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Density and geometry of excitations in supercooled liquids up to the activation energy
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We introduce an algorithm to uncover the activated particle rearrangements, or excitations, reg-
ulating structural relaxation in glasses at much higher energies than previously achieved. We use
it to investigate the density and geometric properties of excitations in a model system. We find
that the density of excitations behaves as a shifted power-law, and confirm that this shift accounts
for the increase in the activation energy controlling the relaxation dynamics. Remarkably, we find
that excitations comprise a core whose properties, including the displacement of the particle moving
the most, scale as a power-law of their activation energy and do not depend on temperature. Ex-
citations also present an outer deformation field that depends on the material stability and, hence,
on temperature. Our analysis suggests that while excitations suppress the transition of dynamical
arrest predicted by mean-field theories, they are strongly influenced by it.

In low-temperature glasses, elementary excitations are
two-level systems, groups of particles that can tunnel be-
tween two states [1-6]. At much higher temperatures
near the glass transition Ty, structural relaxation occurs
on a time scale 7 = 1gexp(E,/T), where 7 is micro-
scopic time and E, is an activation energy that grows on
cooling in fragile liquids [7]. Thermally activated local
rearrangements of a few particles are important in this
temperature range as well, as they contribute to struc-
tural relaxation [8-11]. Such rearrangements thus play
a vital role in theories of the glass transition [12-15].
In Kinetically Constrained Models, local rearrangements
are defects that can diffuse and interact to relax the sys-
tem [16, 17]. In mean field theories, local rearrangements
correspond to the string-like [18-21] ‘hopping processes’
through which finite-dimensional systems relax below the
dynamical or mode coupling temperature T, where the
dynamics would halt in infinite dimensions where these
processes are absent [22, 23|. Finally, in elastic models of
the glass transition [24—28], the energy of local excitations
directly determines the activation energy FE,. Theoreti-
cally, distinct ideas have been proposed to understand the
geometry of local rearrangements, including entropic con-
siderations [29] or the existence of defects around a hex-
atic phase in two dimensions [17]. Alternatively, building
on the notion of a length scale diverging [30-32] at the
dynamical transition T, Ref [33] derived relationships
between geometric and energetic properties of the exci-
tations with the minimal energy.

Differentiating between different scenarios for the ge-
ometry of these excitations requires measuring their den-
sity of states N(F) and geometry across a broad energy
spectrum, a challenge that remains unresolved. Indeed,
potential energy landscape studies [34, 35] access the con-
secutive excitations activated in a liquid during its rela-
tions but cannot provide the density of states of excita-
tions. Studies conducted on the few lowest-energy excita-

tions [6, 36-39], are pertinent to the plastic and quantum
properties of glasses and not directly relevant to the glass
transition, which typically involves much higher energy
rearrangements. We recently developed SEER [40], an
algorithm based on thermal exploration that allowed us
to measure N (E), albeit only for energy notably smaller
than the activation energy F,. However, this study did
not consider the geometry of excitations. Moreover, ex-
citations with activation energy up to T log(7/79) have a
significant probability to be triggered dynamically, and
can then act as transition states enabling relaxation [34].
The excitations’ density of state and geometric properties
in such a broad energy range have yet to be studied.

In this Letter, we perform such a study by introduc-
ing an algorithm to identify excitations via mechanical
perturbations. This algorithm offers fast computation
and enables access to a wide range of energies, surpass-
ing the activation energy of the model under considera-
tion. Our findings reveal two key insights: (i) We ob-
serve that the density of states N(F) approximately fol-
lows N(E) «x (E — E4(T))* up to the activation energy.
Additionally, we confirm that the variation in £,(T) pre-
dicts the change in activation energy [40]. (ii) Remark-
ably, certain geometric properties, such as the displace-
ment 0 of the most-moving particle or the probability of
displaying string-like motion, only depend on their en-
ergy E. However, other properties, like the volume of
an excitation, depend on both energy and temperature.
We reconcile these observations by considering that ex-
citations possess a core solely governed by their energy,
which then influences the surrounding medium on a scale
determined by material stability and, consequently, tem-
perature. Overall, our results suggest that the hopping
processes that suppress the mean-field dynamical transi-
tion are very much affected by it.

