from the generic operator theory [46].

Definition 3.1 (Monotone operator). An operator/mapping G : R? — R? (¢ € N) is said to be monotone
on X C RY if for any two x1, 12 € X, (G(x1) — G(x2)) " (v1 — x2) > 0. It is said to be p-strongly monotone
on X if for any two z1, x5 € X, (G(x1) — G(22)) " (v1 — 22) > p||lz1 — 22||3 for some p > 0.

Now we are ready to show the monotonicity of (ME-OMI) under Assumption2 Since {z|Az = b,z > 0}
is a convex, closed and non-empty set, the normal cone operator N, (2| Az=b,z>0} 15 always monotone [46]. Now
note that by the definition of ¢(L) in () (as a concatenation of flattened vectors of negative rewards), we see
that Assumption@holds if and only if (¢(L1)—c(La)) T (L1 —La) > A||L1—Ls||3 for any L1, Ly € (A(Sx.A))T,
i.e., ¢(L) is monotone (and A-strongly monotone if A > 0) on (A(S x A))T.

Moreover, for any € > 0, let us define a perturbed reward 7¢(s, a, L) := r¢(s,a, L) —€Li(s,a) (s € S,a €
At e T,L; € A(S x A)), with the expected rewards being R¢ = {R};e7. Then cpe(L) = c(L) + €L, and
since

(cpe(L1) = ce(La)) T (Ly = La) = (e(L1) — ¢(L2)) T (L1 — L) + €l Ly — Lall3,



we have that Assumption 2 holds if and only if (cp.(L1) — cpe(L2)) T (L1 — L2) > (A +€)||L1 — La|)3 for any
Ly, Ly € (A(S x A))T, ice., ¢ (L) is (A 4 €)-strongly monotone on (A(S x A))T.

This implies that one can perturb the reward of any monotone model with a negative linear term to
obtain a strongly monotone model. This observation is essential for the design of the algorithms to tackle
MFGs that are not strongly monotone.

3.2 Solving MF-OMI with forward-backward splitting (FBS)

We now introduce computational algorithms for solving MF-OMI, which also serve as the basis for the
learning algorithm in the next section. There are numerous operator splitting algorithms that can be
adopted to solve monotone inclusion problems in the form of MF-OMI. Here we choose FBS (Forward
Backward Splitting) [46, §7.1], a simple yet efficient workhorse algorithm that is essentially a generalization
of the projected descent algorithm to inclusion problems. FBS on such an inclusion problem proceeds as
follows: in each iteration k,

A" = Proj (4 ap—pezoy (d° — ac(d")), (7)

where « > 0 is the step-size for which appropriate ranges are specified below. Unfortunately, in general
merely the monotonicity of ¢ is insufficient to guarantee convergence of FBS, and strong monotonicity is
needed [46], §7.1]. Motivated by the discussion at the end of the previous section, we consider n-perturbed
rewards for some perturbation coefficient n > 0. Expanding (@) for MF-OMI with such perturbations,
we obtain Algorithm [T which solves (ME-OMI)) via FBS with projection onto the set of occupation mea-
sures/consistency, i.e., {x|Axz = b,x > 0}. Note that the consistency projection step in Algorithm [II is
a convex quadratic program and can hence be solved efficiently via ADMM (e.g., via popular convex QP
solvers such as OSQP [50]) and Frank-Wolfe [28] (where each linearized sub-problem can be exactly solved
as an MDP) based algorithms.

Algorithm 1 MF-0OMI-FBS: MF-OMI with Forward-Backward Splitting

1: Input: initial policy sequence ¥ € II, step-size a > 0, and perturbation coefficient 1 > 0.
2: Compute d° = .

3: for k=0,1,... do

4:  Update d*t1 = d* — a(c(dF) + nd").

5. Compute d*+! as the solution to the convex quadratic program:

minimize ||d — d**!||3 subject to Ad=b, d > 0.

6: end for

3.3 Convergence analysis of the MF-OMI-FBS algorithm

Below we analyze the convergence of Algorithm [Ilin terms of exploitability, which, together with Theorem
[ leads to convergence rates of NashConv in the original N-player game. To account for the perturbation
caused by 7 regularization, we first prove the following result stating the Lipschitz continuity of exploitability
as well as its robustness to reward perturbation. To facilitate the presentation, we denote the exploitability
of a policy sequence 7 € II for an MFG with perturbed expected rewards R = {Rt}te’r as Expl(m; f?) (when
everything else including transitions, etc. is fixed to the true model associated with the original N-player
game). When R= {Rt}te’r = {Ri}te = R, i.e., the rewards are also fixed to the true model, we still use
Expl(m) to represent the exploitability.

Lemma 3. Suppose that Assumption [ holds. Then for any d*,d* € {x|Ax = b,x > 0} and any policy
sequences ™' € Normalize(d') and 7% € Normalize(d?), then we have that for any ¢ > 0,

Ezpl(n'; RY) — Ezpl(n?; RY)| < (2TCR + Ruax + (2T + 1)e)||d" — d?||1,



where R¢ = {RS}e7 is the expectation of the perturbed reward (s, a, L) := r4(s,a, L) — €Li(s,a) (s €
S,ac AteT,Lic A(SxA)).

In addition, for any € > 0 and any policy sequence m € 11, we have
Ezpl(m) — Ezpl(m; RY)| < 2Te.
In order to prove Lemma [3], the following lemma is needed, which demonstrates the dual transformation
between policies and occupation measures. The proof can be found in Section 5.3l

Lemma 4. Let P = {B,}e1 be an arbitrary transition model, namely Py(s'|s,a) > 0 and X"y cg Pi(s']s,a) =
1. Suppose that x € R5AT s such that Apr = byx > 0. Then for any 7 € Normalize(x), we have
(m; P) = z. In addition, for any m € II, we also have ApI'(; P) =b, I'(m; P) > 0.

We are now ready to prove Lemma [3]

Proof of Lemma[3 Firstly, by Lemma [l (applied to P = P, in which case I'(m; P) = L™), we have ™ =t
and L™ = d2. Note that

VI(IT) = Y R(s,a, L)LY (s,0) = —(cpe (L7) LT
s€S,acAteT

Therefore for i = 1,2,

Expl(r's 1) = max (—(ce (L™) L7 ) + (e (L™) TL™ = max (=(eq ()L™ ) + (eqo(d)

which implies

‘EXpl(ﬂ'l; R¢) — Expl(r%; RY)

< max |~ (cqe(d") = (@) T L7 |+ |(eqe (@) T(@" = )| + (g (@") = e (@)
< T ||epe(d") = cpe(d®)]| o + (Rmax + €)lld" — @[l + T ||cpe (d") — cpe (d)|]
< (2TCR + Ruax + (2T + 1)e)||d* — d?|;.

[e.e]

Finally, we also have

‘Expl(w) — Expl(m; RY)

= [masc (—(e(L7) L) + (e(L™) L7 = max (— (e (L)L) = (e (L7) LT

< max ‘— (e(L™) = cpo (L)) L™ | + ((C(Lﬂ) —cp (L) L7| < 2Te.
LS
This completes the proof. O

The following lemma is key to the proof of the convergence of Algorithm [II, which states the equivalence
between the fixed-points of the MF-OMI-FBS iterations and the NEs of the MFG. Let F,,, be the mapping
from d* to d**! in Algorithm [ namely F, ,(d) = PToj ) az=bz>0}(d — a(c(d) + nd)). The proof of the
following lemma can be found in Section 5.4l

Lemma 5. For any n > 0, the set of fized points of F,, is independent of a > 0. Now suppose that
a >0 and n > 0. Moreover, If # € Il is an NE of the MFG with the n-perturbed rewards 7/ (s,a, L) =
r¢(s,a, Ly) —nL(s,a), then d = L™ is a fized point of Fy,, namely Fy ,(d) = d. Finally, if d is a fived point
of Foy, then Ad =b,d > 0 and any m € Normalize(d) is an NE of the MFG with the n-perturbed rewards
7 (s,a, L) = r¢(s,a, L) —nLi(s,a), and d = L™.



We are now ready to state the main convergence result of the proposed MF-OMI-FBS algorithm.
Theorem 6. Suppose that Assumptionsl and[2 hold. Then we have the following convergence results.

o When A =0 in Assumption[d, for any e > 0, if we adopt the step-size o = €/(2C%5? A%+ 2€%) and the
perturbation coefficient n = €, then for any ™ € Normalize(d*) with d* from Algorithm [, we have

SIS

Ezpl(n®) < 2Te + 2V SAT(2TCR + Rmax) (1 — Ke) 2,
where ke = €2/ (20352 A% + 2¢%) € (0,1).

e When A > 0 in Assumption [B, if we adopt o = N/(2C%S?A?%) and n = 0, then for any L=
Normalize(dF) with d* from Algorithm [, we have

[ME

Ezpl(n*®) < 2V SAT(2TCR + Ruax) (1 — K)2 ,

where K = 0,1).

