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POWER BOUNDEDNESS AND RELATED PROPERTIES FOR WEIGHTED
COMPOSITION OPERATORS ON .7(R¢)

VICENTE ASENSIO!, ENRIQUE JORDA2, AND THOMAS KALMES3

ABSTRACT. We characterize those pairs (1, ¢) of smooth mappings v : R? = C, ¢ : R — R? for
which the corresponding weighted composition operator Cy f = v - (f o ) acts continuously
on .Z(R%). Additionally, we give several easy-to-check necessary and sufficient conditions of
this property for interesting special cases. Moreover, we characterize power boundedness and
topologizablity of Cy, , on Z(R?) in terms of v, ¢. Among other things, as an application of
our results we show that for a univariate polynomial ¢ with deg(¢) > 2, power boundedness of
Cy,p on Z(R) for every ¢ € Op;(R) only depends on ¢ and that in this case power boundedness
of Cy,, is equivalent to (C} )nen converging to 0 in L,(#(R)) as well as to the uniform
mean ergodicity of Cy . Additionally, we give an example of a power bounded and uniformly
mean ergodic weighted composition operator Cy , on . (R) for which neither the multiplication
operator f — 1 f nor the composition operator f — foep acts on .#(R). Our results complement
and considerably extend various results of Ferndndez, Galbis, and the second named author.

Keywords: weighted composition operator, power bounded operator, mean ergodic operator,
topologizable operator, space of rapidly decreasing smooth functions.
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1. INTRODUCTION

Weighted composition operators play an important role in functional analysis and operator
theory. Given a set €1, a self mapping ¢ on Q and a function ¥ on €2, beyond the fundamental
question of when a weighted composition operator Cy ,, acts on a given function space F(f2)
— that is, when the operation Cy ,f = ¥ - (f o ¢) results in a function belonging to F(2) for
every f € F(Q) — it is a natural task to characterize operator theoretic properties of Cy , on
F(2) by properties of b and . Obviously, the class of weighted composition operators contains
multiplication operators, i.e. p(x) = x, as well as composition operators, i.e. ¥(x) = 1.

In the present article, we consider weighted composition operators on the space .#(R?) of
rapidly decreasing smooth functions. While the space @ (R?) of multipliers for .#(R%) has been
characterized by L. Schwartz [22l[33], the functions ¢ on R for which the corresponding composition
operator acts on .(R) have been characterized only recently in [I8]. Apart from characterizing
the pairs (1, ) for which Cy , acts on .#(R?), we also characterize power boundedness and
(m-)topologizability for weighted composition operators on .#(R?) in terms of ¢ and ¢.

In recent years, mean ergodicity, power boundedness, and topologizablity of (weighted) com-
position operators and multiplication operators on various spaces of (generalized) functions have
attracted the attention of a large number of authors. We give only a sample of articles (and refer
to references therein); see e.g. [IL4HGL0OH12,2T23H29,[32].

Recall that a continuous linear operator T' on a locally convex Hausdorff space E is power
bounded precisely when the set of its iterates {T™; n € N} is equicontinuous. This notion is
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closely connected with 7" being mean ergodic, i.e. with the property that for every x € E the
sequence of Cesaro means (% S _ T™ (x))n cny converges. Whenever the Cesaro means converge
uniformly on bounded sets, T is uniformly mean ergodic. By a classical result of Lorch [30],
on reflexive Banach spaces, every power bounded operator is mean ergodic, which characterizes
reflexivity of Banach spaces, as has been shown in the celebrated work [I6] by Fonf, Lin, and
Wojtaszczyk. Bonet, de Pagter, and Ricker [8, Proposition 3.3] proved that Lorch’s result remains
true for (semi-)reflexive Hausdorff locally convex spaces. Additionally, by [28, Theorem 2.5], on
Montel spaces, mean ergodic operators are automatically uniformly mean ergodic. Thus, power
bounded operators of .%(R?) are already uniformly mean ergodic.

While the interest for power boundedness for operators on locally convex Hausdorff spaces
stems from its close relationship to (uniform) mean ergodicity, topologizable operators were in-
troduced by Zelazko in [35] (see also [7]). Recall that a continuous linear operator 7' on a locally
convex Hausdorff space E is topologizable if for every continuous seminorm p on E there is a
continuous seminorm ¢ on E and a sequence (ay)nen of positive numbers such that (a,T™)nen
is equicontinuous from F equipped with p into E equipped with ¢. This property characterizes
those T for which there is a unital subalgebra A of L£(E) (with composition as multiplication)
which contains T and which admits a locally convex topology making A into a topological algebra
such that the map A x E — E,(S,z) — Sz is continuous. While the notion of m-topologizability
(where the sequence (ay)nen in the definition of topologizablity can be chosen as a sequence of
powers (M™),en, M > 0) was also introduced by Zelazko [34], a renewed interest in this property
stems from a recent result of Goliriska and Wegner [19] stating that m-topologizable operators on
sequentially complete locally convex spaces generate uniformly continuous semigroups of opera-
tors. It should be noted that in contrast to Banach spaces, on arbitrary locally convex spaces in
general not every continuous linear operator generates a strongly continuous semigroup, see [17].

Our results for power boundedness for weighted composition operators Cy , are sharp when
1, ¢ are univariate polynomials. They allow to provide natural examples of infinite dimensional
subspaces of L(.7(R)) consisting entirely of power bounded operators, or — except the zero op-
erator — entirely of non-power bounded operators, respectively. Concrete examples of such in-
finite dimensional vector spaces are {Cy , : p(z) = 2% 4+ 1,9 polynomial} (Theorem [E.I0) and
{Cy,o : p(x) = (1/2)x,% polynomial} (Proposition [5.4]), respectively. We point out that examples
of the second kind cannot occur for operators defined on Banach spaces.

The article is organized as follows. In section 2] we characterize those pairs (1, ¢) for which
the corresponding weighted composition operator Cy, , acts on ./ (R?). Under mild additional
assumptions on ¢ and ¢, in section [3] we give a characterization for the latter property which is
easier to check in many situations including composition operators. In section [ we characterize
power boundedness and (m-)topologizability of Cy, , on ./ (R9). As a concrete example we show
power boundedness of Cexpexp 0n 7 (R), i.e. ¥ = ¢ = exp. It should be noted that neither the
composition by exp nor the multiplication by exp acts on #(R). As an application of our findings
in section Ml in section B we study power boundedness of weighted composition operators on . (R)
for the case that ¢ is a (univariate) polynomial. Among others, we prove that power boundedness
of translation operators, i.e. ¢(x) = x+b, b # 0, can be achieved by multiplication with constants
of modulus strictly smaller than 1. We also show that for deg(yp) > 2, power boundedness of the
composition operator C,, is equivalent to the power boundedness and/or uniform mean ergodicity
of the weighted composition operators Cy , for arbitrary ¢ € Op(R). In the short final section
[6l we apply arguments from section [ to show that a univariate polynomial ¢ is necessarily a
translation whenever there is ¢ € Oj(R) such that Cy , is weakly supercyclic, i.e. there is
f € Z(R) with {ACy; ,f; A € C,n € N} is weakly dense in .’(R). This complements recent results
on hypercyclicity of weighted translation operators on .(R) by Goliriski and Przestacki [20].

Throughout, we use standard notation from functional analysis [31] and dynamics of linear
operators on locally convex spaces [3|8].
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2. WEIGHTED COMPOSITION OPERATORS ON .7 (R%)

The main purpose of this section is to characterize those pairs (¢, ), ¥ € C®(R9) and ¢ :
R? — R% smooth mapping, for which the corresponding weighted composition operator Cy,, acts
on .7 (R%), where we say that Cy ,(f) =1 (f o ¢) acts on L (R?) if Cyf € S (R?) for every
f € Z(R?). Obviously, in this case Cy,,, is a linear mapping on .#(R?). As usual, we say that ¢ is
a symbol for S (RY) if C,, := C1, acts on .%(R?). We shall see in Example 20 below that neither
C, acting on . (R) nor ¢ being a multiplier for .(R) is necessary for Cy ,, to act on .#(R).

We first fix some notation which is valid throughout this paper. As usual, for a smooth function
f:R? — Cand a multi index a = (ay, ..., aq) € Nd we write f(®)(z) = 0% f(x) = ol ‘ prsrl f(x),

ozt
where as usual |a] = Z;l:l aj. While we also denote the Euclidean norm of z € R? by |a:|, it will
always be clear from the context whether we refer to the length of a multi index or the Euclidean
norm of a vector. Next, we recall some notation from [13] used in the multivariate version of Faa

di Bruno formula. On the set Ng of multi indices, for a = (a1,...,aq), 8= (B1,...,B4), we write
a < B provided one of the following holds:
(i) la| <|B],
(il) |a| =|8| and aq < S, or
(iii) |a] = 18], a1 = B1y...,ar = B and ag1 < Br41 for some 1 < k < d.

