arXiv:2405.01184v2 [math.NT] 12 May 2024

ON THE ZEROS OF THE MILLER BASIS OF CUSP FORMS

ROEI RAVEH

ABSTRACT. We study the zeros of cusp forms in the Miller basis whose van-
ishing order at infinity is a fixed number m. We show that for sufficiently
large weights, the finite zeros in the fundamental domain of such forms, all lie
on the circular part of the boundary of the fundamental domain. We further
show and quantify an effective bound for the weight, which is linear in terms
of m.

1. INTRODUCTION

Let £ > 0 be an even integer, and let M, denote the linear space of modular
forms of weight k for the modular group T' = PSLs (Z). Each modular form f has
a g-expansion (i.e. Fourier series),

where 7 € H, and ng = orde (f).

For any nonzero f € M}, we have the valence formula (see [15]):

1 1 k
(L1 ordu () + gordi () +gord, (H+ > ord () = 73,
zeF~A{i,p}
where F is the usual fundamental domain and p = ¢”™/* = -1 + § Writing
k =120+ k' where k' € {0,4,6,8,10,14}, we obtain
(1.2) > orde (f) .-

Those formulas provide a powerful tool for studying modular forms via their zeros.
suggests that for a nonzero modular form of weight k, there are about 1—’“2 —
ordeo (f) zeros in the fundamental domain F. The space M}, is finite-dimensional
and is spanned by the Eisenstein series and the space of cusp forms Sj, with
dim Sy, = £. The zeros of the Eisenstein series were studied in 1970 by F. Rankin
and P. Swinnerton-Dyer [9]. In their paper, they proved that all the zeros of the
Eisenstein series in the fundamental domain lie on the arc A = {6“9 15 <0< %”}
and become uniformly distributed in A4 as k — co. This argument of Rankin and
Swinnerton-Dyer was used to prove similar results, for instance, [3], [10]. For dif-
ferent types of results about zeros of various modular forms, see [], [7], [11], [12],

[L3], [14], [16].

This research was supported by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program (grant agreement No. 786758).
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This paper will discuss the zeros of the Miller basis of modular forms. The
elements of the Miller basis {gkﬂn}il:o are uniquely defined for every 0 < m < /¢
by requiring

G (T) ="+ 0 (¢") .
The Miller basis forms a canonical basis of M} in the sense that it is a basis of
reduced row echelon form. In particular, we are interested in the cusp forms of the
Miller basis gi.,1,-- -, Gk,e-

W. Duke and P. Jenkins [1] showed that the “gap forms” gro = 1+0 (¢***) has
all its zeros on the arc A in the fundamental domain. This is not generally true for
9k,m with m > 1, for example, as pointed out in [1], g132,9 doesn’t have all its zeros
on the arc A. Nevertheless, an asymptotic result can be achieved:

Theorem 1.1. Fiz m > 1. There exists o, 8 > 0 so that if { > am + 3, then all
the zeros of gi m in the fundamental domain lie on the arc {e“’ 15 <0< %’r}, and
become uniformly distributed on the arc.

In §2| we discuss some needed background on modular forms and the Miller basis.
In §3] we will prove Theorem In §4 we quantify those bounds and show we can
choose o = 4.5 and 8 = 9.5. Finally, in §5| we investigate the behavior of g 1, and
prove the following:

Theorem 1.2. For every £ > 1, all the zeros of gxi1(7) = q+ O (q“l) in the
fundamental domain lie on the arc.
2. BACKGROUND AND PRELIMINARIES ON MODULAR FORMS

2.1. Definitions. Let & > 0 be an even integer, and let H = {7 : Im(7) > 0}
denote the upper half plane. Let f : H — C be a holomorphic function; we say that
f is a modular form of weight k if

(2.1) F(E55) = v 0. ¥(zh) e PSLa(@).

and f is bounded as Im(7) — oco. If f vanishes as Im(7) — oo, we say that f is a
cusp form.

Remark. We can replace with the following conditions:
(2.2) f(r)=f(r+1),
(2.3) fr)y =17 f(=1/7).

When k > 4, there exists a nonzero modular form in M} known as the (normal-
ized) Eisenstein series

1 1 -
(2.4) B=r Y 1Y o),
2 (m,n)ez? (m7 +n) n=1
ged(m,n)=1
where o;_1(n) = de APty = ]23—12, and By, is the k-th Bernoulli number.
One can also define the Eisenstein series of Weight 2

(2.5)  Ea(r) = Zgl()z ZZ _1—2420—1

m;éo ne?Z mT+n



ON THE ZEROS OF THE MILLER BASIS OF CUSP FORMS 3

While FEs is not a modular form, it has some modular properties and transforms as
67

(2.6) By (—1/7) = 2By (T) + —

The first cusp form we encounter is the Modular Discriminant,

(27) AW = oo (Bl - B) =a [[ -0 = 3 rma".

The coefficients 7(n) are known as Ramanujan’s tau function and are all integers.
Lastly, there is a meromorphic modular form of weight 0, Klein’s absolute invariant,
or the j-function:

. Ei) (7—) -1 - n
(2.8) i) = Foy =0 T > en)g”,

n=1

where the coefficients ¢(n) are all integers.

2.2. The Miller Basis for Modular Forms. Let m € {1,...,¢}, and denote:
€km = AzEk/jéim.
Notice that ey, has integer coeflicients and that

Chm = (ql 4 10 (q£+1)) (q—€+m + o) (q—f—i-m—i-l)) — qm + o) (qm+l) .

. . N . . ¢
Using Gaussian elimination we obtain a basis of reduced row echelon form, {gxm},,_;-

Moreover, for any m € {1,...,¢} there exists a unique polynomial F} ,, € Z[z] of
degree £ — m, so that
(2.9) G = A By Fium(7) = ¢™ + 0 (¢").

Remark. Following each step in the Gaussian elimination process, we can see that
F. m has integer coefficients. The polynomial Fy, ., is the associated Faber polyno-
mial of g m; Faber polynomials play a major role in the study of zeros of modular
forms (see [14]), and we will discuss those in detail in

2.3. Modular Forms on the Arc and Under Conjugation. Let f € M}, and
consider its g-expansion f(7) = Z;O:o anq™. Suppose a, are all real, then:

(210) m — Z anw — Z aneQ‘n'in(—?) _ f(—F).
n=0 n=0

Suppose T = €, with 6 € [g, %”] We have 7 = 1/¢%? and from (2.3) we get

f (e“’) — f (71/67"9) _ 6ik0f (6i9) ,

which yields,
(2.11) etk0/2 f (eif0) = e k027 (ei?) = k02 f (ew) .
So, g(6) = e™*9/2 (') is real valued.

