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Quantification of chaos is a challenging issue in complex dynamical systems. In this paper, we
discuss the chaotic properties of generalized Lotka-Volterra and May-Leonard models of biodiver-
sity, via the Hamming distance density. We identified chaotic behavior for different scenarios via the
specific features of the Hamming distance and the method of q-exponential fitting. We also investi-
gated the spatial autocorrelation length to find the corresponding characteristic length in terms of
the number of species in each system. In particular, the results concerning the characteristic length
are in good accordance with the study of the chaotic behavior implemented in this work.

The use of lattice based stochastic models, such
as May-Leonard and Lotka-Volterra is of growing
interest in ecological modeling. Dynamical sys-
tem exhibit chaotic behavior due to non-linear
interaction and diffusion rules. The particular
subject of chaotic properties of these models has
been of growing interest and importance in the
study of systems’ biodiversity. Our contribution
relies on the use of statistical analysis to quantify
the Lyapunov exponent for an increasing num-
ber of species in each May-Leonard and Lotka-
Volterra models. Starting from slightly different
initial conditions, Hamming distance curves are
obtained and we use the q-exponential function
to find adequate fitting parameters. The con-
vergence of Lyapunov exponents occurs as we in-
crease the number of species.

I. INTRODUCTION

In the last two decades, biodiversity has become a
central topic of interest in nonlinear science in general.
Due to its specific features and importance, biodiversity
stands as a central and complex subject which plays an
essential role to the viability of ecological systems. In
particular, the diversity of species in ecosystems is known
to be promoted by cyclic, non-hierarchical interactions
among the competing populations [1–4]. The mathemat-
ical field that attempts to formally describe such rela-
tional characteristics involving competing strategies, is
known as game theory; see, for instance, [5]. Interest-
ingly, basic features of the non-transitive relations may
be represented by the rules of the rock–paper–scissors
game, in which rock breaks scissors, scissors cuts paper
and paper covers rock, known as the RPS game. The
subject is of current interest, and here we quote, for in-
stance, the book [6], which deals with several important
aspects of evolutionary dynamics and two recent reviews,
one dealing with spatial pattern formation, focusing on
the spatiotemporal dynamics and on self-organization of
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socially favorable states [7], and the other concerned with
different aspects of biodiversity, with focus on how it can
be maintained under the rules of mathematical modeling
[8].

One basic feature, regarding the interaction among
species in an ecosystem, is that the presence of the non-
hierarchical cyclic rules of the RPS game enables compet-
ing species to mutually inhibit each others population.
Due to the unstructured predation chain, the whole sys-
tem evolves to a stable dynamics, showing some interest-
ing spatial features. Among them, the appearance of spi-
ral patterns emerging from very simple non-hierarchical
rules, as will be explicitly shown below. A particularly
interesting result known as the survival of the weakest
was obtained in [9]. It has unveiled that under spe-
cific asymmetry in the RPS rules, the weakening of a
specific species may increase its presence in the system.
This result has been confirmed in several other investi-
gations, in particular, in the recent study using strains
of Escherichia Coli in Ref. [4]. There, the authors have
shown that intrinsic differences in the three major mech-
anisms of bacterial warfare may change the dynamics and
conduct the system to an unbalanced community that is
dominated by the weakest strain, in accordance with the
result of Ref. [9].

An important characteristic that appears under the
simple non-hierarchical rules of the RPS game, is the for-
mation of spiral patterns. In this sense, it is of current
interest to remember that spiral patterns are also present
in several other system, for instance, in the human brain
as spiral-like rotational wave patterns that spring abun-
dantly during both resting and cognitive task states [10].
Moreover, spiral structures can also appear as topological
defects on the oocyte membranes of the starfish Patiria
miniata. This has been studied recently in [11] and an
interesting perspective would concern the possibility to
shed more light on direct connections between spiral pat-
terns and the dynamics of topological defect in living sys-
tems.

