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The Kerr nonlinearity allows for exact analytic soliton solutions in 1+1D. While nothing excludes
that these solitons form in naturally-occurring real-world 3D settings as solitary walls or stripes, their
observation has previously been considered unfeasible because of the strong transverse instability
intrinsic to the extended nonlinear perturbation. We report the observation of solitons that are
fully compatible with the 1+1D Kerr paradigm limit hosted in a 2+1D system. The waves are
stripe spatial solitons in bulk copper doped potassium-lithium-tantalate-niobate (KLTN) supported
by the unsaturated photorefractive screening nonlinearity. The parameters of the stripe solitons
fit well, in the whole existence domain, with the 1+1D existence curve that we derive for the first
time in closed form starting from the saturable model of propagation. Transverse instability, that
accompanies the solitons embedded in the 3D system, is found to have a gain length much longer
than the crystal. Findings establish our system as a versatile platform for investigating exact soliton
solutions in bulk settings and in exploring the role of dimensionality at the transition from integrable
to non-integrable regimes of propagation.

Introduction. Dimensionality plays a crucial role in
nonlinear wave physics. While in statistical mechanics
[1] and string theory [2], higher dimensions are key to
formulating consistent models, in nonlinear waves, it is
lower dimensions that support interesting effects, such
as integrability [3]. Low-dimensional paradigms of this
sort can be found in many fields, with notable exam-
ples including the transport properties of 2D metals in
the Quantum Hall Effect [4], anomalous thermal con-
duction in 1D nanowires [5], and the 2D BKT tran-
sition in condensed matter systems [6]. A basic ex-
ample of low-dimensional integrability is the Nonlinear
Schrödinger Equation (NLSE), a paradigm model that
describes a large variety of different physical systems
[3, 7, 8], such as for picosecond optical pulses in fiber [9],
photonic crystals and waveguides [10], and matter-waves
in Bose-Einstein condensates [11]. Here, the 1+1D NLSE
supports solitons with an explicit analytical expressions
that behave like solitary particles, unable to exchange
energy. The question naturally arises as to what these
low-dimensional paradigms have to say about real-world
3D settings, where the 1+1D soliton should form as an
extended solitary wall or stripe. For example, does in-
tegrability cross over to stripe Kerr solitons? To date,
no experimental evidence of unbroken 1+1D Kerr soli-
tons hosted in a 2+1D homogeneous system has been
reported.

One widely studied system that allows the formation
of 1+1D solitons hosted in a full 3D environment is that
of photorefractive (PR) crystals [12–14]. Here, spatial
optical solitons are observed in many different schemes,
stable localized light beams that form out of the balance
between diffraction and nonlinear self-focusing. Discov-
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ered almost three decades ago, self-trapped beams in PR
crystals still play a major role both in expanding soliton
phenomenology and in exploring the role of solitons in
numerous different phenomena, such as rogue waves [15–
17], optical turbulence [18, 19], and replica-symmetry-
breaking [20]. From the applicative point of view, PR
solitons allow the imprinting of electro-optic integrated
circuits, such as highly miniaturized fast switching and
routing devices for all-optical information processing and
transparent communication systems [21–23]. The PR
nonlinearity is the macroscopic result of different pro-
cesses, i.e., the formation of a space-charge field caused
by the diffusion and drift of photogenerated charges, and
crystal electro-optic response, the resulting model be-
ing system-dependent [13, 24]. For example, in unbi-
ased lithium-niobate LiNbO3, it is dominated by the bulk
photovoltaic response, this leading to a self-defocusing
nonlinearity able to support dark solitons [25]. In unbi-
ased near-transition potassium-lithium-tantalate-niobate
KTa1−xNbxO3:Li (KLTN), the nonlinearity is governed
by charge diffusion, leading to scale-free optical propaga-
tion [26]. In most PR crystals, this including strontium-
niobate SrxBa1−xNb2O3 and KLTN, there is an experi-
mentally accessible regime in which charge drift is made
dominant through the application of an external bias
electric field, the result being what are termed PR screen-
ing solitons, the most widely studied type of spatial soli-
ton [24, 27, 28]. The leading model for screening soli-
tons is a saturated Kerr-like nonlinearity. In unsaturated
conditions, the screening nonlinearity becomes the Kerr
nonlinearity, so that in 1+1D, laser stripes (in 3D) should
be governed by the NLSE. While 1+1D PR stripe soli-
tons in nonintegrable saturated conditions are commonly
observed [12, 29], soliton stripes in the Kerr-limit have
not been reported. These have been previously consid-
ered experimentally inaccessible because of the effects of
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strong transverse instability in regimes where integrable
models hold [30]. According to this commonly held idea,
a Kerr stripe soliton will necessarily break-up into an ar-
ray of spots [31–33], an instability intrinsic to the fact
that the system hosting the 1+1D soliton is 3D. Short of
limiting experiments to PR waveguides [34, 35] or pho-
tonic lattices [36], or introducing fundamentally different
waves, such as incoherent Kerr solitons [37, 38], PR Kerr
solitons in the bulk have commonly be considered to be
beyond experimental reach.