3. PROOF OF THEOREM [L.1]

We begin with proving some bounds on A.
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3.1. Bounds and properties of A.

Proposition 3.1. For all 0 € [g, 5

271']7

12
A ()| > |A>)] = (@) — 0.00178537 ...

with @ =2 [} 2 =2.622057..., and
‘ 97 [\ 12
|A ()] < |A(p)| = 556 (W) = 0.00480514. ..
with @' =2 [ AL = 2.42865 ...
Lemma 3.2. (i) The function es (0) = €*Ey (") is negative for all 6 €
[g, 2?“) and vanishes at 2.

Proof. (i) E4 has a unique zero in the fundamental domain, at p = e

(it) The function §(0) = YA (') is negative for all 0 € [5,2F].

(iii) The function e3 (0) = e Ey (') + 2 is real valued and is negative for all
0e (3.5

2mi /3

T 27

Therefore, e4 is continuous and nonzero for all 6 € [57 ?) Hence, it is
enough to show that ey (g) < 0, and indeed

—es (g) =By (i) =1+ 240i03 (n)e~2™ >1 > 0.

n=1

(ii) We know that A never vanishes, thus ¢ never vanishes. Hence, it is enough
to show that ¢ (g) < 0. Indeed,

i(5)= a0 =5 >0

since Fy(i) > 0.
(iii) First, we will show that ey is real valued. Since Es has real Fourier coeffi-
cients, we have Ea(7) = E3 (—7). Using (2.6) we obtain

. : 3 ; ; 3
9) — 77,9E 0y _ . — 710E —e70y - =
ea(f) = e 2 (et?) o=e 2( e ) p
_ 6—1,9 (6219E2 (619) + 6 ) - — = 610E2 (619) + — =e2 (9) .
i i v

Using (2.6) again, we get E (i) = 2, and thus
; 3 3 3
es (ﬁ) =™ 2E, (i) + = =i2 — Zi=0.
2 i T w
We claim that ey is decreasing on [%, %’TL which yields e3(6) < 0 for all
0 € (Z,%]. We will show that 22 < 0:
Using an identity of Ramanujan [8], we know that
1 dB, E3— E,
2mi dr 12
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Hence,

—ica () - 2 (¢
—iez (6) = 2 = % (B> ()" ~ s (0))
2262(9)—%+%€4(9)+% (62(9)—; 2
=iez (0) — % + %64 (0) - %62 6)° + 622.9) + %
——%—% 2 () + Zea (0).

Since e (0) < 0 for all § € [Z, ZF) we obtain %2 (§) < 0 for all § € (3, 2F].

O

We now have the tools to prove the following lemma, which implies Proposition

B.1}

Lemma 3.3. The function §() is decreasing on [%,%5].

[

Proof. Taking the logarithmic derivative of A, we get

da .
dq
qA f17242n1_q = B, (1),
n=1
therefore
% = 2miFs A.
dr
Hence,
do 4 . , g dA L , 4
70 (0) = 6ie® A (e“’) + 5% ~i619§ (e“g) = 6id (0) — 2me®? . e B, (6’0) A (610)
=6:9(0) — 2w (62 (0) — jr) d (i0) = —2meq (6) 6 (0) .
Since ez < 0 for all 6 € (%,25] and 6 (0) < 0 for all § € [Z,2F] we get 2 (6) < 0
for all 6 € (g, %’T] Hence, § is decreasing on [g, %’r] a

Proof of Proposition[3.4 Since |A ( 19)| is increasing on [g {] for all § € [g 2”]

» 73
we have

i) < |A(E?)] <A (p)].
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Since A = ZiZFE anq since E4(p) =0, Eg (i) = 0 we get

1728
L By(i)
(3.1) A(i) = 1798
B (p)’
(3.2) A(p) =~ Zolr)
Hurwitz [5] showed that
> .=
(mi-+n) 15’

(m,n)€z2~{(0,0)}

with @ =2 [} —4Z_ = 2.622057 ..., hence

Vi—z?t
1 1 3w*
Fy(i) = —— L=
24( ) (m,n)€Z2~{(0,0)} (mZ T n) g

Therefore,

A (i) = 15147(223 = (%é”)g = (\gﬂ)w = 0.00178537 . ...

Katayama [6] gives a generalization of Hurwitz’s formula

1 w0
DL

6
(m,n)€Z2~{(0,0)} (mp+n)

with @’ =2 [} <42 = 2.42865.. ., hence

V1—x6
Fe (p) 1 1 945 'S 27’6
2C (6 (mn) €22 £ (0,0)} (mp —+ n)6 27T6 35 27'('6
Therefore,
Es (p)? 27 (@' \"?
Alp) = — 17(28) = - (W — —0.00480514.. ...
[
43 ; : —27 Im(7 1
Proposition 3.4. (i) For all T € H with e~?71m(1) < 3
26—471' Im(7) 24
—27 Im(71) _ ,—2nIm(r) _ —4nwIm(7) _
|A(T)| > e (1 e e 1—62““1(7))
(i) For all T € H
26—87r1m(7') 24
—27 Im(7) —27 Im(7)
A @] < et (14 perimi 4 2
Proof. (i) Firstly, recall that by the pentagonal number theorem (Euler) for

any |z| < 1 we have:

o0

[Ta-=m =143 (-0 (55 4255
k=1

n=1
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and the series on the RHS converges absolutely.
Due to the absolute convergence, we can change the order of summation,

and write:
H 1- 2" Z (Zk(6k+1) 1 pk(BR—1) _(2k=1)(3k—1) _ Z(Qkfl)(3k72))
n=1 k=1
e 2
=14+2"4+25—2-22+ Z 20K (2R ok = B TR (%)
k=2

Let z € (0,1). For all k > 1, 275+ < »=7+2 and since 0 < 5k% — 7Tk + 2
we also have 26k —7k+2 < ,k?

