arXiv:2405.00412v1 [math.DG] 1 May 2024

STRUCTURE OF A FOURTH-ORDER DISPERSIVE FLOW EQUATION
THROUGH THE GENERALIZED HASIMOTO TRANSFORMATION

EINT ONODERA

ABSTRACT. This paper focuses on a one-dimensional fourth-order nonlinear dispersive par-
tial differential equation for curve flows on a Kdhler manifold. The equation arises as a
fourth-order extension of the one-dimensional Schrédinger flow equation, with physical and
geometrical backgrounds. First, this paper presents a framework that can transform the equa-
tion into a system of fourth-order nonlinear dispersive partial differential-integral equations
for complex-valued functions. This is achieved by developing the so-called generalized Hasi-
moto transformation, which enables us to handle general higher-dimensional compact Kéhler
manifolds. Second, this paper demonstrates the computations to obtain the explicit expression
of the derived system for three examples of the compact Kihler manifolds, dealing with the
complex Grassmannian as an example in detail. In particular, the result of the computations
when the manifold is a Riemann surface or a complex Grassmannian verifies that the ex-
pression of the system derived by our framework actually unifies the ones derived previously.
Additionally, the computation when the compact Kéhler manifold has a constant holomorphic
sectional curvature, the setting of which has not been investigated, is also demonstrated.

1. INTRODUCTION

1.1. Setting of the problem and previous related results. Let /N be a Kihler manifold
of complex dimension n € N with complex structure J and Kéahler metric h, and let V
and R denote the Levi-Civita connection associated to i and the Riemann curvature tensor
respectively. [l This paper investigates a one-dimensional fourth-order nonlinear dispersive
partial differential equation (PDE) for curve flows on N, which is formulated by

g = a J, V23U + XN T,V otly + b R(V g, ) Jytiy + ¢ R(Jys, ty) Vg (1.1)

for a smooth map v = u(t,z) : (=7,7) x R — N. Here, 0 < T < o0, and a # 0,
b, ¢, A are real constants, u; = du (), u, = du(Z), V; and V, denote the covariant
derivatives along u with respect to ¢ and z respectively, and .J, denotes the complex structure
at u = u(t,z) € N. Geometrically, (I.I) describes the relationship among elements of
['(u='TN), where I'(u~'T'N) denotes the set of smooth sections of u~*T'N.

The equation (1) for curve flows on the canonical two-sphere S? with additional assump-
tions A = 1 and ¢ = 3(a — b)/2 is the typical example with physical backgrounds, which is
known to coincide with the following three-component system of PDEs

5a — b
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1Thlroughout this paper, the definition of R is adoptedtobe R(X,Y)Z :=VxVyZ-VyVxZ — V[X)y] Z
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foru = u(t,z) : (=T,T) x R — S* — R3. Here, A and (-, -) denote the exterior and the
inner product in R? respectively, J, = uA on T,,S?, and h corresponds to the metric induced
from (-,-). The system was proposed by Lakshmanan et al.([24} [33]]), modeling the
continuum limit of a one-dimensional isotropic Heisenberg ferromagnetic spin chain systems
with nearest neighbor bilinear and bi-quadratic exchange interaction. It was proved in [24, 33]]
that (I.2)) can be reduced (equivalently if 7, = —%%) to the following fourth-order nonlinear
Schrédinger equation

— 403q|q.|* — 464927 — 2465)q|*'qg =0 (1.3)

forq =q(t,z): (=T7,T) x R — C, where §; = 371 + 272, 0o = 271 + V2, 03 = 971 + 4o,
= %71+272, 05 = 71+%72, and (1, 72) = (a, —(ba—0b)/2). It was also revealed in [24}33]
that (I.3) is completely integrable in the sense of Painlevé singularity structure analysis if
and only if v, = —%%- Additionally, (I.3) with v, = —g% arises in other contexts as well,
such as the dynamics of a one-dimensional anisotropic Heisenberg ferromagnetic spin chain
with octupole-dipole interaction in the continuum limit([8]) and the molecular excitations
along the hydrogen bonding spine in an alpha helical protein with higher-order molecular
interactions under specific parameter choices([9]).

The equation for curve flows on S? with A\ = 1 and ¢ = 3(a — b)/2 can be also
derived from the so-called Fukumoto-Moffatt model for a vortex filament ([IL5, [16]]). The
equation proposed in [[15} [16] describes the motion of an arc-length-parameterized space
curve in R3, denoted by X = X(¢,2) : (—T,T) x R — R3 here, which models the three-
dimensional dynamics of a vortex filament in an incompressible viscous fluid, considering
the deformation effect of the vortex core due to the self-induced strain. If X satisfies the
vortex filament equation, then the velocity vector u := X, takes values in S? and satisfies
(L2). Furthermore, it is proved by [15} [16]) that the equation for X is transformed to
via the so-called Hasimoto transformation([|18]]).

In the context of geometric dispersive PDEs, is regarded as a fourth-order extension
of the so-called one-dimensional Schrodinger flow equation

up = J, V. (1.4)

In fact, (ILI) can be regarded as the so-called generalized bi-Schrodinger flow equation if
(N, J,h) is a locally Hermitian symmetric space and ¢ = 3(a — b)/2: The generalized bi-
Schroédinger flow equation was originally introduced by Ding and Wang in [11] as a PDE
for time-dependent maps © = wu(t,z) : (=7,7) x M — N where M is a Riemannian
manifold and NV is a Kidhler or para-Kéhler manifold. When M = R with the Euclidean
metric and (N, J, h) is a Kihler manifold, it is defined as the following Hamiltonian gradient
flow equation

u = J,VEq 5~ (u), (1.5)

where 3 # 0 and «, 3 are real constants and VE,, 5, (u) denotes the gradient (not the Levi-
Civita connection only here) of the energy functional

Eop(u) = %/Rh(ux,um) dx + g /Rh(vmum,vxum)dx

+7/h(R(uI,Jqu)Jqu,ux)dx.
R
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As is pointed out in [31], if (IV, J, h) is a locally Hermitian symmetric space, then the explicit

expression of (L.3) coincides with under the setting

3(a —b)
2

Additionally, another fourth-order extension of (L4), also generalizing (L.2)), has been
investigated in [6, [7, 28, 30], which is formulated by

a=p0B,b=L0+8y,c= A= —« (1.6)

wp = a1, V3 + 3.0,V gty + ash(tg, Uy) JyVatly + ash(Vatg, ty) Jyty (1.7)

for curve flow v = w(t,z) on a Kihler manifold (N, J, k). As is shown in [31], is
also regarded as (L.3) provided that (N, J, h) is a Riemann surface with constant Gaussian
curvature. However, the assumption seems to be a bit strong geometrically. It can be said
that modifies to be geometrically more reasonable by considering some kind of
symmetry and curvature on (N, J, h) as a Kéhler manifold.

This paper is concerned with correspondences between geometric dispersive PDEs for
curve flows and systems of nonlinear PDEs for complex-valued functions (or equations for
complex-matrix-valued functions), such as that between (I.2) for curve flows on S? and
(L.3). These correspondences have attracted much attention from researchers in mathemati-
cal physics, differential geometry, and theory of PDEs. Understanding them has the potential
to promote the studies in both directions complementarily each other. In this connection, we
next focus on two seemingly different methods developed in previous studies of the geometric
dispersive PDEs (except of the fourth-order equations (L)), (I.2)), and which is stated
later in Introduction).

The first type of method is based on the development map acting on a space of smooth
curves on N, embedding N as an adjoint orbit in an associated Lie algebra. Notably, the
method essentially applies the properties of Hermitian symmetric spaces as (N, J, h). It is
to be stated first that Zakharov and Takhtadzhyan [40] showed that the Schrodinger flow
equation for curve flows on S? is equivalent to the cubic nonlinear Schrodinger equa-
tion(NLS) for complex-valued functions. As the generalization, it was established by Terng
and Uhlenbeck [39] that for curve flows on a compact complex Grassmannian is equiv-
alent to the matrix NLS which was first studied by Fordy and Kulish [[14]]. It is also pointed
out in [39] that the existence of a time-global solution to the initial value problem of (I.4) for
curve flows on the compact complex Grassmannian follows from the correspondence. The
above equivalence with respect to (I.4)) was investigated further by Terng and Thorbergsson
[38] for the other three types of compact Hermitian symmetric spaces as (N, J, h). Addition-
ally, the equivalence with respect to (I.4) for curve flows on S? in the periodic setting in z has
been obtained by Liu [25] recently. The interested readers can also refer to, e.g., [1, 11} 12],
for more details related to the method.

The second type of method, called the generalized Hasimoto transformation, is to trans-
form a geometric dispersive PDE for curve flows into a nonlinear dispersive PDE for complex-
valued functions or a system of them, by constructing a parallel (in x-direction) orthonormal
frame along a curve flow u = wu(t, z) and then by expressing the equation satisfied by the
components of u, with respect to the frame. We expect that this method can handle Riemann
surfaces or more general Kéhler manifolds as (V, J, h) without imposing any symmetry or
curvature conditions, and the expressions of the derived equations or systems are simpler, in
that they are semilinear ones without any second-highest order derivatives in spatial variable.
In addition, we expect that the derived expressions present insights on the essential structure
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of the original geometric dispersive PDEs, although constructing the inverse of the transfor-
mation remains further discussion. Indeed, these insights have been sometimes applicable
to the time-global solvability of the initial value problem for original geometric dispersive
PDEs. See, e,g, the work by Chang et al. ([5]), Nahmod et al. ([26]), Rodnianski et al.([35])
for (I.4)). Moreover, also for some analogous third-order geometric dispersive PDEs for curve
flows on compact Riemann surfaces, equations derived from the generalized Hasimoto trans-
formation have been investigated in [28] and in [36} 37], independently on whether any direct
applications to the time-global solvability of their initial value problem exist or not. Notably,
many results based on the method seem to handle “open” curve flows, where the spacial do-
main of x is the real line R. On the other hand, if a geometric dispersive PDE for closed
curve flows is considered, then the method requires some modifications, involving holonomy
corrections along the closed curves to transform into PDEs for complex-valued functions that
are periodic in x, which becomes rather complicated. Nonetheless, this case has been also
investigated for (I4). See [22] 23] for closed curve flows on locally Hermitian symmetric
spaces, and [35]] for those on Riemann surfaces.

In contrast, investigating our fourth-order PDE (I.I)) in this context still remains unex-
plored. Related previous results on the correspondences are limited to when NV is any one of
G,k (including S? =~ Ga,1), GQ?E, and a Riemann surface, which are stated more concretely
in the next two paragraphs.

When N is either of G, x, or G, our equation with ¢ = 3(a—b)/2 foru = u(t, x) :
(=T,T)xR — N is proved to be equivalent to a fourth-order matrix nonlinear (Schrodinger-
like) differential-integral equation, which follows from the results by Ding and Wang ([[11]]):
Taking the compact case N = G, x, of complex dimension n = kq(no — ko) as the example,
the authors in [11]] investigated (I.3) (not as (I.1))), and equivalently transformed it to

+ 24,459 + 6497 ¢ + 29454, + qu*qq*q} —2(8+ 87){(qq*q)m

+ 299" qq" g + ¢ (/O q*(q9")sq dS) + (/O (0" q)sq" dS) q} =0 (1.8)

forq = q(t,z) : (=T,T) x R = Mpgx(no—ke)» Where My (no—r,) stands for the space
of kg X (ng — ko) complex-matrices and ¢* = @ is the transposed conjugate matrix-valued
function of g. The proof basically employs the first type of method established by [39] based
on the development map, combined with the idea of PDEs with given (non-zero) curvature
representation in the category of Yang-Mills theory. They succeed to establish the results,
even though the considered equation is not completely integrable unless 5+8y = 0, revealing
also that the nonlocal terms of integral type in (L.8]) vanish under the integrable condition. It
is also pointed out in [L1] that, if N = G = S?, then the nonlocal terms of (I.8) vanish
without the integrable condition, and (L.8]) reduces to under the setting (L6).

When (N, J, h) is a Riemann surface with constant Gaussian curvature, our equation
with ¢ = 3(a — b)/2 for u = u(t,z) : (=T,T) x R — N is proved to be transformed
to a fourth-order nonlinear dispersive PDE without non-local integral terms for complex-
valued functions, which follows from the results by Ding and Zhong ([12]): The authors in

Here and hereafter, Gy, , (resp. Gﬁ%) for integers ng, ko satisfying 1 < kg < mg denotes the compact
(resp. noncompact) complex Grassmannian inherited with the structure as a Hermitian symmetric space.
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[12] investigated (L3) for u = wu(t,z) : (=7,7) x R — N where (N, J, h) is a Riemann
surface. Assuming the existence of a time-independent edge point lim wu(¢,x) € N, they
T—>00

employed the second type of method based on the generalized Hasimoto transformation,
which transformed the equation into the following differential-integral equation

V-lg —a <qm + @IQIQq)

+ ﬁ{qmm - @ (21¢.%q — 2lqPqwe — 742) — @ ("%, — ld/°¢.) }

—7 [3(H(U))2|Q\4q + {3(k(w))olql*q + 4%(U)(|Q\2Q)m}z] —qW(t,z)=0  (1.9)
for complex-valued function ¢ = ¢(t, =), where

Wi(t.) =5 [ (eu))s (ala? = Bldes + 52 — 0:2,) + (gl d
and (k(u))(t, z) := k(u(t, x)) is the Gaussian curvature at u(t,z) € N. Notably, the expres-
sion is informative for our equation with ¢ = 3(a — b)/2 only if x(u) is constant and
hence the non-local term vanishes. This is because is not the same as (L.3)) in general
unless (N, J, h) is a locally Hermitian symmetric space. Additionally, the method of transfor-
mation has been developed to investigate (not (L)) for closed curve flows on compact
Riemann surfaces by Chihara ([6]), which gives essential insights on the structure of equa-
tions satisfied by higher-order z-directional covariant derivatives of a solution to (I.7). The
obtained results are valid to our equation (I.I)) only if the compact Riemann surface (N, J, h)
has a constant Gaussian curvature.