We here experimentally demonstrate, for the first time,
Kerr 1+1D stripe photorefractive solitons in bulk para-
electric KTN:Li. In conditions in which beams are gov-
erned by the PR screening nonlinearity, a Kerr-saturated
response supported by the quadratic electro-optic, the
Kerr regime is demonstrated by comparing observed PR
soliton existence parameters with those predicted for the
screening nonlinearity, that we here predict analytically.
Strong agreement with the paradigm Kerr nonlinearity
is found for the highly unsaturated self-trapping regime
and for propagation distances such that transverse insta-
bility build-up, here analyzed both experimentally and
numerically, remains negligible.

Theory. The paraxial nonlinear propagation in bulk
paraelectric KTN:Li is described by the dimensionless
model [24, 27]

i
∂ψ

∂z
+∇2ψ − ψ

(1 + |ψ|2)2
= 0, (1)

where ψ(x, y, z) = E(X,Y, Z)/
√
Ib is the normalized

slowly-varying optical field in units of background inten-
sity illumination Ib, ∇2 ≡ ∂2x+∂

2
y , with (x, y) and z being

transverse and longitudinal variables with corresponding
real-world variables (X,Y ) = X0(x, y) and Z = Znlz,

where X0 = [2k0n1χ]
−1/2

and Znl = χ−1 are transverse
and longitudinal characterstic lengths, respectively. Here
k0 is the vacuum wavenumber, n1 the unperturbed refrac-
tive index, and χ = 1

2k0n
3
1|geff |ϵ20(ϵr(0) − 1)2E2

0 , with
geff the effective quadratic electro-optic coefficient, ϵ0
the vacuum dielectric constant, ϵr(0) the low-frequency
relative dielectric constant, and E0 the static bias electric
field applied to the crystal.

We are interested in soliton stripe solutions of Eq. (1)
confined along x. By substituting the ansatz ψ(x, y, z) =
u(x) exp(−iγz) in Eq. (1), where γ is the soliton nonlin-
ear phase shift or eigenvalue, the soliton profile u(x) is
found to obey the eigenvalue equation (u̇ ≡ du/dx):

ü− u

(1 + u2)2
+ γu = 0, (2)

which is equivalent to the Newton equation ü =
−∂V (u)/∂u for the 1D motion along coordinate u of
an ideal unit mass particle in a potential well V (u) =
γu2(1+u2)+1

2(1+u2) . Equation (2) implies conservation of energy

(Hamiltonian) E = H(u, u̇) = u̇2/2 + V (u), which we
exploit to obtain the existence curve in analytical form

as follows. Solitons correspond to the separatrix tra-
jectories of Eq. (2), namely orbits that asymptotically
connect the saddle point u = u̇ = 0 of the Hamilto-
nian with itself at x = ±∞, and hence have fixed en-
ergy E = H(0, 0) = 1/2. The soliton peak amplitude
u = u0 is given by the maximum elongation along these
orbits, which is reached at the return point of the poten-
tial where u̇ = 0. The constraint V (u = 0) = V (u = u0)
allows us to find the soliton peak u0 as the function of
the eigenvalue as

u0 =

√
1

γ
− 1, (3)

which entails that the soliton family covers the parameter
range 0 < γ < 1. On the other hand, the conservation
of energy yields u̇ = ±

√
2(E − V (u)) = ±

√
1− 2V (u),

which can be cast, using Eq. (3), in the form

u̇ = ±

√
γu2

u20 − u2

1 + u2
. (4)