)\2
2035747 ©
Proof. We prove the convergence result for generic A and n with A +7n > 0 and X\ # 7, and then specialize
ittoA=0,n7n>0and A >0, n=0, resp. to derive the claimed conclusions.

Firstly, by Assumption [l we have that for any d',d? € (A(S x A))7,

Hc(dl) _C(d2)H2 = Z (Rt(37a7d%) _Rt(37a7dg))2
seS,acAiteT
< | > Gl @R} =CrVSA > |d} - &3 (8)
seS,acAiteT teT

< CrVSA | SA|d} — d?|3 < CrSA|ld" — &2,
teT

Now let d* be a fixed-point of FanEv which exists by Lemma [B] and the existence of mean-field NE (as
guaranteed by Assumption [I). Then we have that for any d € (A(S x A))T

% (a) % % %
1Fan(d) = Fap(@)ll3 < [ld = d* = ale(d) = e(d*) +n(d - d*))l3
= ||d —d*|13 + a?|le(d) — e(d*) +n(d — d))|3
—2a (¢(d) — e(d) +n(d—d")))" (d—d*) (9)

(b)
< (1+a? (2CES?A% +20)) ||d — d*|)3 — 2a(A + ) ||d — d*|3
= (1 20\ + 1) + 202 (C35%A% + %)) |d — d*| 3,

where (a) is by the non-expansiveness of projections onto closed convex sets, and (b) is by (8) and Assumption

2l Note that (@) indeed holds when d* is an arbitrary mean-field flow in (A(S x .A))T.
Hence for a = (A +1)/(2C%S%A? + 21)?), we have that [

[Fon(d) = Fap(d™)]l2 < \/(1 — (A +n)?/(2C}S?A2 + 20%)) [|d — d*||5. (10)
Note that for any d',d* € (A(S x A))T,
Ald! = |13 < (e(d) — e(d®) T (d" = d?) < |le(d') — e(d®)|2]ld" — d®||2 < CrSAld" —d*|3,

ZNote that d* in general varies as 7 changes, but here we are considering a fixed 7 and so we choose not to make the
dependency explicit in the notation to keep it simple.

%Note that this also implies that for such an o and when A+7 > 0 and A # 7, F, ,, is a contraction mapping on (A(S x A))T
and hence the fixed point d* is unique.
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which implies that A < CgrSA. In addition, A # 7 implies
(A +10)? < 207 4+ 212 < 20%8%A% + 2%

Therefore 0 < (A +1)2/(2C%5%A? + 2n?) < 1 whenever A # 1.
Hence we have

[d* = d* |2 = |[FS) (@) — F) ()]
k
< (1= (A+n)?/ (20%S8%A% + 20*))2 ||d° — d*[l2 < 2 (1 — (A +n)?/ (2CRES?A% + 20%)) 2,

k
2

k times
.

where F(gkg = FypokFypo---o0 Fa,n(d) denotes the self composition of F,, , by k times, and we make use
of the fact that Fi, ,(d*) = d*.

Finally, for any 7% € Normalize(d*), let 7* € Normalize(d*), then by Lemma Bl we have Expl(7*; R") =
0. Therefore Lemma [3] implies

Expl(7*) < [Expl(7*) — Expl(7*)| + [Expl(n*) — Expl(n*; R")|
< (2TCR + Rmax)|ld" — d*|ly + 2T

< 2T + 2V SAT(2TCR + Ruax) (1 — (A +n)?/ (20%S* A% + 2°))

k
2

Finally, the proof is complete by taking n =€ > 0 when A = 0 and 1 = 0 when A > 0. O

The following corollary shows the iteration complexity of Algorithm [l for achieving a target tolerance of
exploitability in a more explicit manner. Particularly, we will see that to achieve an € exploitability, (non-
strong) Lasry-Lions monotonicity has a polynomial iteration complexity of O(e~2log(1/€)) and requires
taking the target tolerance € as an input for the algorithm parameter choices, while strong Lasry-Lions
monotonicity leads to a logarithmic iteration complexity of O(log(1/¢)) without needing to specify an input
target tolerance. The proof can be found in Section

Corollary 7. Suppose that Assumptionsl and[d hold. Then we have the following iteration complexities.

o When A =0 in Assumption(d, for any target tolerance € > 0, if we adopt a= e/(SC'2 SZAT +¢€2/(2T))
and n = €/(4T), then for any k = Q(e2log(1/e)) E we have Ezpl(7*) < € for any 7% € Normalize(d¥)
with d* from Algorithm [l

o When A\ > 0 in Assumption |2, if we adopt o = 20122% and n = 0, then for any k = Q(log(1/¢)), we
have Ezpl(7*) < € for any 7% € Normalize(d®) with d* from Algorithm [

4 MF-0ML: Online mean-field RL for Nash equilibria

In this section, we consider the episodic online reinforcement learning setup where the N agents interact
with each other and the environment repeatedly over episodes, without knowing the model. Each episode
consists of the T-step N-player game defined at the beginning of Section 2l We propose MF-OML (Mean-
Field Occupation-Measure Learning), an online mean-field RL algorithm for finding approximate NEs of
symmetric N-player games based on the (ME-OMI]) formulation and the MF-OMI-FBS algorithm proposed in
the previous section.

“Here the big- notation hides problem-dependent constants S, A, T, Cr, Rmax and is in the sense of e — 0.
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Nash regret. To measure the performance of the online RL algorithm producing a sequence of strategy
profiles 7™ € II for each episode m > 0, we define a quantity NashRegret(M) to characterize the cumulative
deviation from Nash equilibrium of the algorithm up to episode M — 1 (M > 1), which is formally defined

as the following:
M—1

NashRegret(M NashConv(7w"™). (11)

m=0

Overview of MF-0OML. The design of MF-0ML follows three steps. In the first step, in Section 1] we show
that we can replace rewards R and transitions P at unreachable states (to be formally defined below) with
arbitrarily specified default rewards (e.g., zero) and transitions (e.g., self-only transition), without changing
the value of NashConv at any strategy profile 7v. This allows us to equivalently consider learning and solving
the modified N-player game. This modification makes the model identifiable and thus is important in the
learning procedure. We refer to the modified rewards and transitions as R and P for later reference.

In the second step, we extend MF-OMI-FBS to MF-OMI-FBS-Approx in Section to allow for inexact
estimations of cé(dk) and P in each iteration k& > 0. We provide the convergence analysis of this algorithm
for any given estimation errors. Such an algorithm serves as a foundation for the final RL algorithm, where
we provide concrete approximation procedures with statistical estimation guarantees.

Then in the third step, we design an exploration scheme (¢f. Algorithm [B]) in Section E.3] for the
agents to learn the rewards and the transitions in each iteration & > 0. To this end, in each iteration
k of MF-OMI-FBS-Approx, we conduct nj rounds of sample collections, each time picking one agent uni-
formly at random for pure exploration, while having the remaining N — 1 agents executing the policy
7% € Normalize(d*) induced from the current iteration. We establish the high probability bounds for the
estimation errors of this exploration scheme.

The final MF-0ML algorithm, summarized in Algorithm [4 combines MF-OMI-FBS-Approx with the explo-
ration and estimation procedures in the third step. We combine all the analyses in previous discussions and
establish the regret bound for MF-0ML in Section [4.41

To facilitate the presentation below, we use NashConv( ‘R, P) to denote the NashConv of strategy proﬁle
7 under the N-player game with modified rewards R and transitions P. Similarly, we use Expl(m; ‘R P)
denote the Expl of policy = under the MFG with modified rewards R and transitions P.

4.1 Uniform exploration and default modifications at unreachable states

We begin by showing that modifying rewards and transitions at states that are unreachable under the uniform
exploration policy sequence with default values will lead to equivalent games in the sense of NashConv. We
first make the following definitions.

Definition 4.1. The uniform/pure exploration policy sequence 7*P € II is defined such that 77? *®(s,a) =
1/A (s € S,a € A, t € T). The unreachable states set SP*2°® C § is defined as the subset of states that are
not reachable at time step ¢ € 7 under the uniform policy 7°%, namely Spareat = {s € S|P™ " (s; = s) = 0},
where P™ denotes the agent state-action trajectory probability induced by following policy sequence 7.

Now we are ready to state the equivalence lemma for the modified models.

Lemma 8. Define a modified transition model P such that for any a € A, Py(-|s,a) := P,(-|s,a) when
s ¢ Sprreach while Py(-|s, a) is set to po(-), an arbitrary probability vector in A(S) when s € SFrreach. Also
define a modified reward Ry(s,a, Ly) which is Ry(s,a, L) = Ry(s,a, L;) for s ¢ S¥" % and Ry(s,a, L;) =0
otherwise. Then for any m € 11, we have I'(m; P) = I'(m; P) and Expl(r) = Ezpl(rm; R, P) = Ezpl(m; R, P).
In addition, for any strategy profile 7, we have NashConv(w) = NashConv(w; R, P) = NashConv(; R, ]5)

Proof. Let d; be the occupation measure of policy 7 under the original transition model P (for an arbitrary
agent 7), namely d = ['(m; P). We first show that s ¢ Sp**2® for any s with di(s,a) > 0 for some a € A.