Therefore,
2 2 2 2
L6k (zk T Z—7k+2) > 0k (Z—5k+1 + Z—7k+2) S 90K L mThE2 o 9 kT 5 gk
Hence,

= = 222
H(l—z")21—z—z2—222k:1—z—22—1 .
n=1 k=1 T

Thus, for any 7 € H with e=27Im(") < 1 we have:

oo oo 24
q H (1 _ qn)24 2 |q| (H (1 — |q|n)> —27r1m(7') (H ( —27rn,Im(7—))>
n=1 —1

n=1

2e—4m Im(7)
—27 Im(7) o —2nIm(r) _ —4nIm(r)
Z€ <1 € € 1 —e2m Im(7’)>

24

24

(ii) By the pentagonal number theorem and the triangle inequality:

o0
k(3k+1) k( k k( k+1) k(3k—1)
T1a-=" <1+Z‘ A Co )‘<1+lel +H2|
n=1 k=1
k(3 +1) k(Sk 1)
For all |z| < 1, we have |z] < ||
In addition, since w > 2k for all k > 2, we obtain:
k(3k+1) k(3k—1) E(3k—1)
2l 7 4lal T <20 T <2p*
Thus,
- 2% 2|2/"
[Ta-=» <1+2|z|+Z2|z\ =1+]z |+—27
n=1 k=2 _| |
which shows
97 Im(r) 97 Tm(r) 26—87r1m(7') 24
< —z7m 1imi(7T —2z7 im(7T
|A(T)|<e (1—|—26 +1—e4“m(7)> ,
for all 7 € H, and concludes our proof.
O

Corollary 3.5. For all § € [7/2,27/3], x € [-1/2,1/2]:
‘ A(e) 1

(3:3) Az +0.65i)| 2

7
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and
A(e? 7

(3.4) Al | T

Az +0.751) | = 10
Proof. Substitute 7 = x + 0.651,

o207 24
Az +0.65)| > e HF (1 —e - 22" ) So01
1—e 5

Now, using Proposition (3.1} we know |A(ei9)’ < 0.005 for all 6 € [Z,27]. For all
0€r/2,2n/3], x € [-1/2,1/2]:

A(e'?) 0.005 1
Az +0.65i)| — 0.01  2°
Similarly, we can get:
A(ew) l
Az +0.754) | — 10°
O
(%, 0.0048)
45+
3.5
25+
(%,0.0017)
0.0015 +
1.5 1.6 1.7 1.8 19 2 2.1

FIGURE 1. |A(e')| on the interval [, 2% ]

For the proof of Theorem [I.1] we will also need the following proposition:

Proposition 3.6. Fixm > 1. There exists c1,co > 0 so that if £ > cym + co, then
we have

eth0/22mmsinb g, (010 _ 2 cos (kf/2 4 2mm cosf)| < 2

for all 9 € (3,%). Furthermore, ¢ = TTog(1077) -
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3.2. Proof of Proposition We use the method introduced in the work of W.
Duke and P. Jenkins in [I]. We begin with the statement and proof of the following
version of Lemma 2 in [I]:

Lemma 3.7. Let R > 0. There exists A > 1 so that for all z € F with |j(2)] < R
we have

o 1/2+iA AZ(Z)E]C/(Z)EM*I@’(T) e2mimT g
Irm(2) = /1/2+iA A7) (5(1) = 5(2)) "

Proof. We have j(7) = ¢~ + 744+ P(q) where P(q) = O(q|) as Im(7) — oco. Thus,
there exists N > 0 so that for any 7 € H with Im(7) > N, we have |P(q)| < 744.
Choose A > max(N, 1) such that e>™ > R 4 1488. For any Im(7) > A,

1

(3.5) j(m)| > i 744 — |P(q)| > ¥ 1m(1) _ 1488 > ¥4 — 1488 > R.
q

Thus, there exists A > 1 so that j ([—3 +iA, 1 +iA4]) C C\ {|z] < R}. Denote
C=j([-3+iA L1 +i4]), and v : [-5 +iA, } +iA] — C as the curve y() =
j(r). Then 7 is a closed, simple, and smooth curve onto C, oriented clockwise.
Let U C C be the bounded connected component of C\ C, and let |(| < R. So
¢ € U, and the Faber polynomial Fj, ,,, is holomorphic on U. Thus, using Cauchy’s
formula,

1 /Fk,m(f) ge— L [ Bon(i(n) dj

Fk,m(C):% e £—C T omi “1/24ia J(T) —=¢ dr

(1)dr.

To calculate %, we use the following identity, which is due to Ramanujan [8]:

dBy BB, — Eq
Tag = 3

Hence,

dj B0 EIA — @Bl (BB — o) F}A — A} EoE}

Taq = AZ A2 A

which, using the chain rule, yields:

dj  djdg . dj By
. Y _ 9 _origY — omit1
(36) dr  dgdr "y ™A
Therefore,
VA From(§(7)) Bua(r)
3.7 Fem (¢ :/ b dr.
3.7 bm(¢) —1/24iA J(r)—¢ A7)

We have gi m(7) = ¢™+¢" 1 G(7), where G is a holomorphic function and ord., G =
0. Therefore, we have:

qm ¢"T*G(7) qm G(7)

(3.8) Fim (j(1)) = AUr)Ep (1) + AYT)Ep (1) AYT)Ew (1) +qPZ(7')Ek” (r)’
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where P(7) =[5, (1 — ¢")**. Plugging (3.8) in (3.7), we get:

B 1/2+4iA e2mimT E14(7-)
Fem (6) = /UW A (N By (1) A0 G0 — 07
1/244A G(’T) E14 (T)
* /WHA TP B (1) AW Gir) — O

Under the change of variables 7 — ¢, the contour of integration deforms into a circle

of radius e 2™ around the origin (oriented counter-clockwise). Doing so with the
second integral gives us
1/2+iA 2wimT E
R u g,
—1/24ia AUT) B (1) A7) (G(7) =€)
1 G(T) E14(T)

¥ 21 Jgjeseny PO B () A G — O™

The function q — P[(TG;(ET;(T) F’;E’;gi(z)) E&?S) is holomorphic on the disk {|g| < e

so by Cauchy’s Theorem:

B 1/2+iA eQﬂ'imT E14(7-)
(3.9) Figm (€)= /_1/2% A B () 51—

Now, let z € F and suppose that |j(z)| < R. Substituting ¢ = j(z) into (3.9) and
multiplying by Af(2)Ey(2), we get:
(3.10)

2) = Az z i(2)) = Hed AZ(Z)E’C/(Z)EM—M(T)
hn(®) = M) B (VFin () = [ A

—27'rA}7

627”de7'.

O

Equipped with Lemma [3.7] we will lower the contour of integration, collecting
poles as we decrease it from its initial height.
Fix m > 1. For briefness, we denote

_ A'(2)Ep (2)Era-w (1)
A7) (j (1) = j(2))
Using , and the identity E14_y Fy = F14 we can write
27T N(2) B (2) 2= ((1) — j(2))
=2mi AYT)Ew(1)  j(1) =)

which will be useful for calculating residues.

2mimT

(3.11) G(r,2)

(3.12) G(r,2) =

Assume z = €%, Since j(e?) € [0,1728], we can choose R > 1728 and get A > 1
so that:
1/2+iA
k,m (2) :/ G(t, z)dr.
—1/24iA
We begin to lower the contour of integration from its initial height A to some A’
(which we will determine later).