Moreover, for 8 € NZ\{0} and A € N& we define the set

p(B,\) = (k1o kg b, -5 48)) € Ngl’@‘d : for some 1 < s < |f|,

kij=0;=0for1<j<|B]—s;lkj|>0for | —s+1<j<|F], and
5] 5]

0 < 4g|—s41 < - -+ =< g are such that ij = /\72|kj|€j =B
Jj=1 j=1

It is straightforward to show |A\| < |3| whenever p(3,A) # 0. Then, for a smooth function
f:R% — C, a smooth mapping ¢ : RY — R%, and for every 8 € N¢\{0} we have

i 06"
(fo)P@= 3 M Z@Hk' ,
AENg s o1 ki)™
1<IN<IB]
(see [13, Remark 2.2]), where %) (z) = (gpggj)(x), ce gpgl )(3:)) and where for y = (y1,...,94) €
C? and k = (ky,...,kq) € N&, as usual y* = yfl ~-~yd , So that

VS _TT ()5 T Blts| b
((pj(x)) :H(% (x)> :H W%(x) ,

i=1 =1

with ¢; = (i1, 0j.a), kj = (kj1,...,kjqa) € Nd. It follows immediately from the definition of
the set p(B3, \) that p(8,0) = 0. Thus, employing the usual convention that the sum of summands
indexed by the empty set equals zero, for every 8 € N¢\{0} we have

18] ( (g.)(x))kj
(Fop) @)= 3 Y Zﬁ'niw
)\GNd J=1 k (KJ') !

OSWS\Bl

Abusing notation, for 3 = 0, we further set p(0, A\) = () whenever A € NZ\{0} and p(0,0) = {(0,0)}
(0 € N&) so that, by the usual convention 0! = 1 and 0° = 1

0] e) ) 0, A#0,
> ol {7

p(ON) g1/€g'f'|k|
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where we also applied the usual convention that the product of factors indexed by the empty set
equals one. Thus, for f and ¢ as above, for 9 € C*°(R%), and for every multi index o € N&, by
applying Leibniz rule and Faa di Bruno formula, after reordering, we get

18| é )( ))kj
W e = XX iV (§)e 0w EI@H

BEN?  AeNg
B<a 0<|A[<B]

1Bl ;) k;
_ N (oo(z (@=8) (1 (@9 ()™ ))
= > > (e ))<ﬁ>1/f E B'II L)

BENG  XeNg
18] <|e] 0<M|<|6\

18] o) (a k;
= Y M) X QJW“m EZ ]I )
ANy BENE p(BA) - J=1
0< A<l B<a,|A<]8]

where we have used that (§) = e (%) = 0 if there are aj,8; € Ng with 8; > «; since

Jé] J=1\B;
(z :%fwze@amdmel\?o

For ¢ € C°°(R%), a smooth mapping ¢ : R — R? and a, A € N& with |\| < |a| we denote

18] (45) kj
(2.1) Fe )= Y Qﬂmm EZWH“’(»

et ]1klg|\k\
B<a, | A<|B]
and thus
(2.2) @ (foe) @)= > fNe@)Fy ().
AeNd
0< A<

Now we are ready to prove a first technical lemma which will also be used in section Fl
Lemma 2.1. Let I be a non-empty set, (¥;)ic; € C®(RY)! and let p; : R — R? be smooth
mappings, i € I. Assume that there are a, A € N& with |\ < |a| and p > 0 such that

(1 + Jz])” o
(2.3) Vg > 0: sup sup 7| F2avi(z)] =
iel zere (1+ |i()])4
Then there is f € .7 (RY) satisfying

sup sup (1+ |z])?|(¢i - (f 0 ;) ()] = o0
i€l xeRd

Proof. Let Ao € N& be the minimum with respect to the linear ordering < of Ng of the finite set
of A € Nd with |A| < |a| for which (Z3) holds. Let (x;);en, (i;)jen be sequences in R? and I,
respectively, such that |xj41]| > |2;] + 1 and
(1 + |Ij|)p | PijPi;
(L +Jepi, ()7~ ™
At this step, we continue the proof by considering two cases. First we assume (|¢;; (2;)|)jen to be
unbounded. By making an abuse of notation and identifying (z;);en with a subsequence, we can
assume |z;11] > |z;] 4+ 1 and [p;;,, (zj11)] > [@i; (zj)| + 1 for every j € N, and let (I(j));jen be a
strictly increasing sequence of natural numbers such that
(1 + [a;[)” Wi

im , z;)| = o0
B o Gy oo (20)
Fix o € 2(B(0,1/2)), o) (0) = 1 and o™ (0) = 0 for A € Ng\{\o}. We define

o)
1) = 2 o, G

(2.4) ()| > J.

(2.5)
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Since the summands which define f are smooth functions with mutually disjoint compact supports

and because lim; [(j) = oo, it is standard to check f € .#(R?). Moreover, by ([2.2) and the
definition of F7 N

(U [ PIs, - (Foo )l = (A+lahP| 3 P @D FLS ™ (@)

AENE
0<|AI<]af
Pij i
= (L4 a1 £ (i, (@) F 50 ()]
(L+ |z;])P

F%j Wi (.’L'])|

OL,)\[)

T+ Tn, (e,
so that by (1)

sup sup (1 +[2[)?|(¢i - (f 0 9:)) ) (2)] = sup(L+ |251)] (i, - (f 0 03,))@ ()] = o0
i€l zeR9 JEN
as desired.
Next, let us suppose that (|, (2;)|);en is bounded. We observe that the choice of Ao implies
the existence of ¢ > 0 and C € (0, 00) such that, for each A € Ng with A < Ao,

(Lt [2D? | ooy 0y

sup FoX (x)] < C.

sere (1+ |, (2)])

Next, we fix f € Z(R?) such that f(x) = 2*°/)o! in a neighborhood of the bounded subset
{¢i,(z;); 7 € N} of R%. Then, a moment’s reflection reveals that fX) = 0 in a neighborhood of
{¢i;(x;); j € N} whenever A9 < A and obviously, for every ¢ > 0 there is M € (0, 00) with

Sup FP i, ()| (L + s, (2)]) < M.
JEN,
AeNG A [<]al

Now we have by ([22) and (2Z4)), for j € N,

(U [ P18, - (Fo o )@ ()l = ([P | 3 Ve, @) FLR™ ()

AeNd
0<|A[<]ex]
> N2 £0) (1. (. F“’ij*wij )
> (1 ) [ £ (o () FLR ()
(1 + [a;])P i i
— f()\) @i]‘ T 1_|_ @ij T q___ N\ ~JV L J I
Z\ (s @) 1+l ()D* [P ™ @)
; 1+ |z;|)P i Wi .
> (14 I (@)Y e A e )| - S Moz - 3 Me

L+ [os, ()]

so that again
sup sup (1+ [2[)7] (i - (f 0 )\ (2)| = sup(1 + a5 )P | (i, - (f © 03,)) ()] = o0
icl recRa jJEN

as desired. O

Theorem 2.2. Let ¢y € C®(RY) and let o : RY — R? be smooth. Then, the following are
equivalent.
(1) Y- (foyp) € L RY) for every f € .7 (RY).
(ii) The weighted composition operator Cy , : S (RY) — S (RY), f > b - (f o @) is correctly
defined and continuous.
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(iii) For all a, X € N¢ with |\ < |a| and for every p > 0 there exists ¢ > 0 such that
1+ |z|)P
wup Lo
vera (14 [@(2)])
Proof. Obviously, (ii) implies (i), and (i) implies (iii) by Lemma [Z1] applied to I = {1} and
1 = 1,1 = . Additionally, using (2.2)) it is straightforward to show that (iii) implies (ii). O

(x)] < o0.

The evaluation of condition (iii) from the above theorem for concrete ¥, might be quite
involved due to the rather complicated expression for Fo‘i ;f’ in 2I). Therefore, we now give
necessary and sufficient conditions for Cy, to act on .(R?) which are easier to evaluate. Since
for « € N¢ and A = 0 it holds F(f;p(ac) = (@ (), Theorem (i) immediately implies the
following necessary condition.

Corollary 2.3. If the weighted composition operator Cy. o, : ./ (R?) — S (R), f > - (f o) is
well defined then for each o € N& and p > 0 there is ¢ > 0 such that

su M (a)(E ~
S T et ¥ @l <o

Theorem immediately implies the next sufficient condition for Cy, ., to act on #(R%). It
will be shown in Theorem below that under some mild additional assumptions on 1, ¢ this
sufficient condition is also necessary.

