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Abstract

We introduce and study a generalization s(,|») of the Schur functions called the almost symmetric
Schur functions. These functions simultaneously generalize the finite variable key polynomials and the
infinite variable Schur functions. They form a homogeneous basis for the space of almost symmetric
functions and are defined using a family of recurrences involving the isobaric divided difference operators
and limits of Weyl symmetrization operators. The s(, ) are the ¢ = t = 0 specialization of the stable
limit non-symmetric Macdonald functions E(u\ ») defined by the author in previous work. We find a
combinatorial formula for these functions simultaneously generalizing well known formulas for the Schur
functions and the key polynomials. Further, we prove positivity results for the coefficients of the almost
symmetric Schur functions expanded into the monomial basis and into the monomial-Schur basis of
the space of almost symmetric functions. The latter positivity result follows after realizing the almost
symmetric Schur functions s(,|) as limits of characters of representations of parabolic subgroups in type
GL.
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1 Introduction

The Schur functions sy are a central object in algebraic combinatorics directly linking the representation
theory of symmetric groups and GL,, the geometry of Grassmanians, and the combinatorics of Young
tableaux. The functions s, form an exceptional basis for the ring of symmetric functions A with many
remarkable combinatorial properties. In modern algebraic combinatorics, a good deal of work has been
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devoted to studying generalizations of the Schur functions. In particular, the symmetric Macdonald
functions Py[X; q,t] [Macl5] are an important two-parameter generalization of the Schur functions sy =
Py[X;0,0] relating to the representation theory of double affine Hecke algebras and the geometry of
Hilbert schemes. The symmetric Macdonald functions are the symmetric analogues of the non-symmetric
Macdonald polynomials E,, of Cherednik [Che03]. These finite variable polynomials E, are important
in the study of double affine Hecke algebras and satisfy many interesting algebraic and combinatorial
properties [HHLO]]. Particularly, the E,, are simultaneous eigenvectors for a special family of operators
known as the Cherednik operators Y;. It was shown by Ion [Ion03] that the specialization ¢,t — 0 of
the non-symmetric Macdonald polynomials recovers the key polynomials K,,. The key polynomials are
a non-symmetric analogue of the Schur functions relating to the geometry of Schubert varieties through
the famous Demazure character formula [Dem74] |[And85].

Recently the proof of the Shuffle Theorem of Carlsson-Mellit [CM18&] introduced the idea of extend-
ing the ring of symmetric to include almost symmetric functions; that is infinite variable polynomials
f(z1,x2,...) for which there some n > 1 such that f is symmetric in the variables zn, Tn1,.... Geomet-
rically, the almost symmetric functions roughly correspond to the equivariant K-theory of the parabolic
flag Hilbert schemes of points in C* [CGM2(]. Tt was shown by Ton-Wu [TW22] that the ring of almost
symmetric functions PJ, is a module for the positive stable-limit double affine Hecke algebra. This
action includes a special family of commuting operators Y; known as the limit Cherednik operators.
It was shown in the author’s prior work [BW23] that there exists a family of almost symmetric func-
tions E(M‘A)[:ch x2,...;q,t] called the stable-limit non-symmetric Macdonald functions indexed by pairs
of compositions p and partitions A which are simultaneous eigenvectors for the limit Cherednik operators
Y;. On the non-symmetric extreme E .0y are limits of non-symmetric Macdonald polynomials E,.on
and on the fully-symmetric extreme E(GM) recover the symmetric Macdonald polynomials Px. These
almost symmetric functions are related to a similar construction of Lapointe of m-symmetric Macdonald
polynomials |Lap22] and to the work of Goodberry |Goo22] and Orr-Goodberry |[GO23].

It is natural to wonder whether the q,t — 0 specializations of the E(MM) fill a role in the theory
of almost symmetric functions similar to the special place that the Schur functions fill in the theory of
symmetric functions. In this paper, we introduce a family of almost symmetric functions s,y called
the almost symmetric Schur functions (Definition LT]). These functions are the g,t — 0 specialization
of the E(u\/\) (Theorem A2)) and may be defined using a family of simple recurrence relations involv-
ing the isobaric divided difference operators & and the Weyl symmetrization operators Wi. We find
an explicit combinatorial model for the s(,x) derived from the Haglund-Haiman-Loehr formula for the
non-symmetric Macdonald polynomials (Theorem [£6]). Using this formula we find a non-negative com-
binatorial formula for the monomial expansion of the almost symmetric Schur functions (Theorem [L8]).
We also realize the s, as stable-limits of certain key polynomials (Proposition .3)). This immediately
shows that the s(,x) are a Q-basis for the space of almost symmetric functions with rational coefficients
(Corollary [£4]). Using the Demazure character formula, we find a representation-theoretic interpretation
for the s(,|x) as limits of characters of certain representations V(”)(M)\) of parabolic subgroups in type
GL (Lemmal[b.7). From this we prove that the monomial-Schur expansions of the s(,|1) have non-negative
integer coefficients counting the multiplicities of certain irreducible representations for Levi subgroups in
type GL in the modules V™ (u|)\) (Theorem [E3).
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2 Definitions and Notations

2.1 Basic Combinatorics

Definition 2.1. In this paper, a composition will refer to a finite tuple 4 = (u1,. . ., ) of non-negative
integers. We allow for the empty composition () with no parts. We will let Comp denote the set of all
compositions. The length of a composition p = (p1,...,un) is £(u) = n and the size of the composition



is |u| = w1 + ...+ pn. As a convention we will set £(f) = 0 and || = 0. We say that a composition pu is
reduced if g = 0 or py,) # 0. We will let Comp™™ denote the set of all reduced compositions. Given two
compositions g = (p1,...,4n) and 8= (B1,...,Bm), define ux8 = (p1,..., tin, B1,-..,8m). A partition
is a composition A = (A1,...,An) with A1 > ... > A, > 1. Note that vacuously we allow for the empty
partition (). We denote the set of all partitions by Y. We denote by X the set of all pairs (u|\) with
e Comp™ and A€ Y.

We denote by sort(u) the partition obtained by ordering the nonzero elements of p in weakly decreasing
order. We define rev(u) to be the composition obtained by reversing the order of the elements of u.

We will in a few instances use the notation 1(p) to denote the value 1 if the statement p is true and
0 otherwise.

Definition 2.2. The symmetric group &, is defined as the set of bijective maps o : [n] — [n] with

multiplication given by function composition where [n] := {1,...,n}. For 1 <i <n —1 we will write s;
for the transposition swapping 4,7 + 1 and fixing everything else. For o € &, the length of o, (o), is
defined to be the minimal number of s; required to express o, i.e. 0 = s;, -+ 8s,.. For any pu = (p1,. .., tir)

with ; > 1 and p1 + ... 4+ pr = n we define the Young subgroup &, to be the group generated by the
siwithi e {pr+...+pj—1+1,..., 01+ ...+ pj—1 + p;} for some 0 < j <.