ASEER - We propose an athermal algorithm,
the Athermal Systematic Excitation ExtRaction or
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Figure 1. Ilustration of the ASEER algorithm. We detect
excitations by enforcing a dipolar force through a spring con-
necting adjacent particles of energy-minimized configurations.
We gradually increase the spring rest length until an insta-
bility occurs. We then remove the spring and minimize the
energy, bringing the system to a novel energy minimum. The
minimum energy pathway going from one state to the other
is analyzed in the absence of the spring.

‘ASEER’, to uncover the excitations associated with a
reference inherent structure (ISp). This protocol builds
on the idea that changing the topology of the Voronoi
neighbors induces an excitation, in analogy with the
triggering of T1 transition in two spatial dimensions,
see e.g. Ref. [27, 28, 41]. To uncover an excitation,
we increase the separation between two adjacent (a la
Voronoi) particles i and j by modifying the energy func-
tional via the addition of an elastic spring, Espring (Ar) =
k[(rd; + Ar) — r35]?, 7; being the distance between the
particles in ISy. We have checked that the value of k
is not critical and empirically fix it so that the spring
is never compressed by more than 5%. We slowly in-
crease Ar while continuously minimizing the energy to
keep the system in a minimum of the expanded energy
functional U({r;}) + Espring (Ar). The Ar dependence of
the spring energy (or of the total one) comprises smooth
elastic branches punctuated by sudden drops correspond-
ing to irreversible rearrangements. We focus on the first
plastic event identified via a standard thresholding ap-
proach. When this event occurs, we remove the spring
and minimize the energy again, potentially leading the
system to a new IS*. This approach is illustrated in
Fig.1 and involves constraining one degree of freedom.
We investigate the minimum energy path connecting ISy,
and each uncovered IS* via the nudge-elastic-band (NEB)
method [42] to estimate the energy Egaqq1e of the saddle
point separating the considered ISs. If not stated other-
wise, when the minimum energy path traverses additional
ISs (~ 20% of cases in the considered system), we rede-
fine IS* as the first encountered IS and repeat the NEB
analysis. This results in a catalog of unique (we ensure
each IS* appears once) excitations, each characterized
by its energy barrier £ = Egyqdie — E1s, and displace-
ment field dr. This algorithm leads to large catalogs
of excitations, as it uncovers from 1.2 to 2 excitations
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Figure 2. (a) Density of excitations N(FE), normalized by

the system size NV, and its cumulative distribution F(E) (in-
set). The solid dots mark the values of the activation en-
ergy [40], E.(T) = T'log (7/70), and the cross-shaped line has
been obtained with the SEER algorithm at 7' = 0.5. (b) The
N(E) curves collapse when the energy is shifted by E4(T).
The thick green curves is N(E)~ g1 x (E—Ey)%>™%! where
g1=(4.54+0.5)x107*. (c) The shift of E, on cooling matches
the shift in activation energy evaluated via SEER [40]. (d)
The increase in E, matches the increase in activation energy
measured from the relaxation dynamics, with 7' = 0.5 an ar-
bitrary reference temperature.

per particle on cooling. As demonstrated below, at low
energies, ASEER matches previous algorithms systemati-
cally searching excitations via thermal fluctuations, while
it performs much better at energies of the order of the
activation energy E,.

Density of states — We applied ASEER to a polydis-
perse three-dimensional system of N = 2000 soft repul-
sive particles [43] that can be equilibrated up to experi-
mentally comparable temperatures through the ‘swap’ al-
gorithm [44-47]. In recent work [40], we determined this
model’s relaxation time 7(7") and microscopic timescale
70, and hence the temperature dependence of its activa-
tion energy, F,(T) = Tlog(7/7). In the Supplemental
Material (SM) [48], we provide numerical details on the
numerical model and the measure of the relaxation time.

Fig. 2(a) illustrates the energy E dependence of
the density of excitations N(FE), and its cumulative
F(FE)(inset). At each temperature T, we average over
ten samples. Notably, N(F) and F(E) approximately
shifts towards higher energy values as T' decreases: the
energy of local barriers grows under cooling. Indeed, be-
fore its maximum N (E) is well-described by:

N(E) o< (E—=Ey(T))*. (1)

with a =~ 2.7, as demonstrated by the data collapse in
Fig. 2(b). The characteristic energy gap E, characteriz-
ing the system’s stability increases on cooling, as shown
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Figure 3. Dependence of (a) volume, (b) largest particle dis-
placement, and (c) squared norm of the displacement field on
the excitation’s activation energy, for various temperatures.
The green stars refer to the excitations with the smallest ac-
tivation energy. In all panels, we plot median values (see
Fig. S2 in [48] for mean values). (d) The data in (c) are col-
lapsed by a model postulating that the excitation core induces
a T-dependent far-field displacement.