Corollary 2.4. Let ¢ € C®(R?) and let ¢ : R? — R? be smooth. Assume that for each o € N&
and p > 0 there is ¢ > 0 such that

(L+[2)” ()
sup —————|v'Y(2)] < o0,
M T
and for each o € N¢ there is q¢ > 0 such that
(@)
sup ————— [ (2)] < ox.
vera (1+ |o(2)])?
Then Cy,, acts on & (RY).
Remark 2.5. For the special case of a multiplication operator, i.e. p(x) = x for all x € R?, for
kj,¢; € N& we have
ifl; =k; =0,
if |¢;] > 2,
if [€;] = 1,k; ¢ span{(;},
if |£J| = l,kj S span{ﬁj}.

k;

(¢ @) =L (0"=)" =

d
i=1

_ O O =

Therefore, defining
po(B, A) := {(k1, ..., kg e, 4g)) € p(B,N) = €] <1 and k; € span{f;} for all 1 < j < |A[}
it follows that

18]
a\  (a— 1
Fol(@) = ) (ﬂ>¢< @) Y Al
BeN? po(BA)  g=1"7
B<an <8

In order to continue, let e, = (J;+)1<j<a (Kronecker’s §), 1 < ¢ < d, be the standard basis
vectors of R% and for 3 € NI\{0}, B = 20, Bre; let I(8) == {1 <t < d: B # 0} so that
0 #1(8) = {t1,...,tg} with 1 <1 < ... <tg < d. Moreover, we denote the number of elements
of I(B) by |I(B)|. With this notation, for 3 € N¢\{0} we conclude

pO(ﬂ;A) = (klvvk\ﬁhélaa€|ﬂ\)€p(ﬂaA) |€‘B||:17kj€spa’n{gj} for 3111§]§|ﬂ|,
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kj = Kj =0for 1l S] < |ﬂ| - |I(ﬂ)|’£|ﬂ\—\1(3)|+1 = etla"'vé\ﬁl = €4,

18] |81
i > 0 for [8] = [I(B)| + 1 <5 < B k=X |kjlt; =B
=1 =1

0, if B4\,
{1y kg bas o ) € NP2 by =0, = 0,1 < j < |8 — |1(B)],

GiB1—11(8) 141 = €t B|-|1(B)|+2 = Cts—1,- -+ L|g| = €y,

kgl 118)1+1 = Bra€uss kigl-11(8)1+2 = Bra—1€t5-1,-- - ki) = B}, IS =A
so that for A # 0

Fede = (§) o)

which also holds true for A = 0 (recall that the above multinomial coefficient is zero whenever

AL @)
Hence, Theorem 2.2 characterizes those ¢ € C*(R?) for which the corresponding multiplication
operator My, : (R — Z(R?), f +— 9 f is correctly defined by the property that for every

a, A € Nd with A\ < a and every p > 0 there is ¢ > 0 such that

@+ 12D)P | a-n)
sup 9N (@)] < oo
sert (1+]2])?
Obviously, this holds precisely when for each v € N& there is r > 0 such that
sup (1 + [a]) 7" |9 ()] < oo.
z€R?

Thus, for the special case p(x) = x, Theorem gives the well known characterization of the
space of multipliers of .7 (R%) as €y(R?).

Additionally, by Corollary 23] if ¢ is a non-constant elliptic polynomial, Cy, ,, acts on . (R?) if
and only if ¢ € Oy (R?). Therefore, if d = 1, this equivalence holds whenever ¢ is a non-constant
univariate polynomial.

Remark 2.6. Next, we consider the special case d = 1 in Theorem We define for g, \ €
No\{0} with A <

B B
g(B,N) = (in,....ig) ENG = Y ig =\ ji;=8¢,
j=1 j=1

and for (i1,...,ig) € ¢(8,\) we set
L(i1,...,ig) :={1<j<pB:i; #0}and s(i1,...,i8) := |L(i1,...,i8)|.

Then, 0 # L(i1,...,ig) C {1,...,8} and 1 < s(i1,...,ig) < B. It is straightforward that the
correspondence ¢(3, A) = p(8, A) which maps (i1, ...,ig) into

(07-'-707iminL(i1 _____ ig)?"'?imaXL(il _____ Z—B);O,...,O,minL(il,...,ilg),...,maxL(il,...,iB))

is correctly defined and bijective, where we have (twice) S — s zeros. With this it follows for d = 1
that for ¥, p € C*(R), ¢ real valued, a, A € Ny with A < «

F2Y (@) i( >¢<a LEEDS B!ﬁ%<w@($))ij

j!

i1+ Fig=A,
in+2int-+Big=p

Noticing that i; = 0 for j > 8 — A+ 1 the above simplifies to

o (@ amp) ,ﬂ_Hl 1 (oD (@)\"
v - S (Deerw Y a1l (2
B=A (ST i3—x+1€No, j=1 J° J:

i14 g ap1=,
i14-2ia4+Big_x41=0
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[e3

= Y (5o @B (Fh @)

B=A
where Bg  denotes the corresponding Bell polynomial, i.e.
(2.6)
A 1 /x.\%
VCL‘l,...,CL'B_)\_HER: 337)\(.%'1,...,1'3_)\4_1): Z ﬁ' H m(r—:)
41,%2...,48_x4+1€No, r=1

i1 4ia+ig_ap1=A,
i1 4+2ig++(B=A+1)ig_r;1=P

for B, A € N with A < 3, and By =1, Bgo=0,5€N.

Corollary 2.7. Let ¢, p € C°(R), ¢ be real valued. Then, the following are equivalent.
(i) ¥ - (fop) e L (R) for every f € L (R).
(i) The weighted composition operator Cy , @ & (R) = S (R),f — ¢ - (f o) is correctly
defined and continuous.
(iii) For every a, B, A € Ng with a > 8 > X and for each p > 0 there is ¢ > 0 such that

L+ ]z))P | (am , _
o Ty [ @B ($ @ @) <o

Proof. By Theorem and Remark [26] (i) and (ii) are equivalent and hold precisely when for
every «, B, A € Ng with a > 8 > X and each p > 0 there is ¢ > 0 with

IR DD W W (g B2 ()| < oo
ieﬁ(lﬂw(w)l)q;_;(ﬁ)w @B (oD <

Evaluating the latter condition first for A = a, then for A = a — 1 etc. finally shows that (i), (ii),
and (iii) are equivalent. O

Remark 2.8. For a real valued ¢ € C°(R) it follows from Corollary 27 with 1) = 1 that the
corresponding composition operator C, f = f o ¢ acts on .#(R) if and only if

1+ |=z|)?P o
(2.7) Ya,A e Ng,a > AVp>03¢g>0: Szg%‘f}ay\ (SO/(;L')7...7S0( /\+1)(;v))‘ < 00.

Since By =1 and By1(21,...,%4) = Za, condition (2.7) implies
e there is k > 0 such that [p(z)| > |z|'/* whenever |z| > k, and
e for every o € Ny there are C,q > 0 such that [p(®) (z)] < C(1 + |p(x)])9.

On the other hand, the previous two conditions easily imply condition (2.7 so that Corollary 2.7
gives an alternate characterization to that in [I8, Theorem 2.3]. Furthermore, the characterization
in [I8, Theorem 2.3] is also valid for several variables (see [I8, Remark 2.4(1)]), which can be
deduced from Theorem 2.2} too, in a similar way.

Example 2.9. For the case ¢ = 1, we have that C, , : /(R) = #(R) is continuous if and only
if for every o € Ny and p > 0 there exists ¢ > 0 such that

2Dy
zGde(1+|g0(x)|)q|(p (z)] < oo,

Indeed, necessity follows from Corollary 23] while sufficiency is due to Corollary 24l For ¢(x) =
(z) = exp(z), we thus have that Cexp exp is continuous. Observe that neither the composition
operator Cexp nor the multiplication operator Mey, acts on . (R). We will show in Example
below that Cexp exp is even power bounded, and therefore uniformly mean ergodic, on .7 (R).

Proposition 2.10. Let ¢ : R? — R? be smooth such that for each p >0
(1 + lp())”

z€eR4 (1 + |.’II|)
Moreover, let ¢ € C*°(R?) be such that Cy , acts on S (R?). Then ¢ € 7 (R?).