12



We prove this by induction. Since s ¢ S§"r2°® if and only if sg = s, and do(s,a) > 0 implies sg = s, the
statement holds when ¢ = 0. Suppose the statement is true for time step ¢. If s € SP4°2°" and dy11(s,a) > 0
for some a € A, then P™(s;11 = 5) = > c 4 div1(s,a’) > 0. On the other hand, note that

P (se1 =) = 3 DL P (50 = )n R (@) Bl )
s'eSa'eA
Since 7°*(d/|s’) > 0 for all & € S,a’ € A, s € S implies P™ " (s; = §')Pi(s|s’,a’) = 0 for all
s' € 8,d’ € A, which further implies P;(s|s’,a’) = 0 for any s’ ¢ Spmreack,

Then since
P™(s441 = 8) = ZZdtsaPt sls’,a") >
s’eSa'eA

there exists at least one pair of s',a’ € § x A such that di(s’,a’) > 0 and P,(s|s’,a’) > 0. By induction,
di(s',a") > 0 implies 5" ¢ Sp**e2°® which, together with s € S5°2°® and P;(s|s’,a’) > 0 leads to contradic-
tion. Then we have shown that s ¢ Sp5°2°® for any s such that diy1(s,a) > 0 for some a € A, thus the
induction is finished.

We then prove that for any player, the same policy 7 induces the same occupation measures on theses
two models, namely d;(s,a) = Jt(s,a) forall s € S,a e A, t e T, where d = I(m; ]5) is the occupation
measure of policy 7 under the modified transition model P (for an arbitrary agent 7). We show this by
induction on time t. When ¢t = 0, it is true by the same initialization. Suppose d¢(s,a) = dy(s,a) for all
(s,a) € § x A, where d; and d; are the occupation measures under the original model and the modified
model, respectively. Since

di1(s,a) = mpa(als)P7 (sp41 = ),
dir1(s, a) = w1 (al )P (sp41 = 5),

We only need to show P™(s;y1 = s) = P™(s,41 = s). In fact,

P™(s441 = 8) = ZZdtS a)P;(s|s',a) = ZZdts a)P;(s|s’,a)

s'eSacA s ES acA
—ZZdtS a)Pi(s|s',a) = P™(sp1 = s),
s'eSacA
where we use the fact that s ¢ Spereach for any s’ with dy(s’,a) > 0 and Py(s|s’,a) = Pi(s|s’,a) for

s’ ¢ Sporeach  The induction is finished (and hence we have proved that I'(m; P) = d = d = I'(; P)).

The last step is to prove the NashConv of the same strategy profile under these two N-player games
are the same. This reduces to showing that for any i € [N], Vi(w) = V() for any strategy profile 7
Here Vi(w) = En (> ier (st ai, LY)] is the expected cumulative reward of agent i under the modified
model. More precisely, the expectation E is over the trajectory of states and actions when the agents take
independent actions a{ ~ ﬂt'(st') for j € [N] and t € T under the modified rewards R and transitions P. Let
d (resp. d}) be the occupation measure of agent j € [N] under the original (resp. modified) model, who
takes policy sequence 7/. Then we have d!(s,a) = d(s,a) for any j € [N],s € S,a € A by the previous

induction proof. In addition, we have

Vi(r) = Eqx [Z ft(si,ai,Liv)] = Z Z Ry(st,al, LN (s, a)) H & (s

teT tET (s¢,ar)eSN x AN JE[N]

where LY maps SV x AN to A(S x A), defined as

LN (s,a)(s,a) := % Z 1(s' = s,a' = a).



Since we have proved that di(si,al) > 0 implies s! ¢ Spre2°h therefore by definition we also have that
Ry(si,al, LN (s, a)) = Ry(si, al, LN (s¢,a;)) when di(si,al) > 0. Hence we have

(7% _ P, ) £
) = E E Ry(st,al, LN (s, a)) H dl(s],al)

tET (s¢,ar)eSN x AN JE[N]
= Z Z Ry(st,al, LN (s, a)) H & (s = V'(m).
teT (st,ar) €SN x AN JEN]
The proof for exploitability is nearly identical and hence omitted. The proof is thus finished. O

4.2 Convergence analysis with approximations

We now propose Algorithm 2] namely MF-0MI-FBS-Approx, which is an inexact version of MF-OMI-FBS with
approximation oracles ¢* and P* for the reward vector cé(dk) and the transition model P with default
modifications defined in Lemma 8 respectively.

Algorithm 2 MF-0OMI-FBS-Approx: MF-OMI-FBS with Approximation Oracles

1: Input: initial policy sequence ¥ € II, step-size a > 0, and perturbation coefficient 1 > 0.
2: Compute d° = .
3: for k=0,1,... do
4:  Compute an approximation & of cé(dk) and an approximate transition model P* of P, resp.
5. Update d**! = d* — a(é* + nd).
6:  Compute d**! as the solution to the convex quadratic program:
minimize ||d — d**1||2 subject to Apd =b, d > 0.
7: end for

The following theorem establishes the convergence of MF-0MI-FBS-Approx.
Theorem 9. Suppose that Assumptions[dl and[2 hold, and in addition that for k > 0,

o~ cq@lla s ST B s — Pl Js,a)| < o,
s'eS
where & € RSAT with ||é*|so < Rmax, P* = {P,}ieT is a transition model, namely PF(s'|s,a) > 0 and

doves PF(s'|s,a) = 1. Then we have the following convergence results.

o When A =0 in Assumptionld, for any € > 0, if we adopt the step-size o = e/(2C}2252A2 +2€%) and the
perturbation coefficient 1 = €, then for any 7 € Normalize(d) with d* from Algorithm 3, we have

k—1
EopU(n*) < 2Te + VSAT(2TCr + Runax) | 2(1 — k)2 + > (1 — k) 7 & |,
7=0
where ke = €2/(2C%52A% 4 2¢%) € (0,1) and
; (T -1
€= % €, + T\/ 4 4 201 + 20 Rypax SA) (T — 1)él, + ael.

e When A\ > 0 in Assumption [B, if we adopt o = \/(2C%S?A?) and n = 0, then for any L=
Vormalize(dr) with d* from Algorithm 3, we have

o

-1

k k—j7—1 .

2 + (1 - K’) % & )
J

where 1 1= \?/(2C%5%A?) € (0,1), and & is defined the same as above when A = 0.

Ezpl(n®) < VSAT(2TCR + Ruax) | 2(1 — k)

Il
=)
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We will need the following lemmas to prove Theorem [ the proof of which can be found in Section

Lemma 10. Let P be an arbitrary transition model, and let d € RSAT be some arbitrary constant vector.
Let d be the solution to minimizing ||d — d||3 over the set of d with Apd =b,d > 0. In addition, let & be a
solution to minimizing ||T'(m; P) — d||y over # € II. Then d = I'(#; P).

Lemma 11. Let P be an arbitrary transition model. Then we have that for any m € 11,

. ~ T(T — 1) S 5
I'(mP)—-T(m;P)||; < ——= P, - P, .
P P) =T P < = w37 [Pi(ss,a) = A(s'Js,a)]
s'eS
Proof of Theorem[d. As in the proof of Theorem [6] we prove the convergence result for generic A and n with
A+mn > 0and A # n, and then specialize it to A =0, 7 > 0 and A > 0, n = 0, resp. to derive the claimed
conclusions.