The basic features of biodiversity described with the
simple RPS rules have also been studied in the last
decades under several other perspectives, for example,
changing the rules, adding new rules and enlarging the
number of species, to quote some specific possibilities

ar
X

iv
:2

40
5.

00
81

7v
1 

 [
co

nd
-m

at
.s

ta
t-

m
ec

h]
  1

 M
ay

 2
02

4

mailto:bfoliveira@uem.br


2

[7, 8]. In a more recent work [12], some of us have
developed a tool to qualify the chaotic behavior for a
three-species model of biodiversity, with competition be-
ing driven by the cyclic rules of the RPS game. The
investigation was based on the Hamming Distance Den-
sity (HDD), and the results have soon been generalized in
[13] for more species, including up to ten distinct species.
Historically, the Hamming Distance (HD) was introduced
in [14] as a way do distinguish quantities such as vec-
tors, matrices, etc. For instance, the HD between the
two following vectors (0, 0, 1) and (0, 1, 1) is one, since
they differ from one another by a single digit. The HDD
was studied in [12] in the context of biodiversity, under
the perspective that the square lattice used to simulate
species in evolution can be seen as a square matrix. In
this sense, the method of acquiring the desired curves re-
duces to the counting of distinct elements in two square
lattices that evolve under the same rules, leading to a
procedure rooted in solid ground. The HDD exhibits a
universal profile uncovered in [12] and confirmed in [13],
that resembles a sigmoid function. It describes an ini-
tial evolution of an exponential-like growth and is then
followed by a saturation plateau, which depends on the
number of species.

In another direction, in the recent work [15] the au-
thors studied the dynamical evolution of species and the
pattern formation in two distinct cases, one considering
the Lotka-Volterra (LV) [16, 17] and the other the May-
Leonard (ML) [18] algorithms introduced in the preda-
tion rule driven by the RPS game. More recently, in
[19] the authors considered a model with seven distinct
species, investigating the possibility of transitions from
seven to five species, and from five to three, and then
from three to one species. The transitions are driven by
the increase in the rule of mobility, leading to the cascad-
ing effect. This identification is in accordance with Ref.
[3], which showed that the increase of mobility may jeop-
ardize biodiversity. In direct connection, in a recent work
[20] the authors provide a brief review of the role played
by phase transitions in explaining processes of biologi-
cal interest. In another very recent work [21], some of
us have investigated the possibility to study the chaotic
behavior in models of the public goods game type using
the method of the q-exponential. The results have en-
couraged us to go further on in the procedure, to study
quantitative chaotic behavior in models described by the
rules of the RPS game, considering the two possibilities
of LV and ML evolutions. In order to enhance the power
of the investigation, we have also considered several dis-
tinct systems, with the number S of species increasing
from 3 to 12, with the predation rule adapted to include
interaction with second (and third, fourth, etc) neigh-
bors as explained in the next Sec. II. Since the Hamming
distance follows an almost exponential growth at the be-
ginning of the dynamical evolution, we use this profile
to be fitted by the q-exponential function, from where
we extract the Lyapunov exponent corresponding to the
dynamical evolution in both LV and ML cases.

In order to implement the investigation, we opted to
organize the present study as follows: In Sec. II we de-
scribe the models to be considered in this work. There,
we deal with the number of species and the rules of mo-
bility, reproduction and predation, and the way they are
implemented in the numerical simulations, for both ap-
proaches. The results are then presented in Sec. III,
where we also detail the main aspects of the algorithms
used in the simulations. In particular, we discuss the
chaotic aspects of each scenario via the fitting parame-
ters. As another result of interest, we also study the spa-
tial autocorrelation and calculate the correlation length
in terms of the number of species in each family of sys-
tems. We end the work in Sec. IV, adding a summary of
the main results and suggesting future developments in
the subject.