1.2. Main results in this paper. The main results in this paper are the following two.

First, for general compact Kédhler manifold (N, J, h) of complex dimension n € N, we
present a framework that can transform (I.I)) for u = u(t,z) : (=7,T) x R — N into an n-
component system of fourth-order nonlinear dispersive partial differential-integral equations
for complex-valued functions. To state our results precisely, let ©°° be a fixed point in N, and
let Co (=T, T) x R; N) denote the set of smooth maps u = u(t,x) : (=7,7) x R - N
such that xl_i)moou(t, r) = u™ and u,(t,-) : R — (u(t,-))"'TN is in the Schwartz class for

any t € (=T, T). (The assumption on the set of maps is the same as that in [39].)

Theorem 1.1. Under the above setting, (1) for u € Cyo((=T,T) x R; N) is transformed
into the system for Q1,...,Q, : (=T,T) x R — C of the form

4 2
A ] x x) %]
V=10,Q; + (adt + \P)Q

=dy Y §,,.02Q,Q,Qr +dy > S QuPQuQr +ds Y S .0,Q,0,Q4Q:

p,q,r=1 p,q,r=1 p,q,r=1
+ d4 Z 527(]77«0;(;@1;@_(1893@7» + d5 Z aﬂ?(S;];,q,r)aprQ_qQT
p,q,r=1 p,q,r=1

tds Y 0a(5],)Q0:QeQr — X D SI,.Q,QQ0

p,q,r=1 p,q,r=1
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n

Yy ( / f;r(@,ax@(t,y)dy) Q. +Y ( / fﬁx@,ax@)(t,y)dy) Q. (110)
r=1 -0 r=1 -0

foreachj € {1,...,n}. Here,dy = —a—b—2c¢, dy = —a+b, d3 = a+b—2¢, dy = —b—2¢,
ds = a—b—2c, d6 = a+b, and 51]7 arforp,q,r,j € {1,...,n} are complex-valued functions
depending on u which is defined by @.7), and

jl,r(Q7 aIQ) = _(b + 20) Z S;];,q,rsgﬂ,»meﬁQ_’YQP

P,q,a,8,7=1
—(b+2c) Y 8.8, 0:QaQsQ,Qy
P,q,0,08,7=1
Z Sg,q,rsgzﬂwmﬁwQﬁQ_'yQp
pqaﬁv=
Z qu aﬁnyaa Qﬁ@v@qa (1.11)
pqaﬁv—
2(Q,0,Q) = —a Z 92(S9 . )(0:Q,Qq + Q,0.Q,)
p,q=1
=30 ) 02(5),4,)0:Qp0:Qq + X D 0:(S),)Q, Q4 (1.12)
p,q=1 p,q=1

foreach j,r € {1,...,n}.

The proof of Theorem[L.1lis based on the generalized Hasimoto transformation, mainly fol-
lowing the argument of [S]] and [35] to handle general compact Kéhler manifolds as (N, J, h)
and to work under the assumption of the existence of the fixed edge point u>~ € N. Impor-
tantly, investigating higher-order geometric PDEs such as (1)) in this framework involves ba-
sic properties of the Riemann curvature tensor R in relation with the parallel (in z-direction)
orthonormal frame along u. This paper develops an understanding of these properties by
introducing SIJ, or forp,q,r,j € {1,...,n}, and by deriving useful properties among them,
which is a key ingredient of our proof. These functions are introduced by and their
properties are gathered in Section Propositions 2.3, 2.6l and 2.7 are inherited from basic
properties of IR on a general Kihler manifold stated in Proposition and using them en-
ables us to arrive at the expression (LI0) comprehensively. These properties established in
Section are independent of the equation (L.I)), and thus may be applicable in future for
investigating other geometric PDEs. We should mention that our framework heavily relies on
the Kihlerity of /V in order to construct the parallel moving frame.

Second, aiming at checking that (I.10) with (I.6) actually unifies (1.8) and (1.9) obtained
previously by [[11,12], we take the following three examples of compact Kédhler manifolds as
(N, J, h), and demonstrate the computations of (L.I0):

(1) compact Riemann surface
(2) compact Kihler manifold with constant holomorphic sectional curvature
(3) compact complex Grassmannian G, ,
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The results of the computations for these examples are respectively presented as (3.3)), (3.13),
and (4.47). What we find from the results is outlined in the following paragraphs just below.

If (N, J, h) is a compact Riemann surface with constant Gaussian curvature, then the com-
putation of example (1) shows that (ILI0) for Q = @ under (1.6) coincides with (1.9) for
q where (); = ¢. Basically, no originality is claimed here because the orthonormal frame
{e, Je} we use is essentially the same as that used in [12]. If we were to add something, we
note that a difference between them can be observed explicitly when the Gaussian curvature
of N is not a constant. See Remark [3.1] for the detail.

If (N, J, h) is an n-dimensional compact Kihler manifold with constant holomorphic sec-
tional curvature K and if n > 2, the setting of which has no been presented so far, then the
computation of example (2) shows that nonlocal terms of integral type actually remain in the
derived system of (3.13)) unless bK? = (. See Remark 3.2 also. Moreover, we point out that
the computation of examples (2) is not so difficult. This is because the well-known formula
(3.6) is available for associating R explicitly with / and the parallel orthonormal frame we
use, the same of which is true for example (1). Notably, the typical example of /V here is the
n-dimensional complex projective space with the Fubini-Study metric. This example can be
handled also in the framework of example (3), since it is identified with G4, ;. However,
the computation of example (2) is worth demonstrating, because it is rather easier and faster
compared with that of example (3).

If (N, J,h) is a compact complex Grassmannian, then the computation of example (3)
shows the following.

Corollary 1.2. Let (N, J, h) be the compact complex Grassmannian Gy, x, of complex di-
mension n = ky(ng — ko) as a Hermitian symmetric space. Then, under the same setting as
in Theorem [L1l with additional setting (1.6), the system of equations (L10) for Q:...,Q,
coincides with (L8) for q up to a gauge transformation, where the (i, j)-component of q for
ie{l,....ko}andj € {1,...,ng— ko} is identified with Q(j_1)ky+-

This verifies that the first type of method based on the development map and the second
one based on the parallel orthonormal frame are essentially same in this setting. We show
Corollary [[.2 by a direct computation of (LL10) in Section Interestingly, the computation
of example (3) is more challenging than those of examples (1) and (2) especially in the case
where G, k, is a higher-rank symmetric space with min(ko, ng — ko) > 1. (It is known that
G i, 10 the case does not have a constant holomorphic sectional curvature, and thus does
not fall into the scope of example (2).) Although a formula (4.13) to express R is available,
it does not directly provide explicit relation between R and h, which is not compatible with
the parallel orthonormal frame we use. To overcome the difficulty, we construct a parallel
orthonormal frame concretely by taking a suitable orthogonal basis at a point in G, x,, Which
makes applicable for the computation. Additionally, we also provide more theoretical
explanation for the reason why seemingly different two types of methods lead to the same
result for G, », by comparing them in Sectiond.3] More precisely, we show Proposition4.7]
which presents another proof of Corollary [I.2] without doing the computation in Section 4.2]

Finally, two additional comments on our results in this paper are in order.

First, recent studies on the initial value problem for (I.I)) and (16, 7, 17, 291, 30, 31,
32])) have handled the case where (N, J, h) is any of the canonical S?, a compact Riemann
surface, a compact locally Hermitian symmetric space, or more general compact Kihler man-
ifold. Through the studies, some results on time-local existence of a unique solution in a
Sobolev space with high regularity have been established. This motivated the present author
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to establish Theorem in order to understand the structure of the geometric equations in
the level of systems of nonlinear equations for complex valued functions. We expect that
the derived expression in Theorem [L. 1] will be informative in future work to establish fruitful
results on the conditions for the solution to (I.1)) to exist globally in time, or on the conditions
for (1) to be completely integrable.

Second, as is stated above, Ding and Wang investigated (I.3)) in [11]]. In fact, they proposed
some unclear questions in their paper, one of which is commented as follows:

Except the Hermitian symmetric spaces G, ,, of compact type (i.e, A III), there
are C I, D III and BD I-types of symmetric spaces (and also two exceptional
Hermitian symmetric spaces E III and E VII) (refer to [23, 26]). Can we
establish similar results on these symmetric spaces? ([11], p. 192)

Our Theorem handles general compact Kéhler manifolds as (IV, J, h), including these
symmetric spaces. Moreover, we expect that the computation of example (3) for G, i, in
Section can be proceeded in similar way also for these other symmetric spaces, only by
modifying the setting in Sectiond.1]suitably. If this is true, then the result of the computation
will provide a partial answer to the above proposed question, although the approach may
not be what was intended by the authors in [[11] and the way to construct the inverse of the
transformation which verifies the equivalence is still unclear in this approach.

The organization of this paper is as follows: In Section 2] the parallel orthonormal frame
is constructed and associated basic properties are provided in Section and then Theo-
rem [LL.1] is proved in Section In Section [3 the computations of (LIQ) for examples (1)
and (2) of (N, J, h) are demonstrated. In Sectiond] the setting of G, x, are reviewed in Sec-
tion and then the computation of (I.I0) for example (3) of (N, J, h) is demonstrated to
show Corollary [I.2]in Section 4.2] with additional explanation in Section 4.3l Supplemental
materials are stated in Appendix.

2. REDUCTION TO A SYSTEM OF PDES

In this section, suppose that (N, J, h) is a compact Kéhler manifold of complex dimension
nandu € Cyu((—=T,T) x R; N) is a solution to as in Theorem [LL1l

2.1. Parallel moving frame and the associated properties of the Riemann curvature

tensor. For fixed u>™ € N, let {e°,...,e°, Jy~e(®, ..., JyeX®} be an orthonormal ba-

sis for T, N with respect to h. Following [5] and [35], we take the orthonormal frame
{e1,...,€n,€nits- -, €,} for u 'TN that satisfies

V.ey(t,x) =0, 2.1)

ml_i)r_noo ep(t,z) = €7, (2.2)

and e,y, = Jye, for any p € {1,...,n}. The Kihlerity V.J = 0 ensures V e,, = 0 for
any p € {1,...,n}. (In what follows, {e1,..., €, €n41, ..., €2, } is written by {e;, Jej}?zl
for simplicity.) In the setting, we can write

Vie, = abe;+ > We; (Vpe{l,....n}), (2.3)
j=1 j=1
where foreach p,j € {1,...,n},d} = af(t,z) and b} = (¢, v) denote real-valued functions

of (¢,x). We will seek conditions on a;’ and b’;’ later. (See (2.61).) The components of R
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associated with {e;, J ej}T.L:1 are expressed by the following:

R(ep, eq)e Z D qr€i T Z R;Z’;J e, 2.4)

R(ey, Jueq)e Z ) i€ ZR;*;im (2.5)

for p,q, 7 € {1,...,n}, where Rg) - Rgf;ﬁ,, Rﬁ, b R;J;C‘rn . are real-valued functions of
(t, z). Furthermore, let us set

Ry, = quﬁ VLRI, RJJ = Riqw +V-1R L (2.6)
. A /—1RB o A /"1RB
qur.— (qujr_'_ Rptf?“)? ngqr‘_ ( qu]r—i_ qujr) 2.7)
for p,q,7,j € {1,...,n}, all of which are then complex-valued functions of (¢, x). In fact,

these functions at (t x) depend on u(t, z). In particular, by definition, it follows that

qu = — {h e;meq 67“76]) + V= h’( (6207€II)6T7 Juej)}

+ g {h(R(ep, Jueq)er, e;) + \/—_lh(R(ep, Jueq)er, Juej)} ) (2.8)

Here, we recall the following basic properties for R on the Kéhler manifold (N, J, h):

Proposition 2.1. Forany Y, ...,Yy € T'(u='TN), the following properties hold:
() R(Y:,Y) = —R(Y3, Y7)
(i) R(Y1,Y3)Ys + R(Y2, Y5)Y1 + R(Y3, Y)Y, =0,
(iii) h(R(Y3, Ya)Ya, Ya) = h(R(Ya, Yo)Y1, Ya) = h(R(Ya, Ya)Ya, Y1),
(iv) R(Y1,Y2)J,Ys = J, R(Y1,Y2)Y5,
V) R(LY:, Ya)Ys = —R(Y1,J,Y2)Ys,  R(J,Y3,Ya)Vs = R(J, Y5, Y1)Ys

The properties (i)-(iii) follow from the definition of R. The property (iv) holds since
(N, J, h) is a Kéhler manifold. The property (v) follows from (i) and J? = —idon ['(u"'T'N).

The following properties for R;j‘qu and Rf qj . are inherited from Proposition 2.1l for R:

Proposition 2.2. The following properties hold:

RM =—RM_  (Vp,qrje{l,....,n}), (2.9)
RDYJ = RPJ . (Vp,q,rj€{l,...,n}), (2.10)
RY 4+ RYM 4+ RYM =0 (Vp,qrje{l,...,n}), (2.11)
Ry, =V=1(Ry, — R)  (vp,q,r,j € {1,....,n}), (2.12)
Re[R;,] = Re[R/] = Re[R;"] (Vp,q,r,ye{l,.--,nD, (2.13)
Im[RY7 ] = Im[R71] = Im[R]F]  (Vp,q, 7,5 € {1,....n}), (2.14)
Im[R ] = Re[R1] = —Re[R;"]  (Vp,q,r,j € {1,...,n}). (2.15)

In particular, if VR = 0 holds, that is, (N, J, h) is locally Hermitian symmetric, the fol-
lowing also holds:
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Proposition 2.3. Under the additional assumption V R = 0, the following also holds:
O, RM = 0,RPI =0 (Vp,q,r,je{l,...,n}). (2.16)

piqir piqir

Proof of Proposition2.3l Let p,q,r € {1,...,n} be any given. From VR = 0 and @.1),

VI{R(epa 6q)er}
= (V.R)(ep, e9)er + R(Vaep, eq)er + R(ep, Vaey)e, + R(ey, e,)V e,
=0.