Firstly, notice that by Lemma [0, the projection step

dk+l = Proj{x|Apkx:b} (dk+l) = Proj {z|Aprz=b2>0} (dk - a(ék + ndk))

on Line 6 of Algorithm [ can be denoted as d*! = T'(z¥+1; P¥), where 7¥*! minimizes ||T'(r; P¥) — d**1|3
over 7 € II.
Now we show that d**! is close to

k . 7k . k K k
A= Proj {x\Aﬁx:b,xZO}(d +1) = Proj {x\Aﬁx:b,xZO}(d - Oé(C +nd ))

Again by Lemma [0, we have d*1* = T'(z#+1*; P) where 7**'* minimizes ||I'(r; P) — d*t1||3 over m € II.
In addition, we have that for any 7 € II, by Lemma [T1], we have

L . . _ . _ . T(T -1
; — 2 — T — 9| < T, — I'(m; 9 < T — I'(m; 1 < ————€5.
(e B) — @41 — (s %) — 41| < (s B) — D PH) s < (s P) — Dz P4y < T8V
Hence we have
‘Hdk—i-l,* - CZk+1H2 - Hdk—i—l o dk—i—l”z‘ — inlf_‘[HF(ﬂ'; P) - CZk+1H2 o inlf:[HF(ﬂ_; pk) o CZk+1H2
e TE
— ‘_ sup (= D(w; P) = d**1||5) + sup (—I0(m; P*) - d’f“HQD (12)
mell well
5 . ~ (T —1
< sup [0 (s P) — &1 — [ P) — o+ < TV
mell

Now let 7%*+! € Normalize(d**!) and then define d*t1* := D(7**+1; P). Then noticing that d*! =
I(7**1; P*) by Lemma @, we have by Lemma [I1] that

» (T -1
||dk+1 _ dk+1,*||2 < %612@ (13)

Next we show that d*t1* is feasible and O(ek)-sub-optimal for minimizing [|d — d*+1||3 subject to Ad =
b,d > 0. To see this, first notice that by Lemma @], we have Ad**'* = b and d**'* > 0, and hence d*+* is
feasible for the aforementioned quadratic optimization problem. Then to show the sub-optimality gap, we

simply notice that by (I2]) and (I3),
H(jk—i-L* _ de-l—1||2 < Hdk—i—l _ Jk-i—luz + Hdk—i—l _ dk—l—L*Hz
< ||dk+1 _ CZk+1H2 _ Hdk—i—l,* _ Jk-l—luz + Hdk—i—l,* _ CZk+1H2 + Hdk-ﬁ-l _ Jk—l—l,*Hz (14)

< ||dF Y — @Ry + T(T — 1)é.
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Then by the strong convexity of the quadratic objective f(d) := ||d — d**!||3, we have

f(CZk—i-l,*) _ f(dk—i-l,*) > vf(dk—i-l,*)'l'(dk—l—l,* _ dk—i—l,*) + Hd%—i—l,* _ dk+1’*||% (15)
> [+ — gt

where the first inequality is by strong convexity, and for the second inequality, we make use of the property
that d*+1* is the optimal solution to minimizing f(d) subject to Ad = b,d > 0, and that d**'* is also
feasible in the sense that Ad*t1* = b, d**1* > 0, and hence by the global optimality condition of convex
constrained optimization problems [8, §4.2.3] we have V f(dF+1*)T(dk+1* — gh+lx) > 0.
Now since d*, df 1% and df +i’* (t € T) are probability distributions over § x A due to Lemma @] and

their definitions by I', and since d**! = d* — a(é* + nd*), we have

Hd%—i—l,* _ Jk+1H2 + Hdk—i—l,* _ d~k+1H2 < H(ik—i-l,* _ d~k+1||1 + ||dk+1,* _ d~k+1||1

<" — (1= an)d® |l + [|dF — (1= an)d® |y + 2a|&

<22+ an)T 4 2aRnax SAT = (44 2am 4+ 2aRpmaxSA)T.

Hence we have that by (I4]) and (I5),
418 — @13 < [ B e —
_ (HCZk-l-l,* _ d~k+1||2 + ||dk+1,* _ Jk+1||2)(‘|(ik+l,* _ Jk+1”2 _ Hdk—i—L* _ Jk+1H2)
< (44 2am 4 20 Rmax SA)T?(T — 1)éb,
and hence together with (I3)), we have

Hdk—i—l _ dk—i—l,*Hz < Hdk—i—l _ (ik—i-l,*Hz + H(ik—i-l,* _ dk—i—l,*
T(T — 1)
2

ll2

(16)
<

& + T/ (4 + 20 + 20Runa SA)(T — 1)éh.

Define Féjn(d) = Proj{mmﬁkm:b’xzo}(d — a(é¥ + nd)). Then Algorithm 2] can be represented compactly

as dFt! = Fc]f,n(dk)' Now let d* be a fixed-point of Fy, ,, which exists by Lemma [5 (applied to R and P) and
the existence of mean-field NE (as guaranteed by Assumption [I). Then we have

41— e = |

an(d’“) — Fypp(d¥) )

< HPIOJ{x|AW=b,x20}(dk — o +nd")) — Proj{x|Aﬁx=b,x20}(dk — o + ﬁdk))H2
| [Pros o pmmoy (@ — (@ + 1)) = Projyia o asay (@ — ale(d) +nd)|
+ ||Proj {z|Apr=b2>0} (dk - a(c(dk) + ndk)) - Fa,n(d*) 9
= 45 = Ay | F(0°) = Fan (@)1

. k ~k k . k k k
o+ |[Pros o apmmmoy (@ — a(@ + 1)) = Projyia o asay (@ — ale(d®) +nd)|

T -1
< %eg + T\/(4 + 2an + 20 Ryax SA) (T — 1)615

/(1= A+ 0)?/(203,5242 1 202)) [ d — d* |2 + e},
where the last step makes use of the contraction inequality (I0) of F,, proved in Theorem [@ (applied to

R and P here, which also satisfy Assumption [l and Assumption 2 by the definitions of the modifications),
(I6) and the non-expansive property of projections.
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By telescoping over k, we conclude that

k—1 - '
Id* — d¥ll2 < (1= rag)? [d = dllo + S (1~ kpy) 7 &
7=0

Sk
ol
|
—
|

<2(1- "ix\m) + (1- ’@\m)kg 1€j7

<.
Il
o

where k), == (A +1)?/(2C%52 A% + 2p%) € (0,1) and

(T -1) -
e = %eé + T\/(4 + 2am + 2aRax SA) (T — 1)) + ael.

Finally, as in the end of the proof of Theorem [6 by defining }%77(8 a,Ly) := Ry(s,a,L;) — nLi(s,a),
for any 7% € Normalize(d*), let 7* € Normalize(d*), then by Lemma [ applied to R and P, we have

Expl(m*; R, 15) — 0, and hence by Lemma [ applied to R, P and R", we have
Expl(7*; R, P) < [Expl(7*; R, P) — Expl(n™*; R, P)| 4 |[Expl(7*; R, P) — Expl(n™; ]%’7, P)|
< (2TCR + Ruax)||d" — d*[|1 + 2T

ol
ol
|
—_

< 9T + VSAT(2TCR + Runa) | 2(1 = kian)? + 3 (1 = sip,) 2 &

<.
Il
o

Finally, by noticing that Expl(7*) = Expl(r*; R, P) = EXpl(ﬂ'k;E, ]5) thanks to Lemma [ the proof is
complete by taking n =€ > 0 when A =0 and n = 0 when A > 0. U

4.3 Exploration and estimations

We now introduce the third step towards the final online mean-field RL algorithm. In this section, we design
a sampling and exploration scheme and the associated estimation procedures of rewards and transitions
(with default modification) to compute estimates ¢ and P¥ and the associated estimation errors €k, ek for
Algorithm 2l in Theorem

Sampling and exploration. The main idea for exploration is to conduct ng independent rounds of sample
collections in each iteration k of Algorithm Bl each time randomly selecting one agent for pure exploration,
while having the remaining N — 1 agents following the current policy 7* € Normalize(d*). The algorithm
for sampling and exploring at iteration k is summarized in Algorithm

Algorithm 3 SampleExplore(r*, ng, k)

1: for 1 =0,1,...,n, — 1 (independently) do
2:  Sample agent ig(k,l) from [N] uniformly. Let agent ig(k,l) take the exploration policy sequence

o P(s,a) = 1/A (s € S, a € A, t € T), and the other N — 1 agents all follow policy sequence 7*.
Collect trajectory data {(sio(k’l),aio(k’l),Tzo(kl sfﬁrfl ) heT
3: end for
(kD) okl k.l (k1)
1 Output: {(sy Y, a0 P00 G0ENY r it ey

5A more precise notation for the trajectory states, actions and rewards would be le(k Dokl aiO(k’l)'k’l and r,ﬁ”(k'”’k'l, which

would fully disambiguate the different episodes [ and iterations k. But since k, [ already appear in i9(k, ), we simplify them to

be 5i°(k’l)7 ai“(k’l) and rz"(k’l) to facilitate the discussion below.
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Estimations. Given the collected trajectory data {(sio(j’l), aio(j 2 7‘20(3 2 siﬂ_({l ) }eT 1€f0,...n;—1},j<k from

Algorithm [B] up to iteration k, the estimated rewards and transition probabilities are then computed via
(conditional) sample mean estimations based on the collected trajectories, with default values (0 for rewards
and po for transitions, as stated in Lemma [§]) used for states and actions that are not visited by the
trajectories. More concretely, we compute estimated rewards and transitions at iteration k£ as follows.

For any (s,a,t) € S x A X T,

1 ngp—1 o (k1) i kl (k ) .
. _ 1 = (s,a)}, ifng(s,a,t)>0,
Rf(S,G) = nk(s7a7t) =0 Tt {( ) ( )} k( ) (18)
0, if ng(s,a,t) = 0.
For any (s,a,s',t) e Sx Ax S x T,
io(50) io(5l)  io(d,0) !
,a .8 = (s,a,s
- Tja T M 0 ) = o)
Pt (S ’S,CL)) = ngk nj(s,a,t) = (19)
po(s), if > i<rni(s,a,t) =0.
Here ny(s,a,t) =Y " 11{ (k) — io(k’l) =a}.