< 0
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Proof. Let a € Ng and p > 0. By applying Corollary 23] for p + 1 we get ¢ > 0 and C' > 0 such
that

(@) (1 + Jeo(z)])?
sup (1 F )W @) < € sup ==y

By hypothesis on ¢, the supremum on the right is finite so the assertion follows. (I

Theorem 2.11. Let ¢ : R — R? be smooth. Then, Cy,p acts on S (R?) for every ¢ € .Z(RY) if
and only if Orp; € Orr(RY) for every 1 <1,k < d.

Proof. Let Orp; € Oy (R?Y) for every 1 < i,k < d. By the multivariate Fad di Bruno formula,
fop € Oy (RY) for every f € .#(RY). Hence 1 - (f o @) € .#(R?) whenever ¥ € .7 (R?).

Now, let Cy,, act on .7 (R?) for every ¢ € . (R?). We assume that there are 1 < i,k < d such
that Orp; ¢ Op(RY). Hence, there is o € Ng such that
(0‘+8k)(x)|

VjeN: supmizoo

vera (14 2])!
Thus, there is a sequence (z;);en such that |z;11] > |z;] + 1 as well as

e @)l
(1 + [a;])?
for each j € N.

Now, we distinguish two cases. In case (¢(z;))jen is unbounded, by abuse of notation, we
identify (z;),en with a subsequence satisfying |p(xj41)] > |p(x;)|+1, j € N. Let g,9 € 2(B(0,1))
be such that ¢ = 1 in B(0,1/2) and ¢g(¢)(0) = 1 as well as g/®(0) = 0 for B € Nd\{e;}. Tt is
standard to show that

(2.8) Ya) =Y FERPYTE oz — z;)

2 Wty 072
belongs to .7 (R%), as does

1+ |2y )72

fa) =% fé(w - s0(|:)vj))
JEN
By the multivariate Faa di Bruno formula, for j € N we conclude
(@ (Foe) ™™ @)l = [bi@y) (0 @) @ (ay)]
a a+teg
9 3L (el 7 )

o4 (@)
2.9 S M G VS
29) 7T,

so that ¢ - (f o ¢) ¢ 7 (R?) contradicting the hypothesis that Cy,, acts on .7 (R%).

To finish the proof, we consider the case when (p(z;))jen is bounded. We define ¢ as in ([2.8)
and we consider a function f € Z(R?) such that f(z) = x; on a neighborhood of {¢(x;) : j € N}.
Then (29) holds which again gives the desired contradiction. O

For smooth and bounded ¢ : RY — R?, by Corollary B3 ¢ € .#(R?) is a necessary condition
for Cy., to act on .#(R?). Therefore, as an immediate corollary of Theorem 211l we have the
following.

Corollary 2.12. Let ¢ : R* — R¢ be smooth and bounded. Then, Cy,p acts on S (R?) for every
¥ € L(RY) if and only if ¢ € Op(R?).
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3. SMALL DECAY MULTIPLIERS

In this section, we shall prove that for a family of weighted composition operators, including
composition operators, the sufficient conditions from Corollary 2] are also necessary for Cy , to
act on .7 (R%). In order to do so, we first prove the following result which will also be of use in
section [ below.

Lemma 3.1. Let I be a non-empty set and let ¢; : R — R be smooth mappings, i € 1. Moreover,
let ¢; € C(RY), i € I, be such that for some m > 0

(31) it inf (14 )" (1 + o))" (o) >
Assume that there are o € N& and p > 0 such that

1+ |x|)P o
(32 sup 0, 7 a0 =
for all ¢ > 0, or that there is o € N¢ such that
(33) sup sup | (1) = oo
iel zera (1+ |@i(x)[)2 ™"
for all ¢ > 0. Then there is f € .7 (RY) satisfying

sup sup (1-+ [o) " max( (0 - (£ 0 @) @) |+ (f 0 00) @ (@)1} = oo,
7 z€R?

Proof. If there are a € Ng and p > 0 satisfying ([3.2) for every ¢ > 0, then the result follows by
Lemma 2.I with A = 0.

Thus, in order to complete the proof, we may assume that for every g € Ng and p > 0 there is
q(8,p) > 0 such that

(1 + [=[)
(3.4) sup sup R |1/)§B)(33)| < 0.

iel aere (14 |pi()])

We now fix o € N¢ with minimal |a| such that (3.3) holds for every ¢ > 0. Clearly, |a| > 1, and
for every B € N with 8 < a, 8 # 0, there is ¢/(8) > 0 such that

'6)(:1:)| < 0.

1 (o
3.5 sup sup el
5 i A
With m as in B]), we choose sequences (i) en, (I;)jen, and (z;) en in I, N and R?, respectively,
such that ;41 > l; > m +max{¢(8,m) : § < a} + max{¢'(B) : 0 # 8 < a}, |zjy1| > 1+ |z;] >
Lo m, and [ (@) > (1 + s, (2))", 5 €N

Next, we distinguish two cases. Suppose that (|¢;, (2;)|)jen is bounded. Take f € 2(R?)
such that f = 1 on a neighbourhood of {¢;,(x;) : 7 € N}. By ([BI) and the boundedness of
(1i,(25)])yexs we conelude infjen(1 + 3™ 1, (7;)] > 0 which implies

sup sup (1+ [o)™ | (3 - (f 0 93))(@)] = sup(L+ [a;[)™ |y, ()] f (03, (25))] = o0
i€l zeR9 JEN
proving the assertion in this case.
Now, suppose that (|¢;, (25)]) jen is unbounded. By identifying (¢, (x;));en with a subsequence,
we assume |, (2j41)] > 1+ [pi;(2;)], 5 € N. Since |‘Pz;l)($3)| > (1 + |, (x;)])Y there is

1 < k < d such that the k-th component @;, » of ¢;, satisfies |go£g°‘)k(x])| > ﬁ(l + |, (z))Y,

j €N. Let g € 2(B(0,1)) be such that g(x) = x) in a neighbourhood of the origin. It is then
standard to show that the function
9z — ¢i, (z;))
flx) =Y R
(1 + lpi; ())"

JjEN
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belongs to . (R?). Since for f € N¢ with 3 < «a, 3 # «, by the choice of g and the multivariate
Faa di Bruno formula, we have

o (w5)

(a=p)
fowi]‘ (I): —m’
Fows) ) = G o e
while obviously, (f o ¢;;)(x;) = 0. Hence, for 0 # 3 < a we obtain
m a—p
sup(L+ [z )" () (f o 0i,) 7 ()]
j

104%™ ()|

< sup(l 4+ |z;)™ ;" (x5 —
sup( sy e T o e
(a—B)
(Ul oy o @)l
< sup 2(B.m) sz (x])|(1+|90ij($j)|)ql(6) < 0,

jen (14 lei; (25)])
where we have used I; —m > max{q(8,m) : 8 < a} + max{q¢'(8) : 0 # 8 < a} together with ([34)
and (35)).

On the other hand,

ik ()]
(1 + lpi; (;)])"
J
Vd
Combining the above with ([B.1l), the boundedness of ((1 + |z; |)m|¢l(f)(x]) (fo %j)(a—ﬁ) (x])|>
for 0 # B < «, and Leibniz rule finally gives

sup sup (1+ z])™|(i(f 0 ¢:))* (z)| = oo,
i€l xeRd

(L g )™ 903, () (f © 03,) ) ()] (1 |5 )™ (U [, () D)™ [0 (05) |

Z (LA fa )™ (U + iy (25) )™ [, ()]

JjEN

which completes the proof. ([

Definition 3.2. For a smooth mapping ¢ : R — R a function ¢y € C*(R?) is said to be of
small decay with respect to ¢ if there is m > 0 such that

0 (L [al) (L (@) ()] > 0.

As an immediate consequence of the previous lemma we obtain the following result.

Theorem 3.3. Let o : R? — R? be smooth and let 1) € C°(R?) be of small decay with respect to
¢. Then Cy,, acts on L (R?) if and only if for each o € N and p > 0 there is ¢ > 0 such that

A+ 2P 1 (@)
sup —————— 'Y (z)] < oo and sup —————|¢'Y(z)| < .
vera (14 [@()])e wera (14 [@(z)])?
Proof. By Corollary 24 the conditions are sufficient for Cy ,, to act on .#(R?%) while Lemma 3]
also implies necessity. O

4. POWER BOUNDEDNESS AND TOPOLOGIZABILITY

In this section we study power boundedness and related properties for weighted composition
operators Cy, , on .7 (R%). For p > 0 and o € N¢, obviously

Ve SR :fllpa= Sup (1 + [P £ ()]
z€RC

defines a continuous norm | - ||, on .#(R?) and the set of norms {|| - [|lp.o : p > 0, € Nd} defines
the standard topology on .%(R%). Whenever we equip the vector space .#(R¢) only with the norm
|- |lp.a we write .7, (RY). Obviously, every continuous linear mapping from . (R%) into itself is
in particular a continuous linear mapping from .#(R?) into .7, o (R%).
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Next, for a smooth mapping ¢ : R? — R? and n € N we set ¢, := @ o--- o0 ¢ the n-th iteration
of . Additionally, we set g(z) = z and for 1) € C>°(RY) and n € N we define

PP(x) = H Y(pj-1(z)), = €R™

In particular, ¢, = ¢ and 1% = .