When @ < A’ < sinf, we have two poles inside the region of integration at 7 = ¢
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and 7 = €'("% | as demonstrated in Figure

\ 4

FIGURE 2. The contour of integration when § < A’ < siné.

Calculating the residues using ([3.12)), we obtain:

2mimz —k 2mim(—1/z)
c Res G(1,2) = S ——

—2mi T==—1/z —2m

ResG(7,2) =

Therefore, we get:

2

1/2+iA! . , o . R
/ G(T7 ez@)dT _ gk’m(eza) _ eszme _ e—zkae—Qﬂ'zme

—1/2+4iA’
Multiplying both sides by e??/2¢27mmsint gives ys:
) ) 1/2+4A’ )
(313) ezk9/2e2ﬂ'msm9 / G(T, elQ)dT
—1/2+4iA’

= th0/2g2mmsinby(10) _ 9 cos (kB/2 + 2mm cos 6) .
For convenience, we denote:
_ 1/2+44iA’ A
(3.14) I(A") = e?mmsn? / |G(7,€")| dr.
—1/244A
Since G(7, z) has a simple pole whenever T ~ z, we need to check which poles are
relevant as we continue to decrease A’

Lemma 3.8. The only possible poles in D = {7 € H: [Re(7)| < 3,Im(7) > 2} are

=1 _z_ =1
z4+17 z4+1 and z—17

Proof. Let v = (‘; 2) € PSL;y (Z), and suppose 7 # id. We divide into cases:

Case 1. Suppose |ed| = 0:
If c =0, then v = ({ §), and since v # id we have |Re(v.2)| > .
If d = 0, then —bc = 1, and thus v = (} '), so again we have |Re(y.z)| >
1. Hence, 7.z ¢ D.

z
z—1"
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Case II. Suppose |cd| > 2:
In this case, ¢? +d? > 5, and

A 1 5
‘cew +d‘2 =c? 4+ d?+2cdcosh >+ d? — leb] > = 5 (c +d2) > 3
Hence,
. I 0 9
Im(y.e%) = 12D 2
|ce®® + d| 5
Case III. Suppose |cd| = 1:
Since v € PSLs (Z), we can assume WLOG that c=1.
Ifd =1, thena—b =1, and thus y.z = a+1, —L. Therefore Re(7y.z) = a—1.
If d = —1, then a 4+ b = 1, and thus 7.z = a + 1= . Therefore Re(v.2) =
a + §
In the third case, we can see that the only possible poles in D are 7 = Z_T-ll and
T:ﬁ,andla‘cerT:iandT:zfl. O
We see that
(3.15)

-1 et sin 6 sin 6 -1
m(———)=Im( — = > =Im | ———
ef +1 ef +1 2+2cosh ~ 2—2cosb e —1

andRe(le_H) Re( ):%

et —1
This means that for values of 6 close to 7/2, the two poles are too close to each
other, so we divide them into cases:

3.2.1. Suppose 3 < 6 < 1.9. We have Im (ﬁ) < 0.75, so we set A’ = 0.75.

Thus, the quantity we need to bound is:

(3.16)
) ¢ . .
1(0.75) < max 2Tm(sin8-0.75) A(e”) By (€") Erg—p (z 4 0.750)

lz|<1/2

Az +0.75) | | Az +0.757) (j(z + 0.75i) — j(e?)) |
Lemma and (3.15]) yield that there exists a lower bound for the difference
|j x + 0.754) — (19)|

We also have A(z) # 0 for all z € H, and since Ey, F14_j, A, and j are all
holomorphic in H, there exists B; > 0 so that

Ek/( 7:9)15‘14 kl(l‘ + 0. 752) B,

(3.17) Az + 0.750) (j(z + 0.75i) — j (%))

a
|lz|<3
Additionally, by (3.4), for all z € [—%, %] and all 0 € (g ?’T)

A(ew)
’A(m + 0.75i)

Plugging (3.17)) and ( into , we obtain:

(319) I(075) § e27‘("1”1’7,(S1n 970.75)710g(10/7)€+31 .

(318) 710g(10/7).
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3.2.2. Suppose 1.9 < 0 < %’T In this case, the pole at 7 = —egil is of height at
most 0.4. Choosing A" =
Figure |3) gives us:

0.65 and adding a little semicircle to our contours (see

. . 1/2 .
(3.20) ezk"/?e?msm"/ G(1 + 0.654, %) dr
~1/2
, . 1/2 .
_ (ik0/2 2mmsin0 (—27ri Res__ e G(t,2) + G(t+ O.65i,ez9)d7> _
N —-1/2

Calculating the residue, we get:

(z+ 1)—k€27rim( =)

Res G(r,2) = “omi
T 142z
Therefore,
A \ 4
-1
z ? /z
p/—o\‘\
Te Y4y G0+

! \

! \

I \

| \

I \

I o\
7

-1 0 1

F1GURE 3. The contour of integration when 6 € [1.9, 27”]

cos 6

7m(2sin Gftan(e/Q))e—Qﬂ'imm

—2mietk0/2e2mmsinO Res . G(r,2) = < :
B (2cos(0/2))
Together with (3.20)), we have:
) ) 1/2 ) e71'm(2 sin —tan(0/2))
(3.21) |eh0/2¢2mmsind G(r + 0.65i,¢%)dr| < — + 1(0.65).
-1/2 (2cos(6/2))
Consider the derivative of the first term on the RHS:
(3.22)
. / .
ewm(zsm«?—tan(e/z)) B 67rm(2 sin @ —tan(60/2)) ((k sin 0)/2 +7m (4 COS2(9/2) cosf — 1))
(2cos(6/2))" 2k+1 cosk+2(6/2) '
Therefore, if k& > %m, then for all 6 € [g, %’T], we get:

(3 ) efrm(Q sin @ —tan(0/2)) ! - eﬂ'm(QSinQ—tan(@/Q)) (@]f +7mm (—1 — 1)) -0
(2cos(6/2))F 2k+1 cosk+2(6/2) =
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This shows that the first term on the RHS in (3.21)) is increasing. So it is bounded
by its value at %’T, which means:

67rm(2 sin —tan(0/2))

(2cos(6/2))" ’
for all 6 € [Z,2F]. Thus, we are left to deal with
(3.24)
\in 60— A(ew) ¢ Ek/ (61'0)E147k/ (.’E + 0652)
1(0.65) < 27m(sin 0—0.65) , )
(0.65) < max e Az +0.651)| | A(z + 0.651) (j(z + 0.65i) — j(ei?))