Note that since the tran81t10n models do not depend on the mean-field terms df which vary over iterations,
we collect all sample trajectories in the history (instead of only for iteration k as in the case of rewards
estimations) for the estimations of the transition models.

Finally, we concatenate the estimations into

&= : e RS4T and P* (20)

for use in iteration k& of Algorithm 2l

Staitstical estimation errors. The following proposition establishes the statistical estimation errors of
the reward estimations (I8)) and transition estimations (I9) for each state, action and time step. We leave
a remainder term Cplldf — Lkal with L?k = I'(7*; P) to better illustrate the components of the reward
estimation errors. The explicit bound of the estimation errors is given in Corollary [I3l

Proposition 12. Suppose that Assumption [ holds. For any s € S,a € At € T and any § > 0, if
g > 105(2/5) then with probability at least 1 — (1 + S)J, the following two bounds hold:

min

. ~ 1 7T 2R2 .. log(4/5) K
RF(s,a) — Ry(s,a,d")| < CrSA <—+,/—> + max + CglldF — LT |1,
t( ) t( t)‘ = R N IN Doinh — log(2/5)nk/2 RH t t Hl

execution error

mean-field approximation error
2log(4/9)
Pmin ngk nj — \/log(2/5) ngk n;/2

concentration error

concentration error

(21)

\]%k(s/\s, a) — E(s’]s,a)\ < , forall s’ €8S.

Here L’rk = I'(7*; P), pmin = N g gumreach 1T dr™ (s,a) > 0, where d™"" is the occupation measure under
the pure exploration policy w with n;*(s,a) =1/A (s€ S,a € A, t€T).

Remark 2. We briefly comment on the compositions of the reward estimation errors and transition estima-
tion errors. Due to the dependency on the mean-field terms dF, the reward estimation errors are combinations
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of mean-field approzimation error similar to Theorem [, concentration errors from the Hoeffding inequality,
and ezecution errors resulting from the mapping from d¥ to 7 via Normalize. The symmetry aggregation
effect of the mean-field terms also necessitates novel conditioning techniques that are not needed in the classi-
cal MARL literature. In contrast, the transition estimation errors consists of merely the concentration errors
since the transition model is independent of the mean-field terms.

1
Proof. Let L™ (s a) = NZze[N 1{s!" = 5 0™ =4} (s € S,a € A t € T), where 57" and o

denote the state and action of agent ¢ € [N] at time step ¢t € T in the I-th episode of trajectory collection

io (k1) k)l io(k,1)
= St

in SampleExporeEstimation(7*, ny, k). Particularly, recall from footnote [l that EX and

io(k,l),k,l io (k,l
a;()( 7)7 ) :a;()( 7).

Part 1: Gap between RF(s,a) and Ry (s, a,dF). We first bound the gap between RF(s,a) and Ry(s, a, LT").
When s € §pareat p, (s,a,t) = 0 a.s., and hence both RF(s,a) and Ry(s,a, LT) are zero a.s.. Thus we only
need to bound the gap for s ¢ Sprreach,

We first provide a high probability bound for n (s, a,t). Since ny(s,a,t) = 3" ! 1{s, to(kd) _ g gl _

= S,a;

a}, and since 1{8ZO kd) — s,aio(k’l) =a} (I=0,...,n, — 1) are ny i.i.d. random Varlables with a.s. bound 1

and expectation d; F(s,a), by Hoeffding’s inequality we have for any s ¢ Sp**®2°® and € > 0,

P (nk(s,a,t) > (Pmin — €)ng) = P (ng(s, a,t) > (dT™(s,a) — €)ny)
>1—exp (—2nke2) .

Therefore, for any § > 0 and any s ¢ Sfre2® with probability at least 1 — §/2,

log(2/4)

>0
an k

nk(37 a, t) 2 Pmin —

since ny > log(2/9)/(2p%,,)-
When ng(s,a,t) > 0, let IF(s,a) = {l € {0,...,n — 1} : (s, fok) Zo(k’l)) = (s,a)}. Note that

2 : ok 1 kD) & ok
Bf(s,0) = Rils,0, 17 )| = |y 30 M = Rilsa,17)
K 1€1F(s,a)

< % Z <r§0(k’l) —E [Rt(s,a, Liv’k’l)Hf(s,a)D

ni(s, @, 1) 1€1¥(s,a)
J1
1 > s k
o leﬁ%@) (B[ futs, 0, LIM\1E (s5,0)] — Ru(s,a LT))
J2
=J1 + Jo.

To bound J;, notice that when ny(s,a,t) = |IF(s,a)| > 0, conditioned on If(s,a), we have thatfd

D [R(s, 0, LI (s,0)] (1 € 1E(s,a)

5This can be verified by the definition of independence via noticing that conditioning on I (s,a) is equivalent to conditioning
on {1{( io(k, l) zg(k l)) (S a)}}nk 1.
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are nk(s,a,t) bounded independent random variables with bound 2R,,x and conditional mean 0. Hence
Hoeffding inequality implies that

2
P (Jl > 6\15(3,@)) < 2exp <_M> ,

2R ok
and thus
P(J, > e|ng(s, a,t)) = E [E [1{J1 > e}uf(s,a)] nk(s,a,t)]

=E []P’(Jl > e\[tk(s,a)\nk(s,a,t)] < 2exp(—ni(s,a,t)e/(2R2,.))-

log(2/d
P(Jl =z E) =Pz E,nk(S,a,t) 2 (pmin - ng(n/ )
k

Hence we have

log(2/4
+P Jl > e,nk(s,a,t) < | Pmin — Og( / )
2nk
< Y P(L = elng(s, a,t) = n) P (ng(s,a,t) = n) + /2
n:ng
> ne?
< ZO 2exp T P (ng(s,a,t) =n)+0/2
'I’L:'I’Lk
7’1262 0
< 2exp <—2Rr2nax> P (nk(s,a,t) > ny) +6/2
<pmin - —bgz(,if 6)> e
<2exp | — R +0/2,

where ng = [(Pmin — %)nﬂ > 0. Then with probability at least 1 — 9, J; < \/ pminif?—ni;llsgg((;l// :;))nk/2.

To bound Jo, we have that a.s.,

JQ S m lelt%;’a) ‘E |:Rt(s,a,7 Liv’k’l)‘[f(37a)} — Rt(s,a,L?k)‘

Cr Nkl B |
< ——— E|I|LYVR — 7 I
= ni(s,a,t) lel%;a) [H ¢ ; Hl‘ t(s,a)]

Note that
E (|1 (s,a) - L7 (5, a)| | T (5, 0)]

1 '7k7l -7kvl 7Tk
=E [E HN Zje[N} s =s,al™ =a} — LT (s,a)

<1+ T
-N 2N’

(If(s,a),io(k,n] (Jf(s,a)}
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Here we reuse the trick in the proof of Theorem [t Conditioned on IF(s,a) and ig(k, 1), 1{s?™ = s, a*' = a}
(7 € [N]\{io(k,1)}) are bounded independent random variables with

1 . ﬂ.k
‘E [N Z]E[N]\{zo kD)) s = s,a)"" = a) If(s,a),zo(k,l)} — LT (s,q)

‘N Zo(’f ) _ aio(kJ) = a}

<1/N,

Hence again by Hoeffding inequality as in the proof of Theorem [Il we have that a.s.,

1 [
< — — .
Jo < CgrSA <N+ 2N>

Combining the upper bound of J; and Jy, we have with probability at least 1 — 6,

A ) 1 p 2R}, log(4/9)
Rk 7 B R 7 7L7Tk < C SA <_ + \/:> + max .
t(s a) t(s,a, L] )‘ = VR N IN Pmink — /10g(2/8)ny /2

And finally, since |Ry(s, a, L?k —Ry(s,a,dF)| < C’RHLfk —dF||y by Assumption[T] the proof for the rewards
estimation errors is complete.

Part 2: Gap between PF(s'|s,a) and Pi(s'|s,a)|. Now we bound the gap |PF(s'|s,a) — Pi(s'|s,a)|. The
major difference here is that since the transition models are mean-field independent, we can collect all
samples in the history for the estimations. Similarly, if s € Sf®¥®2® then we have a.s. ng(s,a,t) = 0, and
hence PF(s'|s,a) = po(s’) = Py(s'|s,a). Therefore we only need to consider s ¢ SPreach  We first obtain a
similar high probability bound of i<k n;j(s,a,t). Again by Hoeffding inequality, for any € > 0

ansat (Pmin — € an >P ansat exp an

i<k i<k i<k i<k

>1—exp —2an62
J<k

Therefore, for any 6 > 0 and any s ¢ Sf*®2® with probability at least 1 — §/2,
log(2/6
ansat 2:<pmin_ #)Z”j>0
i<k i<k ) i<k

since Y,y mj > ny > log(2/4)/(2p%..). Then when > j<k (s a,t) >0, for any s’ € S

. - 1 i i i
[PE(s')s,a) = Pu(s']s,a)| = | = >3 (M0 st ) = (5,0,
B ) {(50, a0 = (s,0)})|

- . Z <1{Sig—({7l) = 3/} - pt(S/’37a)> s

i AGE] 7t =
2 mi(s:at) (G)ETk (s,a)

where . o
(s,a) ={G, D) :j=1,....k1=0,... 0 (5P a0y = (5, a)}.