On the other hand, from (2.4), the Kihlerity V.J = 0, and 2.1)),

n

Vo{R(ep eger} =Y (R, )es + > (0. R)m) e,

j=1 7j=1

Comparing both equations, and noting {e;, Je; };’:1 is the orthonormal frame, we have

0=0,RI ~=Re[d,R* ] and 0= 09,R™ =Im[0, R} ]

p?q?r p?q?r p?q?r p7q7r

forany j € {1,...,n}, which shows 8xR;";1];T = (0 forany p,q,r,j € {1,...,n}. In the same
way as above, we use (2.3) and then obtain

0=V, {R(ep, Jueg)er} =Y (0uR) i )es + > (R, ) e
j=1

j=1
From this, it follows that
0=0,R

p7q+n77‘

= Re[0,R?J] and 0=0,R'", = =TIm[d,RE ],

D,q,T D,q+n,r D,q,T

and thus 0, RBJ =0 forany p,q,7,j € {1,...,n}. O

p7q7r

Proof of Proposition[2.2 The property (2.9) follows from (i) in Proposition 2.1} Indeed, (i)
for (Y1,Ys) = (ep, ¢,) and shows

0= R(€p7 eq)er + R(eq, ep)er
= SR, + R, e + Y (R4 R e,
Jj=1 j=1

which implies
R =_R Ritn — _pitn (Vp,q,r,j € {1,...,n}). (2.17)

p7q77‘ qipir’ piqir q7p7/r

Recalling (2.6), we see is equivalent to (2.9)).
The property (2.10) follows from (i) and the second part of (v) in Proposition 2.1t Indeed,
R(ep, Juey)e, = R(ey, Juep)e, follows from them. This combined with (2.3)) yields
R’ =R RItn — RItn (Yp,q,r,j € {1,...,n}). (2.18)

p7q+n7r q,p+n,7”’ p7q+n7r q,p+n,7”

Recalling (2.6), we see (2.18)) is equivalent to (2.10).
The properties (2.11) and (2.12) follow from (ii), (iv) and (v) in Proposition 2.1t Indeed,
(ii) for (Y1, Y2, Y3) = (ep, €4, €,) shows

O - Z<R§,q,r + RZ,T,Z’ _'_ Ri,p,q>€j + Z(Rj+n + Rj+n + Rj+n)Ju€j,
7j=1

p7q77‘ q7r7p 7‘7p7q
J=1
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which implies

R . +R]

p7q7r q?T,?p

_ e - n 4
+R,, =0, RO+ RN+ R =0 (Vp,q,r,j€{l,...,n}). (2.19)

Taking the summation of the first equality of (2.19) and the second one multiplied by v/—1,
we obtain (2.11)). On the other hand, using (ii) for (Y7, Y5,Y3) = (ep, €4, Jue,), (iv) and the
first part of (v), we deduce
0 = R(ep, eq)Juer + Rley, Juer)e, + R(Jyue,, e,)e,
= JuR(ep, eq)er + R(ey, Juer)e, — R(er, Juep)e,

= Z Ju(Rz,q,rej + Rﬁ;ms’u@j) + Z(Rg,r+n,p€j + Rg;1n7pjuej)
j=1

i=1

n
J Jj+n
- E :(anH-n,qej + Rr,p+n,q<]u€j)
Jj=1
n

= Z {(_jo;:“ + R;,T’Jrn,p - Ri,ern,q) + (Rg;7q7r + R;,t?rn,p - Rijz;in,q>‘]“} €j-
j=1

From this, for any p, q,r,j € {1,...,n}, it follows that
—~ RItn 4 R ~ R =0, R +RM —RIN =0 (2.20)

p,q,T q,r+n,p T,p+n,q P,q,r q,r+n,p r,p+n,g T

Two equalities in (2.20)) can be written respectively as follows:

Im[RM ] = Re[RY ] — Re[RE |, (2.21)
Re[R}7 ] = —Im[RDJ ] + Im[RP) ). (2.22)

Using (2.21)) and (2.22), we obtain the desired (2.12)) as follows:
R = —Im[RP ]+ Im[R%J ] + /—1(Re[RD | — Re[RDJ 1)

p?q?r q?T,?p T?p?q q7r7p T7p7q
= V=1{(Re[RYJ ]+ V=1Im[R}J ]) — (Re[RZ ] + V=1Im[R> 1)}
B B B
-V _1(Rq,rj,p B Rr,pj,q>‘
The properties 2.13)-@2.13) follow from (iii) and (iv) in Proposition 2.1} First, noting
R} .. = h(R(ep, eq)e,, e;) and using (iii) for (Y1, Y3, Y3, Ys) = (ep, €4, €, €;), we obtain
R, =R =R . (pqrjel{l,. . n}), (2.23)

which by (2.6) is equivalent to (ZI3). Second, noting R}*"., . = h(R(ep, Juey)er, Jue;) and
using (iii), we obtain

R = h(R(er, Juej)ep, Juey) = R(R(Juej, e) Jueq, €p)-
Here, h(R(e,, Jue;)e,, Jue,) = R follows from (2.3), and

T7]+n7p

h(R(Jue;, er)Jueq, €p) = h(R(ej, Juer)eq, Juey) = RETT

]7T+n7q

follows from (iii), the first part of (v), and (2.3). Combining them, we obtain
R =Rt = RPTR(Yp,q,r € {1,...,n}), (2.24)

p,q+n,r r,j+n,p J,r+n,q
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which is equivalent to (2.14). Third, noting R/*" = h(R(e,, e)e;, Jye;) and using (iii) for
(Y1,Y5,Y5,Yy) = (ep, €q, €7, Juej), we have
Ry = h(R(er, Juej)ep, eq) = h(R(Juej. er)eq, €).
Here, h(R(e,, Juej)ep, e4) = R! follows from (2.3)), and
h(R(Juej, er)eq, ep) = —h(R(ej, Juer)eq, €,) = —RY

T7]+n7p
j,T“r’I’L,q

follows from the first part of (v) and (2.3). Combining them, we obtain
Rt =Rl =—RC . (Vp.qrjed{l,... ,n}), (2.25)
which is equivalent to (2.13). O

Remark 2.4. In the above proof, the conditions (2.11)) and (2.12) are obtained by using (ii) in
Proposition 2.1l for (Y1, Ys, Y3) = (e,, €4, €,-) and (e,, €4, Jy€,). Additionally, no other condi-
tions can be obtained from (ii) even if we choose (e, J,e,, €:), (€p, Ju€q, Juer) (Ju€p, €q, €r),
(Ju€p, €q, Juer), (Juep, Jueq, er), or (Juep, Jueq, Juer) as (Y1,Ys,Y3), which is due to the
properties of R stated above.

Remark 2.5. In the above proof, the conditions (2.13)-(2.13) are obtained by investigating
hR(K(p)ey, K(q)eq)K(r)er, K(j)e;) (2.26)

where (K(p), K(q), K(’/’), K(j)) = (Id, Id, Id, Id), (Id, Ju, Id, Ju) or (Id, Id, Id, Ju) Al-
though there are seemingly 2*-types of expression of (2.26)) depending on the choice of I; or
J. as K (+), no other conditions can be obtained even if we investigate the rest (2* — 3)-types:
The most curious may be the case where (K (p), K (q), K(r), K(j)) = (1a, Ju, L4, L), in that
R}, yinr = M(R(ep, Jueq)er, ;) appearing in (2.5) is not investigated in this context. As for
the case, we use (iii) in the same way as above to see

R) (iny = h(R(er, €)ep, Jueg) = h(R(ej, e,) Jueq, €p)-
Here, h(R(e,, e;)ep, Jueg) = RL" follows from (2.4), and
h(R(ej, e;)Jueq, ep) = —h(R(ej, e.)eq, Juep) = —R?:Z
follows from (iii) combined with the first part of (v) and (2.4). Combining them, we get
R oy =RIEY and R}, =—RUTY (Vpq.rje{l,... ,n}). (2.27)

However, by replacing indexes (p, ¢, 7, 7) — (r, J, p, q) for the first part of (2.27) and (p, ¢, 7, j) —
(7,7, q, p) for the second part, becomes

R? = Rj+n and R;)ﬂd_i_n’q = _R;,:ZT; (Vpa q, Thj S {17 cet >n})7

7 +1n.p D,q,T
which is nothing but 2.23)). Hence, (2.27) is now meaningless. In the same way, it turns out
that the conditions obtained from the rest (2* — 4)-expressions of (2.26)) are reduced to either

of 2.23), 2.24)), (2.23)), and (2.27). We omit the detail.

Next, let us see the functions SIJ,',q,T, play the crucial role to express R.

Proposition 2.6. Under the same assumption as that in Proposition

RUVIW); = > S0 (O Ve = D00 ) (W) (% € {1,..0m}) (2.28)

p,q,r=1
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holds for any U,V,W € T'(u"'T'N). Here, forany= € I'(u'TN)and j € {1,...,n}, (E);
denotes a complex-valued function defined by

(2); = h(Z,e;) + V=1 h(Z, Jue;). (2.29)
If we write = = Z(Ef + J,Zh)e, for = € T'(u~'T'N) by using real-valued functions =1
k=1
and =! and substitute it into (2.29)), then we see

(B); =2+ v-15]. (2.30)
Proof of Proposition2.61 To begin with, let us write U, V, W € T'(u=1T'N) as

U=> U+ LU)ep,, V=" (VI+ TV e, W =Y (W4 JW])e,,  (231)

p=1 g=1 r=1
where U, UL, VE VI, WE W for all p,q,r € {1,...,n} are real-valued functions of
(t,x). As R is trilinear,

R(U, V)W

= Y R(Ufe, + JULe,, Ve, + JVie)(Wie, + J,W]e,)
p,q,r=1
URVEWER(ep, eq)e, + UFVEW]! R(e,, eq) Juer
B z": +URVIWER(e,, Jueg)er + URVIWIR(e,, Jueq) Jue,
L\ AUIVEWER( ey e e + UIVIWIR(uey. ) Jue,
P S UIVIWER(Jyey, Juey)er + UIVIWIR(Juey, Jueq) Jues
By (iv) and the first part of (v) in Proposition 2.1} this becomes
VRV — UIVEWER(c,, Jue,)e:
i HUVI — UIVRYW!IJ,R(ep, Jueq)e,
HU VS + U VW ER(ep, ¢q)e,
+HUMVE+UIVYW] TR (ep, eq)er
Substitution of and (2.9) into the above yields
R(U, V)W
= Y UV - UVIHWE+ LWR e+ TR e

p,q,m,k=1

R(U V)W =
p

,q,r=1

p?q?r p7q7r

+ > (URVE+UIVHWE + LW (RE .+ JuRy T ex.
p,q,r,k=1

By (2.30) and (2.6)), this expression yields

n n

= Y (U —UVEO (WE+ TWH(ERE L+ TR, Der);

p,q,r=1 k=1
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n

+ Y UVE+UVHO (WE + LWI(RE,, + JuRE er);

p,q,T p,q,T
p,q,r=1 k=1
= Y (U —UVEWE+ V=AW (R, o, + V=1RI, )

p,q,r=1
+ Y (URVE L UV WE + V=IW])(RD,, + V1R

p,q,r=1

ST REJURV] — ULV WE - VST

p,q,r=1

+ Z R (URVE + ULV (W] +V=1W)).
p,q,r=1

By using an elementary calculation for complex numbers, (2.30) for U, V, W, and using 2.7)),
we deduce

(R(U,V)W);

- Y YR (UF + V=T + V=1V W+ V=1

p,q,r=1

+ Z Ry Tm [ UR +V=1UH(V + \/—_11/;)] (WE 4+ /=1l

p,q,r=1

= 50 (Rt R [T] + RS [T o0,

- > [(Bi, 4 VIRENO)IVY, — (R, +VIRELTTTV), L (0),
Z { par{U)p(V)g —Tﬂqr<U>p<V>q}<W>w- (2.32)

Here, note that
qu—SZpT (Vp,q,r,j € {1,...,n}), (2.33)

which immediately follows from (2.9), (2.1Q) in Proposition 2.2l Applying (2.33) to (2.32),
we derive

n

ROVIWY = 32 {82,070 = T, W01V, } (1),

p,q,r=1
Z psa;7 < (Vg — <V>;n<U>q) (W), (2.34)
p,q,r=1
which is the desired result. 0

The next proposition also follows from Proposition
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Proposition 2.7. Under the same assumption as that in Proposition
S =57 (Vp,q,r,j € {1,...,n}). (2.35)

p?q?r T?q?p

Proof of Proposition2.7l For any p,q,r,j € {1,...,n}, it follows that
ST pAj Aj Y T pA Aj ..
- _I(Rp,q],r - Rp,r],q) - _I(Rp,qj,r + Rr,pj,q) ( . @))
_ VTR, (@)
— _(RB,j _ RBJ ) ( D 1)) )

P9 p,q,T
= R, — Ry, (0 @I0) (2.36)
By multiplying both sides of (2Z.36) by v/—1 and by transposing the terms, (2.36)) reads
Ryde = VARG = Ry, = V1R, (2.37)
This shows
T =Tirg (g7, €{1,....0}). (2.38)
By combining (2.38)) and (2.33)), we obtain
Slgr=T0,, =13, =5, (¥pqgrje{l,. .. n}. (2.39)
0

Propositions and and sometimes Proposition will be sufficient to show the
claims in Section[2.2land Section

2.2. Proof of Theorem[1.1l In this subsection, we complete the proof of Theorem [L1l

Proof of Theorem[L1l Let {e;, Je;}7_, be the orthonormal frame for u~'TN introduced in
Section 2.1l We represent u,,u; € I'(u YT N) by

Uy = Z(fp +npdu)ep, U= Z(,up + vpdu)ep, (2.40)
p=1 p=1
where &, 1, i, v, for p € {1,...,n} are real-valued functions of (¢,z). Set Q); := (uy);
and P; := (uy); for j € {1,...,n}. By (2.30), they satisfy
Q; = (ug); =&+ V—=1n;, Py = (w); = pj +vV—1v;. (2.41)

Substitution of (L)) into P; = (u,); yields
P = ((a J,V5 + X Ju Ve )ug);
+ O(R(V g, ug) Jutiy)j + (R(Jytly, Uz ) Viatiy ). (2.42)
We compute the right hand side of (2.42)). First, it follows from

n

(@ JuV2 + A JuVa) up = (a JuV3 + NI V) D (& + Jumye;

j=1
_ Z(a Ju03E; — adln; + N Ju0:&; — X unj)e;,
j=1

which by (2.30) shows
<(a J V3 4\ Jqu) Uy)j = aV/ —1025]- — a@im— + A —10,& — X0y,
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=V —1(ad? + \0,)Q;. (2.43)