in Fig. 2(c). Fig. 2(d) shows that the variation of Ej
on cooling is consistent with that of the activation en-
ergy, indicating that local barriers control the dynamics
in this liquid. For the two lowest-temperatures (open cir-
cle), E, is extracted from values of 7 estimated through
the time-temperature superposition principle [40, 48, 49].
The increase of a gap E, is reminiscent of the mean-field
prediction according to which, for T' < T, the density
of vibrational modes is gapped up to a frequency wmin
indeed increasing on cooling [50].

In Fig. 2(a) and (c), we also present data obtained
previously using the SEER algorithm [40]. While both
algorithms yield consistent results for the variation of £,
(and of other quantities in Fig. S1 of [48]), ASEER no-
tably detects excitation on the scale E,, which can be
activated on the relaxation time scale. Each algorithm
possesses distinct advantages: SEER, reliant on thermal
cycles, uncovers excitations with the smallest E, making
it ideal for obtaining accurate statistics at lower E val-
ues where N(F) is limited. Conversely, the mechanical
ASEER algorithm accesses a wide spectrum of activation
energies. Noticing that the algorithms give consistent
results in the energy range accessed by both (Fig. S1),
we integrate them in the subsequent analysis to acquire
high-quality statistics across a broad energy range.

Architecture of lowest-energy excitations— We analyze
the geometrical properties of each excitation by its dis-
placement field, dr, focusing on: (i) the characteristic
number of involved particles, estimated by the partici-
pation ratio V.= NP, = (3.dr?)2/(Y.dr}), where the

sums run over all particles ¢; (ii) the squared norm of
the displacement field, |dr|>=3", dr?; (iii) the maximum
particle displacement, 6 = max; ||dr;|.

By elaborating on the mean-field scenario [30-32],
Ref. [33] predicted that for the excitations with minimal
energy, associated with modes near the gap:

1 1 1
Omin (1) |drmin(T)[? Fin (T)%

Vmin (T) ~

These excitations are also associated with a length scale
lin(T) ~ +/Viin(T), which is empirically known to
characterize the linear response to an imposed dipole
[51, 52]. Ref. [33] verified the relationships between Viyin,
Smin(T) and |dryin (T)|?, but the activation energy Emin
was not measured; instead a proxy corresponding to the
energy difference between the two IS was used. We vali-
date the scaling of the excitation architecture with Ey;i,
in Fig. 3(a), (b) and (c) (green stars) by investigating,
at each temperature, the features of the lowest-energy
excitation of 1000 systems.

Note that we exclude string-like excitations from the
geometrical analysis (they are defined as excitations in-
volving the exchange of particles; see below). In general,
including them only affects results for the largest energies
considered, as shown in Fig. S4 [48].

Architecture of high-energy excitations — Figure 3 illus-
trates our main results, how the excitations’ geometric
properties depend on F and T, for E > FEy;,. Panel (b)
shows a remarkable result: the largest displacement in
an excitation depends on the excitation energy but not
on its temperature so that § o« E/3. By contrast, panels
(a) and (c) demonstrate that, at fixed energy, the volume
of an excitation and its squared norm increase with tem-
perature. These facts can be visualized by considering
the two-dimensional projection of the displacement field
of excitations of similar energy F ~ 10 in systems having
different temperatures, T'= 0.3 and T = 0.5. Fig. 4 (a)
and (b) show that these excitations have a comparable
maximal magnitude at their center, but differ in the far
field.

We rationalize these observations by assuming that ex-
citations consist of (i) a core that depends only on en-
ergy E and (ii) a far-field elastic response triggered by
the core. In this view, the norm square of an excitation
consists of two parts |dr|*(T, E) = |dr|2,,.+|dr|?; , which
we now estimate.

Assumption (i) implies that the core is the same if
FE = FEunn or E > FEni, as long as the energy is the
same. Together with Eq. 2, it thus leads to a maximal
displacement of the core, and therefore of the whole ex-
citation, behaving as § ~ E'/3 and a square norm of the
core |dr|2,..(FE) < 6*(E)V(E) = coE'/3.