As in the previous case, Lemma and (3.15)) yield that there exists a lower bound
for the difference

|j(z + 0.65i) — j(e')|.
This is sufficient to imply that there exists Bs > 0 so that

(3 25) < Ek’ (eie)E147k/ (:E + 0757/) 6B2
' i< | Az +0.75i) (j(z + 0.75i) — j(ei?)) '
Additionally, by (3.3)), for all z € [—%, %] and all 0 € (%, %’T),
A(e”) 1
3.26 —_—— —log(2),
(3:26) ’ Az +0.659)
Plugging (3.25) and (3.26) into (3.24)), we obtain:
(327) 1(065) S e27rm(sin970.65)710g(2)f+32'
Now, denote
s T 7r
3.28 - ) = ’
(3:28) 1= max (210g (10/7) 101og (2)) 2log (10/7)
and
Bl — log (2) B2
3.29 = '
(3:29) er = mox (G0 g
Suppose £ > ¢ym + ¢z, so by (3.19)
(3.30) 1(0.75) < ¢73° ~1o8(10/NE+BL  plog(2) — o
By (3.27),
(3.31) 1+ 1(0.65) < 1+ ¢ To 108482 o7 4 0=
Therefore,
(3.32) max (1(0.65) + 1,1(0.75)) < 2.
Finally, using (3.13)) and (3.21]), we get:
(3.33)

eR0/2g2mmsinby (010) _ 9 cos (kB/2 + 2mm cos 0)‘ < max (1(0.65) +1,1(0.75)),
which implies:

(3.34) tk0/2p2mmsinG g, (1) — 2cos (k0/2 + 2mmcosf)| < 2,

and completes our proof of Proposition [3.6
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3.3. Proof of Theorem Choose a@ = 4.5 > ¢ and 8 = ¢3. Let k > 0 be
an even integer with £ > am + . Denote D = ¢ — m and h(0) = ’“2—9 + 2wm cos 6,
consider the derivative of h:

() =k/2 —2rmsin® = (k — 4rmsind) /2 > (k — 47m) /2.

Since k > 12¢ > 12am > 4wm, we have h'(d) > 0. Therefore, h increases from
"Tk =3l + “Tk’ to %k —am = 3wl + %k' + 7D, passing through D + 1 consecutive
integer multiples of . Let ng be the least integer such that mng € [’%, %’“ — Wm}.
Thus, there exists § <6y <0; <...<0p < %’T such that h (8;) = mng + 7j for all

0 < j < D. We have cos (h (6;)) = (—1)7T"0. So, by Propositionwe get:

249. (_l)j—i-no > eiij/2627rmsinngkym(eiaj) >_2472. (_1)j+n0
Hence, the function 6 — e*%¢/2¢2mm Si“‘ggkm(ew) is continuous and changes its sign
in the interval (6;_1,6;), showing that it attains the value zero at least once in
each of those intervals. Since there are D intervals, we deduce that gy, (e?) has
D zeros. Hence, the form gy, has D = ¢ —m zeros on the arc A, in addition to
the m zeros of gy, at infinity. In other words, all of the finite zeros of g ,,, in the
fundamental domain are on the arc \A. We are left to show that the zeros of gi
are uniformly distributed on the arc:

Let 21,...,2p € [1/2,27/3] be the D zeros of the form gy, ,,, under the parametriza-
tion 0 — €% and let [a,b] C [r/2,27/3]. Since h is increasing, we have z; € [a, b]
if and only if h (2;) € [h(a),h (b)]. By definition h (z;) is between two consecutive
integer multiples of 7, therefore the number of zeros in the interval [a, b] is roughly
the number of integer multiples in the interval [h (a), h ()], i.e.

#{1<j<D:z € la,b]}

=#{neZ:melh(a),h(b)]}+0(1)= Vb(b);h(a)J +0(1).

Hence,
#{1<j<D:zjca,b]} h(b)—h(a) 1
D ) +O(D
_k(b—a) cos (b) — cos (a) 1
_27rD+27TmD+O<D)
(120 +K) (b—a) 1\ ts00 6(b—a) b—a
2 (0 —m) +O<D> T _2?“—%'

Thus, the zeros become uniformly distributed which implies Theorem [1.1

4. QUANTIFYING THE BOUNDS

In this section, we will quantify the constants ¢; and ¢z in Proposition [3.6] which
will determine o and 8 in Theorem Specifically, we will prove:

Theorem 4.1. Fiz m > 1. For allk = 120+ K, if £ > 4.5m + 9.5 then all the
zeros of gi.m in the fundamental domain lie on the arc {ew 15 <0< %”}
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4.1. Outline of the Proof of Theorem As shown in Proposition [3.6, we

have ¢; = W < 4.5. Thus, we are left to quantify co. To determine co, we

need to quantify the bounds B in (3.17))
Ey(e")Era_gs 0.75i
B17 (e ) Braie @ + 0.750) ’ 5,

lz|<3 | Az +0.751) (j(z + 0.75i) — j(e¥))
and Bs in (3.25))
Ey (ew)EM_k/(a: + 0.65i) B
3.25 - 2.
825 123 | Az + 0.651) (j(z + 0.651) — j(e?))| =€

We will do so in the following manner:
(1) In we will find a lower bound to the differences
max |j (x +i0.75) — j (")

1
|I|§§

where 0 € [1/2,1.9], and
lnTa% |j (z + i0.65) — j (ei0)|
z|<35
where 6 € [1.9,27/3].
(2) In and we will find an upper bounds for F4 and Eg on the
arc A, and on the horizontal lines of height 0.65 and 0.75. Those bounds,
together with the following identities,

Eg = E3,
Eyo = E*F,
Eyy = E}Es,

would yield upper bounds for Ej for all k' € {0,4,6,8,10,14}.
(3) We will use Proposition to obtain a lower bound on A(z + i0.65) and
Az +10.75).
Lastly, we will substitute the bounds above in and and get By = 4.04
and By = 5.2.

4.2. Bounds for the j-function.

Lemma 4.2. (i) For all 6 € [Z,1.9] we have
(4.1) max__|j(z +0.751) — j(e')| > 158.
xE[—%,%]

(it) For all § € [1.9, 2] we have
(4.2) max | |7 (2 + 0.65i) — j(e")| > 299.

11
272

Proof. We begin with a few basic facts on the j-function:
(1) The g-expansion of j has integer coefficients, thus j(x + iy) = j(—z + iy).
(2) The j-function is injective on the fundamental domain and onto C.
(3) j(7) is real if and only if 7 lies on the boundary of the fundamental domain

or the imaginary line. Specifically, j maps the line {—% 4+ttt > ?} onto

(—00,0), the arc A = {€" : T < 6 < 27} onto the interval [0, 1728], and the
line {it : ¢ > 1} onto (1728, c0).
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(4) For all n > 1 we have ¢(n) < e*™V" where ¢(n) are the coefficients of the
j-function (for the proof of this fact see [2] or [A.3)).