Second, noting (V,u,), = 0,Qp, (Usz)q = @y and (Jyuz), = V/—1Q,, we apply 2.34) in
Proposition 2.6 for (U, V. W) = (Vuy, uy, Jyu,) to deduce

(R(V s, ) Jutls) Z 7 o (0:Q0Qq — Q,0,Q,) V—-1Q,

p,q,r=1

=v-1 Z S3.qr0rQpQqQr — V=1 Z 57 4+ @p02Q4 Q- (2.44)

p,q,r=1 p,q,r=1

Third, in the same way as above, noting (J,u), = V—1Q,, (uz), = Qg and (V,u,), =
0,Q., we apply 2.34) for (U, V,W) = (Jyts, Uy, V,u,) to deduce

(R(Jutty, ) Vatis),; Z i (x/—_lQpQ_q - QpﬁQq) 2,0,

p,q,r=1

T Y S0

p,q,r=1

Furthermore, replacing indexes (p,q,r) — (r,q,p) in the summation and using (2.33) in
Proposition 2.7, we find

(R(Jyttg, ) Vtig); = 2/ —1 Z S 02 0:Qp Q4 Q. (2.45)

p,q,r=1

Substituting (2.43]), , and into (2.42)), we have
P; = v/=1(ad? + 20,)Q; + (b + 2¢)v/—1 Z S 000 QpQeQr

p,q,r=1

—bV/-1 Z 510 Qp02QqQr. (2.46)

p,q,r=1

Next, we seek the condition obtained from the fact V,u; = V,u,. By and 2.)),

(Vaug); = <Z(3x,up + Juﬁxl/p)ep> = Ouptj + V—10,v; = 0, P;. (2.47)

p=1 j

On the other hand, by and (2.3)),

n

Viu, = Z(atgp + Juatnp)ep + Z (& + Jum)(a;} + Jub;)epv

p=1 p,r=1

which shows

(Viua); = 05+ V—=10m; + Y _ {(a}& — bine) + V=1(ajn, + bj&)}
r=1

=0,Q; + ) _(af + V=1b))Q,. (2.48)
r=1
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Since V,u; = V,u, holds, and show
0,Q; = 0Py =) (af +V=10)Q, (j € {1,....n}). (2.49)
r=1

Next, we seek the condition obtained from the fact V, Ve, = V,V, e, + R(uz, u)e, =

R(uxa ut)er- By and ’
(VoVie,); = <Za (al + Jubp)e > = 0,(a] + V—107). (2.50)

J

On the other hand, noting (u,), = @, (ut), = P, and (e,), = 0,,, we apply (2.34) for
(U, V,W) = (g, uy, ), which yields

(R(tg,up)e,); Z S (QpPy — PyQy) Tr,_z S o (QuPy — PQ,).  (2.51)

p,q,m'=1 p,q=1

Comparing (2.30) and 2.31)), we have

Ou(af +V/—1b}) = Z I QP —P,Qy) (jire{l,....n}). (2.52)

p,q=1

Furthermore, using (2.46) with the replacement of indexes (p, q,r) — («, 3,7) in the sum-
mation, we have

—V—1aQ,02Q, — V-11Q,0:Q,
—(b+20)V=1 > ST, 3,0.Q5Q,Q,

a,B8,y=1

+ovV=1 ) ST, Qa0.Q5Q,Q,

a,B,y=1

= am(_\/__lanm) + \/Tlaamem - \/__1)\me
—(b+20)V—1 > ST, 3,0.Q5Q,Q,

a,B,y=1
V=T Y S0 5,Qa0:Q5Q,Q,
a,B,y=1

for any p,q € {1,...,n}. Substituting this into (2.52)) multiplied by /—1, we deduce
V=10, (aj + v —1b)
—a Z 1000 (20,0, + Q020

p,q=1

—a Y S, (22Q,0.2, +0.Q,72Q,)

p,q=1
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+)\ Z pqr a QpQ_q‘l'me)

p,q=1
F (020 Y (805050 0a QR + 5 SE 5, 0 QuB5 @D
P,q,a,8,7=1
b " (80,500, B0 QT Qy + ), E 5, RQur5Q Ty )
p,q,,B,7=1
=: 0, {a Z Si,q,r (a:%QpQ_q‘i‘ Q;ﬁ%@»} - { Z pqra Qpar@q}
p,q=1 p,q=1
{A > pqup@} —Si - Syt (2.53)
p,q=1
forany j,r € {1,...,n}, where
Sf = —(b+2¢)(S1 4 Sa) + b(Ss5 + S4), (2.54)
Sy = Z S eS8 5 0:QaQsQ, Q. (2.55)
pqaﬁ’y 1
Sy = Z 3 oS 5200QaQ3Q,Qy. (2.56)
pqaﬁv 1
S5 1= Z S ST 5 Qa0:Q5Q, Q) (2.57)
pqaﬁ’y 1
Sy = Z S 1 iSP 5 Qa0:Q5Q,Qy, (2.58)
P,q,0,8,7=1

and

SR = g Z 0u(8] ) (920004 + Q020 )

p,q=1
_aZa (S ,.)0:Q,0, QqHZa (S7 ) QuQy. (2.59)
p,q=1 p,qg=1

Here, it follows that
\ag + \/—1b§\ = |h(Vier, €j) + V—1h(V.e,, Jue;)| < 2|Vier|n,

where | - |, = y/h(-,-). Moreover, Ve, = O(|uss) holds, since N is compact. In addition,
lug(t, 2)|n = [(aJuV3uy + -+ )(t,x)|, — 0asz — —oo foreach t € (—T,T), since u,(t,-)
is in the Schwartz class. Combining them, we see

lim (af +vV—=10})(t,2) =0 (t € (-T.T)). (2.60)

T——00

Integrating both sides of (2.33)) with respect to x, and using (2.60), we obtain
V=1(aj + V—=1b)(t, z)
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0> 8,000 0> 5, BT —a S §,,0.0,0.0,

p,q=1 p,q=1 p,q=1
+AZ S 0 @pQq — / SE(t,y)dy — / St y)dy. (2.61)
p,q=1 -0 —00

By substitution of and (2.61) into multiplied by v/—1, we deduce
V—=10,Q; + (ad} + \0?)Q;

= —(b+2¢) Z 0, {57 ,,0:QyQqQy } +b Z 00 {5 4+ @p0:Q4Q: }

p,q,r=1 p,q,r=1
—a Z psq,r :BQPQ(]QT a Z pqupﬁ Qqu
p,q,r=1 p,q,r=1
ta Z PQT8 Qpa QQQT )\ Z Spqu;DQqQT
p,q,r=1 p,q,r=1

+ Z (/ (t,y dy) Qr + Z (/ SYTR(t,y)dy) Q.

= —a—b QC Z Baq,T prQqu

p,q,r=1
+(a—b—2c+Db) Z ) 10 00Qp0:Q,Q;
p,q,r=1
~b — 2¢) Z 53.4:0:QpQq0:Qr + (—a +b) Z 534 Qu02Qq Qs
p,q,r=1 p,q,r=1

+b Z S 00 @002 Qa0:Qr + (b —2¢) > 0.(53,,)0:QpQqQ:

p,q,r=1 p,q,r=1
+b Z a pqr Qpa QQQT_)\ Z pququQT’

p,q,r=1 p,q,r=1

+ Z </ (t,y) dy) Qr + Z (/_w Sfﬁ(t,y)dy) Q..

Moreover, replacing indexes (p, ¢, ) — (r, ¢, p) in the summation and using (2.33]) shows

Z 1!7117’6210a Qqa Qr = Z pqra Qp0 Qq@r

p,q,r=1 p,q,r=1

Using this, we have

V=18,Q; + (ad} + \02)Q;
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- dl Z D,q,r prQqu + d2 Z pqupa Qqu + d3 Z pqra Qpa Qq@r

p,q,r=1 p,q,r=1 p,q,r=1
_I_ d4 Z pqra Qqua QT’ b - 2C Z a pqr a QPQ_QQT’
p,q,r=1 p,q,r=1
+b Z a qu Qpa QQQT_)\ Z pqupQ_qQT’
p,q,r=1 p,q,r=1

+ Z (/ H(t y)d@/) Qr + Z (/w SXTR(t,y)dy) Qr, (2.62)

where dl, dg, ds, d4 are the same constants as those in the statement of Theorem L1l
Furthermore, we compute the last two terms of the right hand side of (2.62)). First, recalling

2.34) with @D—@D, we see ST is equal to f} (Q,9,Q) in (LTI), and hence

</ -ty dy) Qr=> </_x £ (@, 8mQ)(t7y)dy) Qr- (2.63)

Second, it follows from (2.59)

/w SVR t,y)dy = a/ Z pqr 82Qqu +Qpa2Qq)> (t,y)dy

-  p,g=1

—a/ S (00(52,,,)0:Q,7:0) (1 )y

© p,g=1

+A/ Z (S7..)@pQ4) (t,y)dy (2.64)

p,q=1
For the first term of the right hand side, we rewrite as

0:(8) 4 (02QpQq + QpD2Qq) = 05 {0:(S4,)(0:QQy + Q40.Qy) }
- 82(553 q, r)(a QPQ_Q + me)
—20,(8) 4.+)0:Qp0: Q- (2.65)
Here, we see there exists a positive constant C'(/V) depending only on N such that
102 (S).4.) | S CNIQL, 102 (S)0,) | < C(N)(10:Q1 +1Q)),

since 57 .(t,x) depends on u(t,z) € N and N is compact. (This can be also proved

by taking partial derivatives of the right hand of (2.8) with respect to z.) This ensures
hm 02(57 4.:)(0:QpQq + Q,0:Q,)(t, z) = 0, since Q(t,-) : R — C" is in the Schwartz

class Noting this and substituting (2.63) into (2.64) leads to

2 ( / sy y>dy) Q=0 Y 05,0030 + QIT)

r=1 p,q,r=1

+ < / (e 8mQ)(t7y)dy) Qr, (2.66)
r=1 —0o0
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where f7.(Q, 0,Q) is given by . Substituting (2.63)) and (2.66) into (2.62)), we derive the
desired expression (L.I0) with (IL11l) and (I.12)), which completes the proof of Theorem [L.1l
0]

3. EXAMPLES (1) AND (2)

In this section, taking two examples of (N, J, h), we formulate (I.10) for ) in Theorem L]
more explicitly.

3.1. Example (1). Let (N, J, h) be a compact Riemann surface. Since n = 1 in this setting,
the orthonormal frame introduced by in Section2.1lis {e1, J,€1}, and thus only S] | | is
required to compute (L.I0). We see

K(u
Sii1= % (3.1)
where (k(u))(t,z) := k(u(t,z)) denotes the Gaussian curvature at u(t,z) € N which is
known to be characterized by
k(u) = h(R(e1, Juer)Juer, e1). (3.2)

To see this, recall that 2.8)) for p, ¢, 7, 7 = 1 yields
25111 = h(R(e1, e1)er, e1) + V—1h(R(e1, e1)e1, Jye1)
+V=1{h(R(e1, Juer)er, e1) + V—1h(R(e1, Jue1)er, Juer) } .
Moreover, by (i) and (iii) in Proposition 2.1}
h(R(e1,e1)er, e1) = V—1h(R(e1, e1)er, Juer) = h(R(e1, Juer)er, e1) = 0,
h(R(ey, Juer)er, Juer) = —h(R(eq, Jyer)Juer, e1) = —kr(u),

which shows (3.1)).
Next, we compute (I.11)) and (I.12). We write ) = @, for simplicity. As for (I.11)) in this
setting, it follows that f,(Q, 0,Q) = —(b + 2¢)(S1 + S2) + b(S5 + Sy) where

(£ (u)* >

5= 1,,51,,2.0000 = " gqlor
5= 1,,50,.0.0060 = ", g
5= 51,51 00.000 = s ggior
51 = 81,,50,,00.008 = ““gqior

Therefore

st 5= 50+ 5= "% gopyor = g, gqp)

This yields f},(Q, 8,Q) = —z(n(u))28x(|Q|4), and thus

> ([ t@oeny)e

r=1
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(/_x ((k(u)*0:(1QI")) (t,y)dy) o)

[e.9]

¢
4
&

— St +§ ([ wme eoa)e e

—00

As for (I.12)), it follows from the definition and
flz,l(Q7 8%@)
= _a&%(sll,l,l)(&vQ@ + Q@) - 3@810(51171’1)8%@@ + )‘890(511,1,1)62@

_ _ A
= 5 (6(0)0e(0.Q0 + QDLQ) — 5 (s(@)LlOQF + S (sw)l@l. (B4
Substituting (3.1)-(3.4) into (I.10), we obtain
V—=10,Q + (ad? + 201 Q

= D EQIQP + LrwQQ* + Tr(w)|0.QPQ + Lr()(2.0°

+ 2 <u>>xam@\62|2 + —<n<u>>mQ2@ - 7@)\@?@ - SRl
5 ([ m@aenn)e 3.3

where
Wl (Qa a:c@) = _a'("{(u)):cx(ax@@ + Qm) - 30’(K(u))x|0x@|2
+ e r(u)(k(u):|Q* + A (k(w)). QI

Remark 3.1. If the Gaussian curvature of (N, .J, h) is constant, then the nonlocal term in (3.5))
vanishes, and it is easy to check that (3.3)) under the setting (I.6) actually coincides with (1.9)
which is transformed from (L.3)) in [[12]]. This is natural because our orthonormal frame for
n = 1 is essentially the same as that used in [[12] and because the constancy of the sectional
curvature on (N, J, h) ensures VR = 0. In contrast, without the constancy of the curvature,
(3.3) under the setting (L.6) includes the nonlocal term and does not coincide with (1.9)), even
though we rewrite the nonlocal term by using the fundamental theorem of calculus. This is
not strange, because the definitions of (I.I) and (I.3) for curve flows are originally not the
same unless VR = 0.