Note that conditioned on IF(s,a),

1{sfﬁril =5} = P(s|s,a), (4,1) € ftk(s,a)

are ) ;. nj(s,a,t) independent random variables with values in [—1, 1] and conditional expectation 0. Then
similar to the bound of J; above, using Hoeffding inequality one can get

. N 1
P | |PE(s'|s,a) — Py(s|s,a)|] > € an(s,a,t) < 2exp —5622nj(s,a,t)

J<k J<k

Hence similarly

P <\]5tk(s’\s,a) — Py(s'|s,a)| > e) =P [ |PF(s'|s,a) — Pi(s'|s,a)| > E,an(s,a,t) > il
i<k

+P | |PF(s|s,a) — Py(s'|s,a)| > E,an(s,a,t) < i
J<k
=0 2

< 2exp <—%> + /2.

Therefore with probability at least 1 — 9,

2log(4/9)

[PE(s'ls,a) = Pi(s']s,a)] < -
Pmin Y — /108(2/8) ¥4 ms /2

Combining the two statements finishes the proof. O

Corollary 13. For each k > 0 and 6 > 0, if ny > &fw then with probability at least 1 — (1 + S)SATYS,
the sample estimations from 20)) satisfy the following bounds:

_ Mlly < Ak (ot B < Gk
16" — cp(d¥)]l2 < €f, ses,aeﬁi}é,...,T—%Ze;s'Pt (s']s,a) — Pi(s']s,a)| < €3,
where
1, [ R3,, log(4/0) ) log(4/9)
e =VSAT (0 SA <N + W) +2 — + CrSAT(T = 1)y [ Sy’ (22)
log(4
6’5 =99 M_ (23)
Pmin ngk n;

Proof. By Proposition [[2] for any 6 > 0, if ny > 1°2g(22 /9 then with probability at least 1 — (1 + S)SATY,

the inequalities in (2]]) hold for all s € S,a € A, and te T which implies

2log(4/d
s€S.ac A Z |PE(s'|s,a) = Bi(s/|s,a)] < S g(4/9) :

2
| — n(T™)]l2 < VAT  CrSA <i+ /i) N 2R2,0 l0g(4/0) |
N 2N Pminng — 10g(2/5)nk/2

22
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In addition, when these inequalities hold, since Lemma [Blimplies that L™ = I'(n*; P) = T'(z¥; ]5), by Lemma
M and Lemma [IT]

K gk (Tr-1) Al 5
_ < 7 E _
”d L Hl - 2 ses,aevﬁi}a...,T—2 cS ’Pt (S ’S7a) Pt(s ’S7a)‘ (24)
ST(T —1) 2log(4/0)

- 2 Pmin ngk nj — \/log(2/5) ngk n;/2
thus by Lipschitz continuity,
7Tk 7Tk 7Tk
llea(d®) = ca(L™)l2 < lleg(d) — cx(L™ )|l < CrSA[d® — L™ |

- CrS?AT(T — 1) 2log(4/9)
- 2 Prmin )<k Tj — \/Iog(2/5) D <k /2

Combining all the statements above finishes the proof.

4.4 MF-0ML and regret analysis

In this section, we put together the ingredients from the previous sections into the final online mean-field
RL algorithm, MF-0ML. The algorithm plugs Algorithm [B] and the associated estimation procedures into the
iterations of Algorithm Rlthat is applied to the rewards and transitions with default modifications. The final
algorithm is summarized as Algorithm [l

Algorithm 4 MF-0ML: Single-Phase Mean-Field Occupation-Measure Learning

1: Input: d° € (A(S x A)T, a >0, 7> 0, {ng}ro-
2: Compute 7¥ € Normalize(d®).
3: for k=0,1,...,do

1 Collect {(s;"™", ™ ro®0 0N 7 1eto,. -1y = SampleExplore(r*,ny, k).

5. Compute estimated rewards and transitions from the collected data with (I8) and ([I9), and then
construct ¢ and P* with (20).
Update d*t! = db — a(é¥ + nd®).
Compute d*! as the solution to the convex quadratic program:

minimize ||d — d**1(|3 subject to Apd =b, d > 0.

8 Extract policy 7**1 € Normalize(d**1).
9: end for

The following theorem establishes the regret bounds of MF-OML for both strongly Lasry-Lions monotone
and (non-strongly) Lasry-Lions monotone settings.

Theorem 14. Suppose that Assumptionsd and[d hold. Then we have the following regret bounds for MF-0ML.

e When A = 0, for a given number of episodes M, if we adopt o = n/(2C%S5%A? + 2n?) with n =
max{N /6 M~1/12} and ny, = k3, then we have that with probability at least 1 — w%(1 4+ S)SATS/6,

VashR t(M) =0 SEAMTEM S2ZATT2 M2 (100 MY/A L /log(1/6
ashRegret(M) = WJF (log M) 0g(1/6) | -
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o When X\ > 0, if we adopt a = \/(20%5%A?), n = 0, ny = k>, then we have that with probability at
least 1 — 72(1 + S)SATG/6, for all M > 1 we have

SPAPT M o /2y 13/ 5/4
NashRegret(M) = O | ———=—— + S“AT"/*M>/*(log M )*/*+/log(1/6) | .

VN
io(k,1)-th
We need the following lemma to connect the strategy profile wh! = (7%,... 7®%® ... 7¥) executed
in the I-th episode (I = 0,...,n; — 1) of iteration k of MF-OML to the symmetric strategy profile 7% =
(z*,...,7%). Here we fix/condition on iteration k and the picked agent index ig(k,1) for the following
lemma.
Lemma 15. Suppose that Assumption[d holds. Then we have
3CRrSAT
|NashConu(mh!) — Ezpi(n®)| < 2CRSAT % + RT

The proof is mostly identical to the proof Theorem [] except for having at most two agents deviating
from the policy 7% in the analysis, and is hence omitted.
We are now ready to prove Theorem [I41

Proof of Theorem [I4 Once again, as in the proof of Theorem [l and Theorem [, we prove the regret bounds
for generic A and 1 with A +n > 0 and X\ # 7, and then specialize it to A =0, n > 0 and A > 0, n = 0, resp.
to derive the claimed conclusions.

Let 6, := 6/k? for k > 1. By Corollary [[3] for any k > 1 with nj = k3 > 210g2(2/5k) = 21°g(2/§)+41°g’“, we

min Pmin

have that with probability at most (1+ S)S AT, the inequalities of rewards and transitions estimations in
[22) and 23]) (with d replaced by dx) will not all be satisfied. Note that since logk < k—1 < k hold for any

k > 0, we have logk < k < %k?’ hold for any & > 2v/2/pin. Hence for any

1/3
k> k. :=max {2\/§/pmin, <w> } ,

min

we have
2log(2/6r) 2log(2/0) +4logk  2log(2/9)
2 - 2 < 2
Drnin Prin min
Hence by union bound and the fact that > 72, 1/k? = 72/6, for any § > 0, we have that ([22]) and (23)
(with & replaced by ;) hold for all k > k9. with probability at least 1 — 72(1 + S)SATS/6. For k < kO

min’

+k3/2 < K3,

the following naive bounds hold automatically a.s. by the definitions of é* and Pk

Hék _ CR(dk)H2 < 2RpmaxVSAT, sES,aE}lr,lti}g),___,T_l ,EG;S |]3tk(3/|8, a) — 1315(3’|3, a)| <2.
S

Hence by Lemma [I5] Theorem [ (¢f. (7)), Corollary [[3 and Lemma B we have that with probability
at least 1 — 72(1 + S)SAT3/6, for all k > 0,

NashConv(7*!) < Expl(n*) + 2CR\/§SAT/\/N +3CRrSAT/N
— Expl(7*; R, P) 4+ 2Cg \/§SAT/\/N + 3CRSAT/N

< 2CR\/§SAT/\/N + 3CRSAT/N
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e

1
k—j—1 .
+ (1 - ’{A,n) ; € 5
J

MBS

+ 210 + VSAT(2TCRr + Rmax) | 2(1 — kxy)

Il
o

. T(T-1) ; : :
where fy, = (A +1)2/(2055242 + 272), @ i= LU 1[4+ 201 + 20 R SA(T — 1)é) + ],

= (A +1)/(20%5%2A42 + 21?), & = [@2) and € = ([23) (with & replaced by &) for k& > kS, . and
elf = 2RmaxVSAT and 612‘C = 2 otherwise.