Lemma 4.1. Let I be a non-empty set, (¥;)ic; € C®(RY! and let p; : R — R? be smooth
mappings, © € I, such that the weighted composition operators Cy, o, act on (R, i€ l.
(a) Leta € N¢ andp > 0 be fived. Then, the set of continuous linear mappings {Cy, o, : i € I}
is equicontinuous from . (R%) into .7, o (R?) if and only if for every A\ € N& with |\ < |«
there is ¢ > 0 such that

(1+ [2])
4.1 sup sup ———~+—
(4.1) o S T+ i)

(b) The set of continuous linear mappings {Cyp, . : i € I} is equicontinuous on . (R?) if and
only if for every a, A € N& with |\| < |a| and each p > 0 there is ¢ > 0 such that (@)
holds.

Fii\wl(x)‘ < 0.

Proof. Clearly, (b) is a direct consequence of (a). In order to prove (a), since .7 (R?) is a Fréchet
space, by the Uniform Boundedness Principle equicontinuity of {Cy, ,, : i € I} from .7 (R%) into
Zp.a(R?) is equivalent to the boundedness of {Cy, o, f : i € I} in .7, o(R?) for every f € 7 (RY).
Thus, by Lemma 2.1] and (2.2)), we obtain the claimed equivalence. O

Theorem 4.2. Let ¢ : RY — R? be a smooth mapping and let 1» € C>(R?). Then, the following
are equivalent.

(1) Cy.p acts on S (RY) and is power bounded.

(ii) For all a, A € N& with |\| < |a| and each p > 0 there exists ¢ > 0 such that

sup sup 7(1 + |I|)p
neN acss (1 [@n(@)])1

R )] < o

Proof. Since Cy, ,f = Cyn.e o, f for every f € Z(R%), n € N, the assertion follows immediately
from Theorem and Theorem E.T] (b). O

Remark 4.3. Using the same arguments as in Remark 2.5, by Theorem 2] for ¢» € Oy (R?) the
corresponding multiplication operator M, is power bounded on .#(R?) if and only if for every
v € Nd there is r > 0 such that

sup sup (1+ Jo) " | (") ) (@) < o0,

neNzeRd
i.e. the sequence ()"),en is bounded in @y (R?) (cf. [2 Theorem 4.3]).

Using Remark as in the proof of Corollary 2.7 one obtains the following result.

Corollary 4.4. Let ¢, p € C°(R), ¢ be real valued. Then, the following are equivalent.

(1) Cy,p acts on Z(R) and is power bounded.
(ii) For all o, B, \ € Ng with a > 8 > X and for each p > 0 there is ¢ > 0 such that

(1 + [a])? (a—p) / (B=A+1)

supsup ——————— [(¢™¥ IBV)\(gana:,...,gan 3:)‘<oo.
neNaer (14 [@n(2)])? W ()8 @) )

The next theorem follows immediately from Lemma [3.I] and Theorem [3.3

Theorem 4.5. Let ¢ : R? — R be a smooth mapping and let yp € C°°(R?) be of small decay with
respect to w. Then, the following are equivalent.

(i) Cy., acts on Z(R?) and is power bounded.
(i1) The following two conditions are satisfied:
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(a) For allp >0 and o € N there exists ¢ > 0 such that

A=) ey @
ilelgms;é)d (1 + |80n($)|)q |(1/) ‘P) (ZE)| < 00.

(b) For all o € N¢ there exists ¢ > 0 such that

sup sup ————— |l (a)] < oo.

neN zerd (14 |on(2)])
Remark 4.6. We observe that, arguing as in Corollary 2.3] and Corollary [Z4] the hypothesis for
1 to be of small decay with respect to ¢ in Theorem is only needed for the necessity of (b) in
(ii). Condition (a) is necessary for the power boundedness of Cy , while (a) and (b) together are
always sufficient conditions for the power boundedness of Cy , whether 1) is of small decay with
respect to ¢ or not.

Remark 4.7. Obviously, ¢(z) = 1 is of small decay with respect to every smooth ¢ : R — R?
so that Theorem is applicable to composition operators. Employing the same arguments as
in Remark 2.8 we derive easily that the composition operator C, acts on ./ (RY) and is power
bounded if and only if it satisfies the two conditions
(a) there are k, > 0 such that for every n € N it holds |p, (z)| > |z|¥ whenever |z| > I, and
(b) for every a € Ny there are C,q > 0 such that |<p,({l) ()] < C + |pn(x)|)? for every
n €N,z € R
For d = 1, this characterization has been obtained in [I4] Proposition 3.9]. We observe, that
when d = 1, then any polynomial ¢ with deg(y) > 2 satisfies condition (a) above. Indeed, this
is easily obtained from lim,| o |“"|ST)| = 0o. Combining this observation with [14, Theorem 3.11]
we obtain that condition (b) above is satisfied if and only if deg(¢) > 2 and ¢ has no fixed points
(and hence the degree of ¢ is even).

Remark 4.8. Because .7 (R?) is a Montel space, [8, Proposition 3.3] combined with [28, Theorem
2.5] yield that Cy , as well as its transpose are uniformly mean ergodic whenever Cy, ,, is power
bounded on .7 (R9).

Example 4.9. In Example we have already seen that for ) = ¢ = exp the weighted composi-
tion operator Cexp exp acts on .7 (R) although neither exp is a symbol for . (R) nor exp € O (R).
We will now show that Cexp, exp is even power bounded on .#(R), and thus uniformly mean ergodic,
by [8l Proposition 3.3] and [28, Theorem 2.5]. To do so, we first notice that

(42) (pn) (2) = (¢')"7 (2) = @™ (2) = p1(2)p2(@) - - u ().
Thus, by Corollary B4, Cexp exp is power bounded on .#(R) if for every p > 0 and a € Ny there
is ¢ > 0 such that

(1 + [z])”

4.3 supsup ———1|(¢™#)(@)(2)] < 0o
(4 TSR T Tt )
holds.
In order to prove (£3), we show as a first step the following auxiliary inequality.
(4.4) Va e NygIn, € NVn > ng,z € R: (07%) @ (2) < o1 (2)(on ()2t

In order to prove that ([&4) indeed holds true, we note that due to p?? = 199 the inequality (@)
holds for &« = 0 and n = 2. Now, assume that the inequality (£4]) holds for & = 0 and some n > 2.
Then, since (¢, (2))? < @ny1(x) for every z,

"t (1) = @ (@) ni1(2) < @1(2)(@n () Pny1(z) < @1 () (Pni1(T))

so that ([@4)) also holds for & = 0 and n + 1 proving the validity of [@4]) for a = 0 with ny = 2.
In order to establish ([@4]) for o = 1 we first provide some auxiliary estimates. As ¢(z) = €7,
for every n > 1,

2

fal2) = £ 10) = i (enor ()
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so that

(4.5) VieNp,neENn>2x€R: (po1(x)) <jlon(x).
Besides that, since for n > 1 it holds ¢, (R) = (¢,,—1(0), +00) we also have
(4.6) Vn>5x2eR:n <@, 2(0) <p,_1(x).

For arbitrary C > 0 and j € N, choosing N > 5 so large that C'(j + 2)! < N, by (£8) and (€5,
it holds for all z € R and n > N,

(n—1(2))’ 2 (Pn—1(2))’
W < (‘Pn—l(x)) W
To show (4] for a = 1, we introduce ¥,,(z) := 1 + "% (z) + - - + " 1% (2). Applying [@2)
we then obtain
(@"#) () = (p1--on)'(z) = (p1)'(2) - p2(2) -+ n (@) + -+ + @1(2) - Pn1(x) - (0n) ()
= (e1(@) - (@) (1 +r(@) + -+ 1(2) - ()
(4.8) = " (@) Wn(2).

(4.7) nC(pn-1(2))’ = n(C(j +2)!) < ¢n().

