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We study thermalization slowing down of a quantum many-body system upon approach to two
distinct integrability limits. Motivated by previous studies of classical systems, we identify two
thermalization time scales: one quantum Lyapunov time scale is extracted by quantifying operator
growth in time in an appropriately defined basis, while another ergodization time scale is related to
statistics of fluctuations of the time-evolved operator around its mean value based on the eigenstate
thermalization hypothesis. Using a paradigmatic Quantum Ising chain we find that both timescales
diverge upon approach to integrability. The relative strength of the divergence of the scales depends

on the particular integrable limit.

This allows us to define two different universality classes of

quantum thermalization: short- and long-range networks.

Introduction— The study of integrable and chaotic dy-
namics in quantum systems is an area of active investiga-
tion with the goal of explaining the emergence of statis-
tical mechanics in interacting quantum systems, among
others. Multiple observables have been identified and
studied as probes of integrable/chaotic dynamics. One
class of such probes is based on spectral properties of
the system [1-8] rooted in the BGS and Berry-Tabor
conjectures [1, 2] and the expected random matrix-like
behavior of quantum systems [9, 10]. Another class of
observables is based on the operator growth or state evo-
lution under integrable/chaotic Hamiltonians. Observ-
ables such as Out-of-time-ordered-correlation functions
(OTOCs) [11-23], circuit complexity [24-27], operator
size [28-31] and Krylov complexity [32-39] fall into this
category.

Thermalization is a closely related phenomenon to the
study of chaos. It describes late-time physics at equilib-
rium and leads to the emergence of statistical mechanics.
Thermalization is a universal property of non-integrable
systems, found in both classical and quantum dynamics.
Specifically, we are interested in the nature of thermal-
ization near integrability, where it is expected to slow
down. This has been explored extensively in classical
systems. One of the key features studied in this respect
are the relevant timescales: Lyapunov time, ergodization
time, etc. These timescales are obtained by computing
different observables and studying their divergence upon
approach to integrability [40-49].

In quantum mechanical systems, the Eigenstate Ther-
malisation Hypothesis (ETH) [50-56] is often used to
characterize thermalization. Within the purview of ETH,
there are ergodization time-scales (e.g. the Thouless
time) [52, 57, 58] which have been explored in vari-
ous systems. These time scales differ between chaotic
and integrable systems, and their exact nature is stud-
ied extensively. Another active direction of investigation
involves the notion of Lyapunov-like time scales for quan-
tum systems. Operator growth serves as a potential path
(via OTOCs) to define an appropriate spectrum [59-61].

Similarly, the spectral function is also used [62]. In quan-
tum systems without well-defined classical limits (for ex-
ample, spin-1/2 chains) the quantum Lyapunov spectra
behave quite differently from classical spectra and may
suffer from definition ambiguities [60, 61]. There are
better-defined notions of the maximum Lyapunov expo-
nent, which is typically extracted from the growth ex-
ponent of an appropriately defined observable. These
include the exponent of the OTOC [63] and Krylov com-
plexity [32, 37].

In this manuscript, we take the concept of time scales,
originally developed for classical networks, to quantum
mechanical systems near integrability. We introduce the
notion of quantum networks near integrability and char-
acterize them by studying the dynamics of conserved
quantities of the limiting integrable Hamiltonian. We
employ the operator growth approach (using Krylov com-
plexity) to define an appropriate notion of Lyapunov
time. Operator growth is captured through the lens of
Krylov complexity, which describes the evolution of an
operator on a minimal basis. We then use ETH prin-
ciples to extract another time scale, which we coin the
ergodization timescale (in analogy to classical systems).
The system that we study is a prototypical 1D quantun
Ising spin-1/2 chain. Near the integrable limits, these
time scales are compared and used to identify two classes
of quantum networks, which we call short- and long-range
networks.

The model— The prototypical spin system we employ
in order to characterize long and short-range networks is
the Quantum Ising chain [64, 65] given by the following
Hamiltonian

N
H=-Y"(Jofoi, +gof + hof) (1)

i=1

where J,g and h are real numbers describing nearest-
neighbour interaction, longitudinal and transverse mag-
netic field respectively. The o;°® are Pauli matrices,
describing spin-1/2 algebra. The system is in general



non-integrable and has been extensively studied through
various probes of quantum chaos [66-71]. In the limits
g — 0 (TFIM) or h — 0 (classical), the Hamiltonian (1)
becomes integrable. We study the chaos and thermaliza-
tion in the vicinity of these limits in order to observe and
quantify the possible differences between the two limits.