Since 1/(1—/T—=rxy) = (L4+ /T = kry)/krn < 2/Ery, we have by the fact that n, = k? is increasing
as k grows,

k—1 K-

K K
kJ‘ 1 _
E Nk 1—1@\ 2 ] E nk 1—/&)\77

k=0  j=0 =0  k=j+1 k=0

H

MN
g \x

K ng 1
NashRegret < Z Z NashConv(7"!)
k=0 [=0
T 3CRSAT o

2CRSAT 4 ZE2CD Lot

( i N N ")k_ok
. K k—1 R
L3 —J—1 s

+ VSAT(2TCR + Runax) 2an —ma)? ) k) (L—ryy) 2 &

k=0 ;=0

7 3CRrSAT K?(K +1)?
<2CRSAJ\/2N __TV__'+2T”>___TI___

3 _
N 2V SATK?(2TCR + Rumax) <2 N ZK 1 €k> 7

k=0

Kxnm

where K is the smallest integer with which Zszo ng > M. This immediately implies that ZkK:_Ol ng =
(K —1)2K?/4 < M, and hence (K — 1)* < 4M. Thus K < (4M)"/* +1 < 2(4M)"* = 2¢/2M'/* for any
M >1 (since (4M)Y* > 1 for any M > 1), and similarly for any M > 1, we have

2K +1 AM)VA + 1)2(AM)V* +2)2  (2(4M)Y )2 x (3(4M)1/*)?
E:nk +) M) T+ DT (EM) 77 +2)7  2EM) 7)< BUM) )" _ 00 r
4 4
Hence it remains to bound Zsz_ol &, for which we have
& — <T(T 1)+ 2T/(2 + an + aRmaxSA) (T — 1) + 2aRmaX\/SAT)
k=0 k=0

1 2 2
+a CR5A< & ) 2Ry BN g2 a1y, [ 0BURE/D)
’_ g 2N PminTg Pmin ngk nj

h=TkD . Pmin Zgﬁk j Pmin zjgk j

K—-1 1/4
+ Z (T(T 1S _log(4k?/3) 427/ (25 + anS + aRmeeS2A) (T — 1) ( log(4k2/6) > )
1

Pmin Phin

1/3
< <T2 + 2T3/2 \/2 +an + aRnaxSA + 2aRmaX\/W> <max { 2\/57 <410g2(2/6)> } ! 1)
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N + 2N k3/2

pmll’l

+ aCRrS*2A32TK <i L) 20 ftmaxV SAT § Z Vi0og(4h?/0)  2aCRS*AT™ = \/log k2/5)

pmln k=1

2572 "= \/log(4k2/6) 2T3/2\/4S+2an5+2aRmaXS2A ! (log(4k2/5))1/4
- k2 T 1/4 Z Lk

Pmin (7 Pin k=1

1/4
=0 <(T2 + \/W)(log(l/&))l/?’ + 53/2A3/2T1/2]\\4/N

+S2AT?\/10g(1/8) + SAY*T3/2(log M)°/* (log(1 /5))1/4)
Finally, putting all these together, we have that
o N 96CRrSAT
2N N

2 3 max K-1

. VSATK?(2TCR + Rmax) (2 . Z ek>
I{)\’n k=0

T n 96CRrSAT

2N N
16v2SAT M?/4(2T max) e
k=0

Kxn

NashRegret(M) < <7ZCRSAT + 72T77> M

32v28AT M3/*(2TCR + Rumax)

Kxnm

<720RSAT + 72Tn> M +

2 A272 2AT7/2
o ((5 AT +Tn> M+ AT 314 (100 11y log(1/5)> :

li}\,n\/N Ii}‘vn

Finally, taking n = max{N~'/6, M~1/12} when A = 0 and 5 = 0 when A > 0 finishes the proof. O

5 Additional technical proofs

In this section, we provide some additional technical proofs of our results.

5.1 Proof of Theorem 1]

Proof. It suffices to show that for any policy sequence m € II, we have
|Expl(m) — NashConv(rm)| < 2CR\/§SAT/\/N +2CRrSAT/N. (25)

The key is to bound the differences between L] and LI{V " for t € T, where Liv "™ denotes the empirical state-
action distribution of the N-player game under the policy sequence w. Thanks to the decoupled dynamics
P(s 41 |st, at) of the N-player game, the state-action trajectories {si, ai};e7 (induced by 7) are independent
across i € [N]. Moreover, if we denote Iy, := {i € [N]|sj = so}, then for any sy € S, the state-action
trajectories {s¢,al}ie7 are indeed i.i.d. across i € I,. We now show by induction that for any i € [N] and
teT,

N P(si = s,al = a) = L7 (s, a), Vs e S,a e A (26)

1€[N]
For t = 0, equality (Z6) holds by the fact that P(s} = s, a} = a) = mo(a|s) if s = s}, and P(s} = s,a}y = a) =0

otherwise, which immediately leads to

S0 Blsh = sah=a) = = 3 1sh = shmolals) = i (s)molals) = LF(s,a).

i€[N] 1€[N]
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Now if equality (26]) holds for ¢, then

L7 (s',ad") = 1 (d]s) Z (s'|s,a) Z P(s =a)

SES,aeA ZE[N

1 . . . . .
= Z Z P(s; = s,a; = a)Pi(sj1, = §'|s; = s,a; = a)m1(d’|s)

ie[N} s€S,ac A

=N Z P( 3t+1 = §')P(agyy = d'lspyy = 5)
ZE[N

:—Z]P’ =d).

i€[N]

This completes the induction. Now we are ready to bound the differences between L] and Liv T(teT).
Firstly, notice that by (26]), we have

E [Liv’”(s,a)] = — Z P(sé = s,al = a) = LT (s, a), Vs e S,a € A

By Hoeffding’s inequality, we have that

1 : : - _oNe2
P NZl{si:s,aiza}—Lt(s,a)ze < 2e7 N,

1€[N]

Hence by the fact that E|X| = [[*P(]X| > €)de for any random variable X, we have that
& 1 & 2 T

IE‘LN’7r s,a) — LT (s,a ‘ < 2/ e 2N e = —/ e dx —.

Y (sv0) — L (s, <2 o N

Hence we have

EHL{W-L:

. Z E‘Liwr(s,a)—lzf(s,a)‘g\/ggA/\/ﬁ.

s€S,ac A

Similarly, let LI{V ST be the empirical state-action distribution of the N-player game when agent ¢
takes policy sequence 7 while the other agents take policy sequence 7. Then due to the decoupled state
dynamics, we see that the difference between E {Liv’z’ﬂl’w(s, a)] and E [Liv’w(s,a)} is at most 1/N for any

s € S,a € A,t € T (depending on the indicator difference of agent i’s state-action pair at time ¢). Hence
we also have that for any i € [N] and 7 € II,

E "Liv’i’”i’” - Lf| < \/§SA/\/N + SA/N.

Next, we rewrite NashConv and Expl by utilizing the (empirical) mean-field flows. In fact, by the
definitions and the occupation measure representation of (single-agent) MDP value functions, we have

— E max Vi(nt, ) g max B - [g re(sy,al, Ly "™ 7T)] ,

miell mtell

26 [N] 1€[N] teT
VT(LT) = Ep ZTt(Staat,L?)] = Z 7' (s,a)Ry(s,a, L)
teT s€S,ac A teT
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— Z ud (s0) Z dfo’”/(s,a)Rt(s,a,Lg)

3068 s€S,ac A teT
—Z Yo a{sh=s0} Y. 7 (s,a)Ri(s,a, L])
3068 i€[N] s€S,ac A teT

“FY Y aTeamarn.

i€[N] s€S,ac A teT
where E; denotes the expectation over the trajectory {s¢, a; }+c7 resulted from taking policy sequence 7’ in an
MDP with transitions Pj(s;41|s¢,a;) and initial state distribution ulY, and df (s,a) := P(s; = s,a; = a) and
d;®" (s,a) :==P(sy = s,a; = alsg) denote the (initial-state conditioned) state-action occupation-measures of
the aforementioned trajectory, with df(s, a) =Y, es kb (50)di* (s,a).
Moreover, since 2565 acAteT dso’7T (s,a)R¢(s,a, LT) is the expected value of taking policy 7/ with initial
state s} in the previously mentioned L™-induced MDP, and from the dynamic programming theory of MDP

we know that there exists a policy sequence 7* that achieves the optimal expected value for arbitrary initial
states, we have that for this policy sequence 7*,

> 4" (s,a)Ri(s,a, L]) = went Y. & (s, a)Ri(s,a, L), Vsp €S,

s€S,ac A teT s€S,ac A teT
which immediately implies that
max Z Z ;" (s a)Ri(s,a,L}) Z max Z d;" (s,a)Ry(s,a, LT)
ze [N] s€S,acAteT zE[N ses,aeA,teT

Hence we have

1 i, 1 'y 1 ' rmw
5 ggﬁ‘/(ﬂ,ﬂ)—g}gﬁ(v (L™M)] < N WnllglgI(E E Ry(st,al, LT) ] —maxV (L™)
i€[N] i€[N] teT
+ |~ maXEwl ™ E (Rt(3i7 ai? LiVJJri’ﬂ) - Rt(siv ai? L?))]
mtell
1€[N] teT

i i 7T 1 sb ! -
mewﬁwgﬁz Y. 4" (s,a)R(sa, L)

i€[N] s€S,ac AteT

ty Z maxOn 3 EILT — Ll
teT

1 st 77r s ﬂTi ™
=¥ Z max Z d,*" (s,a)R(s,a,L]) Z max Z d,*" (s,a)R(s,a,L])
i€[N

II
€ sES,acAteT ses,aeA,teT

+ CgrT <\/§SA/\/N + 5A/N> .