3.2. Example (2). Let (N, J, h) be a compact Kédhler manifold of complex dimension n with
constant holomorphic sectional curvature K. It is known that

K
R(UVW = Z{h(v, WU — h(U, W)V + h(U, J,W)J,V

— RV, JJW) U + 2h(U, JuV)JuW} (3.6)
forany U, V,W € I'(u"'T'N), and VR = 0 holds. In particular,

R(ep, eq)er = —(0grep — Oprey),

4
K
R(ep, Jueq)er (5PT,J eq + OgrJuep + 20,4 Ju€r)
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hold for all p, ¢, € {1,...,n}. Applying them to (2.4)-2.6), we see

(RG[R;?,ZIJ;T] =)h(R(ep, €)1, €5) = Z(‘Sqrém Oprgs),

(Im[Rﬁ;j;r] =)h(R(ep, €)1, Jue;) = 0,

(Re[Ry,] =)h(R(ep, Jueg)rr, e5) =0,

(Im[Rf,’q];r] =)h(R(ep, Jueq)rr, Jue;) (Oprdgj + 0gr0p; + 20pq0r;)

K K
51]9 qr — g(éqrépj - 577?543') + g(épréqj + 5qT5pj + 257)(15?)')
K ‘
Z(dqrép] + 5pq5m) (6 R) (\V/p, qa Ta] € {17 L an}) (37)

From this, we also see 0, (Sp o) = 0. This does not conflict with Proposition[2.3]

We use (3.7) to compute the right hand side of (LI10) with (L 11)) and (L.12). It follows that

K & _
Z p.a,r xQPQ‘ZQT’ = Z (Ogr0p; + 5pq5rj)a§QquQr
p,q,r=1 p,q,r:l
K n n R K n o n ) L
- 4 Z Z 0gr0, Q5 QqQr + 4 Z Z 0pg0z QpQyQ;
q=1 r=1 p=1 ¢g=1

K K <& _
= 1QPQ; + > 905,
p=1
. K < .
Z pqra Qpa:chQr = Z Z (5qr5pj + 5pq5rj)apraquQr

p,gr=1 p,gr=1

K~ K
= Z Z aquQqaij + Z|a’cQ|2Q]>
q=1

_ K < —
Z pqra Qquaer = Z Z (5qr5pj + 5pq5rj)aprQqaer

p,q,r=1 p,q,r=1
K —
=5 D 0:0,Q40:Q;,
q=1
920 . K< 20
Z pqupa Qq@r’ — 5 Z aquQqua
p,q,r=1 g=1
— K
> 50,00 - F10I°Q;.
p,q,r=1

Since 0, (Spqr) =0forall p,q,r,j € {1,...,n}, itis immediate to see

72; ( / OO 13,(Q.0:Q)(t.v) dy) Q. =0.
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On the other hand, by a lengthy computation, we can show

> ([ sieaoumna)e.

- g0, + 20 ([T @adamtean) e 6

r=1
We demonstrate the computation here. Recall that f],.(Q,9,Q) = —(b + 2¢)(S1 + Ss) +
b(S3 + S4), where Sy, ..., S, are given by (2.55)-(2.38). Obtaining the exact expressions of

S 4Se g, and S) S? ; is sufficient to compute Sy, ..., Sy, since SIJ, or =S . holds for

any p,q,r,j in this example. (We need to compute them separately, since S7 = # S

D,q,7 q D,
The result of computation is as follows:
K2
Sf, q, rSg By (5qr5pj + 5pq5rj)(5675aq + 5046(5%)
K2
(5q7“5p]5575aq + 5(17’5103 5046(5% + 5pq5m 56750@ + 5pq57’] 504557(1)
K2
S;]; q, rSZ By (5q7“5m + 5pq5r])(5675ap + 50455717)
K2
(5q7“5p]5575ap + 5(17’5103 5a55w + 5pq5775575ap + 5pq5m 50465717)
Hence,
K? (&
51 75 | 2 Q250 + Za Q50
B=
+ 5]'7“ Z Z aanQBQ_BQa + 5jr Z Z axQBQB@Q'y)
a=1 B=1 B=1 v=1
K2 L , o n n )
= 15 | ZQQQP + Q5 D 0:Q5Q5 + 205 Y %:QuQulQl ), (3.9)
B=1 a=1
K2 no L no L
S5 = 5 | 22 @r0:QsQ50Q; + > Qs0:Qs0:Q;
p=1 p=1
‘l‘ 5jr Z Z @axQBQ_BQa + 5j7’ Z Z Q_BaxQﬁQ_’YQ’Y>
a=1 g=1 B=1 v=1
K2 — - 112
= 1—6 QQer Z 890@6@6 + 25jr Z 8anQa‘Q| ) (3.10)
B=1 a=1
K2 n L o n L
S =15 ] 0,Q;QQ4Qr + ; 0:QsQ5Q;Qr

+ 5jr Z Z 8IQQQ_5Q5@ + 5jr Z Z 8xQBQ_ﬁQ’YQ_’Y>

a=1 =1 p=1v=1
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K2 _ ) L n L n L )
- 1—6 8ijQT|Q‘ +QjQT28$QﬁQﬁ _'_25]?28an@&‘@| ) (311)
B=1 a=1

2 n n
5= (Z Q,5:050:0: + Y Q0.05Q0,0r
p=1 B=1

a=1 =1 B=1 y=1

+0jr > Y Qu0:QpQsQu + 05 Y Y QﬁmeQ_w>

kel I n
=16 (2@"@]' > 2.Q5Q5 + 255 Y 8IQQQCAQF) - (3.12)
B=1 a=1

Combining them, we have
K? — —
$1+ 8 = == {0.(Q@)IQP + QT 0.(1QP) + 25 |Q10. 2P}
2

K I
= 15 10:(Q;Q1QP) +6,,0:(1Q1}
2
=0, {f—ﬁ (Q,Q:1Q1° + MQF)} :

2

Sz + Sy = [1(6 <2Qj@8x(\62|2) + 25JT|Q\2&E(\Q|2)>

K? o 2 4
_ ﬁ(2@@?8%(\Q| )+ 6;:0:(1Q) ))

K? 4 K? 9
- 0. Jpnlalt ) + o aan:
It follows that

2 n

S ([ (s s ar) o= 25 S @R+ siae.
r=1 -0 r=1

- K{IQI“Q]-, (3.13)
il ([ sursotma)a.
_ f_ggaﬁ\@m ¥ %Z ([ @eagem) tna)a,
= [1(—62|Q|4Qj + K{ Z: (/_; (Q,Q:0:(1QP)) (t.y) dy) Q. (3.14)

Combining (3.13) and (3.14)), we get the desired (3.8).
Finally, substituting the result of computation into (L. I0), we arrived at

V=18,Q; + (a0, + 102)Q;
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o (eree,+ S 20z, ) + Koy #a0.0,
4 1 %] £ zWr'\dridy 9 27:1 zr\dry

K N —— K & _ K
+ Zdi’) (Z aerQraij + |0xQ|2Q]> + Edél ZaerQraxQ] - E)‘|Q|2Q]
r=1 r=1

(b+4c)K? bE? &

SO e+ e Y ([ @a@ademin ) e (3.15)

r=1

Remark 3.2. If n = 1, then the final nonlocal term of the right hand of (3.13)) simply becomes
a local one, in that

([ @@streni) o= ([ @iiemy) e

—00

- Sl

In this case, the derived equation (3.13) for ) = (), turns out to coincide with (3.3]) where
k(u) = K. This does not conflict with the fact that the holomorphic sectional curvature for
the Riemann surface coincides with the Gaussian curvature.

4. EXAMPLE (3)

We investigate the case (NN, J, h) is a compact complex Grassmannian as a Hermitian sym-
metric space. Looking at many famous literature(e.g., [3], [19], [21], [27], [34] ), there are
some models of complex Grassmannians. To avoid the confusion, following [4, [10] mainly,
we start from stating the setting we use in this paper.

4.1. Setting of complex Grassmannians. Fix integers ng, kg with 1 < ky < ng, and set
moy = ng — ko. Let N be the complex Grassmannian G, , defined as the set of all k-
dimensional linear subspaces through the origin of the complex Euclidean space C"™°. With a
slight abuse of notation, this can be identified with the set of Hermitian rank-k, projectors:

Groko = {A € H(ng) | A= A and rankA = ko} , 4.1)

where H(ng) = {A € Myyxn, | A* = A} being the set of Hermitian matrices. (M,,,xn,
denotes the space of ng x ng complex-matrices and A* = A denotes the conjugate transpose
of A.)

Set U(ng) = {B € Myyxn, | B*B = BB* = I} to denote the unitary group of degree 7.
(In this section, the identity matrix of size ng is denoted by [ and the identity matrices of
size k € {1,...,n9 — 1} are by I}.) Then U(ng) is a compact Lie group and the Lie algebra
consists of the set of skew-Hermitian matrices:

u(ng) :=TiU(ng) = {2 € Mpyxn, | 2" =—Q}.
Let us define an isometric group action of U(ng) on H(ng) by
O : U(ng) x H(no) — H(ny), (B,H)+s BHB*,
and take
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as the origin of G ,. (Here and hereafter, all matrices in M,, »,,, are written as a block form
where the submatrix in the upper left corner is of order &y X ko, and the four zero-matrices as
the submatrix are simply denoted by (.) The same argument as that in [4, Section 2.1] shows
Groko = ©(U(ng), Ao) being the orbit of Ay under ®. Moreover, ® is a transitive action of
U(ng) on G, , and the isotropy group at A is

()

In fact, Gy, k, is diffeomorphic to U(ng)/(U(ko) x U(my)) via the canonical map G, x, >
O(H, Ay) — H(U(ko) x U(myg)) € U(ng)/(U(ko) x U(my)) and is an embedded submani-
fold of H (ng) satisfying

dimR Gno,ko = dlmR U(no) — dlmR(U(l{Zo) X U(mo)) = 2]{3077’10

which implies n = dim¢ G, k, = komo. In addition, the involution which is given by

—1
o Ung) = Ulng), Brs (M U Yp (o 0
0 —I,, 0

_Imo

K, e U(l{io),Kg c U(mo)} = U(l{io) X U(mo)

makes U(ng)/(U(ko) x U(mg)) symmetric.
Next, set 7 = O(-, Ayp), that s,

T U(?’Lo) — Gno,km B+— BA()B*

For any A € G, 1, there exists B € U(ng) such that A = 7(B) and the tangent space of
G ko at A € Gy 1, can be expressed by

0 VY ..
n6un - {n(2 V)5

This follows from the same argument as that in [4, Section 2.1]. To see this more concretely,
note that the tangent space of U(ng) at an arbitrary B € U(ng) is given by the left translation
of u(ny),

Ve Mkoxmo} - (4.2)

TBU(no) = {BQ c Mnoxno ‘ O e u(no)} . 4.3)
It turns out that the differential (dm)p : TpU(no) = Tr(5)Ghno.k, at B € U(ny) is given by
Wi —Wwig AN
d B =B B 4.4
(dm)p ( ((W12)* Wao )) ((W12)* 0 ) (4.4)

w —w . . ) ) )
for all . 12} € u(ny). Since 7 is submersion, [&.2) is obtained.
(w12) W2

The complex structure J4 at the point A = w(B) € Gy, , 18 given by

_ 0 v\ .. 0 VoIV .
JA : TAGno,ko — TAGno,km B (V* O) B*— B ((\/—_1V)* 0 ) B*. (45)

The Riemannian metric on G, x, is taken to be U (ng)-invariant by the following standard
manner: We take an Ad-invariant metric (-, -) on u(ng) which is defined by

1
<917 Qz) = itf (91(92)*)7 (4.6)

and define (-, -) g for each B € U(ng) by
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for any By, BQy € TgU(ng), which gives a bi-invariant Riemannian metric on U(ny).
Let A = m(B) € Gy and let A; € TGy, (0 = 1,2). By and (@.4), there exist
Q; € u(ng) (@ = 1, 2) such that

0 —W;

A; = (dﬂ-)B (BQz)a ; = ((w)* 0 ) , W € Mkoxmo (Z = 1,2).
We define h4(Aq, Ay) by
1
hA(Al, Ag) = <BQl, BQQ)B (I §t1' (Ql(Qg)*)) .

Then, h = {ha} is a U(nog)-invariant Riemannian metric on G, x,. Furthermore, by the
fundamental properties of the trace for complex-component matrices,

it =g (0 5 () 8) ) - Reltwntear). @9

Remark 4.1. The metric h is the same as that used in, e.g., [21} 27, 34]. It is also the same
as that in [[13] 36, [11]] up to a constant multiple. To investigate the expression of (LI}, we
do not need to be aware of the difference of the constant multiple, because the Levi-Civita
connection and R as a (1, 3)-tensor used to formulate (LI)) are invariant under the homothetic
change h — ch(c is a positive constant). In other words, although the holomorphic sectional
curvature is multiplied by 1/¢, the derived final expression (L.10) is not changed.

Remark 4.2. For each B € U(ny), TgU(ng) can be decomposed into the kernel of the differ-
ential (dr)p and the orthogonal complement with respect to (-, -) g:

TpU(ng) = g + mp, 4.9)

where
tp := Ker((dm)p) = {B <w61 (,22) w11 € u(ko),ws € u(mo)} , (4.10)
mp ;= (EB)J' = {B (_(:})12>* W62) W12 S Mkoxmo} . (411)

Comparing and , we see that the tangent space 174Gy, x, at A = m(B) can be iden-
tified with mp by the map ((d7)p)|my: mp — TaGpy k- In addition, a direct computation
using (4.10) and (@.11) easily shows that u(n) is a symmetric Lie algebra, that is,

(e, 8] C &, [E,m;] Cmy, [my,my] C .

This does not conflict with the fact that U(ng)/(U (ko) x U(my)) is a symmetric space with
involution o(see, e,g, 3, Proposition 6.4]).