In classical systems near integrable limits, the short
and long-range networks are defined with respect to the
connectivity of the actions of the integrable system. The
system is defined as a long-range network if the connec-
tivity (defined through an appropriately defined coupling
range) is extensive in the number of actions N. In a
short-range network the connectivity of the actions (i.e.
the coupling range) is independent of the number of ac-
tions.

Inspired by the classical definition, we study the con-
served quantities of the TFIM in the integrable limit. In
the limit h = 0, the spin chain becomes classical and
the conserved quantities are local, with the simplest one
being o7. The support of o7 does not scale with system
size and neither is it connected with the other simple con-
served quantities (i.e with ojii). In the limit g = 0, the
spin chain is extensively connected while still being inte-
grable. This is reflected by the fact that the conserved
quantities are non-local[72]. Some of these operators cor-
respond to simple symmetry operations. For example,
the spin-flip operation ¢* — —o? for all spins leaves
the Hamiltonian invariant. The corresponding conserved
quantity is Hfil of. Other conserved quantities are sim-
ilarly represented as extensive (non-local) combinations
of the local spin matrices. The support of such quantities
grows with system size.

Thus, we define (by analogy to the classical defini-
tion [45-47]), the following two types of networks: (i)
Quantum short-range network (SRN)—A system that
is weakly nonintegrable, where the conserved quantities
corresponding to the integrable part are connected by the
nonintegrable perturbation in a short-ranged way, as ob-
served from the operator dynamics defined by standard
commutator relations. (ii) Quantum long-range network
(LRN)—A system that is weakly nonintegrable, where
the conserved quantities corresponding to the integrable
part are connected in a non-local all-to-all way by the
nonintegrable perturbation and their operator dynamics.

In what follows, we probe the timescales and ergodic-
ity properties of operators near the two respective limits
and study time scales related to the ETH-like behavior
of the observables. We then compare the divergence of
these two time-scales — ETH-related and related to the
operator growth — in the vicinity of the two limits.

Krylov complexity— There exists a large class of ob-
servables that quantify operator growth under Hamilto-
nian dynamics. A common feature among most of these
probes is the choice of a basis to expand the time-evolved
operator. Once the basis is chosen, then appropriate ez-
pectation values are defined and evaluated, which then

serve to distinguish between chaotic and integrable sys-
tems.

One such probe is Krylov complexity [32]. The steps
to evaluate Krylov complexity begin with generating a
minimal basis [73], which is called the Krylov basis. The
Krylov complexity captures the average position of an
operator in the minimal basis under the operator’s uni-
tary evolution in time with the Hamiltonian H. The con-
struction of the Krylov basis relies on an appropriately
chosen norm in the Hilbert space of operators. We em-
ploy the infinite-temperature Hilbert-Schmidt norm for
our analysis:

Tr (A'B) ,
= 2)

Upon adopting the norm, one chooses an operator O
whose evolution is studied. The unitary evolution of O
governed by the Hamiltonian H is defined as

O(t) —_ ethoefth — eiL‘,tO (3)

(AlB) =

where L(x) = [H, | is the Louivillian superoperator. The
elements O,, of the minimal (Krylov) basis correspond-
ing to the operator O and Hamiltonian H are generated
via the Lanczos algorithm [32, 74], as described in the
Supplementary Material. The operator O(t) has the fol-
lowing expansion in this basis

Ot) =Y i"hn(t)On. (4)

The dynamical properties of O(t) under the Hamiltonian
H are encoded in the behavior of the Krylov wavefunc-
tions v, (t). These properties allow to diagnose chaotic
behavior in quantum many-body systems [32, 34-38].

It was argued in Ref. 32 that the average position of
the time-evolved operator

K
K(t) =) nla(t)P, (5)

known as Krylov complexity, grows exponentially with
t for chaotic dynamics: K(t) ~ e?**.  The expo-
nent « captures the strength of the chaotic dynamics
and is bounded from above by the Maldacena-Shenker-
Stanford [63] bound. One can then define a natural time-
scale for a chaotic system as o', which we denote as T}
throughout this manuscript, since it captures the growth
of operators under the Hamiltonian H.