We have the following alternative presentation of the symmetric group &,,.

Proposition 2.3 (Coxeter Presentation). The symmetric group &, is generated by elements s1, .. ., Sn—1
subject to the relations:

o s2=1
® S;Si+1Si = Si4+15iSi+1
® SiSj; = S;jSq for |Z —_]| > 1.

In line with the conventions in [HHLO&] we define the Bruhat order on the type GL, weight lattice
Z" as follows.

Definition 2.4. Let e, ...,e, be the standard basis of Z™ and let @ € Z". We define the Bruhat
ordering on 7", written simply by <, by first defining cover relations for the ordering and then taking
their transitive closure. If ¢ < j such that o; < a; then we say o > (ij)(«) and additionally if a; —c; > 1
then (ij)(a) > o + e; — e; where (ij) denotes the transposition swapping ¢ and j.

2.2 Polynomials

Throughout this paper the variables ¢ and ¢ are assumed to be commuting free variables.

Definition 2.5. Define P,, := Q(q,t)[zi!, ..., ;'] for the space of Laurent polynomials in n variables
over Q(q,t) and define P} := Q(q,t)[z1,...,xns] for the subspace of polynomials. We define algebra
homomorphisms Z(™ : PF 1 — PF by

=M (zft-- xff‘x‘::jll) = 1(ant1 = 0)xft - z0m,

The symmetric group &,, acts naturally on P, by algebra automorphisms via

O'(f(:lfl, cee 7.’1},1)) = f(xo'(l)y s 7"1;0'(11))-

We will need to consider the action of the finite Hecke algebras in type GL on polynomials.

Definition 2.6. Define the finite Hecke algebra H, to be the Q(g, t)-algebra generated by T1,...,Tn-1
subject to the relations

o (T —1)(Ti+t)=0for 1<i<n-—1

o TiT 1Ty = Ty 1 TiTipr for 1 <i<n—2

o T3T; = T;T; for |i — j| > 1.

The polynomial representation of H,, on P, is determined by the following action of the Tj :

f=sif)

Ti — Ti41

Ti(f) = si(f) + (1 = t)zi



For 0 <k <nlet eli") € H,, denote the (normalized) trivial idempotent given by

(n) _ 1 ("5F)-e)

€ = — t\ 2 Ts.

k [n_k]t!ae6(zk: N
17 n—

Here [m]i! == T, (55).
We now review an important family of polynomials.

Definition 2.7. The non-symmetric Macdonald polynomials (for GL,) are a family of Laurent
polynomials E,, € P, for u € Z" uniquely determined by the following:

e Triangularity: Each E), has a monomial expansion of the form Ey, = 2" + 37, _, ara
o Weight Vector: Each E,, is a weight vector for the Cherednik operators Yl(”)7 RN Y7£").

We refer the reader to [Che03] for a review of DAHA and the Cherednik operators Y;. Importantly,
the set {E,|u € Z™} is a basis for P, with distinct Y™ weights. For u € Z", E,, is homogeneous with
degree p1 + ... + pn. Further, the set of £, corresponding to u € Z%, gives a basis for P

2.3 Combinatorial Formula for Non-symmetric Macdonald Polynomi-
als

In [HHLO], Haglund, Haiman, and Loehr give an explicit monomial expansion formula for the non-
symmetric Macdonald polynomials in terms of the combinatorics of non-attacking labellings of certain
box diagrams corresponding to compositions which we will now review.

Definition 2.8. [HHLOE] For a composition p = (u1,. .., ) define the column diagram of p as
dg'(p) :=={(3,j) e N*:1<i<n,1<j< i}

This is represented by a collection of boxes in positions given by dg’(11). The augmented diagram of y is
given by .
dg(p) = dg'(n) U{(4,0) : 1 <i < n}.

Visually, to get @(u) we are adding a bottom row of boxes on length n below the diagram dg’(p). Given
u = (i,j) € dg’(u) define the following:

o leg(u) == {(i,j') € dg'(n) : /' > j}

o arm'™(u) := {(+', ) € dg’ () : ' <4, pr < i}

o arm™8 (u) = {(i',j — 1) € dg(p) : &' > i, por < i}

e arm(u) := arm'*™ (u) U arm*'8" (v)

o Ig(u) = leg(u)] = i — §

e a(u) := |arm(u)|.
A ﬁlling of y1is a function o : dg’(11) — {1, ...,n} and given a filling there is an associated augmented filling
o :dg(pn) — {1,...,n} extending o with the additional bottom row boxes filled according to o((4,0)) = j

for j =1,...,n. Distinct lattice squares u,v € N? are said to attack each other if one of the following is
true:

e 1 and v are in the same row

e 1y and v are in consecutive rows and the box in the lower row is to the right of the box in the upper
rOowW.

A filling o : dg’(n) — {1,...,n} is non-attacking if 5(u) # &(v) for every pair of attacking boxes

u,v € dg(p). For a box u = (3,5) let d(u) = (4,7 — 1) denote the box just below u. Given a filling

o :dg'(u) — {1,...,n}, a descent of ¢ is a box u € dg’(u) such that &(u) > o(d(u)). Set Des(d) to be
the set of descents of & and define

maj() = > (g(u)+1).

u€Des(7)



The reading order on the diagram @(u) is the total ordering on the boxes of @(u) row by row, from top
to bottom, and from right to left within each row. If o : dg’(u) — {1,...,n} is a filling, an inversion of

0 is a pair of attacking boxes u,v € @(u) such that v < v in reading order and & (u) > & (v). Set Inv(7)
to be the set of inversions of &. Define the statistics

o inv(3) = |Tv(@)] — 116 <+ i < 5}~ Scpente) o(¥)
o coinv(d) i= (zuedg/(m a(u)) — inv(3).
Lastly, for a filling o : dg’(p) — {1,...,n} set

—1 —1
o . _loe7H ()] lo= " (n)|
S Ty .

The Haglund-Haiman-Loehr combinatorial formula for non-symmetric Macdonald polynomials can
now be stated.

Theorem 2.9. [HHLO§|] For a composition p with ¢(u) = n the following holds:

_ o maj(7) coinv(s) 1-1
Eu - Z xr q t H (1 — qlg(u)+1ta(u)+1> .

o:u—[n] uedg’ (1)
non-attacking G (u)#o(d(u))

We may better understand the statistic coinv through the next definition.

Definition 2.10. [HHLOg] Let o : - [n] be a non-attacking labelling. A co-inversion triple is a
triple of boxes (u,v,w) in the diagram dg ) of one of the following two types

Type 1: Type 2: . I
oo

that satisfy the following criteria:

e in Type 1 the column containing u and w is strictly taller than the column containing v

e in Type 2 the column containing v and w is weakly taller than the column containing v

e in either Type 1 or Type 2 (u) < o(v) < &(w) or o(v) < d(w) < 7(u) or g(w) < 7(u) < 7(v).

Informally, in Type 1 we require the entries to strictly increase clockwise and in Type 2 we require
the entries to strictly increase counterclockwise.