Remark 4.3. Some other equivalent expressions of the tangent space are known. For example,
as is used in [[10], the following implicit expression also holds:

TuGryro = {H € H(no)|[HA + AH = H} . (4.12)

Indeed, by definition of H (ng) and (.1)), the right hand side of turns out to coincide
with that of (4.2)).
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The Riemann curvature tensor R at A € G, i, is given by the following:
(R(X,Y)Z)(A) =[X.Y],Z] (X,Y,Z € TaGnyk,), (4.13)

where [-, -] is the bracket of the matrices defined by [ X, X5] = X7 Xy — X2.X;. The above
expression is derived in [[10] by using (4.12)). (As is commented in [10], the expression of R
differs by a sign from the familiar one (e.g., [3} 114,19, 20, 21} 34]]), since our tangent vectors
are Hermitian rather than skew-Hermitian. See Remark also.) Let A = 7(B) € Gy ko>
and let X, Y, Z, W € TyG,, i, be expressed by

x=B(Y “Vpv=p(" “p,z=8(" ) w=8B(" “)B,
z¥ 0 y* 0 25 0 w* 0
(4.14)

where z,y, 2, w € My, xm,- (The notation x is not a variable of functions only here.) Then,
the substitution of them into shows

(R(X,Y)Z)(A)zBH(xO* g)(yo g)}(? S)]B*:BSB*, (4.15)

where S € Ty,G, 1, 1s determined by

S = <8(1 8) , S=aytz—yrtz — zx'y + 2y" T (€ Migsme )- (4.16)

This combined with (4.8) gives
ha(R(X,Y)Z, W) = Re(tr(sw"))
= Re(tr(zy*zw* — yz*zw™ — zz*yw™ + zy*zw™)). (4.17)

Remark 4.4. The Riemann curvature tensor at Ay can be rewritten via the identification

0 —w 0 w
()i e > TaGosinr (5 3 ) o (5 5)-

To see this, let ¢ : T4 Gy 1, — My be the inverse of ((d7);)|m,. Then, for any

(0 = (0 vy (0 =z
X_<Zl§'* 0)7Y_<y* 0)’Z—<Z* O)ETAoGno,koa

the following relation holds:
(R(X,Y)Z)(Ao) = —((dm) 1) |m, [[(X), e(Y)], e(Z)] - (4.18)

This does not conflict with [3| [14} [19, 20, 21 [34] where R is expressed by “R(X,Y)Z =
—[[X, Y], Z]” in the context of the right hand side of (4.18) via the above identification.

4.2. Computation of (LI10). Let N = G, i, as above. We compute (L.10) in Theorem[L.1]
Recall that n = komy is the complex dimension of G, x,. For any j € {1,...,n}, there
exists a unique pair of integers j; € {1,...,ko} and jo € {1,...,mg} such that j = (j, —
1)ko + j1. In what follows, we denote it by j = (j1, ja2)-

Since u € Cyuo((—T,T) x R; N) in Theorem [LL1 there exist B> € U(ng) and B =
B(t,z) : (=T, T)xR — U(ng) such that u™ = B®Ay(Bx)* and u(t, x) = B(t,z)Ao(B(t, x))*.
We take e5° € T, N for each j = (ji,j2) € {1,...,n} to satisfy

. 0 E )
¢ = By ((Ej>* o]) (Boo)*, (4.19)
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where E; = Ej, j,) € Mp,xm, denotes a constant matrix with entry 1 where the j;-th row
and the jo-th column meet, and all other entries being 0. It is easy to see E(;, j,)(E, ¢,))* =

05, ng(k é) where Ej(foz)l € My, <k, denotes a square matrix with entry 1 where the j;-th row
and the 61 th column meet, and all other entries being 0. This combined with (4.8)) shows

hum(e?oa 620) = Re [tr(Ej(EZ)*)] = 5]'2425]'141 = Oj¢ (v]>£ S {17 s ’n})

Therefore, {ejo-o, J e;?o}?zl is actually an orthonormal basis for T3, N. Let {e;, Je; };‘:1 be

the associated orthonormal frame for u~'7T'N that satisfies (2.1)-(2.2). The parallelity of R
and J with respect to V shows that %> Juej, R(ep, eq4)er, and R(ep, Jueq)e, are respectively
the parallel displacement of e3°, J,e2°, R(e;°, ex°)er®, and R(e;’, J,e)ere. In addition, h is

p ) q
invariant under the parallel dlsplacement Therefore the expressmn (lﬂ]) reduces to

:nqr: {h p’go ?’;O)—i_\/_h((p’q) Je >}

vV e 0\ 00 00 0 00\ ,,00 e
+—5- {h(R(ep L Juel)er e°) + V—1h(R(eX, Juer®)er, J.e) } .

Here, we apply for A = u* to deduce
h(R(ey,eg”)er”, e5°) = Re(tr(E41)),
where
E1 = Ep(Eq) En(E))" — Eq(Ep)"En(E;)" — E(Ey)  Eq(E;)" + E(E)" Ep(E;)").
Moreover, noting

JueT = Bug ( N ¢——01Ej) (B,

we repeat the above computation replacing £; with v/ —1£;, which provides
h(R(ey’, e)e, Ju e; ) = Re(—v—1tr(Z1)) = Im(tr(Z;)).
In the same way as above, we deduce
h(R(ezo, Juezo)efo, e‘;") = Im(tr(Zy)),

where

Ep = Ep(Eq)*Er(Ej)* + Eq(Ep)*Er(Ej)* + ET(EP)*Eq(Ej)* + Er(Eq)*Ep(Ej)*)>

h(R(ey?, Jue)e, Juel) = Im(—v/—1tr(E2)) = — Re(tr(Zy)).

Combining them, we obtain

p,q,r

1 — L * * * *
RY— 5(‘51"(:1) +tr(Z2)) = tr (E,(E) E.(E;)" + E.(E)"E,(E;)") . (4.20)
Furthermore, set p = (p1,p2), ¢ = (q1,q2), and r = (r1,r2) where py,q1,7m1 € {1,...,ko}
and py, go, 7o € {1,...,mo}. A simple computation yields
. ko) k
Ep(E)" Br(E})" = gy B 01 ES) = Gy 0o Ogir B (4.21)

and thus
tr (Ep(Eq)*Er(Ej)*) = 5p2q25r2j25q1r15p1j1'
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Hence, for any p = (p1,p2),q = (q1, @), 7 = (71,72),J = (j1,J2) € {1,...,n},
S ar = 5P2q25T2j25Q1T15p1j1 + 57‘2(125p2j25q1p157‘1j1' (4.22)

p,q,T
Based on (4.22)), we proceed the computation of (I.10). First, we compute the form

Z SparXpYoZr = Z Z S m s (rasra) X or02) Vearae) Zrair)

p,q,r=1 P1,91,71=1 p2,q2,m2=1

where X,.Y,, Z, for p,q,r € {1,...,n} denote complex-valued functions of (¢,z). The
right hand side of above is divided by the sum of L; and Ls:

mo

Z Z D2q2 szz II17‘15p1j1X(p1,p2)Y(q17qz)Z(?“M“z)7

P1,91,71=1 p2,q2,r2=1

ko mo
Z Z Oraq2Opajz 5(111?15T1J1X(p1,p2)y(q1,q2)Z(?“M“z)’ (4.23)

P1,91,71=1 p2,q2,r2=1

By a simple computation,

ko mo
Z Z 5272425Q1T1X(j17202)}/011,!12)2(7‘1,]'2)

q1,711=1 p2,q2=1

ko mo
= Z Z X(jl,m)y(ﬁ,m)z(ﬁ,jz)a

ri1=1pa=1

ko mo
Z Z 5T2Q25Q1P1X(101,jz)Yv(th,tn)Z(jl,Tz)

P17Q1—1 q2,r2=1

mo

_ Z Z Z iy wa) Y o) X (p1.2) -

p1=1r2=1

Combining them, we obtain

Z St XY Z,

p,q,r=1
ko mo mo
- Z Z X(j1,51) Y (s2,51) Z(Sz,Jz + Z Z Z(jr,s1) Y(82781 X(s2,j2)- (4.24)
s2=1s1=1 so=1s1=1
Applying @.24), we have
Z pqr prQqu
p,q,r=1
mo ko mgo
- Z Z a262(]1,81 Q(s2,51) @ (s2,52) + Z Z Qjr,s1) Q(Szm a; 2@ (52,42) (4.25)
so=1s1=1 so=1s1=1

Z 7 Qp02Q,Q,

p,q,r=1
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_ZZQ(J1S18Q8281 Q(s2.52) +ZZQ]1818Q(5251Q(52]2

so=1s1=1 so=1s1=1

ko mo
=2 Z Z Q(jl731)85%62(32,31)@(327.72)’

so=1s1=1

Z S 00 @Qp0:QeQ;

p,q,r=1

_ZZaQJ1818Q8281 82J2 +ZZQ01318Q32310Q3292,

so=1s1=1 so=1s1=1
Z pqra@p@qa@r—zzza@m@ma@sm
p,q,r=1 so=1s1=1
Z pquPQqQT’_QZZQh s1) 82 s1) Q(Szjz
p,q,r=1 so=1s1=1

Next, we compute
n

> ([ sieauwna)e.

(4.26)

(4.27)

(4.28)

(4.29)

where f.(Q,0,Q) = —(b+2¢)(S1 + S2) + b(S5 + S4) and Sy, . .. S, are defined by (2.53)-

[2.38). By ([#.22), we see

QT _ q (d1.52) (q1,92)
SIJJ q, T’Sa By SIJJ q, T’Sa By S(Pl .p2) (41742)7@1,7‘2)5(011,042)7@1752),(“/1 2)

- 5p2q257‘2jz(5¢11ﬁ51?1)15042525’72@551“/1 5041!11 + 5102!1257‘2j25417‘15101j15’725250!2@5610{15“/1!11

+ 57“2(12 51?2]'2 5q1p1 57“1]'1 5012 B2 672 q2 65171 501 q + 6?“2 q2 5p2j2 5111171 57“1]'1 572 B2 5a2q2 561 a1 571 q1-

Let X =0,Qand Y = Z =W = Q. It follows that

Sy = Z S? ST 5 XaYsZo W, =t Ly + Ly + Ls + L,

qocﬁv—

So = Z S S 5 XoY3Z Wy =: Lz + Ls + Lo + Lo,
D,q,0,8,7=1
where
ko mo -
= Z Z 5p2£125T2j2 5Q1T15p1j15a252 5’7242 5ﬁ1“/1 6041!11 XaYBZ’YWm
1 2

ko mo

Ly= Z Z 5p2q25r2j2 5(117’1 5p1j1572625a2q2 561a1571q1X_aYBZ_VWP’
h

ko mo

Ls = Z Z Or220p2j20g1p1 Or1j1 Oz B2 07220811 5a1q1X—aYBZ_’YWP7
it

(4.30)

(4.31)
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ko mo

L¢ = Z Z Or220p2Oqup1 Or1j1 0282 0o 561&1571q1X_aYBZ_7Wp’
1 2

and

ko mgo

L7 = Z Z Op2g20r220g171 0p1 1 Oas B2 Ovapa 01 5a1p1Xa?5Z“/qu
o e

ko mo

Lg = Z Z 5p2q2 57’2]’2 5q1r15p1j1 572625a2p2561a15V1p1Xa?BZqu>
f1 f2

ko mo

Lo = Z Z 6r2q2 6P2j2 6111101 57’1]’1 50@52 57217255171 5oc1p1 Xa?BZ'me
f1 H

ko mgo

Ly = Z Z Oraq2Opajz 5(111015T1j15“/2ﬁ25a2p2551a1571P1Xa?5Z“/Wq’
i f2

ko ko mo

mo
and we use the notation Z = Z and Z = Z . Note that r = (rq,72)
o

f P1,q1,01,81,71=1 p2,92,02,82,72=1
and j = (j1, jo) are fixed here. By a simple but a bit careful computation, we deduce

ko mo

Ls = dryj, Z Z

q1,01,B1,11=1p2,q2,02,82,72=1

X 5102 q2 5q1r1 50@62 572 q2 561% 5oc1 q1 X(Oq ,0e2) Y(B1 ,B82) Z(w 72) W(jl ,P2)

ko mo
= 57‘2]2 Z Z 517242 5Q17‘1 5azﬁ2551’71 X(Q17a2)}/iﬁl752)Z(717q2)W(j1 :p2)

q1,81,m=1p2,q2,a2,82=1

ko mo
= 57’2]’2 Z Z X(T’lﬁz)Y(Bl,Bz)Z(61,q2)W(j1,q2)> (4.32)
B1=1 q2,82=1
ko mo

Ly= 57‘2j2 Z Z

q1,01,B1,7m=1p2,q2,02,82,72=1

X 5102@ 541T1 5“/2ﬁ2 5042£12 551041 5’7141 X(Oq ,02) Yv(ﬁlﬁz) Z(’Y1 2) W(jl ,p2)

ko mo
= 57‘2]2 Z Z 5192425Q17‘1 5’72525ﬁ1a1X(a1742)}/@1752)Z(Q1,’Y2)W(j17;02)

q1,01,81=1 p2,q2,B2,72=1

ko mo
=i Y Y Xpraw Y6180 Zirs ) Wiinan): (4.33)
B1=1g2,82=1

ko mo

Ls = 0y, Z Z

P1,91,01,81,71=1 q2,2,82,72=1
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X 5?2 q2 5q1p1 504252 5’72 q2 551 ol 5041!11 X(al ,0e2) Y(ﬁl ,82) Z(“/l 2) W(Pl J2)

ko mo
= 57’1]'1 Z Z 57’2¢12 5111101 5(1252551% X(417a2)yv(ﬁ1752)Z(’71742)W(101,jz)

P1,91,61,71=1 q2,a2,82=1

ko mo
= 0pyj, Z Z X(q1,Bz)Y(Bl,Bz)Z(Bl,T’z)W(quz)v (4.34)
q1,81=1 B2=1
ko mo

Lg = 57’1]'1 Z Z

P1,q1,01,081,71=1 g2,02,02,72=1

X 57“2 q2 5q1p1 5*/2 B2 5oc2 q2 5B1oc1 571 q X(Oq ,02) Y(B1 ,B82) Z(w 72) W(m »J2)

ko mo
= 0rijy Z Z Or220g1p1 072 5ﬁ1a1X(a17q2)Y(61752)Z(q1 ,'yz)W(p1,j2)