Ergodization time— Eigenstate thermalization hy-
pothesis [50, 54] provides a powerful tool to study and
characterize thermalization in quantum mechanical sys-
tems. It serves as a way to probe the chaotic or integrable
dynamics of a system through evolution of operators and
states. The essential statement of ETH can be encapsu-
lated in the following equation

—~ 1
(O)]ts00 = O + ER(t) (6)



where the expectation value (---) of the time-evolved
operator is taken in a typical state and the long time-
averaged expectation value of the operator O can be eval-
uated analytically in the diagonal ensemble. The func-
tion R(t) represents subleading fluctuations, suppressed
by the Hilbert space dimension D. The nature of the
function R(t) has been studied extensively in different
chaotic and integrable systems [75-78].

We use the fluctuations of R(t) to extract a timescale,
that we refer to as the ergodization timescale Tg. The
definition of this scale largely follows that in the classical
case, discussed in Ref. 40. We choose a random initial
state |1¢) as the typical state and track the evolution of
O(t). As the function (O(t)) evolves it eventually starts
to fluctuate around the mean value O, going above and
below the mean with time. This defines the passage times
t; of the function across the mean value: (O(t;)) = O [40-
47]. Time intervals between the two subsequent passages

T =tit1 — t (7)

are called excursion times, since they reflect the time
spent by the expectation value (O(t)) away from its mean
value. We distinguish additionally positive, 7; 1, and
negative, 7; _ excursions times for excursions above and
below the mean value O. For a given system and opera-
tor, the collected excursion times 7; obey some distribu-
tion. We use use the moments—mean and variance—of
this distribution to extract an ergodization time-scale, as
defined later and discussed in the Supplementary Mate-
rial.

Results— We study numerically the dynamical proper-
ties close to integrability of the quantum short- and long-
range networks respectively using the definitions and the
methods outlined above. The Hamiltonian is given by
Eq. (1) and we pick the two conserved quantities in the
two integrable limits of the Hamiltonian

Oh—o =0} (8)
N
0o = [[ o (9)

as the time-evolved operators/observables whose dynam-
ical properties we study. Other choices of operators
yielded similar results. Naturally, at the integrable lim-
its, the operators are conserved, their corresponding Lya-
punov exponents are 0 and their Lyapunov times defin-
hed through the Krylov complexity diverge. Similarly to
the classical case, we are interested in quantifying the di-
vergence of the Lyapunov and ergodization times (from
the two probes) upon approaching the integrable limits.

Figure 1 shows the Lyapunov times T extracted from
the linear growth of the Lanczos coefficients in the Krylov
basis of the operators (8-9) and plotted in the log-log
scale as functions of the integrability breaking parameters
g (LRN) or i (SRN). In both cases the observed behavior
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FIG. 1: The Lyapunov time T for N = 8 spins
extracted from the linear growth of the Lanczos
coefficients of time evolved oprtator O(t) in the Krylov
basis as a function of h for SRN and ¢ for LRN
respectively. In both limits T shows a clear increase
upon approach to the integrable limit.

of T\ suggests a power-law divergence for small values of
g or h. The exponents are extracted for a system of
N = 8 spins via a linear fit of the data on the log-log
scale

Ty,srny = —0.13633 * In(h) + 0.39385
T)\,LRN = —0.12832 % ln(g) — 0.03919.

To study the thermalization properties, we collect the
statistics of the excursion times 7+ (7) of the expecta-
tion value of the respective operators (8-9) in a random
state (different choices of the state yielded similar re-
sults). We study the mean u and variance o2 of the
positive and negative excursion times (7). To define an
appropriate ergodization time Tg, we study the relative
behavior of mean p and variance o2 by collecting 10%
excursions. Increasing this number does not change the
moments significantly. The following behavior of the mo-
ments is observed, that follows rather closely the classical
weakly nonintegrable systems: For SRN the values of o
are ~ 10* times greater than the u close to integrabil-
ity. This suggests that the typical timescale of fluctua-
tions is dominated by the distribution tail rather than its
mean. A natural ergodization timescale is then defined as
Tr = 02/u [40-47]. For LRN the values of the variance o
are of the order of the mean y. This suggests that the dy-
namics receive comparable contributions from the mean
as well as fluctuations of the crossing times. The ratio
of variance and mean is approximately constant near the
integrable limit and does not change considerably as g is
varied. We define ergodization time as the mean Tg = p,
but the variance o is a valid choice as well.