Co-inversion triples are important because they have the same count as the complicated coinv statistic
from Definition [2.8]

Lemma 2.11. |[HHLO§] For a non-attacking labelling o : u — [n], coinv(c) equals the number of
co-inversion triples of &.

Example 1. We finish this subsection with a visual example of a non-attacking filling and its associated
statistics. Below is the augmented filling & of a non-attacking filling o : (3,2,0,1,0,0) — [6] pictured as

labels inside the boxes of 3;(37 2,0,1,0,0).

6
411
1] 2 3

1123|456

Let u be the column 1 box of @(3, 2,0,1,0,0) filled with a 4 in the above diagram. Notice that u is a
descent box of & as 4 is larger than the label 1 of the box d(u) just below u. Further, we see that a(u) = 2
and lg(u) = 1. Considering the diagram as a whole now we see that ©° = xizars3razs, maj(d) = 3,
|Inv(o)| = 21, inv(c) = 14, and coinv(c) = 1. The contribution of this non-attacking labelling to the
HHL formula for E(32,0,1,0,0) € Pq is

P s (1=t 1—t 1—t 1—t
1T2L3T4T6 1—q'3 1—q't2 1— 23 1—q2 )"




2.4 Symmetric Functions

Definition 2.12. Define the ring of symmetric functions A to be the subalgebra of the inverse limit
of the symmetric polynomial rings Q(g,t)[z1, . .., Z,]®™ with respect to the quotient maps =™ consisting
of those elements with bounded x-degree. For i > 1 define the i-th power sum symmetric function
by .
pi=x] +x5+....

It is a classical result that A is isomorphic to Q(g, t)[p1, p2, . . .]. For any expression G = a1g"*+a29"2+. ..
with rational scalars a; € Q and distinct monomials g** in a set of algebraically independent commuting
free variables {g1, g2, ... } the plethystic evaluation of p; at the expression G is defined to be

pilG] == a19™ + asg™? +....

Note that g; are allowed to be ¢ or t. Here we are using the convention that iy = (iu1,...,3ur) for
u = (p1, -, ur). The definition of plethystic evaluation on power sum symmetric functions extends to
all symmetric functions F' € A by requiring £ — F[G] be a Q(q, t)-algebra homomorphism. Note that
for F € A, F = Flz1 + 22+ ...] and so we will often write F' = F[X] where X := 21+ 22+ .... For a
partition A define the monomial symmetric function my by

my = E x?
"

where we range over all distinct monomials z* such that o(u) = A for some permutation o. For n > 0
define the complete homogeneous symmetric function h, by

hn = Z mx.

|A]=n
For A € Y the Schur functions are given as

z: T
S\ = xT

TESSYT(N)

where SSYT(A) denotes the set of semi-standard Young tableaux of shape A. We can extend plethysm
to Q(q,t)[[p1,p2,-..]]- The plethystic exponential is defined to be the element of Q(q,t)[[p1,p2,.--]]
given by

Exp[X] := > ha[X].

n>0
We will need to consider the following operators.

Definition 2.13. For n > 0 define the Jing vertex operator B, € Endg,.)(A) by
Bn[F] := (z")F[X — 2z~ '] Exp[(1 — t)2X].

Here (2") denotes the operator which extracts the coefficient of 2™ of any Laurent series in z.

2.5 Almost Symmetric Functions

The following ring was studied by Ion-Wu in their paper [IW22].

Definition 2.14. [IW22] For k > 0 define the ring P(k)" := Q(q,t)[x1,...,2r] @ A[X)] where X :=
Tky1 + Thao + .... The ring of almost symmetric functions is given by P/, := Uro P(E)T.

The ring P, is a free graded A-module with homogeneous basis given simply by the set of monomials
x* with p reduced. Therefore, P, has the homogeneous Q(g, t) basis given by all z#m[X] ranging over
(u|\) € . Further, the dimension of the homogeneous degree d part of P(k)" is equal to the number of
pairs (p|A\) € ¥ with |p] + |A] = d and £(p) < k.

We will need to consider a family of symmetrization operators on P, .

Lemma 2.15. [BW23] For any k& > 0 the sequence of partial symmetrization operators (egﬂn))nzk con-
verges (in the sense of Ton-Wu [IW22]) to a well defined map e : Pf, — P(k)*. These maps satisfy the
following properties:



L] ei:ek

o ;s =Tiep, = e fori > k+1
OTiEkZEkTifOI’ISZ'Sk—l
® €k€L = €Emin(k,f)

e For any a1,...,ax41 > 0and F € A
ex(x]t - xzk:cZ’fllF[%kH]) =it wF Bay, (F)[Xk]
In previous work [BW23] the author defined the following almost symmetric version of the non-

symmetric Macdonald polynomials.

Theorem 2.16. [BW23] For (u|\) € ¥ the limit

E(,u,\/\)[xly Z2,...54, t] = hgbn 6&’(’2) (Eu*)\*onf(ﬁ(ﬂ)+f(/\)) (1751, <oy Tni 4, t))

exists (in the sense of Ion-Wu [IW22]). The set of {E(M‘A)}(H‘,\)eg is a homogeneous basis for P/, .
Remark 1. {E(u\A)KHp‘) € X} is a weight basis of PJ, for the limit Cherednik operators Y [BW23].
Each E,») is homogeneous of degree |u| + |A|.

The stable-limit non-symmetric Macdonald functions satisfy the following recursion.
Proposition 2.17. |[BW23]

e If u € Comp™ _

E(M\@) = 117ILI] EM*OH
where the limit converges in the sense of Ion-Wu [IW22].

o If u; > piv1 and s;(u) € Comp™ then

~ (I —t)agxn(i+1) ~
(s, = (Ti + B ()

A (1) = Qgun (i + 1)

where a(,|») denotes the Y weight of E(MA).
e Whenever p, > A1 and pr—1 # 0,

€r—1 (E(an#r\)\lwwkk)) = Byt 1 e A AR

We have the following stable-limit variant of the HHL formula 20
Theorem 2.18. [BW23|

For p € Comp™
~ —101 -1 ~
E(H‘@) = Z m)\[SCn+1 +] Z :C‘lg ol ZC‘,’:’ (")‘F(a)
A partition o1 ux0f ) S [n4e(N)]
IA<|ul non-attacking
Vi=1,...,6(\)
Ai=lo— L (n+d)]
where

T /=~\ . maj(d) coinv(c) 1-1

['(@):=q ¢ H (1 s Lga(w 1 H (1=1).
uedg’ (ux0‘ ) u€dg’ (ux0t )
G (u)#5(d(u)) G (u)#5 (d(u))

u not in row 1 u in row 1

3 Symmetrization and Specialization

In the next section we build some tools which will allow us to compute and study the specializations of
the stable-limit non-symmetric Macdonald functions at ¢ = ¢ = 0.



3.1 Weyl Symmetrization and Isobaric Divided Difference Operators

We now recall the definition of the Weyl symmetrization map and its partial symmetrization analogues.