II. METHODOLOGY

Our approach towards investigating different aspects
of chaotic properties involves exploring and comparing
two models of population dynamics, as we increase the
number of competing species in the ecosystem [22–25].
In particular, we investigate the evolution of LV and ML
systems and analyze quantitative and qualitative differ-
ences between such approaches. Both models are based
on the same principles. We use a discrete lattice space
with periodic boundary conditions, a discrete time evolu-
tion and a set of rules to be performed by the players in
the simulations. Also, every action that is carried out on
simulations are of random nature. Such simulations are
known as cellular automata (CA), see [26, 27]. The lat-
tice is composed of N×N identical square sites. The indi-
viduals occupying each site has a chance to interact with
its four nearest neighbors (up, down, left and right). In
the spatial lattice one considers periodic boundary con-
ditions. In order to avoid finiteness problems with the
lattice, we shall only deal with very large values of N .

As one knows, CA simulations are widely used for
studying dynamical systems [28]. In the area of biodiver-
sity, relevant results were already obtained with numer-
ical simulations of this kind, as reported in [1, 28, 29],
as well as more recent investigations such as in Refs.
[12, 13, 30], concerned with the phenomenology of pop-
ulation dynamics and the development of new computa-
tional techniques. In the present work, our investigation
enlarges the number of species to study systems with 3
species up to 12, for the two distinct cases of ML and LV
dynamics. The species compete among each other in a
non-hierarchical way, as illustrated in Fig. 1. As we can
see, interactions among closest neighboring individuals
are unidirectional, and the others, among next, next-to-
next etc neighbors are all bidirectional. We also display
representative images of the state of the systems in Fig.
2 and Fig. 3 and there one sees the presence of spiral
patterns only in the case of ML dynamics, as expected.

The algorithms used in this work encompass two dis-
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Figure 1. Illustration of the non-hierarchical predation chain
for 3, 6 and 9 competing species. Interaction between the
closest neighboring individuals is unidirectional, but bidirec-
tional for all the other cases.

tinct evolution. Basically, they differ in the implemen-
tation of the interaction rule. In the LV algorithm, one
participating individual can either engage mobility (m)
or predation (p), with probabilities m and p such that
m + p = 1. In this case, when the predator annihilates
its prey, it simultaneously reproduces, leaving a copy of
it at the prey site. On the other side, in ML context, the
predation rule is split into two actions. In this case, an
individual can execute mobility (m), reproduction (r) or
predation (p), such that m + r + p = 1. Here, predation
works just to annihilates the prey, leaving an empty site.
While in reproduction, an individual is able to make a
copy of itself on an empty site.

In general, the model works as follows: first one ini-
tial state is created by randomly distributing individuals
of each species and the empty spaces, if it is the case,
throughout the sites of the discrete square lattice. This,
therefore, creates an approximately homogeneous initial
state of the system. The dynamical evolution begins via
another random process. One site is chosen by chance,
this is the active one. It is going to interact, or not,
with one of the four nearest adjacent sites around it (up,
down, left and right). As one may expect, the interacting
neighbor site is selected by chance too, and it is labeled
as the passive site. In sequence, the computer draws one
of the available actions. For LV, the actions are (m, p)
and for ML, (m, r, p). If the action selected is mobility
(m) the individuals in the active and passive sites are
simply exchanged. This rule is identical on both models
LV and ML. It is an action that promotes diffusion in the

3S 6S

9S 12S

Figure 2. Typical final states of a single run simulation for
3, 6, 9 and 12 species in the LV model. The lattice size is
103 × 103.

ecosystem.

3S 6S

9S 12S

Figure 3. Typical final states of a single run simulation for
3, 6, 9 and 12 species in the ML model. The lattice size is
103 × 103.

As mentioned before, in the ML scenario one has two
additional rules. If the rule selected is reproduction, and
if the neighboring site is empty, the individual selected
is capable of reproducing itself with probability r. In
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this way it has the capacity of increasing its population.
The third rule allows the different populations to interact
with themselves. It is the predation rule p. If this rule
is chosen and the passive site is inhabited by one of the
preys according to the predation chain, see Fig. 1, its
site is left empty. On the other hand, in the LV model
the reproduction and the predation actions are welded
together. In this way, the predatory behavior occurs by
replacing the prey site with an identical copy of itself.
This enables a fixed number of individuals throughout
the whole evolution. The same is not true for ML sit-
uation, where the total number of individual fluctuates
through time.