Integration by quadrature of Eq. (4) yields the inverse
soliton profile x = x(u, u0) in closed form:

x = γ−1/2
[
sin−1 g(u2) + u−1

0 tanh−1 h(u2)
]
, (5)

where g(u2) ≡
√

u2
0−u2

1+u2
0

and h(u2) ≡ 1
u0

√
u2
0−u2

1+u2 . Al-

though Eq. (5) cannot be inverted to obtain the analyt-
ical soliton profile in sufficiently simple form, it allows
the calculation of the intensity full-width-half-maximum
(FWHM), say ∆x, by recalling its implicit definition
u2(x = ∆x/2) = u20/2. Setting x = ∆x/2, u2 = u20/2
in Eq. (5), and using Eq. (3), we find the explicit exis-
tence curve ∆x = ∆x(u0) (i.e. FWHM as a function of
peak amplitude) of the whole soliton family, which reads

∆x = 2
√
1 + u20

[
sin−1 g0 +

1

u0
tanh−1 h0

]
, (6)

where g0 ≡ g
(

u2
0

2

)
=

√
u2
0

2(1+u2
0)
, h0 ≡ h

(
u2
0

2

)
=

√
1

2+u2
0
.

The existence curve Eq. (6) is illustrated in Fig. 1(a).
Three distinct regimes can be discerned based on the
soliton peak amplitude u0. For u0 ≳ 1.5, the system is in
the fully saturated regime, while for u0 ∼ 1, a transition
regime emerges where the soliton width goes through a
minimum. For u0 ≪ 1, the system displays the Kerr
limit, such that the approximation (1 + u2)−2 ≃ 1 −
2u2 holds true. Here, Eq. (2) reduces to ü + 2u3 −
γKu = 0, characteristic of the NLSE, where the form of
the effective Kerr phase-shift γK ≡ (1 − γ) > 0 reflects
the fact that the refractive index change is negative but
saturated in the high intensity portion, thereby giving
rise to an effective self-focusing potential. In the Kerr
limit, the soliton profile has the explicit form

ψ(x, z) =
√

1− γ sech(
√
1− γ x) e−iγz. (7)
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FIG. 1. (a) Existence curves, FWHM ∆x vs. u0 of the soli-
ton family, comparing exact result from Eq. (6) (solid black
curve), with Kerr limit (dashed red curve). Insets: soliton
profiles (exact, black solid; Kerr limit, dashed red) sampled
at (b) γ = 0.95, Kerr region; (c) γ = 0.7, near the minimum
where the Kerr limit starts to exhibit significant deviations;
(d) γ = 0.02, fully saturated regime.

The corresponding existence curve ∆x =
2 cos−1

√
2/u0 ≃ 1.76/u0, reported in Fig. 1(a) as

a dashed red curve, approximates well the exact curve
[Eq. (6)] in a large portion of the negative slope branch
corresponding to eigenvalue range γ ≃ [0.8, 1]. In this
domain, the exact profiles [i.e. inverse of Eq. (5)] and
their Kerr approximation [Eq. (7)] are practically indis-
tinguishable, as shown in Fig. 1(b). Discrepancies start
to appear near the minimum, though the Kerr profiles
still provide, at same γ, a reasonable approximation,
as shown in Fig. 1(c). Clearly, over the positive slope
branch, the Kerr limit breaks down.

Experiment. Light propagation is investigated by fo-
cusing an x-polarized Gaussian beam from a doubled 30
mW Nd:YAG laser (wavelength λ = 2π/k0 = 532 nm)
onto the input xy facet of a compositionally nanodisor-
dered photorefractive KLTN crystal using a cylindrical
lens (of focal length f = 135mm). The cylindrical lens is
rotated so as to tightly focus the beam in the x-direction.
Input and output transverse intensity distributions along
the z axis are imaged, using a moveable spherical lens (of
focal length 50mm), onto a CMOS camera. The zero-cut
optical quality 2.1(x) × 1.9(y) × 2.5(z) mm KLTN crystal
(K0.964Li0.036Ta0.60Nb0.40O3) is grown through the top-
seeded solution method and the photorefractive response
for visible light is associated with deep inband Cu and
V impurities. A current-controlled Peltier junction keeps
the crystal at T = 302 K (9 K above Curie tempera-
ture TC) in the paraelectric phase, in conditions in which
the effects of wavelength-scale index-of-refraction fluctu-
ations are negligible while the nonlinear response is en-
hanced by an elevated low-frequency dielectric constant
(εr ≃ 1 × 104). Solitons are observed when an external
bias field E0 is applied in the x-direction, parallel to the
linear polarization of the focused beam. Saturation in
the nonlinearity is fixed by illuminating the sample from