Informally, these maps are the ¢t = 0 specialization of the e,(cn) operators defined previously.

Definition 3.1. Let 0 < k < n. We define the partial Weyl symmetrizer, Wén), to be the map
WP o (P ak -

given by

W (F(z1,... an)) = oo f@m) ] <ﬁ)

UEG(lk n—k) k+1<i<j<n

Remark 2. Notice that these maps are defined over Q (over Z in fact). We may rewrite the given
definition of W,E”) as

(
5

Soco ., (Do (x
W (f (1, an)) = e

Hk+1§i<j§n (zi —x))

@)

where 5](:1) =0"+x(n—k—1,...,1,0).
We will need a few properties of the Weyl symmetrization operators.

Lemma 3.2. As elements of Endgq,)(P;f) the operators W,En) satisfy the following:
. (Wén))z _ W}sn)
o oW =W for o€ S i
o oW =W for o € Sk, _y
o WIW =W for k < j.
Proof. This will follow from Lemma [3.15] proven later in this section. O

Lemma 3.3. For 0 <k <n
W]En)E(7L) _ E(7L)W,£n+1).

Proof. This proof is standard and we leave its proof to the reader. O

The above lemma allows for the following definition.

Definition 3.4. Let k > 0 define the operator Wy on P, as
Wi == lim W™,
n
As we will prove later, the operators Wy, are the t = 0 specializations of the partial Hecke symmetrizers
€k-
Definition 3.5. Define the isobaric divided difference operators, &1,62,€3, ..., on PL, by

vif —zinsi(f)

Ti — Ti+1

&i(f) =

Lemma 3.6. We have the following relations for i,7 > 1:
e & =¢
o £iliv1&i = Eir1&ikit
o &g =&& for [i—j[ > 1.

Proof. This result is standard but in particular will follow from Lemma [3.15] proven later in this section.

a



The above are the relations for the 0-Hecke algebra. The following standard lemma relates the
Weyl symmetrizers W,E”) to the isobaric divided difference operators &;.

Lemma 3.7. We have the recursion relation:
W}gn) =&p1--- §k+1WI£T1‘
One of the main utilities for defining the maps W,g") is that they generate the Schur polynomials in

the following way.
Proposition 3.8 (Weyl Character Formula for GLy). For A € Y and £()\) <n

WO(”)(:L’/\) = S/\(SE1, . .71,”).

Here we review some relevant information about the key polynomials.

Definition 3.9. [Dem74] Let n > 1. Define the key polynomials to be the unique collection of
polynomials {Kq(z1,... 7=Tn)}an’;0 C P determined by the following properties:

o If vy > ... > v, then

Ka(z1,...,2n) = x°.

e Whenever a; > aii+1
Koy (@1, 2n) = &i(Ka(z1,. .., 20)).

We refer the reader to Kirillov |[Kirl6] and Mason [Mas09] for an overview of key polynomials.
By a simple inductive argument we see that for a € Z%

’C(al,...,an,o) (£C17 e 7:cn7:cn+1) = ’C(al,...,an)(xh ey Jln).

As such we will refer to Ky, () for u € Comp™ unambiguously as an element of Z>o[x1, 2, x3,...] C P, .

Remark 3. Tt is known that the key polynomials {Ka|a € Z5,} form a basis for Pl
For A € Y and n > £())

Kon—e0) srevin) (1, - -+, Tn) = sx (@1, .., Tn).
Further, if o = (a1,...,an) € Z%, and there exists some 1 < i < j < n with a; < ... < o
then Ko(z1,...,%n) is symmetric in the variables z;,...,z;. In particular, for any ¢ < k < j — 1,

Ee(Ka(z1,...,2n)) = Ka(z1,. .., Zn).

3.2 Specialization at ¢ =t =10
Definition 3.10. Define O C P/, to be the set of f(x) € P/, such that

i (i)
f@) = flar,22,..50,8) =Y Dt my o [X]

for some scalars ¢ = ¢V (q,t) € Q[q][[t]] N Q(g, 1), (1D N\D) € =.
Let P/, ; denote the set of f(z) € P, such that

fla) =3 et my X]

for some scalars ¢ € Q, (1 |A(") € ¥. Define the Q-algebra homomorphism T : O — fP;LS’@ by
T(f(z1,22,...3q,1)) := f(z1,22,...50,0).

Equivalently,
Y(f) := lim lim f.

q—0t—0
Remark 4. For arbitrary elements of Q(g,t) the limits limg—o and lim¢—¢ do not commute. For
example, limg_0 lims—0 % does not exist whereas lim;_.q limqﬁo% = 0. However, these limits commute
on Q[g][[t]] N Q(g, t) so there is no ambiguity in Definition BI0



We will need the following lemma.

Lemma 3.11. Let f, € PrNO with lim, fn=fE€ P, . Then f €O and
T(f) = lm Y (f2).

Proof. By the definition of Ion-Wu’s convergence (see [IW22]) we know that we have for all n > 1

N
i (i)
fn:ZCSL)x“ My @1 + ... + Tn]

i=1

where ¢ € Qlg, 1), (1P AD) € = with lim,, D =ch e Q(g,t) convergent t-adically. Since f, € P} NO

we know that ¢l = (g, t) € Q[g)[[t]] N Q(g, t). Since Q[q][[t]] is topologically complete t-adically we

must have ¢ € Q[q][[t]] N Q(g,t). Then it is clear that

N )
f=3 2" my o [X] € 0.

i=1

A simple topological argument shows that

lim lim ¢ (¢,t) = lim lim lim e (g,1)-

q—0t—0 n g—0t—0
Then we find
lim Y (f)
n
N ; (i)
= liranT <Z D gh my e+ ...+ xn]>
i=1
al i (i)
:li}}lgii%tl% cgf)x“ my@ [T+ ... + Zn)
i=1

N .
= lim (hm lim cgf)> x“(l)mw) [T1 4+ ...+ zn]

— q—0t—0
a ; (i)
=> <lim lim c(”> " my i [ X]
P} qg—0t—0
=T(f).

O

Here we recall a result of Ion [lon03] relating the non-symmetric Macdonald polynomials to the key
polynomials.
Theorem 3.12. [lon03] For a € Z%,
T(Ea) = Ka.
From Ion’s result we find a known combinatorial formula for the key polynomials using the HHL

combinatorial formula (see 2.9) for the non-symmetric Macdonald polynomials. For a € Z%, denote by
L(a) the set of non-attacking labellings o : @ — [n] such that maj(¢) = coinv(c) = 0.