Since the j-function is real on the arc, the function z — |j(:c +iy) — j(ei9)| is an
even function. Thus,

(4.3) max |j(@ + iy) = ()] = max [j(o+iy) = j(e)]

|z < xE 75]

Furthermore, since j on the fundamental domain is injective and real on its bound-

ary, the function 6 +— j(e") is decreasing on [%,2F] (since j(i) = 1728 and
i(p) =0).

(i) The case y =2 and 6 € [Z,1.9]: In this case j(e') € [j(e'?%),1728] and

a simple MATLAB calculation yields j(e!%%) > 271. Examining the plot of

the real and imaginary parts of j(z +0.75i) on [0, 1] (see figure [4), we can

see that a bound to (4.3) is achievable by subdividing the interval [0, 3].

Re(j (x+ 0.753))
——— Im(j(z + 0.754))

1728 -

271

FIGURE 4. The real and imaginary parts of j(x + 0.757) on [O, 5]

2
For any n > 8 we have 47\/n — tn < —5n, thus
c(n)e*%ﬂ" < ATV < o Thon,

Denote f(z) = 22271 c(n)e= 5 me2™inT  then:

[e%e] [ee} _ 8m

27 ,r e~ 100
; T5i) — < —Fn < “fhon = = .
| (z +0.754) f(x)|_z_;c(n)e 5 _Z;e 160 — <26

Let us subdivide the interval into three parts:
e z € [0,0.1]: After plotting Re(f(z)) in MATLAB (see figure [5)), we
can conclude that Re(f(x)) > 2000, which yields

Re(j(z + 0.75i)) > Re(f(z)) — 26 > 2000 — 26 = 1974.
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Hence, for all = € [0,0.1]:
(2 +0.75i) — j(e")| > |Re(j(z + 0.75i) — j(e”))]
> Re(j(z + 0.751)) — j (') > 1974 — 1728 = 246.

5000 +

4000 +

3000 -

2000
1728 -

1
0 0.05 0.1

FIGURE 5. The real part of f(x) on [0,0.1]

e z €[0.1,0.2]: Here, we will plot Im(f(z)) in MATLAB (see figure [6]),
and conclude that Im(f(x)) > 2000, which yields

Im(j(x + 0.751)) > Im(f(x)) — 26 > 2000 — 26 = 1974.
Hence, for all z € [0.1,0.2]:

|j(z +0.756) — j(e)] > Im(j(x + 0.757)) > 1974.

e z € [0.2,0.5]: We will plot Re(f(z)) in MATLAB (see Figure[7) again,
we can conclude that Re(f(z)) < 87, which yields

Re(j(x + 0.75i)) < Re(f(x)) + 26 < 87 + 26 = 113.
Hence, for all z € [0.2,0.5]:
|lj(z +0.75i) — j(e™)| > |Re(jj(z + 0.75i) — j(e”))|
> j(e") — Re(j(z + 0.757)) > 271 — 113 = 158.

Finally, we can conclude that for all § € [g, 1.9]:

[@1) I[naIXI |j(z +0.750) — j(e?)| > 158.
z€|— 3,3
(i) The case y = 2 and 0 € [1.9,2F]: In this case j(¢) € [0,j(e"")]

and a simple calculation shows j(e!'%%) < 272. For any n > 10 we have
4/ — %’rn < — 1657, thus
3

13 1
C(n)efl—o"n < 647r\f717(;fn <€7ﬁn.
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3200 +

2800 +

2400 +

2000 ; |
0.1 0.15 02

FIGURE 6. The imaginary part of f(z) on [0.1,0.2]

271 +
200 +
(0.5,86.36)

0.25 03 0.35 04 Vﬁ.s
0 I I I I | I

-200

-400 ~

-600 —

-800 —

FIGURE 7. The real part of f(x) on [0.2,0.5]

Denote g(z) = 327 _ . ¢(n)e™ 16 "e2™ne then:

n=-—1

13( + 0.650)] — [g(2)]] < iz +0.651) — gla)| < Y e wom = =T <2,
n==8

1—e 100

2l

Which shows

|7(x 4+ 0.65¢)] > |g(x)| — 24.
Plotting |g(z)| in MATLAB (see Figure [8) we can deduce |g(z)| > 595.
Hence,

[E2)  |i(z+0.65i) — j(e)| > [5i(x + 0.656)| — j(e™) > 595 — 24 — 272 = 299.
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16000

14000 ~

12000 ~

10000

8000

6000

4000

2000
(0.5,595.792)

272 | | | | | | | | | |

FIGURE 8. |g(z)| on [0,0.5]

4.3. Monotonicity of |E4 (ei9)| and |E6 (eie) | For k = 4,6, we define

e, (0) = 'S B, ("),

and for k = 2, we define

. , 3
0) = ZOE 0 =
ex(0) =e 2(6 )er
Lemma 4.3. (i) The function eg (0) = 3 Eg (0) is positive for all§ € (3, %]
and vanishes at 5.
(i) The function ’E4 (ew)’ s a decreasing function on [%, %”] In particular,
for all 6 € [g, 1.9} we have

4
(4.4) PACOIESACE 37% — 1.455761...,
with @ = 2 [ A2 = 2622057, and for all 6 € [1.9, %]
(4.5) |Eq ()| < |Ey (%) = 0.900253.. ..

(iii) The function |E6 (ei9)| 18 an increasing function on [% %”] In particular,
for all 6 € [g, 1.9} we have

(4.6) |Es ()| < |E6 (e%)| = 1.980151.. .,
and for all 0 € [1.9, %’r]
) 27 16
(4.7) |E6 (¢)] < |Es (p)] = % = 2.881536.. ..

with @' =2 [ A2 = 2622057 ...
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Proof. (i) Es has a unique zero in the fundamental domain, at i = e™/2.
Therefore, e4 is continuous and nonzero for all 8 € (g, %’T] Hence, it is

enough to show that eg (%’T) > 0. As we previously saw, by [6]

2m < 27"
€6 <3) = 627”E6 (p) = W > 0.