If E > E.L,in, we expect this core to act as a local
strain, which generically triggers a dipolar linear elastic
response in the far field [53]. It is known that the re-
sponse to a unit dipole is more extended at large rather
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Figure 4. Representative 2D-projections of the displacement
fields of excitations ' = 10 and § ~ 1 at temperatures T' = 0.3
(a) and T'= 0.5 (b). The displacement fields are scaled by a
factor of three for visualization purposes. Response fields in-
duced by a dipole force acting on neighboring particles (brown
dots) at T = 0.3 (c) and T' = 0.5 (d).

than small temperatures [51, 52|, as we explicitly show
in Fig. 4 (¢) and (d). Quantitatively, following [33, 51]
we expect the volume of a unit dipole response to vary
with temperature as Viin(T), of order ~ Ep, (T)~1/3
according to Eq. 2. Moreover, we expect the norm
of the dipole response to be proportional to the norm
of the core itself. Putting these two effects together,
we obtain [drfZ; o f(E/Euin)ldrZe(E)Vinin(T)
f(E/Emin)(E/Emin)/?. Here the function f(z), with
f(1) =0and lim,_, f(xz) = C > 0, accounts for the fact
that only high-energy excitations (E >> Ep,;,) produce a
far-field response that differs from the core. Overall, we
find:

E E 1/3
2 _ . l/3
dr (T, E) = ¢oE +f(Emm> (Em) Y

Fig. 3(d) validates this theoretical prediction for a natu-
ral choice of interpolating function f(x) o< (z—1)/(x+1).
In Fig. S3 of SM, we show that Eq. 3 also holds if F,;, is
replaced by Es5, E1g (respectively the median of the five
or ten lowest energy excitation) or E,.

String-like excitations (SLEs) — Numerical simula-
tions [39, 54, 55| and recent experiments [56] show
string-like particle motion in low-temperature structural
relaxation. String-like rearrangements involve one or
more particles swapping positions in the excitation core,
with displacements comparable to inter-particle separa-
tion [33]. We thus expect that (i) High-energy excitations
are more likely string-like due to their larger displace-
ments. (ii) The probability of a string-like excitation is
T-independent as the core properties are T-independent.

We identify SLEs by assuming that particle ¢ ends up
in the position originally occupied by particle j # i if
rs —r?] < A, r] and r} being the positions in the initial
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Figure 5. Energy dependence of (a) the fraction of string-
like excitations and (b) the average string length, n,. (c)
Scatter plots of the energy difference between the final and
initial inherent structures (ISs) versus E, for various n,. (d)
Projection of displacement fields for representative excitations
onto a 2D plane. We illustrate the emergence of a string as the
system moves along its minimum energy path in Animation
1 [48].

and final configurations. The choice of A is not critical
as long as its value corresponds to a small fraction of
the inter-particle distance. Here, we fix A = 0.1. The
number of particles involved in a string defines a string
length n,, = 3,37, ;0 (0.1 — [r7—r?|). An excitation
is string-like provided n, > 1. An example string-like
excitation is in Animation 1 [48]. Fig. (5)(a) shows that
an excitation is a string with a 7T-independent probabil-
ity Fs = (8(n, — 1)) that increases with E, consistently
with our expectations. The string length similarly in-
creases with F and is approximately T-independent, as
we illustrate in Fig. (5)(b).

We delve deeper into the dependence of an excitation’s
spatial and energetic properties on the string length. Fig-
ure (5)(c) demonstrates how the energy change |Ey — E;|
between the initial and final inherent structures varies
with F, considering strings of different lengths at 7" =
0.4. Notably, only a few excitations with n,, = 0, 1 exhibit
|E¢ — E;| ~ 0, while this trend becomes more prevalent
for larger n,, particularly for n, = 2. This phenomenon
arises because many excitations with greater n, corre-
spond to closed strings, as depicted in Fig. (5)(d), and
consequently have minimal impact on the system’s struc-
ture and energy. By promoting particle motion without
inducing substantial structural relaxation, these closed
strings may also contribute to the breakdown of the
Stokes-Einstein relation in deeply supercooled liquids, in
addition to dynamical heterogeneities [57].

Discussion — Through the novel ASEER algorithm, we
have measured the density of excitations in a model glass-
former up to the activation energy. Our findings confirm
a shift in this density under cooling that can predict the



fragility of the liquid. Most importantly, we have demon-
strated that the geometry of excitations depends on both
their energy and temperature, which in turn governs the
stability of the overall medium. Excitations display a
core whose properties scale with their energy and a far
field component whose length scale is governed by tem-
perature. These insights align with known observations
on the geometry of relaxation in liquids, such as the in-
creased predominance of strings under cooling.