Ko = Z z°.

ceLl(a)

Proposition 3.13. For a € Z%,,

Proof. From the combinatorial formula for E, (Theorem [Z3]) we see that

_ o _maj(&) coinv () 1-t
Ea= > a7¢™t I <1_qlg(u>+1ta(u>+1>-

o':aﬁ[n]. uedg’ (@)
non-attacking o (u)#o(d(u))

10



Note that the values leg(u) and arm(u) are both non-negative so that E, € O. Therefore, when we
specialize ¢ — oo and ¢t — 0 we find that

maj(c) coinv(a) 1-1 — (o) = i o) =
(}13}) l%q t H (1 — qlg(u)+1ta(u)+1) = 1 (maj(c) = coinv(c) = 0) .
ucdg’ (a)

& (w)#5(d(u))
Hence, from Theorem [3.12]

Ko =7T(Fa) = Z z’ = Z z°.
o:a—[n] ceLl(x)
non-attacking
maj(5)=0
coinv()=0

Remark 5. Note that maj(c) = 0 is equivalent to Des(6) = @ which in turn is equivalent to o (u)
o(d(u)) i.e. © is weakly decreasing upwards along columns. The requirement that coinv(s) = 0 i
equivalent to the statement that & has no co-inversion triples. Thus a non-attacking filling o is in £(«
if 7 is weakly decreasing upwards along columns and has no co-inversion triples.

O
<
is
)

As an easy application of Ion’s result we may compute the specializations of all E( 1]0)-

Proposition 3.14. For all ;1 € Comp™?, Ew@) € O and
T(Eu0)) = K-

Proof. Let p € Comp™. From the combinatorial formula Corollary 218 we may observe directly that
E .10y € O. To see this note that each of the scalar coefficients of the expansion of E(, gy has the form

T ()

for some a, b, c;,d; > 0. By expanding the denominators
1 _ me;  md;
1— qci tdi - Z q ¢
m>0
we see that

7 1 (e ) < 2l

as required.
As T(E,) is now well defined, we may compute directly using Lemma BTl to find

Y(E,)

= liin YT (Exom)
= li7ILn KCpuxom

= lirlln Ku
=Kyu.

O

In the next lemma we will formalize the notion that the operators &;, W) are the ¢ = t = 0 spe-
cializations of T;, €, respectively. This result is standard but we will include its proof for the sake of
completeness.

Lemma 3.15. Forall k> 0andi>1, YoT;lo =& o0 Y|o and T o ex|o = Wi o Y|o.

11



Proof. Let f = f(z;q,t) € P51, NO. Let i > 1 and k > 0.
First, we have

T o T5(f)
=sY(f)+ (1 - O)mlw

1—s;
= (&' +$i78> J(z;0,0)
Ti — Tit1

_ <(mi — xip1)si + xi(l — si)> F(:0,0)

Tj — Ti41
(T — Tit18: )
= (BB fao0)
=& f(2;0,0)
=& o T(f).

If f € P(k)T then
Toe(f) =7T(f)

and
Wi o T(f) = T(f).
Thus we may assume that f € P(k +r)* for some = > 1 in which case using Lemma B.11] we see
T oer(f)
= (tm (" (E™ (1))
— 7 | tim 1 Z t(n;k),g(a)TUE(n)(f)

n n — k t!
[ ] Ue@(lk,nfk)

. 1 n=kY (o —(n
=T (e 3 dBOnE)
JGG(lk’nik)

—lim Y1 ((";’j =e(a>> T (7.2"(5)

TES 1k
=lm(Tay- - Thopr) - (Tor - Trir) Y(E™ (£))
=lm (&1 Gopr) - (Gnr - &rir) f(@1, -, 20, 0,050, 0)
:liinW,E")f(mh...7:cn707...;070)
— Wi o T(f)

4 Almost Symmetric Schur Functions

The stable-limit non-symmetric Macdonald functions E(MM) are seen, from Proposition [ZI7] to be gen-

erated by applying successive partial-symmetrization operators to the functions E( wir0)- Given that the
operators T;, €, specialize to the &;, W respectively, we may define a set of almost symmetric functions
S(u|») analogously.

12



Definition 4.1. Define the almost symmetric Schur functions, s x) = Sz (21, T2, . . .), for (u|A) €
3. by the following recursive formula:

® S0y = Ky
o If . > A1 then
Sttt lir Ao ne) = Wt (S, y el Ar, o 20))-
We will now compute a few non-trivial examples of almost symmetric Schur functions s, ).

Example 2. Here we calculate s(z)3,1) directly using the operators & and Wi:

5(2|3,1)

= WiWa(s(2,3,110))

= W1Wa&i(5s,2,1/0))

= W1iWa& (50?505553)

= WiWs(aizdas + aiades)

= Wi (a3ads [X2] + 22ads: (X))
= 29501y [X1] + 21531y [X1]

Example 3. Here we give a list of some examples of almost symmetric Schur functions that are neither
symmetric Schur functions nor key polynomials.

® S(0,12) = 3o + x351[X2] + w321 + w351[Xe] + w152[X2] + x282[X2] + 2w12051[X2)

o s3,1) = 21521 [X1] + ais(s,1) [X1]

o S(2,11) = T1T251[X2]

® S121) = 232981 [X2] + z12381 [X2]

® S(1j2,1) = :E%S(l’l)[xl] + :z:ls(z,l)[%l].
Remark 6. We note that from the above recursion it follows that for any A € Y, sx) = sx. Thus
the almost symmetric Schur functions interpolate between the key polynomials and the Schur functions
in infinitely many variables z1,x2,.... Lapointe in |Lap22] defines the m-symmetric Schur func-
tions s,z (x;t). These functions have the property that si,e(2;t) = Ha(x;t) (the non-symmetric
Hall-Littlewood polynomial) and s(g,x)(x;t) = sx(x) similarly to the functions s, x)(x) defined above.
Further, they give a basis for P(m)". However, it is not clear to this author how Lapointe’s m-symmetric
Schur functions are related to the almost symmetric Schur functions in this paper. Any proof that relates
these two types of functions would likely be nontrivial and combinatorial in nature.

We are now ready to compute the specializations of the stable-limit non-symmetric Macdonald func-
tions E(,x) at ¢ =1t =0.

Theorem 4.2. For (u|)\) € X, E(MA) € O and

Y (Euin) = 8 ().

Proof. Let (u|A) € 3. In order to show that E(MM) € O it suffices by induction to verify that each
ex(f) € O for every f € O. However, this is easy to see using the explicit formula for the action of €
using the Jing vertex operators B, (see Definition Z13] and Lemma 2I5]). We now proceed by direct
computation using Lemma and Proposition B.141

T(Euin)

= T(ee (Euann))
= W) (T(Euann))
= Wl(u)(KuM)

= W) (S(uxajo))

= S(ulN)-
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4.1 Combinatorial Formula for Almost Symmetric Schur Functions

In this section we will compute an explicit combinatorial formula for the monomial expansion of the
almost symmetric Schur functions. Further, we will use this expansion to show that a generalization of
the classical Kostka coefficients for Schur functions are non-negative integers.