(i) Since ey is negative, we have |Ey (¢')| = —e4 (). Hence, it is enough to

show % > 0. Indeed, recall the following Ramanujan’s identity,

1 dEy  E3FE4— FEg
omi dr 3 ’

Then,

d d , ,
T 0 = 5 (0B (7))

= 2ie® B () + ezied% (Es (¢))

o dE.
= 2ie4 (0) — 2we2’ee’0d—7_4 (eze)

= ies () — 2 e (B (¢) By () — By (7))

= 2ies (0) - 2ea(0) (2(0) - 2 )+ Fea ()

3
_ %” (eq (0) — eq (8) €2 ()

By (i), e6 > 0 and as we saw in Lemma[3.2} eo < 0 and e4 < 0 which shows

%“ > 0, and thus ey is an increasing function. The bound (4.4)) follows
from a result which is due to Hurwitz [5],

. 3t
Ey (i) =

Tt
The bound (4.5) follows from a simple calculation:

es (1.9) = —0.900253 . . ..

(iii) Since eg is positive, we have ‘EG (eia)‘ = eg (0). Hence, it is enough to show

% > (. Indeed, recall the following Ramanujan’s identity,

1 dEs  EyEg — E3

2wt dr 2
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Then,
de d . )
0 (0) = 25 (¢ Eg (¢))

— 3i€3i0E4 (e’ie) 4 637;0% (EG (eie))

= 3ieg (0) — 2W63i96i0% (')

= 3ieg (0) — me* e (B () Eg () = Ba (7))
= 3ieq (0) — meg () (62 (0) — ;) +meq (%)’

—x <e4 (0)? — €6 (0) e (9))

By (i), es > 0 and as we saw in Lemma es < 0. Hence, % > 0, which

shows that eg is an increasing function. The bound (4.6)) follows from a
simple calculation:

e6(1.9) = 1.980151 . . ..

The bound (4.5) follows from a generalization of Hurwitz result, which is
due to Katayama [6],

Es(p) = 227:66-
(I
4.4. Bounds for Ej;.
Lemma 4.4. (i) For allx € [—3, 3],
(4.8) |E4 (x4 0.654)| < 5.9.
(it) For allxz € [-1,3],
(4.9) |Ey (z + 0.750)| < 3.45.
Proof. Recall, .
Ey(1)=1+240 Z o3(n)q"™.
n=1
(i) An upper bound for |E4(z + 0.65i)| For all n > 3 we have n*e~ 20" < 3,

and thus

137w

<240 Z o3(n)e” 10"
n=3

397

e 20

i3
1—e 30

|Ey ( + 0.650)] — ‘1 + 240 HF e27in | 91606 4 e

137 137w
< 240 g n eiﬁ”§240-ﬁ g e" 20" =172 < 520.2.
n=3 n=3

Now, we have

137

’1 4 240e~ 5 27ie | 9160 15" eimie

137

< 14240610 4+ 2160e™ 5" < 5.7

Hence,

[@3) |Ey (x4 0.651)| < 5.9.
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4 _3m

(ii) An upper bound for |E4(x + 0.75¢)|: For all n > 3 we have n*e™"1 <
and thus

)

Ut

27

|Ey (z + 0.750)] — ‘1 + 2406~ F €271 4 2160e %77 || < 240 Z o3(n)e” Fn

n=3
[e%s) 9m
< 240 Z nie=Fn" < 240 Z e AT S L .05
- - 1—e & 20

n="7

Now, we have

‘1 1 240e~F €27 4 21606 3| < 1 4 240~ F + 2160e 3" < 3.4

Hence,
(14.9) |Ey (x4 0.75i)] < 3.45.
O

4.5. Bounds for Ej.
Lemma 4.5. (i) For allz € [—3,1],
(4.10) |Eg (2 + 0.654)| < 14.26.

(ii) For allz € [-1,1],
(4.11) |Es (z + 0.750)| < 5.25.
Proof. Recall

Eg(t) =1—504 i os(n)q".
(i) An upper bound for |Eg(z + 0.65i)|: For all n > 3 we have nSe~ 20" < 8,

and thus

6 (x + 0.651)| — — e 10677”3 efT Tix < 06 11307rn
E 0.65 1—504 2 16632 4 504

> . 3z, 4032 ~ 0
<504 Y nem " < 504 - Z 5 67_0& < 2.05.
n=3

Now, we have

1 — 504e™ 16727 _ 16632¢~ 5" edmi

—’(1—2526 L 2’”’”) — 80136¢~

< ‘(1 — 952~ 1130") — 80136¢ ¥ | < 12.21.

Hence,

([@.10) |Eg (z 4 0.65)| < 14.26.
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(i1) An upper bound for |Eg(x 4+ 0.75i)|: For all n > 1 we have n®e~
and thus

< 504206 P

|Eg (x 4 0.754)| — ‘1 — 504e™ I e2™IT _ 16632e 3T dTiT

4032 e 1

oo
<504 nfemFm <504 72 —En — 1% <03
e %

Now, we have

- ‘ (1 - 2526—%2’”%) — 80136¢ 37 A

‘1 — 50de F 2T _ 16632¢ 3 AT

2
< ‘(1 . 252e—%) — 80136e 37| < 4.9

Hence,

@ 11) |Eg (z + 0.75)| < 5.25.
O

4.6. Proof of Theorem [4.1l We consider both cases for all six different choices
of k.

Casel. y =% and 0 € ,1.9].
By Proposition [3.4| we get |A(z 4 0.75¢)| > 0.007. Now,
For k' =0:
Az 4 0.75%) (j(z + 0 75i) — j(e'?))
Eg(x 4 0.75) - (BEy(z + 0.75i))°
Az +0.75) (j(x + 0.75%) — j(e?))
525 (3.45)2
— 0.007 - 158

max
|z]<1/2

max
lz|<1/2

< 56.5.

For k' = 4:
E4(e w)Em(a? +0.75%)
max
lz|<1/2 | A(z + 0.754) (j(z + 0.757) — j(e?))
_ E4(e")Eg (2 + 0.751) By(x + 0.756)

T 2122 | Az + 0.750) (j(z + 0.75d) — j(e®))
< 1.46 - 5.25 - 3.45

24.
— 0.007-158 <
For k' = 6:
max
lzi<1/2 | A(z + 0. 752) (j(z+0. 75@) —j(e?))
- Eg(e®) (By(z + 0.751))*
= X
lz|<1/2 | Az + 0.75%) (j(x + 0.753) — j(e?))
. 2
< 1.99 - (3.45) < 91.49,

— 0.007-158
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For k' = 8:

max Eg(eie)EG (.’E + 0751)
lz|<1/2 | A(z 4+ 0.75¢) (§(z + 0.75¢) — j(e??))
(E4(¢i?))? Eg(@ + 0.75i)

T etz | Az + 0.750) (j(z + 0.751) — j(ei%))
(1.46)? - 5.25
< BBV 92 049,
= 70,007 158

For k' = 10:

- E1o(e®) Ey( + 0.751)

lz1<1/2 | A(z + 0.75%) (j(x + 0.757) — j(e™?))

ax Es(e)Ey(e®)Ey(z + 0.757)

lz|<1/2 | Az + 0.75%) (j(x + 0.753) — j(e?))
< 1.99-1.46 - 3.45
— 0.007-158

< 9.07.