By inequality (5] for j = 0, ¢, (z) > 1 for every n > 2,z € R, implying ¢™%(z) < ¢"T1¢(z) for
n > 1,z € R. Hence, ¥,,(z) <1+ (n—1)p" "?(x),z € R,n € N. Applying (@8], @) for « =0
and (@1 for C = 2,5 = 3 there is N > 2. 5! such that for all n > N and all z € R,

Uy(z) S 1+ (n—1)" "9 (2) < 1+ o1 (@)™ H4(2) < 1+ (pp-1(2))
< 2(pn_1(2))? < gn(a)
Hence, by (&38)) and by [@4) for « =0, for all n > N and all z € R,
(™%) (x) = ¢"¥(2) T (@) < @1(2)(n(@))’
which proves (£4) for a = 1.

Now, fix @ € N and assume that for all 8 < « there exists ng € N (without losing generality,
ng < ny if B <~ and B # v) such that [@4) is satisfied, i.e.,

(4.9) (™) P (@) < o1 (2)(pn())**?,  z€R, n>ng.

We show (£4) for o and ng, where n, € N satisfies n, > max{ng; 8 < a, f # o} + 1 and is such
that for every x € R and n > n,

(4.10) 20" n(pn-1(2))*? < pn(2),
which is possible by ([@1). From ([@8) and Leibniz rule, for every n > n,
-1
(4.11) (™) (2) = (p"PT,) V(@) = Y (0‘ >(@n’@)(5)(x)(‘1’n)(“1@(96).
pLa—1 B
Moreover, by Leibniz rule, for all v € Ny, j € N, and = € R,
(@) = (@) + T (1) )P @) e)
F<y
> (") (2)5(0) = (") ().

Applying the above inequality for j =1,...,n — 2, by the choice of n,, using inequality (@3], for
every n > n,, and taking in account ¢, _1(z) > 1 for all x € R, we get for each § < a —1

(@)D (@) = (1" o4 ") ()

< ﬂl + (n— 1)(@%1&)(&*1%)@)
= dxa—1-8

<1+ (n—1)p1(2)(pn1(z))* P
< (14 @1 (z)n(pn_1(x))* A1
< On_1(x)n(pp_1(x))> P!

A
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< NPn-1 (I)OH_Q

1
(4.12) < F@n(””)
Thus, combining [@3) with (11 and (EI2) for n > n,, we conclude

")) < o P ("3 )@@ @) < p@pn@P, ceR

The proof of (@A) is complete.
In order to derive ([£3]) from (@), let p > 0 and « € Ny be fixed. Set ¢ = p+ 3+ «. Then, for
n > ng it follows for x > 0

(1+ax)P

(1+ @n(z))ptste
while for x < 0 we have
(1+ [[)P

(1 + pn())ptste

In the remainder of this section, we deal with (m-)topologizability of weighted composition
operators on .7 (R?).

(+2Pei@) _ |

(spn#’)(a)({E) < W <

(™) (2) < 1+ |2])Pen(e) < sup(l +y)” exp(—y) < oo.

Proposition 4.10. Let ¢ : R — R? be a smooth mapping and let v € C¥(R?). Then, the
following are equivalent.

(i) Cy., acts on L (R?) and is topologizable (m-topologizable).

(ii) For all a, A € N¢ with |\| < |a| and each p > 0 there exists ¢ > 0 such that

VneN: sup M

verd (14 [on()])?

Proof. We only prove the assertion for topologizability. The proof for m-topologizability is done
by the same argument with obvious modifications.

By definition, Cy , is topologizable on .#(R?) if and only if for every p > 0 and o € N¢ there

is a sequence (an)nen in (0,00) such that {a,C , : n € N} is equicontinuous from Z(R4) into

Zp.o(RY). Since anCy , = Copyme p,, n € N, by Lemma [@LT] (a), Cy,, is topologizable precisely,

Fof37wn’w($)’ <oo (< M™ for some M > 0).

when for every o € N¢ and p > 0 there is (an)nen in (0,00) such that for each A € N¢ with
[A] < |af there is ¢ > 0 with

(L+ ) o™

sup sup anF3 (x)| < o0,

neN zerd (1 + [on(@)])?
where we have used that F£3% %" (z) = a, F£7%"" (), z € R Since the number of A € Ng
with |A] < |a] is finite, the latter property is easily seen to be equivalent to (ii) which proves the
Proposition. (Il

Remark 4.11. (i) Again, using Remark as in the proof of Corollary 27 for d = 1 a
weighted composition operator Cy, , on . (R) is topologizable, respectively m-topologizable,
if and only if for all o, 8, A € Ny with @ > 8 > X and for each p > 0 there is ¢ > 0 such
that

_ (1 + =) NG / (B=A+1)
VneN: 2161% 7(1 o@D (p™%) (xz)Bga (<Pn(13), RN +1 (3:))’ < 0,

respectively if and only if for all a, 8, A € Ny with a > 8 > X and for each p > 0 there are
M,q > 0 such that

(1 + |=)? (a—B) / At
VnEN:supi‘wn’“" $B7A(cpn:t,...,cp,(f +)x>‘§M".

For the special case ¢ = 1, similar as in Remark 2.8 the above characterizations of
(m-)topologizablity simplify to the two conditions
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— there is k > 0 such that for each n € N there is 7, > 0 such that |@,(z)| > |z|'/* for
all |z| > r,, and

(o)
— for every o € N there is ¢ > 0 (resp. there are M, ¢ > 0) with sup,cp 0 len @)

THen@)D7

(@)
(resp. sup,cg % < M™) for every n € N.

(ii) Similarly as in Remark 3] by Proposition B0, for ¢ € Oy (R?) the corresponding
multiplication operator My, is (m-)topologizable on .#(R?) if and only if for every v € N&
there is r > 0 (resp. there are M, r > 0) such that

VneNs sup(1+ o))" @) (@)] < ox,
z€R?

respectively

VneN: sup (1+ |z|)~"
zERY

@M (@)] < m”

Analogously to the proof of Theorem[4.5] we can characterize topologizability and m-topologizability
in a much more operable way.

Theorem 4.12. Let ¢ : R? — R? be a smooth mapping and let v € C®(R?) be of small decay
with respect to p. Then, the following are equivalent.
(i) Cy., acts on Z(R?) and is topologizable (m-topologizable) .
(ii) The following two conditions are satisfied:
(a) For all p >0 and o € N there exists ¢ > 0 such that, for alln € N

:él]gd %Kw"#’)(@ ()] <00 (< M™ for some M > 0).

or all o € there exists ¢ > 0 such that, jor alln €
b) F ll Ng h ) 0 h that, f ll N

S PN () n

sup |y (z)| < 0o (< M™ for some M > 0).
vera (1+ [en(@)])9

Remark 4.13. Condition (a) in Theorem is necessary for Cy , to be topologizable (m-

topologizable) without the assumption that ¢ is of small decay with respect to . Additionally,

conditions (a) and (b) are always sufficient for topologizability (m-topologizability) of Cy, .

Example 4.14. Fix ¢ = 1. From Remark [LTI|i), observe that if ¢ is a polynomial, then
C, : (R) = (R) is topologizable if and only if C, is well defined if and only if deg(p) > 1.
On the other hand, for p(z) =z + 1,z € R, n € N, p > 1 it holds

P

sup (1 + |iE|)p — sup ( 14 |$| > — (1 + | _ n|)p < (2p)n
eer (1 +len(@)))P zer \1+ |z + 7]

Hence condition (a) in Theorem is satisfied. Since condition (b) in Theorem is trivially

satisfied, the corresponding composition operator, the so-called translation operator Cy41, is m-

topologizable but not power bounded, because by the same computation above it does not satisfy

condition (a) of Theorem [£5] as observed in [14, Remark 2].

Example 4.15. Let ¢ : R = R, ¢(z) =az +b, a,b € R, a ¢ {0,1}. Then C,, is m-topologizable.
In fact, it follows from Theorem and

1 1 b
lim —-— sup i — = 1o , ifa|>1
n |a| z€R ] 4 a"x—i—%‘ |a—1|
and
1 b
lim |a|™ sup + |2l = max{l,ﬁ}, if 0 < |a| < 1.
" zE€R | 4 a”x+% [1—al

Finally, for a = —1, we have C2 = id g ().
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Example 4.16. Let p(z) = v 1+ 22, and let ¥ be a fixed non-null polynomial, which is of small
decay with respect to ¢. Then C, : /(R) — #(R) is power bounded by [14, Example 2]. We
show that for Cy , : 7 (R) = “(R) topologizable and m-topologizability are equivalent and that
this holds precisely when ¢ is constant. Moreover, Cy , : /(R) = Z(R) is power bounded if,
and only, if 1) = ¢ for some |¢| < 1.

Indeed, since C, is power bounded, by Remark .7 and Theorem [£.12] (m-)topologizability of
Cy,e is equivalent to condition (a) from Theorem (ii).