Proposition 4.3. For (u|\) € X,
S(uln) = hrILn ]C;J,*O"*rcv()\)-

Proof. We proceed by direct calculation:

S(pln)

= Weg) - Wau)+e0) S(uxal0)
= We(u) S (uxri0)

= W) Kpuex

= 117131 We(flisl‘)+Z(>\)+n) (ICH*A*On )

= Wm (&) ren+n—1 - Eeu+1) -+ (e e +n—1 - Eeuy+e0)) (Kpnrson)

= hILn IC[J.*O” *rev(N)-
7

As an immediate consequence we get the following;:

Corollary 4.4. The set {s(,x)(z)[(p|X) € X} is a homogeneous Q-basis for fP;rS’Q.

Proof. Since the key polynomials are homogeneous and the operators Wj, are clearly homogeneous, we
see that the s(,\) are homogeneous as well. As there are sufficiently many s(,x) in each homoge-
neous component of P(k)*, it suffices to show that the s(, ., are linearly independent (over Q). Let
(DN (™A € 3 be distinct. Set 7 = £(u) 4 £(A?). Suppose that for some a(? € Q,
2?;1 a(i)s(u(i)wi)) = O. Then

0=2_a%s0 )
i=1

m
_ [ORF )
- Z a 117131 Icu(i)*on*T(I) srev(A(1)

i=1

m

— 1 (©) )

71171}15 a ]Cp,(i)*()"*r(l)*rcv(/\(i))'
i=1

Now we see that for all sufficiently large n,

m
(%) ) —
Z a ]C,u,(i) *O"*"(Z) srev(A(D)) T 0
=1

but, since the pairs (1 |A(")) are distinct, we know that the key polynomials ’Cu(“ are

) won—r(® srev(A()
linearly independent. Therefore, a® =0 as desired. |

Remark 7. It is an interesting question whether or not the s(,), which as we will show in Theorem [£.6]
have integral coefficients in the monomial basis, are a basis over Z for the space T;rs,z of almost symmetric
functions over Z. This is non-trivial and does not follow from Corollary A4l However, this seems likely
as there should be a simple monomial ordering with respect to which the s, ) are uni-triangular. This
ordering would need to specialize to both the Bruhat ordering on finite variable monomials and the
dominance ordering on partitions in both the fully non-symmetric and symmetric extremes.
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In order to describe a combinatorial model for the almost symmetric Schur functions we require the
next definition.

Definition 4.5. Let (u|A\) € X. Let w denote the first infinite ordinal i.e. n < w for all n € {1,2,...}.
For a labelling o : dg’ (i * rev(A\)) — {1,2,...} denote by o* the labelling of @(p, xrev(\)) given by

o o*(u) =0o(u) if u € dg'(p * rev(N))

e 0°(j,0) =7 for 1 < j < O(u)

o 0"(,0) = wt j — L) — 1 for £(u) +1 < j < £(u) + L.
We naturally extend the definitions in Definition [Z.§] of non-attacking, coinv, and Des to labellings of
the form o* which take values in {1,2,...} U{w+1,w+2,...}. Define L(11|A) to be the set of labellings
o :dg'(nxrev(X)) — {1,2,...} such that o* is non-attacking, coinv(c*) = 0, and Des(c*) = 0.
Example 4. We will consider in this example two labellings of the type defined above for the pair
(2]3,1). Our diagrams in this case are given as follows:

dg'(2,1,3) =

—

dg(2,1,3) =

Consider the labellings 01,02 : dg'(2,1,3) — {1,2,3,4} and there corresponding labellings o7, 03 :
dg(2,1,3) — {1,2, 3,4} given by

1
1
1 2
o= |1 2 — o] =
1 3 4
113 ] 4
1 w w1
1
1
1 3
oo = | 1 3 — 05 =
1 2 4
11214
1 w w+1
Both 01,02 are non-attacking with maj(cf) = maj(c3) = 0. However, coinv(c]) = 0 whereas

coinv(o3) # 0. To see this note that in the labelling o2, the boxes

1
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form a co-inversion triple of Type 2.

We may now give a combinatorial formula for the almost symmetric Schur functions. This formula
is derived directly from the HHL-type formula for the key polynomials.

Theorem 4.6. For (u|)\) € ¥
sy = Y 2’

g€L(p|N)

Proof. We start by noticing that from Proposition [£3] we have

S(ulN)

= 1171;11 ’Cu*on*rev(A)

=lim Z .
" o €L (pux0"xrev(N))

For all n > 0 there is an injection £(u * 0™ * rev()\)) — L(u* 0" x rev())) obtained as follows. Let
o € L(p*0" xrev(N)). Consider ¢’ : dg’(pu* 0" *rev(\)) — [n + 1+ £(p) + £(N\)] given by

o o'(u) =oc(u) if u € dg'(p)
o o/'(i,j) = o(i,j — 1) if (4, 7) lies in the rev()\) component of dg’(u * 0" x rev())).

In other words, we are simply aligning the rev()\) parts of each of the diagrams dg’ (0™ rev())) and
dg’' (u*0™+rev()\)) and copying the corresponding values of o. Tt is easy to see that o’ € L£L(u*0" " *rev()\))
and that the map o — o’ is injective. To see this note that the entries values of ¢’ are weakly decrease
upwards along columns so that maj (&\’) = 0 and, since ¢ has no co-inversion triples of Types 1 or 2, then
neither does o/ meaning that coinv(aA") = 0. Now we may consider the directed union

L:= U L(p*0" xrev(N))

n>0

where we identify the image of £( % 0™ * rev())) in L£(p % 0" % rev(\)) for all n > 0. Hence, we have

Sy = 2,27

oeL
Lastly, we show that there exists a simple bijection L — £(u|)\) such that 27 = z7(?) for all ¢ € L.
For o € L say, 0 € L(u 0" xrev()\)), we may define 0" : dg’(u * rev(\)) — {1,2,...} by
o o’'(u) =o(u)if u € dg'(u)
e 0"(i,j) = o(i +n, j) for (i,5) in the rev(\) component of dg’(u x rev()\)).

Then ¢” € L(pu|\) and the map o — ¢” is injective. We now show this map is also surjective. Let
v € L(p|\) and N := max{max,e g’ (jerev(r)) (1), £(1) +£(\)}. Define o : px 0N~ =E ) syev(\) — [N]
similarly to before by copying the values of o for both the p and rev()\) components of dg’(p * rev(\))
onto the corresponding components of dg’(px0N =W =¢XN yrev(X)). Since N was chosen sufficiently large,

o € L{p* 0N~ 4 rey(N)). Now o = v and 2° = 2. Therefore,

sy =y 2= Y a’.

€L sEL(1N)
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4.2 Almost Symmetric Kostka Coefficients

Since s(ux) € P(€(w))" and the set {zm,[Xy] [(alv) € T, €(a) < €(w)} is a basis for P(k)* we may
consider the following definition.

Definition 4.7. Define the almost symmetric Kostka coefficients K((g“i)) to be the coefficients of

the almost symmetric Schur functions expanded into the monomial basis of P(£(u))7, i.e.