In Fig. 2 we compare the ergodization times T 4+ for
the SRN and LRN based on positive/negative excursion
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FIG. 2: Comparison of the ergodization time Tr and
Lyapunov time T} for the SRN (near-Ising limit) and
LRN (near-Free limit) with fits. The linear curves have
been shifted with appropriate constants.

times with the Lyapunov time T’ obtained via the Krylov
method. Similarly to the Laypunov time T the ergodiza-
tion time Ty also shows a power-law divergence with the
decrease of the integrability breaking parameter. The
linear fits of the data in the log-log scale are

Te.Lrn (74) = —0.72628 * In(g) — 0.26899
Te. Ly (T—) = —0.74604 * In(g) — 0.303103
Te.srn () = —2.34314 * In(h) — 0.23821
Te.srn(7—) = —1.95023 % In(h) + 0.19841

where 71 stands for the timescales extracted from the
positive and negative excursion times. Ergodization
times extracted from positive and negative excursion
times show similar scaling close to integrability.

A central observation is the different relative scaling of
Tg and T upon approach to integrability for SRN and
LRN, which serves as a marker for short- and long-range
networks, and is similar to that of the classical long- and
short-range networks. In Fig. 2 Tg becomes larger than
T\ by several orders of magnitude for the short-range net-
work (SRN) as integrability is approached. This is due
to the fact that the decay exponent for Tg is ~ 20 times
the decay exponent for T in this case. Consequently
as integrability is approached, the ergodization times di-
verges much faster than the Lyapunov times. A similar
observation was also made for the classical SRN [45].

For the long-range network (LRN), T remains com-
parable to T’ close to integrability. The decay exponent
of T is of the same order as the decay exponent for 7).
The ergodization and Lyapunov times therefore diverge
in a similar fashion upon approaching integrability.

This suggests a universality of thermalization slow-
ing down in quantum many-body systems based on the
emergence of two distinct network classes. The short-
range networks, characterized by local conserved quanti-
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FIG. 3: Tg 1 /Ty for LRN and SRN, plotted with
respect to T /T5.

ties in the integrable limit, show a much faster slowing
down of thermalization as compared to operator growth.
Long-range networks, characterized by non-local con-
served quantities in the integrable limit, show a compara-
ble slowing down of thermalization and operator growth.

This is further emphasized in Fig. 3, which shows the
ratio Tg +/Tx as a function of T»/T%. Here T} is the
maximum value of Ty for each (SRN, LRN) of the net-
works and is required for an effective comparison of the
two networks, since the range of T observed in Fig. 1 is
different for the SRN and LRN networks. It is evident
from Fig. 3 that for the short-range network, Tg /T
scales as T with o > 1, especially near ;i = 1. For the
long-range network, Tx + /T scales approximately as T.

Conclusions— In this manuscript, we extended the
universality classes of thermalization of classical weakly
non-integrable systems to the case of weakly non-
integrable quantum many-body systems. The classes
are defined by the two timescales quantifying thermal-
ization: one timescale comes from the Krylov complexity
of operator growth. In the non-integrable regime, the
K-complexity grows as exp(t/T»), defining a Lyapunov
timescale. Another timescale, the ergodization time Tg,
is inspired by ETH and is defined through the statistics
of the time intervals between consecutive crossings of the
expectation of time-evolved operator (O(t)) around its
mean value O. Tg is then defined through the appro-
priate moments of the intervals. For O conserved in the
intergable limit, both timescales are expected to diverge.

The short-range network (SRN) is defined by the lo-
cality of interaction between the conserved quantities (in
the integrable limit) as integrability is weakly broken.
We find that the distribution of the crossing intervals is
fat-tailed in this case and therefore Tr is defined as the
ratio of the variance and the mean. Conversely, the long-
range network (LRN) is defined by the non-locality of
interaction between the conserved quantities upon weak



integrability-breaking. Then the first two moments of the
distribution of the crossing intervals are comparable and
thus we define Tk as the mean of the distribution.

In the 1D spin-1/2 chain we study, both timescales, T’
and Ty, diverge as power-laws with decreasing integra-
bility breaking parameter. We compare the exponents of
both Tk and T, in the two network classes. We find that
the exponents of T and T) are comparable to each other
for LRN. This indicates that the rate at which thermal-
ization (in the ETH sense) slows down upon approaching
the integrable limit is comparable to the slowing down of
operator spreading. We identify this as a distinguishing
feature of the long-range quantum networks. The expo-
nent for Tg is found to be larger than 7T by at least
an order of magnitude for SRN. This is indicative of the
fact that ETH-like thermalization slows down exponen-
tially faster than operator spreading as integrability is
approached.