the top (in the y direction) with a uniform background
intensity from a 15 mW laser at λ = 633 nm. Results
refer to steady-state conditions, i.e., those for which the
photorefractive nonlinear response no longer depends on
time (t ≫10 s in our setup). Solitons are investigated
for different conditions of u0 = |E|/

√
Ib, that is, the

soliton amplitude normalized to the square root of the
mean value background intensity (rescaled to correctly
take into account the difference in wavelengths used). For
each measured value of u0, we calculate the normalized
width ∆x = ∆X/X0 =

√
2k0n1χ∆X, where ∆X is the

physical beam FWHM of the intensity profile, and X0

is calculated with the KLTN unperturbed refractive in-
dex n1 = 2.3, effective quadratic electro-optic coefficient
geff = 0.14m4C−2, and the field E0 = V/Lx correspond-
ing to the applied voltage V (range 400÷700 V), for each
value of u0, over the crystal width Lx = 2.1 mm.

FIG. 2. (a) Profiles of the input beam (left) and the diffracted
output beam (middle) when nonlinearity is deactivated, and
the soliton output (right) in the Kerr limit, with a peak am-
plitude u0 = 0.43. (b) Soliton existence curve: experimentally
measured points (diamonds) compared to the analytical curve
from Eq. (6) (solid curve).

1+1D solitons appear as self-trapped beams whose
diffraction is exactly balanced by the PR effective self-
focusing nonlinearity. An example of soliton formation
for the unsaturated Kerr case of u0 =0.43 is reported in
Fig. 2(a), where the input intensity distribution (left)
is observed to diffract from 12.7 µm to 54 µm FWHM
at the output in the absence of nonlinearity (E0 = 0,
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center) and form a self-trapped steady-state (after 120s)
non-spreading beam for E0 = 1.9 kV/cm (right). Soli-
tons are inspected for values of 0.21 < u0 < 2.95, in-
tensity FWHM ∆x = 10µm and ∆x = 12.7µm. Corre-
sponding values of soliton-supporting E0 range from 1.9
to 3.3 kV/cm. Soliton normalized existence conditions
from the experimental data are reported in Fig. 2(b) (di-
amonds) and compared to the analytical existence curve
(solid line, Eq. (6)). The uncertainty in the existence
conditions is dominated by the uncertainty in the mea-
surements of ∆x and self-trapping E0.
Discussion. Findings indicate an excellent agree-

ment between theory and experiment in both the pre-
dominantly Kerr (u0 < 0.3) and the strongly saturated
(u0 > 1) regimes. An interesting discrepancy emerges
for the transition region 0.43 < u0 < 0.65. This discrep-
ancy may indicate the involvement of more complicated
physical mechanisms at u0 ∼ 1. We attribute this to the
contribution of higher-order corrections to the PR model
of Eq. (1), corrections that are largest for u0 ∼ 1 (see,
for example, Eq. (38) in Ref. [24]).

FIG. 3. Pseudo-color map of TI gain gTI = gTI(u0, ky) vs.
soliton peak amplitude u0 and transverse wavenumber ky. In-
sets: (a) Peak gain (blue curve) vs. u0 compared with the ex-
istence curve (red curve); (b,c) Output beams in (x, y) plane
for u0 = 0.21, when the input FWHM is reduced to 10 µm, for
two different bias showing dominant diffraction (b, V = 405
V) and break-up due to TI (c, V = 705 V).