A
s = L K et mu[Xe].
(a|v)
£(a)<L(p)
If () > €(n) we simply set K(““j)) =0.

(a

Remark 8. It is straightforward to check that
KO = 6,050

(ulv)
meaning that the K ((g “3)) generalize the classical Kostka coefficients K .. On the other extreme, we find
that 0
(v0) _
Kaix) =0

unless A = () in which case K((Z“g; is the multiplicity of the weight a in the Demazure character corre-
sponding to u. In either case, we see that the Kostka coefficients are non-negative.

Using the combinatorial formula we found for the s(,|x) (Theorem [L6) we are able to give a simple
proof that the almost symmetric Kostka coefficients are non-negative integers.

Theorem 4.8 (Positivity for almost symmetric Kostka coefficients).

K(MM) c Zz()

(alv)

Proof. Let (u|\) € X. Using the explicit combinatorial formula in Theorem we see that

Sy =y, @

g€L(p|N)
However, we know s(,|x) is symmetric in the variables ¢ 41,T¢(u)+2,.-. S0 We may group terms by
symmetry to find
o _ lo= (1) lo = (e(u)l
o @t =Y mulxe] >0 a Pl
TeLplN) vey oLy (ulN)

where L, (u|\) is the set of labellings o : p * rev(A\) — [p + £(v)] such that o € L(u|)\) and for all
1 <i<Lv), o7 (€(n) 4 1)| = vi. Notice that |L, (u|)\)| < oo for all v.
We may further subdivide the sets L, (u|\) now to account for the value of ac‘l"

o
For £(a) < £(p1) let Lia)(p|\) denote the set of all o € Ly, (u|A) such that [0 ' (i) = (o * 0t =y,
Then

—1 —1
W1 gle=tel,

S(uin) = Z |L(a\u)(ﬂ|)‘)|xamu[xf(m]-

(alv)
Thus
KM = Lo (1IN € Zso.
O
Remark 9. Note that K((Z“;\)) = |L(a|v)(p|A)| gives a combinatorial formula for the almost symmet-
ric Kostka coefficients. This formula generalizes the well known formula Ky, = | SSYT(A, u)| where

SSYT(A, w) is the set of semistandard Young tableaux with shape A and content .
Example 5. We saw before that
s = 15 [X1] + 2750 [X1]
which we can expand as
S@3,1) = Timz,n [X1]+2zTm 1 K]+ atme ) (X + aTme,) X1+ 20Tme ) [X1] + 32T m 1,1, (%)

(213,1)

This gives that, for example, K(2\1,1,1,1) =

3 which corresponds to the 3 diagrams:
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1 w w1 1 w w1 1 w w41

Note that the above fillings in the rev(\) = (1,3) component are exactly, up to shifting indices, the
semistandard Young tableuax of shape (3,1) with content (1,1,1,1) (and hence standard). This reflects
that in the monomial-Schur expansion of s(33,1) there is one copy of 1%3(3’1)[%1] and K(31),(1,1,1,1) = 3.

We also have that K 2> ) = 2 which may be seen by computing the labellings in Lzj1,1,1) (2]3,1)

(311,1,1,1
directly:
2 1
1 3 1 2
1 1 4 1 3 4

1 w |w+ 1] 1 w w1

From the computation of Kg“f’ll)l 1) One might be tempted to guess that there is always a way to

compute the almost symmetric Kostka numbers by classical Kostka numbers in some obvious manner.
However, the example of KEI3D shows that it is not always so simple. It particular, the filling

(3/1,1,1,1)
1
1 3
1 2 4
1 w w+1

has a reverse standard filling of rev()) but is not in L31,1,1)(2]3, 1) since coinv # 0.

5 Parabolic Demazure Character Formula

In this section we are going to show that the monomial-Schur expansion of s(, ) has non-negative
coefficients using the Demazure character formula by relating s(,x) to the representation theory of
parabolic subgroups of type GL. This is a strictly stronger result than Theorem 48] and we do not find
a simple combinatorial formula for the coefficients of this expansion. The main result of this section,
Theorem [5.9] may be viewed as a Demazure formula for parabolic subgroups of GL although it will follow
almost directly from the usual Demazure formula.

Definition 5.1. Define the scalars M(((’:“j)) to be the coefficients of the expansion of the almost symmetric

Schur functions into the monomial-Schur basis of P(£(u))*, i.e.

_ (X)) o
S(ulx) = Z M(S\u)z su[Xe()-
(alv)
L(e)<e(p)

If () > €(n) we simply set M(((’:“j)) =0.

We wish to show that M((g“j)) € Z>o but in order to do so we must first review some representation
theory in type GL.
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Definition 5.2. Let n > 1. Define B,, to be the Borel subgroup of upper-triangular matrices in GL,,
and let H, denote the group of diagonal matrices in GL, . For 0 < k < n denote by P, (k) the group of
M € GL,, such that M;; =0 if either 1 < j<i<korj<k<i—1. Lastly, let Ln(k) = Hx x GL,—y C
GL,, under the block diagonal embedding GLg X GL,,—x — GL,, . Let b,, denote the Lie algebra of B,
i.e. the set of upper triangular n X n matrices over C with the usual commutator. Let U/(b,) denote
the universal enveloping algebra of b,. For a dominant integral weight A\ € ZZ%, let V* denote the
corresponding highest weight representation of GL,, . B

Definition 5.3. Given a finite dimensional polynomial representation V of H, we will denote by
char(V) € Z[z1,...,zx] the formal character of V as

char(V) = Z dim Homu,, (o, V')z®.

ango

Definition 5.4. [DemT74] Given a dominant integral weight A € Z%, and o € &,, define the Demazure
module V?u) to be the B,-module

V2 = U(by)v
where v € V2 is any weight vector with weight o()).

Remark 10. Notice that the Demazure module V) is only well defined up to the vector o(\). Therefore,
we may instead index these modules as
A A
VJ(A) = V5.
I

Theorem 5.5. (Demazure Character Formula)|And85] Given a dominant integral weight A and o € &,
char(V;(A)) =Kon)-

Remark 11. The Demazure character formula was first conjectured by Demazure [Dem74] but the first
complete proof was given by Andersen |[And85] by realizing the Demazure modules as spaces of sections of
vector bundles of Schubert varieties and showing that the singularities of Schubert varieties are rational.

Definition 5.6. Let (u|A) € X. For all n > (i) + £(\) define

V(n) (Ml)\) — vsort(M*A)*Onfe(sort(“*’\))

pux0n =) =LA xrev(N)
If & € Comp™ and ¢(a) < k we will write x(™ (a|A) for the irreducible L, (k) = Hy x GL,_x- module

given by
A*Onfkfé(k)

X(")(a|)\) = (ax* Okfl(a)) QY

where we are using the shorthand « # 0P~ o represent the corresponding 1-dimensional representation
Of Hk .

We may relate the almost symmetric Schur functions s(,|x) to Demazure characters via key polyno-
mials directly from the following simple lemma.