Hence, if 7 = ¢ € C, condition (a) for m-topologizability from Theorem [£12] (ii) holds.

On the other hand, if deg(y)) > 1, for every ¢ € N, we find n = ¢ + 1 so that

Y™ (@) [ (@) (@) - - Plon(@))|

SUp —————— = sup = 00,
zer (1 +en(@))T cer (1++vn+a2)4
since the numerator has degree n - deg(v)) = (¢ + 1) - deg(v)) and the denominator, q. Therefore
Cy,e is not topologizable (and not power bounded).
Finally, fix ¢ = c. If |¢| < 1, then, Cy , is power bounded. Otherwise, for all ¢ > 0,

e (@) (@) (e(x)) - b(¢ni(@))] o
nehack (L4 [@n(@))7  nehack (L+ v + 22)0 2SN T

so Cy,, is not power bounded.

5. POWER BOUNDEDNESS OF WEIGHTED COMPOSITION OPERATORS FOR POLYNOMIALS

5.1. Power boundedness of Cy , on “(R) for ¢(z) = az + b. In this subsection we study
univariate polynomials of degree one. For a € R\{0},b € R, as is well known, and may be checked
by Remark 28, p(z) = ax+bis a symbol for .#(R). For the special case ¢(z) = x the composition
operator Cy , is the multiplication operator M,. Power boundedness of multiplication operators
in one variable has been characterized by Albanese and Mele (cf. Remark [43]). Furthermore, from
the fact that, for any locally convex space E, a continuous linear operator T' € L(E) is power
bounded if and only if T2 is, the next proposition follows immediately.

Proposition 5.1. Let p(x) = —x +b and ¢ € Op(R). The composition operator Cy , is power
bounded if and only if ((¢ - (¥ 0 )™ )nen s a bounded sequence in Opr(R).

By the same argument as in the corresponding part of Example .16, we derive the next
proposition.

Proposition 5.2. Let ¢ : R - R, z — ax + b, a,b € R,a # 0, and let v € C*(R) be a non
constant polynomial. Then Cy , is not topologizable.

Proposition 5.3. Let ¢ : R = R, z — z+ b, b € R\ {0} and let yp € C(R) be a polynomial.
Then Cy,., is power bounded if and only if there is ¢ € C, |c| < 1 such that ¢(x) = c. In this case,
the sequence (Cy; ) s convergent to 0 in Ly(7(R)).

Proof. Without loss of generality, we assume 1 # 0. Since v is a polynomial it is of small decay
with respect to . Condition (b) of Theorem [L.F (ii) is trivially satisfied.

Assume that Cy , is power bounded. By Proposition 5.2 has to be constant, ¢ = c. In case
of |¢| =1 we know that C,, is not power bounded [14, Remark 2]. Additionally, by condition (a)
in Theorem [£7] (ii), for some ¢ > 0 we have

(1 + |]) n
00 > supsup |¢|t ————— > sup|c|*(1 + |bn
TR T T e = gl 10D
which implies |c| < 1. Therefore, the sequence (Cy}. sa) of iterates is clearly pointwise convergent to

0 and because .#'(R) is a Montel space, we conclude that (C} ) is convergent to 0 in Ly('(R)).
On the other hand, if ¢ is constant, ¢ = ¢ with |¢| < 1, for p > 0 we have

1 P 1 P
sup sup |c|"w = supsup|c|” (A) < sup |e["(1 + |bn|) < oo
neNaeR (L4 |on(@)])P  neneer 1+ [z +nb| neN

so that Cy ., is power bounded by Theorem .5 O
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Proposition 5.4. Let ¢ : R - R, 2 — ax + b, a,b € R, |a| ¢ {0,1} and let ¢ be a non-null
polynomial. Then Cy, , is not power bounded. In case |a| > 1, Cy , ts not power bounded for
every ¥ € C*®°(R) which is of small decay with respect to .

Proof. We first consider the case |a| > 1. Let zg = ;—fl be the unique fixed point of ¢. We have

@)l al"
L+ len(zo)l 14 |aol’
Hence, condition (b) from Theorem [H] (ii) does not hold.

Assume now |a| < 1 and ¢ to be a non-null polynomial. By Proposition we can reduce to
the case 1(z) = ¢, with ¢ € C\{0}. Since Cy,, is power bounded if and only if C7, , is, we can
assume 0 < a < 1. Let p > 1 such that a? < |c¢[. On account of ¢, (z) = a"z + bi=% “a , for each
q > p, we have

sup sup G le|™ > sup —(1 +ar) le|™ > sup (l |> L = o0.
neNaer (1 + |on(2)])? neN (14 [on (g5) 1) neN \ 0 (1+ }1+b1{_’1n )q
By Theorem .5, Cy,, is not power bounded. O

5.2. Power boundedness of Cy , with ¢ being a polynomial with deg(y) > 2. The main
purpose of the current subsection is to prove Theorem below which completements Proposi-
tion [5.4] with a statement for polynomial ¢ of degree larger than one. For this, we first observe
that Theorem and Remark .7 immediately yield the following result.

Proposition 5.5. Let ¢ : RY — R? be a symbol for .7 (RY) such that there exists k,1 > 0 such
that |, (z)| > |2k when |z| > I,n € N, and let ¢ € C=(R?) be of small decay with respect to .
If Cy.,» acts on ./ (R?) and is power bounded then C, is also power bounded on . (R?).

Lemma 5.6. Let ¢ : R — R? be a symbol for 7 (R?) such that Cy is power bounded. Additionally,
assume that |pn|? = o(|@ns1|) uniformly as n — oo, i.e.

Ve >03IN € NVn > N,z € R : |, (2))? < elonia()].

(1) There is k > 0 such that for every 1 € On(RY) and m € Ny there are My, ql, > 0 such
that for every B € N with |8] < m it holds

(5.1) sup sup (™) (2)] < My (1 + [in(2)]) %
neN |z| >k

(ii) Assume that
(5.2) Jng €N, ¢ >0Vn>ng,z € R : |p,(z)] > c

Then, for every ¢ € On(R?) and m € Ny there are M,,,q,, > 0 such that for every
B € N with |3| < m it holds

(5.3) sup sup |(") D ()] < My (1 4 |on(@)]) .
n>no z€R4

Proof. Since C, is power bounded, by Remark [L.7]

(5.4) Ik > 0V|z| > k,neN: |p,(x)] > 1.

Before we continue, we need to establish the auxiliary estimate (55) below. For this, we recall
that for 3 € Ng we have

(o) (@)
woen @ = 3 vVente) 3 8 Iz e

AENE J=1
0<[A[<B]

As ¢ € Oy (RY), for all A € N¢ there exist Cy, gy > 0 such that
BN (pn(@))] < CA(1 + |pn(@))™, xR, neN.
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The power boundedness of C, and Remark [.7] (b) thus imply
VB eN§3Ch,q5¥n e Nw € RY: (10 0) P (a)] < Ch(1 + [pn())%

Now, let us fix m € Ny. Combining the above with (5.4]), we obtain the existence of Cy,, g > 1
such that

(5.5) VB ENG, Bl <m,neN, |zl >k [(opn) P (@) < Colpn(a)| ™.
Next, we fix n; € N large enough such that
Vn>ng,x € RY: max{3,22"C2 }n(x)* < |oni1(2)].

From the continuity of Cy; , = Cyn. 4, and Corollary 2.3 we obtain the existence of My, gy, >0
with ¢, < ¢}, such that

(5.6) VB ENG, Bl <m, 1 <n<nylz| 2k [P ()] < Min(1 + |pn()]) .
Therefore, for 8 € N¢ with |3| < m and z € R? with |z| > k we conclude
(M) P @) = (@™ (¢ o pn,)) D (2)]

< ¥ (D2 @) jwe e @

¥<B v
< Mot lpm @) S (;) Conlpm, ()|
v<B
= Mal(1+ o 52 o
< M1+ Bl @) /2272, o (a)2) 2
< Mo+ [ @) pms 1 (@)
< My(1+ [, 41 (2)]) ™

where we have also used that 2|y, ()| < 2|pn, (z)|? for |z| > k, and 1 < ¢, < ¢/,- Thus, (5.6)
not only holds for 0 < n < nj but also for n = n; + 1. Proceeding recursively, we conclude

VB e NG, |8l <m,n e No, o >k |("9) ) (@)] < Mu(1+ (),

i.e. (&) which proves (i).
Assume that (&.2) holds. Refering to this additional hypothesis instead of (&.4]), the same
arguments which led to (&3] yield

(5.7) VB ENG, Bl <m.n>mno,x €R: (10 on) D (@)] < Conlipn ()]
With the aid of (7)) in place of ([@.3]), the validity of (53)) is derived with the same arguments as
(EI). This proves (ii). O

Remark 5.7. Let ¢ : RY — R? be a symbol for .(R?¢) such that C,, is power bounded. Assume
that |p(z)| > 0 for each = € R%. Then condition (5.2) holds. Indeed, by Remark .7 there is k& > 0
such that |¢(z)| > k'/* whenever |z| > k. Since || has no zeros and {z : |z| < k} is compact,
there is ¢ > 0 such that |¢(x)| > ¢, x € R In particular, |p| > ¢ on each of the sets ¢,_1(R),
n € N, which shows that (5.2) holds true.