P1,91,a1,81=1 g2,82,72=1

ko mo
= Oryjy Z Z X(B1,r2)Y(81.82) Z(a1,82) Wi ) - (4.35)
q1,81=1 B2=1
ko mo

Ly = dryy Z Z

p1,01,81,71=1p2,q2,02,82,72=1

X 5102 q2 5101)'1 50!2 B2 5“/2172 551 " 50{1171 X(al 7042)Y(ﬁ1 ,B2) Z(“ﬂ 2) W(n ,q2)

ko mo
= Oryjs Z Z 0p320p1 100280817 X(p1,02)Y(81,82) 2 (11,02) Wir1,g2)

p1,81,71=1p2,q2,02,82=1

ko mo
= 57‘2j2 Z Z X(jl752)}/(51752)Z(ﬁ1,qz)w(?1,q2)7 (4.36)
B1=1g2,82=1
ko mo

Ls = dryj, Z Z

p1,01,681,71=1p2,q92,02,82,72=1

X 5102 q2 5p1j1 5’7252 5a2p2 551 a1 5“/1171 X(oq 7oc2)Y(61 ,B2) Z('Yl 72) W(T’l ,q2)

ko mo
= Oryjs Z Z Opago 5p1j15’72ﬁ2551a1X(a1,p2)Y(51ﬂz)Z(pl,“/z)W(n,qz)

p1,01,81=1 p2,q92,B2,72=1

ko mo
= 57‘2j2 Z Z X(ﬁl,qz)Y(ﬁl,Bz)Z(jlﬁz)W(rl,qz)7 (4.37)
p1=1g2,82=1
ko mo

Ly = 57’1]'1 Z Z

P1,91,01,81,71=1 p2,a2,B2,72=1

X 5102]'2 5(111)1 Oy B2 5*/2172 55171 5011171 X(al ,QQ)Y(ﬁl ,B2) Z(“/l 2) W(th ,r2)
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mo
— 57’1]'1 Z Z 6p2j25Q1p160@5256171X(p17‘12))/(51752)Z(717P2)W(Q177“2)
P1,91,81,71=1 p2,a2,B82=1

ko mo

=0rji D > Xar8) Y5180 Z(6000) Wiagnra) (4.38)

q1,81=1 B2=1

ko mo

Ly = 57“1]'1 Z Z

P1,91,01,61,71=1 p2,a2,B2,72=1

X 5p2j2 5q1p1 572 B2 5a2p2 551 ay 571171 X(Oq ,02) Y(B1 ,B2) Z(w 72) W(q1 r2)

= 0rijy Z Z Op2j20g1p1 0728208100 X (a1,02) Y (B1,82) Z (p1.12) Wan r2)

p1,¢h,a1751 1 p2,B82,72=1

= 7“1]1 Z Z X (B1,32) Y(ﬁl Bz)Z(th ﬁz)W( q1,7m2) (4.39)

q1,81=1 B2=1

Summing (4.32)), (4.33)), (@.36) and (4.37)), and substituting X = 0,Q,Y = Z =W = Q,

we deduce

ko mo
L3+ Ly+ L7+ Lg = 5r2j2 Z Z 890@(7‘1,52)@(&,52)@(51,Q2)Q(j17qz)
51—1 q2,82=1
7“2]2 Z Z 0eQ1.2) Q(ﬁhqz (B1,82) Q(m,ﬁz)@(thz)
B1=1q2,82=1
ko mo
+5T2j2 Z Z al'Q(jl762)Q(61752)Q(61742)Q(T1742)
51—1 q2,82=1
Oraja Z Z 02 Q31,02 Q51,82 Q31 82 Q(r1.2)
B1=1q2,82=1
ko mo
= 7’2]2 Z Z 0:Q(r1,6,) Q(T’Lﬁz Q(BLBZ Q Bl,qz)Q(thz)
p1= 1q2,62 1
szz Z Z 8 Q(ﬁlﬂz (B1.,82) Q(Tl,ﬁQ)Q(jlyfm)
B1=1gz,82=1
ko mo L L
0 DY 02Q0ra0) Q00 Q6182 Qi )
51—1 q2,82=1
7“2]2 Z Z 0 Q(ﬁlﬁz (B1,92) Q(jl#]z)Q(Tlﬁz)
B1=1gz,82=1

ko mo
=0, {6T2j2 Z Z Q(Tl,ﬁQ)Q(Bl,ﬁ2)Q(ﬁ1,QQ)Q(j1,II2)} . (4.40)

B1=1 gq2,82=1



36 E. ONODERA

In the same way as above, summing (4.34), (4.35)), (4.38)), and (4.39)), and substituting X =
0.Q,Y =7 =W = (@, we deduce

ko mo
Ls+ Le+ Lo + Lip = 57‘1)'1 Z Z arQ(th,ﬁ2)Q(ﬁ1,52)Q(ﬁ17T2)Q(41J2)
41751—1 B2=1
T1J1 Z Z 8 Q(ﬁhrz (B1,82) Q(q1,62)Q(q1,j2)
q1,51=1 B2=1
ko mo
+ 5T1j1 Z Z axQ(QI752)Q(61752)Q(517j2)62(q177"2)
41751—1 B2=1
Oryja Z Z O Q(81,j2)Q(61,82) Q(Ql,ﬁ2 Q(qn?z
q1,61= 1ﬁ2 1
=0, { 11 Z Z Q(‘ILBZ (B1,82) Q(B1,T’2)Q(q1,j2)} : (4.41)
q1,51=1B2=1
From (4.40) and 4.41)), we get
S1+ 52 =0, { T1j1 Z Z Q(QLBZ (B1,B2) Q(ﬁl,m)Q(m,jz)}
q1,81=1 p2=1

ko mo
+ Oy {57“2]'2 Z Z Q(TLBQ)Q(BLBQ)Q(BLQZ)Q(jl,lh)} : (4.42)

B1=1g2,82=1

Using this and replacing indexes, we deduce

n

S ([ st o

r=1

ko mo ko mo
= Z Z (57“11'1 Z Z Q(QLBQ)Q(BI,BQ)Q(BLTZ)Q(QIJQ)) Q(m,r’z)

ri=1ra=1 Q1,51—1 B2=1

ko mgo
+ Z Z ( r2j2 Z Z Q(Tlﬁz Q(ﬁhﬁZ Q (B1,92) Q (§1,92) ) Q(Tl,rz

ri=1rz=1 B1=1 g2,82=1

Z Z Q1,8 Q(51.2)Q(81,72)Qa1,32) Q1 r2)

q1,81=173,82=1

ko mo
+ Z Z Q(r1,82)Q (81,2) QD (81,02) @ (1,42) @ (71,72)

Tl,ﬁl—l q2,82=1

Z Z Q (J1,72) Q(ﬁlﬁz Q (B1,B2) Q(Ql,ﬁ2)Q(41,j2)

q1,81=173,82=1




STRUCTURE OF A FOURTH-ORDER DISPERSIVE FLOW EQUATION 37

mo

+ Z Z Q (41,92) Q(ﬁhtp Q(ﬁhﬁz Q 7“1,62)@(7“1,]'2)

7“1,51 1g2,82=1

=2 Z Z Qjr.s1) Q(Sz,sl Q(52,55) @ (54,55) @ (51,42) (4.43)

s9,54=1 s1,83=1

Although the expression of S3 + .5, can be obtained in the same way as above, S3 + .9, is not
expressed as an image of d,. Indeed, by applying (4.32)-@.39) for X = Z = W = Q@ and
Y = &CQ, we Sec 53 + 54 = (Lg + L4 + L7 + Lg) + (L5 + L6 + Lg + LlO) where

L3+L4+L7+L8

= TzJ2 Z Z Q (r1,B2) 8 Q (B1,82) Q (B1,92) Q(jlﬂz)

B1=1 q2,ﬁ2 1

mo
Orajo Z Z Qr.0) (B1,02) 02 Q(81,82) Qi ) (r1,82) @ (j1,02)
p1=1 g2,82=1

ko mo

+5T2j22 Z Q(jl7(12)05562(61742)Q(61752)Q(T1752)

B1=1 q2,82=1

ko mo
+ 5T2j2 Z Z Q(ﬁl,ﬁ2)arQ(51,Q2)Q(j1742)Q(7‘1752)
B1=1 gq2,82=1

ko mo

205 . Y Qg0 { Q.00 Q61,82 } Qo)

B1=1 g2,82=1

L5—|—L6—|—L9—|—L10

= ml Z Z Q (q1,B2) 8 Q(ﬁlﬁz Q (B1,72) Q(Ql,jz)

q1,81=1 B2=1
ko mo
+ 5T1j1 Z Z Q(B1,7’2)89369(51762)Q(q1,62)Q(q1J2)
q1,81=1 B2=1
ko mo - .
+ 57“1]'1 Z Z Q(Ql,ﬁ2)a~’0Q(51,ﬁ2)Q(51 ,jZ)Q(IIlﬂ"Z)
q1,81=1B2=1
ko mo - .
+ 5T1j1 Z Z Q(ﬁl ,jz)890@(&752)Q(Qlﬁz)Q(tﬂ,Tz)
q1,81=1B2=1
ko mo

= 20,5, Z Z On {Q(Q1,B2)Q(51752)} Q(B1.r2) Qa1 .2) -

q1,81=1 B2=1
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Hence we obtain

ko mo

53 + S4 = 26r1j1 Z Z ax {Q((11,ﬁ2)Q(ﬁ1,ﬁ2)} Q(6177"2)Q((11,j2)

q1,41=1 B2=1

ko 0
+ 2050 D D Qura O { Qo102 Qa2 } Qo - (4.44)

B1=1 g2,82=1

Using this and replacing indexes, we obtain

n

S ([ st

r=1 -0

kO mo T
=2 Z Z 5T1j1 (/ a:n {Q(mﬁz)@(ﬁhﬁz)} Q(Bl,m)Q(thz) dy) Q(Tlﬂ“z)

r1,q1,51=172,82=1 -

kO mo

+2 Z Z 6’"2j2 </ Q(J’hf]ﬂa’ff {Q(BLQQ)Q(BLBZ)} Q(m,ﬁz) dy) Q(m,rz)

r1,81=172,q2,62=1

ko mo z
—9 Z Z Q(j1,r2) (/ Do { Qar,82)QB1.82) | Q6172 Qlar o) dy)

q1,81=1r32,82=1 -

ko mo x
+2 Z Z </ Q(J’hqz)aﬂﬂ {Q(BLQZ)Q(BhBZ)} Q(H,Bz) dy) Q(rth)

r1,81=1 g2,82=1 -

ko mo

=2 Z Z Q(ﬁ,sg) (/_OO Q(s4,83)8x {Q(34,31)Q(32,31)} Q(SQJQ) d’y)

s9,54=1 s1,s3=1

mo

ko z
+2 Z Z </ Q(jlvsl)ax {Q(82781)Q(82,83)} Q(54,53) dy) Q(sw’z)' (4.45)

s2,54=1 s1,83=1

Combining (4.43) and (@.43)), we derive

g ([ f@oens)e

ko mo

- _2(b - 20) Z Z Q(jl731)Q(SZ731)Q(S2,SS)Q(S4783)Q(S4J2)

s2,54=1 s1,83=1

ko mo z
+2b Z Z Q(j1’33) (/ Q(S%SS)&E {Q(S4781)Q(32,81)} Q(sz,jz) dy)

52,54=1 s1,s3=1

ko mo z
+ 20 Z Z (/ Cg(jhsl)am {Q(Sz,sl)Q(sz,sg)} Q(S4,33) dy) Q(34,j2)- (446)

s2,54=1 s1,s3=1
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On the other hand, since G, , in this setting is Hermitian symmetric(VR = 0), we see
2.(Q,0:.Q) = 0forany j,r € {1,...,n} and hence

r=1 -
Finally, substituting (4.23)-(4.29) and @.46)) into (I.10), we obtain

V=10,Q; + (ad; + 29;)Q;
k‘o mo kO 0
= dy Z Z aiQ(jl,Sl)Q(SQ,Sl)Q(527j2) +d Z Z Q(h,81)Q(82,81)83Q(827j2)
so=1s1=1 so=1s1=1
ko mo
+2ds Y Qs B Qor 1) Qs 1)
so=1s1=1
ko 0 ko mo
+d3 Z Z aﬂ?Q(jLSl)aSCQ(S%Sl)Q(527j2) +ds Z Z Q(Ji781)89662(52,81)896@(82&2)
so=1s1=1 so=1s1=1
ko mo ko mo
+ 2d4 Z Z aZ‘Q(jl,Sl)Q(82781)aZ'Q(52,j2) — 2\ Z Z Q(j1,51)@(52,81)Q(52,j2)
so=1s1=1 so=1s1=1
ko mo

+ (—2b —4c) Z Z Qj1,51) @ (52,51) @ (52,83) @ (54,59) @ (s4.52)

52,54=1 s1,53=1

mo

ko T
+ 2b Z Z Qi ,s5) (/_ Q(s1,53)0 { Qsa,51)Qsarsr) } Qszrio) dy)

$2,84=1 s1,83=1

mo

ko x
+ 2b Z Z </_ Q(j1,s1)ax {Q(sz,sﬂQ(sg,sg)} Q(84783) dy) Q(84,j2)- (447)

s2,54=1 s1,53=1

Proof of Corollary[1.2l Under the setting (L.6), it follows that d; = —23 + 16, dy = 87,
ds =20+327v,dy = =+ 167y, —2b—4c = —23+ 327, 2b = 23+ 16+, and thus the system
of for Q1, ..., Q, is rewritten as
\% _1Qt = _ﬁ Qrzzx + A Jry + (_2ﬁ _'_ 167)(Qmmq*q _'_ qq*qgcgc) + 167 qnggq
+ (28 + 327)(¢29,9 + 99;9:) + (=28 + 327)q.q" ¢z + 2009q"q
+ (=28 + 327)qq*qq"q

+ (28 + 16) {q (/_; 7" (qq")sq ds) + (/_; a(q"q)sq" ds) q} (4.48)

for g = (Q(jl,jz)) being an M, «m,-valued function whose (j1, j2)-component is Q(j, j,) =
Q(jo—1)ko+;: - Furthermore, (£.48)) is also formulated as follows:

V—lg = a{qm + 2qq*q} - ﬂ{qmm + 402207 q + 294,,9 + 499" s

+ 20,959 + 644" ¢ + 29954 + 6qq*qq*q}
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+2(8 + 87){(qq*q)m + 2qq*qq*q

+q (/_; q"(qq")sq dS) + </_; 9(¢"q)sq" dS) q}. (4.49)

In addition, let A(t) : (=7,T) — u(mg) and B(t) : (=1, T) — u(ko) be defined by

A(t) = 2(8 + 8y)V—-1 (/0 q"(99")sq ds) ,

—00

B0 =25 +s)v=1 ([

—00

(0" 9)sq" dS) :

Noting (A(t))* = —A(t) and (B(t))* = —B(t), we see there exist y = y(t) : (=7,7) —
U(mg) and z = z(t) : (=T,T) — U(kg) such that

dy dz

pri At)y, y(0) = Ly, i 2B(t), 2(0) = I,.
It is easy to find that is transformed to (L8) by ¢(¢, x) — 2(t)q(t, x)y(t). We omit the
detail. O

Remark 4.5. It is known that G,, 411 where kg = 1, mg = ng — ko = n is identified with
the complex projective space P, (C) with the Fubini-Study metric, and is a complex Kéhler
manifold of complex dimension n with constant holomorphic sectional curvature X' = 4 in
our setting of h. Hence, (4.22)) and (4.47) should coincide with (3.7) and (3.13) with K = 4
respectively. This may not be obvious immediately from the expressions of and (3.19),
but actually holds. See Appendix for the reason.