Lemma 5.7. Let (u|A) € . Then
S(uln) = lirlln char V™ (u|\).
Proof. In Proposition [£3] we saw that
S(uln) = MM Kyonwrev () = HK gn—tG0 000 srev ()
Using the Demazure character formula we see that
K on = =60 srev(n) = char (Vzorot(g?g)(—)e&ii:ci((i)k)))

so the result follows. O
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5.1 Positivity of Monomial-Schur Expansion Coefficients

We require the following simple lemma.

Lemma 5.8. Suppose A is an integral dominant weight of GL,, and a * 8 = o(\) for some o € &,, with
8 weakly decreasing. Then V2,4 is a Pr(¢(a)) submodule of V.

Proof. Let k = {(). Since Py (k) is the semidirect product of B,, and L, (k) we only need to show that
Vé*ﬁ is preserved under the action of both B, and L, (k). Since VQ*B is by definition a B,-module it
suffices to show that VQ*B is preserved under the action of Idx X GLy—p .

We will proceed by induction. To start fix vg € Vé*ﬁ to be a nonzero vector with weight ax 3. Then for
all k+1 <i < j <n,since B is weakly decreasing, E;v =0 € Vé*ﬁ. Suppose now that vo,v1,..., Um+1
is a sequence of weight vectors in VQ*B with vrq41 = E;, 5, v for all 0 < r < m for some 1 <4, < j, <n
and that

Ejv, € Vé*,a
forall k+1 <7< j<mand 0<r <m. Note that any weight vector in VQ*B may be obtained using
such a chain. Now fix some £+ 1 <1 < j < n. We see that

Ejivmy1

= FjiEi,, jmUm

= (Bipjm Eji + [Eji, Birjm]) vm

= Eirjm (Ejivm) + [Eji, Eipy o J0m.

By assumption Ejjvm € Vé*ﬁ so that, since im < jm, Einjm (Fjivm) € VQ*B. Therefore, it suffices to
show that [Eji, Ei,,j,,]vm € Va.s.
There are a few cases we must consider. First, assume ¢ = i,,. Then

(Ejis EBirjmvm = (Ejjm — 0,5m i) Vm = Ejjp, Um — cVm
for some scalar c. If j < jy, then Ejj,vm € VQ*B automatically. If instead j > jm, then k+1 < i =
im < Jm 80 Ejj,, Um € Vé*ﬁ by the inductive hypothesis. Either way [Eji, Ei,, j,. Jvm € VQ*B.

Now assume j = j,,. Then

[Ejis Einyjm]vm = (Oiyin Ejj — Eiyyi) Vm = cvm — Ei,ivm

©yim

for some scalar c. If i, < ¢ then E; ,ivm € Vé*ﬁ automatically. If i, > 4 then, since k + 1 < 4,
E;,, ivm € Vé*ﬁ by the inductive hypothesis. In either case, [Eji, Fi,, j.. |Jvm € Vé*ﬁ. Lastly, if ¢ # i, and
j # jm then [Eji, E; .1 = 050 [Eji, Ei,j,.Jum = 0 € V2,5 trivially. O

Since the group L, (k) is reductive we obtain the following representation theoretic interpretation for

the coefficients M™Y.
(a|v)

Theorem 5.9. Let (u|A), (a]y) € . For all sufficiently large n

(alv) —

M) = dimHomy, o) (X (@), V) (113)) € Zzo.
Proof. From Lemma [5.7] and the definition of the coefficients M((g“j)) we see that for n sufficiently large
Z M(M\A)mas [w + +z ] :Charv(n)( |)\)
(alv) v Ll(p)+1 e n 1% .
(e

L(a)<e(p)

From Lemma [5.8 we may decompose V™ (u|)) into irreducible Ly (£(x)) submodules as

(n)

VO = @ x(aly) e
(or]v)
L(a)<e(p)
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where dEa v

y = dim Homr,,, (¢(u)) (X(”)(ah/),v(") (,u|)\)) . Notice that

char ™ (av) = z¥sulTe(uy41 + -+ Tnl.

Putting this together we find that for all n sufficiently large
ST MUY sy ey + -+ ]
(alv)
£(a) <L(p)

= char V™ (u|\)
(n
= char @ ™ (alv )EB (alv)

(alv)
L(a)<e(p)
(n)
= Z char X(")(a|y)$d(a\v)
(alv)
L(a)<e(p)
= Z d(z)‘u) char ™ (a|v)
(a]v)
£(a)<L(p)
= Z dim Hoan(g(“)) (X(n) (O(|V), V(n) (,LL|)\)) xasu[$2(u)+1 + ...+ l’n]
(a]v)
£(a)<L(p)

Lastly, as the terms %5, [g(u)4+1 + . .. + Ta] for £(a)) < £(p) are linearly independent we may compare
coefficients to obtain the result. O
As a consequence of the above theorem we obtain a second proof of Theorem L8l
Corollary 5.10. Let (u|)), (a]y) € 2. For all sufficiently large n
|Liajo) (1 A)| =D |SSYT(y,v)| x dim Homy,, (¢()) (X(")(alv%v(") (uIA)) € Z>o.
yeEY

Proof. First, we expand the Schur functions s,[X,(,)] into the monomial symmetric function basis:

_ (1IN,
S(uln) = Z M(S\'y)x 5[ Xe(w)
Z(a)<f(u)
_ (1IN,
= D MERet D Kywmu R

(alv) vey
£(e)<E(p)

A a
Z ZK'V’ M((gl‘w)) e my (X

(alv) yey
L(a)<e(p)

From here we find
K(HM) Z K’Y VM(HM)

(alv) — (alv)-
~YEY
astly, by combining the formula K., = v, V)|, the expression for in Theorem an
Lastly, b bining the formula K-, SSYT h ion for M) in Th 5.3 and
the equation K((g‘u)) |L(apwy (1| N)| from the proof of Theorem .8 we conclude the desired result. |

Remark 12. The inverse Kostka coefficients Ki}l) are given by

my = ZK,(Y /\l)s,\
A
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Notice that
by =Y K K
I
The inverse Kostka coefficients are known from the work of Egeciolgu-Remmel |[ER9(] to have an explicit
combinatorial formula involving signed rim hook tabloids which we will not detail here. In the same
way we obtained Corollary [5.10] we may instead expand each m, into the Schur basis to obtain for all
sufficiently large n

dim Homy,, ¢y (X (@), V™ (ulA)) = D7 KLY X [Liagny (uA)]
yeY

Using the combinatorial formula for the K ﬂ(;;) we see that this gives a purely combinatorial formula.
However, this is not a non-negative combinatorial formula as the inverse Kostka coefficients are often
negative. It would be interesting to find a non-negative combinatorial formula for the M (5 ),

Lastly we remark that by carefully taking direct limits of groups and their corresponding modules in
the right way it is possible to simplify the expression in Theorem [F.0t

M) = dim Home, . (¢(u) (X("")(a|y),v(°">(ﬂ|/\)) :
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