We identify this drastic difference in the relative slow-
down of thermalization and operator spreading as the
distinguishing feature of short- and long-range networks.
This is consistent with the character of thermalization
slowing down in classical systems [40, 41] where classical
Lyapunov time is compared to the classical ergodization
time, and generalizes the notion of classical networks to
quantum many-body systems.

Many open questions naturally emerge from this in-
vestigation. One natural direction is testing this classi-
fication for other systems. Further, other probes might
be able to distinguish and be sensitive to these two net-
work classes. In the classical case the Lyapunov spectrum
scaling close to integrability proved to be instrumental in
classifying network classes [41]. It would interesting to
study probes that do not have classical analogues, such
as quantum entanglement [79]. Our investigation was
restricted to finite system sizes, the scaling of the two
timescales with system size (and therefore in the ther-
modynamic limit) is worth investigating. There has also
been a large body of work that has investigated the ex-
act nature of the fluctuations of operator evolution (for
example, R(t) in Eq. (6)). This suggests that a more
concrete connection between ETH and ergodization time
might exist. Random matrix theory is also expected to
play a crucial role in this characterization. It would also
be interesting to study the effective random matrix the-
ory near integrability for the two network classes.
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Supplemental Material

KRYLOV COMPLEXITY

The Krylov complexity of an operator O under the ef-
fect of the Hamiltonian H, is computed with the follow-
ing algorithm [32], which generates a basis in the space
of operators:

e First element of the basis: Oy = O.

e Evaluate the commutator of the operator with the
Hamiltonian A; = [H,Op]. Note that this is or-
thogonal to Oy.

e Normalize this operator O; = %Al with b, =
v/ (A1]A1). This forms the second element O; of
the basis.

e The n'® element of the Krylov basis is obtained by
first evaluating

-An = [H, Onfl] - bn710n72

e This A, is orthonogonal to all Oy V k < n.

e Finally, normalize A, to obtain O,, = Z%An. This
is the n*" Krylov vector.

e Terminate this process at K where by = 0 and
bi—1 > 0.

This is a version of the Lanczos algorithm [74]. The time-
evolved operator O(t) can now be written in the Krylov
basis

K
O(t) = e Ope M = " iy, (1) O, (1)

n=0

The functions ,,(t) capture the time evolution of the op-
erator O. Note that this algorithm rewrites the Baker-
Campbell-Hausdorff expansion of O(t) in a more compact
form by essentially orthonormalizing each term with re-
spect to all the others. For the Hermitian initial operator
(and Hamiltonian), i*O, is also Hermitian.

The numbers b,, that have been collected from this
algorithm uniquely fix all the functions v, (¢t). This is
done by utilizing the fact that the autocorrelation func-
tion ¢ (t) = (O(t)|Op) can be expanded in a Taylor se-
ries [32, 74] of the form

() = 3 Lk @
(o]

where b7b3 ...b2 = det(uit;)o<i j<n. Once the function
1o is known, the remaining v can be figured by using
the recursion relation

Ophr(t) = —bry1¥ny1(t) + ber—1(t),  ¥r(0) = dro

3)

which follows from applying Heisenberg’s equation on
O(t).

The sequence b,,, called the Lanczos coefficients, can
be used to distinguish between chaotic and integrable dy-
namics in certain cases. The Operator Growth Hypoth-
esis [32] states that chaotic dynamics is characterized by
an (asymptotic) linear growth of the Lanczos coefficients,
i.e. b, ~ an. It can also be demonstrated the average
position of the operator on this basis,

K
K(t) =) nlya(t)]? (4)
n
called the Krylov complexity, grows (asymptotically) as
K (t) ~ €22 for chaotic systems. It is worth noting that
this exponent also appears in the asymptotic decay rate
of the spectral function ®(w) = [ to(t)e™*dt.

B(w — 00) ~ e TIwI/2 (5)

The decay of the spectral function for large w has been
the subject of intense investigation in recent years, and
has been found to be a useful indicator of chaotic and
integrable dynamics [55, 78, 80-82].