These results support the idea that excitations are in-
fluenced by a dynamical transition. On one hand, the
shift in the density of excitations mirrors the shift in the
Hessian of the energy landscape predicted in high dimen-
sions. This shift differs from a simple rescaling, as one
might expect from a naive interpretation of elastic mod-
els where energies are scaled by a temperature-dependent
elastic modulus. On the other hand, the excitation core
follows scaling laws expected in the vicinity of a dynam-
ical transition. According to this perspective, hopping
processes suppress the divergence of the relaxation time
at T, but are very much influenced by the elastic insta-
bility associated with T,.
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Supplementary Material for Density and geometry of excitations in supercooled liquids up to the
activation energy

Numerical model, relaxation dynamics and activation energy

We consider a three-dimensional system of soft repulsive particles [43] with size o distributed as p(c) oc 02 in the
range [omin:2.20min|. This modern numerical model can be equilibrated up to experimentally comparable temperatures
through the ‘swap’ algorithm [44-47]. The pair interaction is given by

o= ()" o ()]

for rjj <z.=1.4. We use a non-additive particle size o;; = %(0; + 0;)(1—0.1|0; —0;|) to prevent crystallization and
set cg; to enforce continuity at x. up to three derivatives. We studied systems of N = 2000 particles of mass m at
number density p = 0.58 in cubic simulation boxes with periodic boundary conditions. We express mass in units of
m, temperature in units of ¢, lengths in units p~/3, and time in units of \/mo2; /e. We minimize the energy of
configurations equilibrated at temperature T' to produce ISs that we investigate with ASEER.

For this model system, in a previous work [40], we have (i) investigated the relaxation dynamics and shown
that the self-scattering correlation function evaluated at the first peak of the static structure factor, a self-overlap
function, and a total-overlap function, give consistent measures for the temperature dependence of the relaxation
time 7. All correlation functions satisfy the time-temperature superposition principle, which we exploit to measure

the relaxation time at very low temperatures. (ii) estimated the microscopic time 7y influencing the relaxation time,
— . B (T)/T
T = Tge .

The evaluation of 7 and of 7y allows us to measure the activation energy regulating structural relaxation,
E.(T) = Tlog(r/70). E.(T) fixes the scale of the activation energy of the excitations that have a non-negligible
probability of being activated during the relaxation dynamics. The ASEER algorithm crucially allows us to extract
excitations with activation energy up and beyond E,.

Consistency between SEER and ASEER
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Figure S1. We have shown in Fig. 2a that SEER and ASEER give consistent results for the density of excitations N(E) in
the energy range they both access. The E dependence of § and |dr|? further confirms the consistency of these methods. We
also illustrate median values (in cyan) at different E up to E,, as shown in Fig. 3 in the main text. Data refer to 7" = 0.4.



Median and mean values satisfy the scaling relations
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Figure S2. In the main text, we have verified the scaling relations Eq. 3 by focusing on the median values of V=NP,, |dr|2,
0, for the lowest energy excitations across 1000 samples. We show in these figures that the mean values behave analogously.

Robustness of Eq. 4 with respect to the definition of F.i,
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Figure S3. We validated our proposed functional form (Eq. 4) for |dr|*(T, E) = |dr|*(Emin(T), E) by adopting for Fmin the
median value of the lowest-energy excitations across 1000 independent samples. We prove the robustness of our prediction
by showing that a data collapse is also obtained by replacing Emin with the median of the five lowest excitations Es (a), the
median of the ten lowest excitations F1o (b), or the gap energy Ey (c).



Architecture of high-energy excitations: the role of string-like excitations

Fig. 3 in the main text investigated the architecture of high-energy excitations that are not string-like. Including
strings as well leave our results unchanged at small and intermediate energies. At very large energies, strings dominate
and corrections are apparent for V and ¢, and less so |dr|?.

10

1.5] ‘ 1
'd
7
/ Aad
1t s
A*J“
~ w ‘
L
0.5} & 5~ EV3
rd
v L
10° P 10!
d
, (@) /
a2
3 W’
Oz
|dr|? = coE'/? L 2
0 Vs
7
7
L L 0 L L L
10° 10! 0 1 2 3 4
E FE) G+ B

Figure S4. The analysis of the geometrical properties of non-string-like excitations illustrated in Fig. 3 in the main text is
here repeated by also considering them.
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