Similarly, we have

Z Vi(r,m) = V™(L™)| < C’R\/§SAT/\/N.

26 [N]

Finally, putting together the two mean-field flow approximation errors, we have

|Expl(7m) — NashConv(7)| < 2C’R\/§SAT/\/N + CrSAT/N.
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This completes the proof. O

5.2 Proof of Theorem

Proof. The proof is a direct application of [22, Lemma 3|, which states that if 7* € II is an NE of the MFG,
then 3d* € RY4T such that 7* € Normalize(d*) and that d* solves the linear program which minimizes
c(d*)"d subject to Ad = b, d > 0; and conversely, if d* solves the linear program which minimizes ¢(d*)"d
subject to Ad = b, d > 0, then any n* € Normalize(d*) is an NE of the original MFG. Hence it suffices
to show that d* solves the linear program which minimizes ¢(d*)"d subject to Ad = b, d > 0 if and only
if 0 € c(d*) + Nizjaz=ba>0}- To see this, it suffices to observe that d* solves the linear program which
minimizes ¢(d*)"d subject to Ad = b, d > 0 if and only if Ad* = b,d* > 0, and in addition, for any d
such that Ad = b,d > 0, we have c¢(d*)"d > ¢(d*)"d*. This is exactly —c(d*) € Niyjaz—pr>01(d*) by the

definition of normal cones. O

5.3 Proof of Lemma [

Proof. Firstly, by the definition of Ap and b, we have that

Z x4(s,a)Py(s'|s,a) = Z$t+18 a), vseS tefo,...,T -2}, (27)
s€S,ac A a’€A
Zmosa =puo(s), VseS, x(s,a)>0, VseS,ac AteT.
acA

Then by the definition of I', for any 7 € II, if we denote LT = (m; P), we have

L§(s,a) = po(s)mo(als), (28)
i}fﬂ(s’,a') = mr1(d’|s) Z B(s'\s,a)i}?(s,a), te{0,..., T —2}.

SES,acA

And in addition, we also have by the definition of Normalize that

m(als) > wi(s,a’) = w(s,a), Vse€S,acAteT. (29)
aeA

Hence for t = 0, we have by 27), 28) and ([29) that LF(s,a) = mo(als) 3 pc 4 To(s,a’) = zo(s,a) for any
s € S8,a € A Now suppose that we have ﬁf(s,a) = 14(s,a) for any s € S,a € A. Then for t + 1, again we

have by ([27), (28) and (29) that

LT (s ) =m(d]s) Y Bisls,a)zi(s,a) = mpa(d]s) D wiga(sa”) = zea(s',d),
s€S,ac A a’eA

Hence by induction, we have that I'(m; P) = L™ = z.
Now we prove the second claim. For any 7 € II, if we again denote L™ = I'(m; P), then by (27)) and (28],

we have that
S" L§(s.) = 3 pols)molals) = puo(s),

acA acA
DoLiahd) =) maldls) Y Bi(s]s,a)Li(s,a)
a’eA a’eA s€S,acA
= Z P,(s'|s,a) LT (s, a), te{0,....,T —2},
s€S,acA

namely ApI'(m; ]5) = b. Finally, the non-negativity of I'(; I:’) is trivial by the non-negativity of P, uo and

7 in (28). O
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5.4 Proof of Lemma

Proof. Let d be a fixed point of F,, . Then by the fact that for a closed convex set & in some Euclidean
space, Projy = (I + aNx)~! for any a > 0 (cf. [46] §6.1]), we have

d— a(c(d) + T,d) S ([ + aN{x|Az:b,x20})(d) =d+ aN{x\A:c:b,xZO}(d)a
and hence
—(c(d) +nd) € Nz az=be>0}(d)- (30)

Hence for any 8 > 0, we also have

d— B(C(d) + 77d) €d+ 5N{x|Ax:b,:c20}(d) = (I + BN{x\Ax:b,xZO})(d)y

and hence
Proj {z|Az=b,2>0} (d - B(C(d) + Ud)) = d?
namely d is a fixed point of Fjg,. This shows that the set of fixed points of Fy, ; is independent of o > 0 for
a given n > 0.
Now suppose that © € II is an NE of the n-perturbed MFG. Then by Theorem Bl we have that

—Oé(C(d) + 77d) € aN{x\Am:b,xZO}(d)a
and hence
d— a(c(d) + T,d) € ([ + aN{m|Ax:b,m20})(d)a

which, given that o > 0 and hence again Proj (| Az=bz>0} = (I + OéN{x\A:c:b,xzo})_l as explained above,
implies that
Proj{:c|Ax:b,:c20} (d - a(c(d) + nd)) =d,
and hence d is a fixed point of Fy, ;.
Finally, suppose that F,,(d) = d. Then by (B30) and Theorem 2, we immediately conclude that any
7 € Normalize(d) is an NE of the MFG with the n-perturbed rewards 7. In addition, by Lemma [l we also
have d = L™ =T'(m; P) and Ad =b,d > 0. O

5.5 Proof of Corollary [7|

Proof. We prove the results for A = 0 and A > 0 separately below.

Case 1: X = 0. The choices of a and 7 are simply replacing € with €/(47") in Theorem [f] in the case when
A =0, and hence we have

k

2

Expl(1") < €/2 + 2V/SAT(2TCR + Runax) <1 - f%) ,
where k¢ = €2/ (32C%S?A*T? 4 2¢%). Hence to achieve Expl(m*) < ¢, it suffices to have

4V/SAT(2TCR + Runax)

€

k > 2log

1og(1/(1 = k).

Since log(l — k< ) < —k.c (as ke € (0,1)), it suffices to have

4V SAT(2TCR + Rmax)
X log )
€

L G4CHS2AT? + 4¢?

k 2

€

namely k = Q (¢ ?log(1/e)).
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Case 2: A > 0. By Theorem [, we have that Expl(7*) < e if
2V SAT(2TCR + Ruax)(1 — K)*/? < ¢,

2VSAT(2TCr + Runax)
€

which is equivalent to k > log /log(1/(1 — k)). Hence to have Expl(n*) < ¢, it

suffices to have

2V SAT(2TCR + Rumax) I = 2C%52 A% log 2V SAT(2TCR + Ruax)
€ n A2 € ’

namely k& = Q(log(1/e)). O

k > log

5.6 Proof of Lemmas and [11]

Proof of Lemmallll By Lemmaldl let 7 € Normalize(cZ), then I'(7; 15) — d. In addition, by the same lemma,
we also have ApI'(7; P) = b,I'(; P) > 0. Hence by the optimality 7, we have that

ld = dll2 = |T(7; P) = dll2 > [IT(#; P) — ]2,
and also by the optimality of d and the feasibility of I'(7; P) for the constraint Asd = b,d > 0, we have
T (75 P) = dll2 > [|d — |-

Hence we have ||D(#; P) —d||y = ||d — d||2. By the uniqueness of the solution to strongly convex optimization
problem of minimizing ||d — d||3 over the set of d with Apd =b,d > 0 (or by the uniqueness of projection

onto a closed convex set), we conclude that d = I'(#; P). O

Proof of Lemma[Idl Let L™ = I'(m; P) and L™ = I'(w; P). Then by the definition of I', we have

(s ) = Lia(ssa)| = maa(@)s) | 2 (Bs'ls,0) LT (s,0) = Puls'ls, @) L7 (5.a) ) |
s€S,acA

and hence

1 —Lialh < Y (|Bs) - Pisls a)| Li(s,0) + | L (s,0) = L (s,0)| Pi(s']s,))
s'eS,s€S,acA
< Pi(s' — Py(s’ LT — LT
< e 2 1P, ) = Pl o)l + 17 —
S

which, together with the fact that L (s,a) = po(s)mo(als) = LT (s, a), implies that

17— Lfl <t max ST IR(Ss,0) - Bls)s,0),
b YT My SIES
and hence (T - 1)
e e S e L
b} g Ty S/eS
This completes the proof. O
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