4.3. Relationship with the method in [11]. Let N = G, ;, be as above. Corollary
reveals that the system of (LIO) for Q1,...,Q, with (L6) is essentially the same as (L8]
derived in [11]. However, one may want a more theoretical reason why they coincide with
each other, since our method using the parallel orthonormal frame and that used to derive (1.8)
in [[11] are seemingly different. Hence, we here try to make a more convincing explanation
of the reason by comparing the two methods.

To begin with, we review the outline of the method in [[11] briefly: The authors in [11]
started from identifying G, 4, with { E~'o3F | E € U(ng)} which is the adjoint orbit em-

V-1
bedded in u(ng) at oy = Y (ko 0
2 \0 —I,

verified by the one-to-one corresponding ¥ : Gy, x, — {E~'03F | E € U(ng)} such that

for A = BAyB* € Gp,yx, With B € U(ng). They next expressed the solution to the general-
ized bi-Schrodinger flow equation by (t,x) = (E(t,z)) to3E(t,z). Here, E = E(t,x) :
(=T,T) x R — U(ng) and satisfies £, = PE for some P = P(t,z) : (=1,7) x R —
m;, where m; is defined by (4.11). Based on the setting, they showed that the general-
ized bi-Schrodinger flow equation for ¢ is equivalent to the fourth-order matrix-nonlinear
Schrodinger-like equation for P = E,E~! = E,E* up to a gauge transformation. Since P

takes values in my,
= ( 0 q), 4.51)

) € u(ng). We can see that the identification is
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for some q = q(t,z) : (=7,7) x R — My, xm,- (Equations satisfied by P and q are
respectively given by (42) and (62) in [11]], and (62) is just (L8] for ¢ up to a gauge trans-
formation.) Their proof is based on the geometric concept of PDEs with given (non-zero)
curvature representation. See [[11, Theorem 3] for more detail on their proof.

Remark 4.6. The embedding of G, x, in u(ng) was adopted also by Terng and Uhlenbeck
[39] to show the equivalence of the Schrodinger flow equation for maps with values in G, x,
and the matrix-nonlinear Schrodinger equation. In fact, from their results in [39], it turns
out that the above F = FE(t, ) exists uniquely under some assumptions on the map. For
example, assume that ¢ = ¢(t,z) : (=T, T) x R — {E7lo3FE | E € U(ng)} is a smooth
map such that xl_i}moo o(t,r) = o3 and @, (t,-) is in the Schwartz class for any t € (=1, T).

(The assumption on ¢ is equivalently to u € Cu,((—=7,T) X R; Gpyk,) for u = U1 () :

(=T,T) x R — Gy k-) Then Corollary 3.3 in [39] shows that there exists a unique £ =

E(t,z) : (=T, T) x R — U(nyg) such that p(t,z) = (E(t,z)) tosE(t,z), lim E(t,z) =
Tr—r—00

I, and E'E takes values in m;.

Next, we observe our method to derive (4.48): Let u € Cye (=1, 7T) X R; G,y x,) be a
solution to with (L6) where u™ = B> Ay(B*>)* and B® € U(ng). We can assume
B> = I without loss of generality, by retaking a G, x,-valued map (B>)*u(t,z)B* as
u(t, z). Let {e;, Je; };.L:l be the orthonormal frame for u~'T'G,,, x, constructed in Section[2.1]
andletQ; : (-7, T)xR — Cforj € {1,...,n(= komo)} be the functions defined by
in Section[2.2] We continue to denote j = (j1, j2) for j € {1,...,n(= kymg)} if there exist
J1€{1,...,ko}and j» € {1,...,mg} such that j = (j, — 1)ko + j1. As used in the proof of
Corollary [L.2] let (Q(MQ)) denote the M, «m,-valued function whose (ji, j2)-components
are Q(jl,jz)'

The aim of this subsection is to verify the following:

Proposition 4.7. Under the assumption as above for u € Cp,((=T,T) x R; Gyyx,), the

relation
0 (Q(jl,jz)))
P = * , 4.52
<_ (Q(jl,jz)) 0 ( )

holds, where P is given by (d.51)).

This shows that the two M, «.,,-valued functions q obtained in [11]] and (Q(jm’z)) con-
structed by our method (and thus the equations satisfied by them) essentially coincide with
each other. Therefore, we can be convinced that Corollary [1.2/ holds without doing the com-
putation in Section [4.2]

The key of the proof is that both {e;, Je; };.L:l and (Q(jl,jz)) can be expressed explicitly
with the aid of the co-diagonal lifting (or the horizontal lifting) of u(t, ) : R — Gy k-
Proof of Propositiond]] Recall that lim wu(t,z) = u> = Ag here. By following the argu-

T——00
ment in [2], amap C' = C(t,-) : R — U(ny) is called a co-diagonal lifting of u = wu(t,-) :
R — Gk, foreach fixed t € (=7, 7), if

C(t,2)Ag(C(t,x))" = u(t,z) and v —=1(C(t, x)) " Cy(t, ) € Touit,z)Gro ko (4.53)
hold for any x € R. We pick a co-diagonal lifting C' = C'(t, x) of u satisfying C'(¢, —o0) :=

lim C(t,z) = I for any t. By the argument to show Lemma 2.6 in [2]], such a co-diagonal
T——00
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lifting exists uniquely and is characterized as the unique solution to C,, = [u,,, u|C' satisfying
C(t, —o0) = I, where [u,, u] = uu — uiy,.

We investigate the expression of C*C',. It is immediate to see C*C = [ and thus C*C,, +
(C,)*C = O holds, since C'is U(ng)-valued. This implies C*C, = —(C,)*C = —(C*C,)*
and hence C*C,, is u(ng)-valued. Therefore, we can write

* C111 C112
c*C, = ) : 4.54
(T o) (4.54)

where CH = Cll(t,ﬂ?) : (—T, T) xR — u(]{?(]), 022 = ng(t,ﬂ?) : (—T, T) xR — u(mo),
and C1o = Cia(t,z) : (=T,T) X R = Mpysmo- On the other hand, u = C'A;C* in (4.53))
and C'C* = [ yields

Uy = CyAgC* + CAg(Ca)* = C{C*Cy Ay + Ag(Ch)*C} C*. (4.55)
Using this, C*C' = I and A2 = Ay, we deduce
[ty 1] = C{C*Cu Ay + Ag(C,)*C} C*C AL
_ CACTC{CCL Ay + Ao(CL) C) C
— C{CC, Ay + Ao(Ch) C Ay — AgCHCl Ay — Ao(C,)*CY C™.

Substituting this into C*C, = C*[u,, u]C which follows from C, = [u,,u]C, and using
CC*=C*C =1 and (C,)*C = —C*C, which follows from C*C = I, we deduce

C*Cp = C*"CLAy + Ap(CL) CAg — AgC*CL Ay — Ao(Cy)*C
= C*"CL Ay + AyC*C, — 2A,C*C Ay. (4.56)
Therefore, substituting (4.54) into the right hand side of (4.36)), we obtain

s _  Cun Cra\ (Ix, O Iy, O Cnn Cr
G = (—Cg 022) <o o) Lo o)\—cy 0w
9 Iy, O Cn Cuw\ (I O
0 o)\=cy 0w/\0 0
. 0 012
_ (_ ¢ ) , 4.57)
which implies C*C,, takes values in m;. If we adopt the identification (4.30), then what
we obtained here is interpreted as V(u)(t,z) = C(t,x)o3(C(t,z))*, where C' = C(t, z) :

(=T, T)xR — U(ng), C*(t, —o0) = I, and C*C, takes values in m;. Hence, the uniqueness
result stated in Remark .6 verifies C = E~!(= E*). From this, we see

P=E.E = (C,)C = —C"C, = — ( 2 %12) | 4.58)
V12

We next investigate the expression of ();, which by (2.40)- is represented as
Qj = h(ux, €j) + vV —1h(ux, Juej).

Set j = (j1,j2) € {1,...,n}. Recall that e; is constructed as the parallel transport of
e € TGy, along u(t,-) : R — Gy, and €5° is defined by (.19). In the present
setting, B>~ = [ and u>™ = Ay, and hence we can write

eX = ( 0 . E(jl’h)) .
J (B g2)) 0



STRUCTURE OF A FOURTH-ORDER DISPERSIVE FLOW EQUATION 43

Note that the parallel transport of tangent vectors on G, », along u(t, -) = C(t, -)Ao(C(¢,))*
can be represented by using the co-diagonal lifting C'(¢, -). Indeed, following the argument in
[2], we see e;(t,-) = C(t,-)ex°(C(t, ), that s,

J

0 E(jhjz)

¢;(t,z) = C(t, ) <(E(jhj2))* g )(C(t,m))*. (4.59)

From the expression, it follows that

Juej(t,z) = C(t,z) ((\/—_1159(3» ) \/__15“1’”’) (C(t,z))". (4.60)

In addition, using (C,)*C' = —C*C, and substituting 4.57) into (4.33)), we deduce

Uy = C{C*CLAy — A)C*CL} C* = C 0 . —Ci) o, (4.61)
(=Cp)* 0

Let us also recall (4.8)) to see h(A;, Ag) = Re [tr(w;(w2)*)] for Ay = C <(w2)* CL(’)k) o e
TuGhng ko (k = 1,2). Then, using (4.59)-(@.61), we have

h(uwv ej) = Re [tr((_CH)(E(jl,jz))*)} )
h(uz, Jej) = Re [tr((=Ch2) (V=1E(, j))*)] = Im [tr((=Ch2) (B, j)*)] -

This shows Q;(t,z) = tr((—Chz2(t,x))(£(;, j»))*)- Since the right hand side equals to the
(j1, j2)-component of (—C2)(t, ) € Mygxmg, We see (Q(j, jy)) = —Cha, that is,

( o (Q(jl,ye))):_( 0 Clz)
- (Q(j17j2)) 0 —C, 0 )

Comparing this with (4.38]), we derive the desired (4.52)), which completes the proof. O
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5. APPENDIX

Supplemental comments on Remark [4.5] are presented below.

Let N = G411 where kg = 1, mg = ng — ko = n. As commented in Remark 4.3]
and turn out to be the same as (3.7) and (3.13)) for K = 4 respectively. We here state
the outline of how to check it. Since p; = ¢ = r; = j1 = 1 here, it is immediate to see

#.22) becomes
S5 = 5P2Q25T2j2 + 5T2(J25p2j2 = 5pq5Tj + 5rq5pj7

p7q7r

the right hand side of which actually coincides with (3.7) for K = 4. Second, any index
jeA{l,...,n}isexpressed as j = (1, j) by a unique j» € {1,...,n}, and for Q1,55
turns out to reduce to (3.15) for Q; = Q(1,;,). We omit the detail, except to show that the sum
of the final three terms of the right hand side of actually reduces to that of the final
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two terms of the right hand side of (3.13), because the correspondence of the other terms is
obvious. To show this, set
ko mo
Il - Z Z Q(jl731)Q(S%Sl)Q(S2783)Q(S4783)Q(84,j2)7
s2,54=1 s1,s3=1
kO mo €T
IZ = Z Z Q(jLSS) (/ Q(SAL,SS)@SU {Q(S4,81)Q(82781)} Q(Sz,jz) dy)
s9,54=1 s1,s3=1 -
kO mo xT
L= > ( / Q1510 { Qs,51) Qsarss) } Qsauss) dy) Q(sa.da)-
s2,54=1 s1,s3=1 -0
We compute (—2b — 4c)I; + 2b15 + 2bI3 where ko = 1, my = n and Q; = Q(1,5,). A simple
computation shows

L= Y QueQusnQuee Qs Qui = Y 1Qusnl* D 1Qusn*Quuza)

s1,83=1 s1=1 s3=1
= ‘Q|4Q]7
I = Z Q(1,55) (/ Q1,502 { Q1.1 Q1.51) } Qrja) dy)
S1,83=1 -
=Y Qus (/ Q1502 (1Q) Quja) dy)
s3=1 -0

- ; ([ @ (er) a)a.

The fundamental theorem of calculus shows

I3 = Z </ Q(1,81)ax {Q(1,81)Q(1,83)} Q(l,s;;) dy) Q(l,j2)

s1,53=1

= Z Q1,51 Q(1,51)Q(1,55) Q1,55 D (1,52)

s1,53=1
- > (/ Q1,550 {Q155)Q1s1) } Qrsn) d?/) Q1,4)
s1,83=1 o0
=1Q'Q; — I,

1
which implies I3 = 3 |Q|*Q;. Combining them, we see

(—2b — 4¢) Iy + 21, + 2bl5

(b 40Q'Q, + 2y ( | @ (ar) dy) 0.,
r=1 -0

which actually equals to the sum of the final two terms of the right hand side of (3.13) for
K =4
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