Moreover, in case of d = 1, the additional hypothesis (5.2) is automatically satisfied for every
polynomial ¢ : R — R for which C, is power bounded on . (R) without fixed points and deg(y) >
2. Indeed, we have either p(x) > z for each € R or p(x) < z for each x € R. In particular,
limy, o0 |n ()| = 00 for every € R. By Remark [T} there is k > 0 such that |¢,(z)| > k'/* for
each x € R\[—k, k] and every n € N. We now consider the case ¢(z) > z,z € R. The arguments
for the case p(z) < z,z € R, are mutatis mutandis the same. In particular, (¢, (x))nen is strictly
increasing for each z € R. Additionally, for each z € [k, k] there is n, € N such that ¢, (z) > k/*
for all n > n,. For every x € [k, k], let 5, > 0 be such that ¢, (y) > k'/* for every y € R
with |z —y| < §,. Since [k, k] is compact and the sequences (¢, (2))nen, © € [—k, k], are strictly
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increasing, there is ng € N such that ¢, (z) > k¥ for all z € [k, k] and n > ny. We conclude
that (5.2) is true.

Combining Remark [£.77] Remark [£.6] Lemma [5.6] and Remark (5.7 we immediately derive the
following result.

Theorem 5.8. Let ¢ : RT — R? be a symbol for .7 (RY) such that |pn|* = o(|pni1]) uniformly
as n — o0. Moreover, assume that there is ng such that |py,, (x)| > 0 for each x € R%. Then, the
following are equivalent.
(i) C, is power bounded on . (R?).
(ii) Cy,, is power bounded on #(R%) for every ¢ € On(R?) and/or for every smooth ¢ of
small decay with respect to .

In order to strengthen the above theorem in case d = 1 we first prove another auxiliary result.

Proposition 5.9. Let E be a Montel locally convex space and let T € L(E).

(1) If AT is power bounded for some X\ > 1, then (T™)nen is convergent to 0 in Ly(E).
(ii) If (#T")HGN is bounded in Ly(E) for some k > 0, then AT is power bounded for every
A€ (0,1).

Proof. If A > 1 and (\"T"(x))nen is bounded in E for every x € E then (T™(z))nen is convergent

to 0 for every x € E, and this is equivalent to (T™),, is convergent to 0 in £4(E) since (T™)pen is

equicontinuous and E is Montel. This proves (i). To prove (ii), we proceed by contradiction. Let

0 <A< 1andlet z € E and let p be a continuous seminorm on E such that (A\"p(T"(x)))nen is
1

unbounded. For every k > 0, A" < —% eventually, hence (nikp(T"(:z)))n ¢ 18 also unbounded. [

We can finally prove the main theorem of this subsection which complements Section [5.1l Note
that polynomials ¢ : R — R with deg(¢) > 2 are symbols for .¥(R) by Remark

Theorem 5.10. Let p : R — R be a polynomial with deg(yp) > 2. The following are equivalent.

) Cy is power bounded on #(R).
) C, is (uniformly) mean ergodic on (R).
d) (C;)neN converges to 0 in Ly(.7(R)).
) Cy, is Cesaro bounded on # (R), i.e. the sequence (= >0 CZ)nen is bounded in Ly, (S (R)).
) Cy. is power bounded on #(R) for every ¢ € Oy (R) and/or for every smooth ¢ of small
decay with respect to .
(8) (Cy.p)nen is convergent to 0 in Ly(-7(R)) for every ¢ € Om(R) and/or for every smooth
¥ of small decay with respect to .
(h) (O, )nen is (uniformly) mean ergodic on ' (R) for every i € Om(R) and/or for every
smooth 1 of small decay with respect to .

Proof. The equivalence among (a), (b), and (c) is [I4, Theorem 3.11] (combined with [28, Theorem
2.5(b)]), and (d) is equivalent to (b) due to [14, Corollary 3.12]. Clearly (b) implies (e). If we
assume (e), then (%C’Z;) is bounded in Ly(#(R)), and Proposition [5.9(ii) yields that Cy, . is
power bounded for 9g(x) = % Proposition 5.5 implies that Cy, is power bounded and (e) implies
(b). The equivalence (b) and (f) holds by Theorem 5.8 Trivially, (g) implies (b), and if (f) is
satisfied, then Cay,, = 2Cy, is power bounded, and (g) follows by Proposition [5.9(i). This shows
that (a) to (g) are equivalent. Finally, (f) implies (h) by [8, Proposition 3.3] and [28, Theorem
2.5(b)] while (h) implies (e) by [28, Theorem 2.5(b)]. O

Remark 5.11. Besides extending the results about composition operators on .7 (R) from [14]
to weighted composition operators, showing that the ergodic properties rely only on the symbol,
Theorem also improves [14, Theorem 3.11 and Corollary 3.12] for composition operators, by
showing that Cesaro boundedness and mean ergodicty are equivalent for composition operators.
Analyzing the proof, we can even replace the property of Cesaro boundedness in condition (e) by
the boundedness of (%C,,,) in £,(.#(R)) for some k > 0.
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6. SUPERCYCLICITY OF WEIGHTED COMPOSITION OPERATORS WITH @ BEING A UNIVARIATE
POLYNOMIAL.

In this short section we use the ideas of Lemma in order to prove the next result which
complements the results from [20].

Proposition 6.1. Let ¢ : R = R be a polynomial such that Cy , is weakly supercyclic for some
Y € Oy (R). Then o(x) =z + b with b # 0.

Proof. If 1(xg) = 0 for some zg € R then Cy ,(-7(R)) C Ker(dz,), and Cy,, cannot be weakly
supercyclic. If ¢(zo) = ¢(z1) for some oy # 1 then Cy (7 (R)) C Ker(ﬁi‘géml — 0z,), and
again we conclude that Cy ., is not weakly supercyclic. Hence Cy , is not weakly supercyclic if ¢
has even degree. If ¢ is constant, the range of Cy , is the span of ¥, and again Cy , is not weakly
supercyclic.

When p(x) = ax+b and a # 1, a # 0, then for zq := —%, if we denote by X the linear span of
{020 53(5%,)} C (R, satisfies Oy, ,(X) C X, and the matrix representing the restriction of Cy,

to X in the basis {04, 53(5%,)} is

( Y(xo) ' (wo) )

0 ay(zo) /-

Since a # 1 we conclude that O;by , has two eigenvalues, and then Cy ,, is not weakly supercyclic
by [3} Proposition I1.26].

When ¢(z) = x, Cy,, is a multiplication operator with {6, : x € R} being eigenvectors of
Cy » and again we conclude by [3, Proposition 1.26] that Cy , cannot be weakly supercyclic. If
© has two fixed points again the same argument applies.

To finish, we have to conclude that Cy , is not weakly supercyclic when ¢ is a polynomial of
odd degree bigger or equal than 3 with only one fixed point a and ¥ (z) # 0 for any z € R. We
proceed by contradiction. Since non null multiples of weakly supercyclic operators are weakly
supercyclic, we can assume t(zg) = 1. Under these hypotheses, there is k > |a| such that
|z] > k implies |p(x)| > |z| and |pn(z)]* < |@nt1(z)| for all n € N. Let M,q > 0 such that
[(z)] < Mlz|? for |z| > k. We argue as in Lemma B.6 to get |¢™%(z)] < M|p,(x)|? for all
|z| > k. From [3| Proposition 1.26] we get that Cy , restricted to Ker(d,) is weakly hypercyclic,
and, for any |z| > k and f € Ker(d,), being a hypercyclic vector

1C o f (@) = [0 (@)] - | f(pn(2))] < Mpn ()| f (n(2))] < Milelﬁlwlqlf(w)la

and this supremum is finite since f € .(R), which is a contradiction with the assumption that f
is a weakly hypercyclic vector. (I

For the translation operator, i.e. C, with ¢(z) = z+ 1, we refer the reader to [20] for sufficient
conditions on ¢ € Oy (R) for Cy, , to be weakly supercyclic on .#(R) as well as for other linear
dynamical properties for these operators.
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