After N2 draws, we count a time unity, namely, a gen-
eration, or a Monte Carlo (MC) time unity.

III. RESULTS

Let us now study the two families of models, with ML
and LV rules, in the case of 3, 4, ..., 11 and 12 species.
We first focus on the chaotic behavior of the systems,
and then we deal with the correlation length in the same
cases.

A. Chaotic behavior

The main purpose here is to investigate the chaotic
behavior of the ML and LV evolutions. We will imple-
ment this possibility using the Hamming Distance Den-
sity (HDD) approach. From previous works, one sees that
the initial growth of the HDD follows a quasi-exponential
profile. We compute the HDD following the lines of Refs.
[12, 13]. The idea is inspired on the butterfly effect, that
is, the sensitivity of the system to small changes on the
initial conditions, usually present in chaotic systems. In
order to identify this property we run two slightly dif-
ferent simulations in parallel. In detail, an initial state
is generated and stored in the computer’s memory. We
then make an identical copy of it, but in this copy a ran-
dom change of a single site is executed. With these two
slightly different initial states, we made evolve the sim-
ulation applying the same rules on both lattices. It is
important to stress out that the algorithm attempts to
apply the same rule in both lattices regarding the neigh-
borhood of each case. At the end of every generation, we
compute the difference between the simulations via the
Hamming Distance (HD) metric. We compare the occu-
pation on each site of the lattices one by one. And if the
occupations are different, one unity is summed up, other-
wise nothing is registered and we follow the site scanning
process. Finally, the resulting number is divided by the
total area of the ecosystem to get the desired density.
The procedure leads to the HDD. Each curve is obtained
averaging over 103 simulations realized on a lattice of size
103×103. Throughout the paper, the standard error from
the sample data is of order 10−4. Therefore, in Figs. 4

and 6 the uncertainties are within the line width, and in
Figs. 5 and 7 they lie inside the size of the points.

The simulations are implemented for every model, and
the results are displayed in Fig. 4. We notice that the
HDD has the universal profile first identified in [12] and
soon after confirmed in [13]. It must be emphasized here
that the novelty is the calculation of the HDD for all the
LV systems. Interestingly, it also keeps the universal pro-
file of starting increasing almost exponentially and then
saturating at some value that depends on the number of
species in the system. We see from the HDD evolutions
depicted in Fig. 4, that for LV they relax to the satu-
ration values faster than in the case of the ML systems.
We think there is a natural interpretation for this: in the
case of ML simulation one has three distinct actions; for
LV, otherwise, one has two actions. This leads the LV
simulations to evolve faster than in the ML case.
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Figure 4. The Hamming distance density for S = 3, 4, . . . , 12.
Each curve is averaged over 103 simulations realized on a lat-
tice of size 103 ×103. The top panel is for LV and the bottom
panel for ML.

We see that in every case, the HDD curve has a simi-
lar profile. First, one notes a rapid growth, the difference
between the two fields spreads in an almost exponential
form for small values of t. As t increases to larger and
larger values, it acquires an asymptotic behavior, where
the difference between the two simulations reaches a max-
imum value.

We highlight that there exists a species dependency in
the asymptotic values of LV’s HDD curves. When the dif-
ferences between the systems, reaches a stationary state,
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one can interpret the HDD as the probability of check-
ing different individuals occupying the very same site, on
both lattices. Due to the homogeneity of the LV spatial
patterns these numbers follow a well defined rule. Since
S is the number of species present in the simulation of
interest, the difference between the two lattices becomes
(S−1)/S. This means that, if we simultaneously pick the
same random site on both lattices the chances they are
equal is 1/S. For example, if S = 3, one third will be the
probability of identical measures of this sort. While two
thirds of the measures will result in mismatching. This
same relation is not verified for ML curves since here, the
presence of spatial structures and empty spaces does not
lead to a clear straightforward rule.