A natural candidate for a Lyapunov exponent is the
growth exponent « of the Lanczos coefficients. For sys-
tems that demonstrate chaotic dynamics, it has been
argued [32] that the autocorrelation function g (t) has
poles on the imaginary axes and the lowest-lying one of
those are given by {9 = +5-. Therefore the growth ex-
ponent « can be extracted from the pole structure of the
autocorrelation function.

In the systems that we study in the main text, we
present the behavior of « (rather, the behavior of the
Lyapunov time Ty = a~!) by choosing an appropriate
initial operator O [83].

PASSAGE TIMES

The expectation value of an operator mop oscillates
around its mean value at long times. Consider a Hamil-
tonian H and some operator O whose time evolution is
studied under this Hamiltonian. This is schematically
shown in the Fig. 1. The time evolved operator is given
by

O(t) = e "t O(t)e ! (6)

The expectation value of this operator in a generic state
[t) is given by

(0(t)) = (Wle™ O™ y) (7)

The generic state is written as follows in terms of the
eigenstates |n) of the Hamiltonian H

W) = enln) (8)



FIG. 1: Schematic representation of time-evolution of
(O(t)) around the mean value O. We have used a
log-scale on the t-axis.

The expectation value (O(¢)) can now be rewritten as

(O1) = encr e =Fm) (m|Oln) 9)

m,n

The time-averaged value of this expectation is given as

_ 1 [T
O:Th};of/o (O(t))dt (10)
L T,
. X 1 i(En—Em)t
_Tlin;omg enCr, (m|Oln) T/o e dt

(11)

The integral over t gives a 6(E, — E,,). Therefore the

final result is

O => leal* (nOn) + Y cwesy (m/[O)

n’,m’

(12)

where the second sum is over all n’, m’ for which E(n’) =
E(m/). So if the mean value is subtracted from (O(t)),
we obtain

fo(t) =(O()) - O
= Y P TENmIOm) = Y feal (n|Oln)

m,n—{m’,n'}

(13)

where the terms corresponding to degeneracies were
dropped. This captures the behavior of the off-diagonal
elements of the time-evolved operator.

We evaluate the distribution of the zeros of the func-
tion fo(t) and determine how they are spaced. The
moments of the distribution of this spacing can be in-
terpreted as another natural time scale. Note that for
random uniform initial state (i.e. ¢, are uniform ran-
dom numbers), this distribution is determined by the
level spacing distribution of the Hamiltonian and the off-
diagonal elements of the initial operator [84].

The passage or excursion times are then defined as the
interval 7; between the zeros t; and t;;11 of the function
fo(t). There are two passage times which are extracted
from this information. The first is the positive passage
time 7; + which corresponds to fo(t) being positive in
the interval ¢; to ?;41. The negative passage time 7; _
corresponds to fo(t) being negative in the interval ¢; to
tj+1. In this manuscript, we study the statistical dis-
tribution of 7; + through their mean and variance (and
combinations thereof).

DETAILS OF THE NUMERICS

In this section, we discuss the details of the numerical
computations and present some of the results that are
mentioned in the main text.

While determining the passage times, our approach in-
volved first diagonalizing the Hamiltonian H (1) to find
its eigenvalues and eigenvectors. The next step is de-
termining the coefficients ¢, corresponding to the ini-
tial state 1, drawn from a uniform distribution, and the
components of the initial operator (m|O|n) and then
plugging it in the expression (13). Then this func-
tion was evaluated numerically by varying t in steps
of to = mingz, m and the values ¢t = ¢; for
which f(¢;) = 0 were collected. Finally the difference
T7; = ti+1 — t; was computed to determine the excursion
times. We collected ~ 10* passages.

The results for the short- and long-range networks are
discussed in the main text. For the short-range network,
the appropriate choice of ergodization time is the ratio of
variance and mean of the excursion times as supported
by the data showin in Fig. 2. The exponentially larger
scale of 0% as compared to i suggests that the fluctua-
tions dominate the dynamics. The relative strength of
the effect of the fluctuations defines an appropriate time-
scale Tg = o2(7) /u().

For the long-range network, the mean and variance are
of equivalent orders. This suggests that the dynamics is
proportionately dominated by the averages as well as the
fluctuations. Therefore, one can pick either the mean
or variance as the relevant ergodization time Tr. We
choose the mean as the ergodization time Tr = (7).
This choice is supported by the data shown in Fig. 3. We
see that the ratios of the mean and the variance remain of
the same order as the integrability breaking parameter is
varied. Therefore they do not represent useful timescales
that are sensitive to the integrability breaking effect.
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