The stripe nature of the 1+1D Kerr soliton, i.e., the
fact that the 1+1D nonlinear wave is embedded in a
2+1D nonlinear environment, is expected to activate
transverse instabilities (TIs) [31–33]. In bulk, TIs can
destabilize the soliton stripe against the growth of a
periodic perturbation in y. Data reported in Fig. 2
obtained with the wider beams (FWHM of 12.7 µm)
shows no evidence of transverse breakup, regardless of
the choice of u0 along the existence curve. To under-
stand this point, we assess theoretically the impact of

TI, by substituting in Eq. (1) the ansatz ψ(x, y, z) =
u(x)e−iγz + δu(x)e−i(kyy+γz)eλz + δv(x)∗ei(kyy+γz)eλ

∗z,
where u(x) is the soliton profile, and λ is the TI growth
rate. After linearization with respect to the small pertur-
bation amplitude A = (δu, δv)T , we obtain and numeri-
cally solve the eigenvalue problem MA = λA, where

M =

[
L+G(u)(1− u2) −2G(u)u2

2G(u)u2 −L−G(u)(1− u2)

]
, (8)

with L ≡ ∂xx−k2y+γ andG(u) ≡ (1−u2)−3. In Fig. 3, we
show the pseudo-color map of the TI gain gTI = Re(λ)
versus u0 and ky. As shown, the TI peak gain is rela-
tively large only around the transition region (see also
inset (a)). It rapidly drops for u0 > 1.5 since saturation
weakens the instability and also in the Kerr region u0 < 1
where solitons become shallow (in Kerr limit, the TI gain
is proportional to soliton peak intensity). For the obser-
vations reported in Fig. 2, TI does not build up because
the characteristic gain length Zg = 8Znl/gTI (assuming
a relevant amplification factor of fluctuations ∼ exp(8))
substantially exceeds the crystal length Lz = 2.5 mm,
i.e. TI remains long-range. Nonetheless, the onset of the
TI turns out to be strongly dependent on actual beam
size used, and can be made to dominate phenomenol-
ogy using tighter beams. In fact, when narrowing the
FWHM by a factor f , a soliton with fixed u0 is expected
to form with a bias voltage higher by the same factor
f , but the gain length with be reduced by a factor f2,
this due to the quadratic nature of the electro-optic ef-
fect. Indeed, by reducing the FWHM down to 10 µm,
as shown in the example of Fig. 3 (b, c) for u0 = 0.21
(deep in the Kerr limit), the process of raising the volt-
age to balance the enhanced diffraction (inset (b)), leads
to an observable break-up in y (inset (c)). In particular,
Fig. 3(c), obtained with bias V = 705 V (i.e., the same
bias that yields stable soliton formation for wider input
beam with FWHM of 12.7 µm), shows that TI already be-
comes observable when diffraction is under-compensated
by the nonlinear response. The observed average period
of the breakup ∆Y ≃ 20µm is found to correspond to
ky = 2πX0/∆Y = 0.46, which is larger than the calcu-
lated most unstable wavenumber ky = 0.24. We attribute
this mismatch to the fact that, experimentally, the onset
of TI occurs dynamically before the soliton condition is
reached in terms of bias. In practice, the onset of TI poses
a limitation to the minimum physical width that allows
for the observation of unbroken soliton stripes. Evidently,
since TI is a product of a low-dimensional nonlinear wave
forming inside a higher-dimensional nonlinear host, we do
not expect it to play a role for 2+1D solitons even in the
Kerr-limit, a regime that has yet to be investigated.

Conclusions. We have reported the first observation
of 1+1D photorefractive stripe solitons that obey the
paradigm Kerr nonlinear Schrödinger Equation (NLSE)
that governs nonlinear waves across a wide variety of dif-
ferent systems. The Kerr regime is demonstrated com-
paring experimental soliton existence conditions to the
theoretical screening soliton existence curve, here de-
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rived analytically for the first time. The achievement
is made possible by the enhanced nonlinear response in
photorefractive KLTN, that permits the exploration of
the strongly unsaturated Kerr regime. Findings connect
an accessible experimental setup to a general theoretical
paradigm, opening up a new arena for the study of non-
linear waves with relevance for different fields, also be-
yond optics. They also suggest new routes of study, such
as the transition from integrable to nonintegrable waves
and the role of extra dimensions [39], or even the in-
teraction between integrable and nonintegrable solitons.
Most importantly, since the Kerr solitons are observed in
a bulk environment, they may allow, in future develop-
ments, the experimental analysis of how dimensionality
plays a role in hereto little understood and investigated
2+1D Kerr physics.
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