The main innovation of this investigation lies in the
study to fit the acquired curves using a q-exponential
function, as the authors of Ref. [21] have investigated.
The motivation behind it relies on the fact that, chaotic
systems exhibit an exponential separation of initially in-
finitesimally close trajectories in phase space. And this
characteristic is quantified via the (positive) Lyapunov
exponent λ [31], defined as

∆H(t) ∼ ∆H(0) exp(λt) (1)

for ∆H(0) → 0 and t → ∞. Since in some class of
phenomena, slightly different initial conditions deviate
from each other in an almost exponential manner, such
systems are called weakly and strongly chaotic systems.
Thus, we introduce λq, with the sub-index q used to iden-
tify these possibilities. In this case, λq < 1 and λq > 1
identify the weakly and strongly chaotic cases, respec-
tively [32, 33]. The presence of chaos in the system is
then described via the q-exponential equation bellow

∆Hq(t) ∼ ∆Hq(0) (1 + (1 − q)λqt)[1/(1−q)]. (2)

In the limit q → 1, it engenders the exponential profile
eλt, where λ (λq → λ1 = λ) represents the standard
Lyapunov exponent. In Fig. 5 we depict the results
obtained for both q and λq, when one uses Eq. (2) to
fit the HDD. This is done using a gnuplot based fitting
function, documented in [34].

As one can see from the results displayed in Fig. 5,
the values of q remain practically constant for both cases,
independently of the number of species. It is around 0.6
for LV and a little less for ML evolutions. The parameter
λq, however, has another behavior; they are well distinct
from one another, and one notices a slight tendency to
decrease as S increases to larger values. In this figure, in
both LV and ML evolutions, each point is computed at
the time when the difference between the two lattices is
1%. For the initial state prepared at random disposition
of the possible occupations, we see that the values of
λq stay slightly higher in LV models in comparison with
ML. This indicates that two slightly different trajectories
separate faster under the context of the LV rules.
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Figure 5. Data obtained from the q-exponential fitting of the
HDD for an increasing number of species in LV and ML mod-
els. The values of q are displayed on the top panel. The values
of the coefficient λq are displayed on the bottom panel. Each
point is averaged over 103 simulations realized on a lattice of
size 103 × 103.

B. Correlation length

Let us now pay attention to the calculation of the cor-
relation length for the two families of models. We follow
the procedure utilized in [15]. This quantity allow us to
infer the average size of the patches, or domains, made
of clusters of the same species that forms in the system.
As one sees, in Fig. 2 in LV simulations every species
is able to occupy a region with unclear borders or reg-
ular shapes. The groups of same individuals, neighbors
each other according to its predatory preferences. On
the other hand, in the ML case, Fig. 3, the appearance
of spiral patterns is visible. These structures indicates a
stronger spatial correlations between individuals and its
surrounding.

To quantify this spatial property, we compute the dis-
crete spatial autocorrelation function, C(r). We define
the scalar field ϕi,j that represents individuals in the po-
sition (i, j) at the lattice. Then the autocorrelation func-
tion is defined by

C(r) =
∑

m,n∈S(r)

fm,n

µf0,0
, (3)
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where

S(r) = {(i, j) ∈ N : i + j = r

∆r
∩ i ≤ N ∩ j < N} (4)

is the region consisting of the sites available in the lattice.
Here ∩ stands for the intersection operation among the
groups involved, and it limits the sum i + j = r/∆r up
to the edges of the system. Moreover,

µ = min[2N − (m + n + 1), m + n + 1], (5)

is a function that computes the minimum between the
comma separated values, and

fm,n =
N∑

i=1

N∑
j=1

φi,jφi+m,n+l. (6)

Here we take ∆r = 1 as the spacing between the lat-
tice sites and each species individual being represented
by φi,j = ϕi,j − ϕ̄, with ϕ̄ as the mean value of ϕ. It
is important to note that, C(r) is defined only on the
lattice, i.e. for {r ∈ A | A = N ∩ r ≤ 2N}.

The profile of C(r) is displayed in Fig. 6 in the cases
of LV and ML interactions, for 3, 6, 9, and 12 species.
The curves are obtained at the final state of a single
numerical simulation in a lattice of size 2 · 104 × 2 · 104,
at time t = 5 · 103.

We go on and calculate the characteristic length, ℓ,
which is obtained at C(r) = 0.25, from where we register
the intersections. The results are depicted in Fig. 7 for
S = 3, 4, · · · , 12, in both ML and LV cases. Each point
is obtained from the respective autocorrelation function
when C(r) = 0.25. The measurements occur on the final
state of a single run simulation on a lattice size 2 ·104 ×2 ·
104, at time t = 5 · 103. We notice that the characteristic
length grows following an almost linear tendency while
S also grows. This holds stronger for the ML case. As
displayed in Fig. 7, ML simulations have larger ℓ values
when compared with LV, which is in accordance with
the qualitative results shown in Figs. 2 and 3, and also,
with the investigation of chaotic behavior studied in Sec.
III.A.

IV. ENDING COMMENTS

In this work we have investigated chaotic properties of
generalized RPS dynamics under non-hierarchical inter-
actions of both the LV and ML types. We approached
the subject considering the Hamming distance density,
which we calculated for models with several species, S,
considering the cases S = 3, 4, ... , 12. We did the simu-
lations using the two distinct dynamics, with the LV and
ML interactions. The results for the LV models are all
original, calculated here for the first time. And they cor-
roborate the suggestion introduced in [12, 13], that the
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Figure 6. Spatial autocorrelation function for the LV and ML
models. The horizontal black line represents the characteristic
length ℓ. We compute each curve on a representative state of
a 2 · 104 × 2 · 104 lattice at t = 5 · 103.

0

10

20

30

40

3 4 5 6 7 8 9 10 11 12

l

S

ML
LV

Figure 7. Characteristic length ℓ as a function of the number
of species S. Each point is obtained from the respective au-
tocorrelation function when C(r) = 0.25. The measurements
occur on the final state of a single run simulation on a lattice
size 2 · 104 × 2 · 104 at time t = 5 · 103.

Hamming distance follows universal behavior, always in-
creasing almost exponential initially, and then saturating
at some specific value which depends on the number of
species in the system.

Inspired by the behavior of the Hamming distance, we
then fitted its profile with the q-exponential function,
which is an almost exponential that recuperates the ex-
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ponential behavior in the limit q → 1. We used the fitting
to infer the Lyapunov exponent for the two LV and ML
dynamics. Interestingly, we found that the exponents are
only slightly different, but they are practically indepen-
dent of the number of species. We also noted that in the
case of LV interactions, it is always a little larger then
in the case of ML. This is another novelty, which is in
accordance with the fact that the LV simulations evolve
faster than the ML, because the LV rules requires a two-
step implementation, with mobility and predation, while
the ML rules needs a three-step implementation, using
mobility, predation and reproduction.

We have also investigated the spatial autocorrelation
length and the characteristic length for the two families
of systems. We found interesting results, with the char-
acteristic length, in particular, being higher for ML in-
teractions, but both showing an almost linear increasing
when one increases the number of species. These results
are in accordance with the qualitative results depicted in
Fig. 2 for LV systems and in Fig. 3 for ML systems.

The present results reinforce the point of view that the
dynamical evolution of species governed by simple non-

hierarchical rules of the RPS game engenders chaotic be-
havior. They also reveal interesting differences in the
chaotic properties of the dynamical evolution under the
Lotka-Volterra and the May-Leonard interactions, and we
expect to continue these investigations in other distinct
ways, exploring the effects of a local carrying capacity
parameter that may be softly varied in the environment,
as studied in [35], and modifying the predation chain
and strategy, as done in [36]. We also intend to study
how the chaotic behavior may depend on the number of
species, when the rules are changed to induce the cascad-
ing transitions identified in [19]. Another issue concerns
the influence of the lattice characteristics, in particular,
under modification of the topology of the environment
where the species evolve.
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