For k' = 14:
E14(€i9)
max , 3 . L
lz|<1/2 | A(z + 0.75%) (j(x + 0.757) — j(e™?))
Bo(c”) - (Ea(e?))” ‘

|z|<1/2 A(:z: + 0. 75i) (j(x + 0. ?5i) — j(e“’))
. 2
< 1.99 - (1.46)

— 0.007 - 158

< 3.84.

Therefore, for any k&’ € {0,4,6,8,10, 14},

(4.12) max

1
|$‘§§

Ek/(ew)Em_k/(Z' + 0757,) < 64’04
Az +0.756) (j(z + 0.753) — j(e??)) '

Hence, we got By = 4.04.

Case II. y = 12 and 6 € [1.9, Z'|: By Proposition We get |A(z + 0.65¢)] > 0.01.

Now,
For k' = 0:

ma E14(1‘ + 0652)
w1212 | Az + 0.651) (j(z + 0.657) — j(eid))

Eg(x + 0.65) - (Eq(z + 0.654))” ‘

Az + 0.656) (j(z + 0.651) — j(i?))
14.26 - 36
< _
=299 -0.01

max
o <1/2

< 171.7.
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(4.13)
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For k' = 4:
max E4(€i9)E10(I + 0652)
lz|<1/2 | A(z + 0.65%) (j(x + 0.657) — j(e™?))
Eq(e) Eg(x + 0.651) By (a + 0.657)
max — ——
lz|<1/2 | A(z + 0.65%) (j(x + 0.657) — j(e™?))
0.9022 - 14.26 - 6

25.82.
- 2.99 <258
For k' = 6:
- Eg(e?)Es(z + 0.650)
X -
lz|<1/2 | A(z + 0.65%) (§(z + 0.65¢) — j(e*?))
Es(e') (By(z + 0.650))
= Imax A 3 . -
lz|<1/2 | A(z + 0.65%) (j(x + 0.657) — j(e*?))
2.89 -
89 36 < 34.8.

- 2,99
For k' = 8&:
Eg(ew)EG(x + 0651)
max - 3 - -
lzi<i/2 | A(z + 0.657) (§(z + 0.65¢) — j(e??))
(E4(e'®))? Eg(z + 0.650)
A(z + 0.657) (j(z + 0.651) — j(ei?))
0.9022% - 14.26
- 2.99

le]<1/2

<3.9.

For k' = 10:

Elo(eie)E4(£E + 0651)

max , , . L
lzi<1/2 | A(z + 0.657) (5(z + 0.65:) — j(et?))

Es(e)Ey(e®)Ey(z + 0.657)
max 3 . . 7
lz|<1/2 | A(z + 0.65%) (j(x + 0.657) — j(e??))

2.89-0.9022 -6
- 2.99

< 5.24.

For k' = 14:
max Fra(e?)
lz|<1/2 | A(z + 0.65%) (j(x + 0.657) — j(e™?))
EG(eiQ) . (E4(ei9))2
A(x + 0.65%) (j(z + 0.65%) — j(e?))

< 2.89 - 0.90222
- 2.99

max
lz|<1/2

Therefore, for any k' € {0,4,6,8,10, 14},

Ey (ew)E14_k/ ($ + yZ)
Alw+y0) G + i) — (@)
Hence, we got By = 5.2.

5.2

K ’ <e
|I|§§
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Finally, substituting B; = 4.04 and By = 5.2 in we obtain
404 —1log(2) 5.2 4.04 — log (2)
log (10/7) ' log (2)) = log (10/7)

Which proves Theorem

Co = max < =9384...<9.5.

5. PROOF OF THEOREM

In this section, we investigate the zeros of the first element of the Miller basis,
i.e. gr1. Using Theorem 4.1} we conclude that for any k = 120+ &’ with ¢ > 14, the
form g5 1 has all of its zeros in the fundamental domain on the arc 4. Therefore,
we need to show that the zeros of the forms gj,; such that ¢ < 14 are all on the arc
A. The proof goes through Faber polynomials:

5.1. Faber Polynomials. For any nonzero modular form f € Mj, we associate
a polynomial F; € C[z] of degree k — orde, (f) such that f = A*Ey Fy(j), where
k =120+ k and k' € {0,4,6,8,10, 14}, as before. The polynomial F is uniquely
determined and is called the Faber polynomial of f. The valence formula
implies that f attains the zeros of Ej/; we call these zeros trivial. The roots of F
account for all the nontrivial zeros of f, i.e. for any 7 ¢ 4, p, we have f(7) = 0 if
and only if Fy(j(r)) = 0. Together with the fact that j is injective and maps the
arc A= {e : 2 <6 < 2} onto the interval [0,1728], we get that a form f has all
its zeros in the fundamental domain on the arc A if and only if F; has all of its
roots in the interval [0, 1728].

Remark. Given some modular form f, it is not hard to compute its Faber polyno-
mial (for more information see §3 in [14]).

Hence, it is sufficient to consider the Faber polynomials of the forms g ; and
compute their roots.

5.2. Some Examples.
5.2.1. k = 48. The Faber polynomial of gsg 1 is:
Fus1(t) = t> — 2136t% + 931860t — 24903328,
and its roots are 28.5703, 565.1814, 1542.2483 € [0,1728]. See Figure@

5.2.2. k =124. The Faber polynomial of gi24,1 is:

Fiag1(t) = t° — 6696t% 4 1818234017 — 2570359484816
+ 20207360640402¢> — 8750844530401680t*
+ 1942806055074346280t% — 188671766710386398400¢2
+ 5718177043459037019855¢> — 21437679033112542689512.

Its roots are 4.3445, 44.3322, 153.6441, 350.0448, 628.6821, 959.1844, 1289.5802,
1557.8272, 1708.3603 € [0,1728]. See Figures [LO}11]

Using this method, numerically computing the roots of the polynomial F}, ; with
1 < ¢ < 14, we can verify that for any even integer k£ > 14, with 1 < ¢ < 14 the
zeros in the fundamental domain of g ; are all on the arc 4, which concludes the
proof of Theorem [1.2
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FIGURE 9. Fyg 1 on the interval [0,1728].
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FIGURE 10. Fio41 on the interval [0, 200].

APPENDIX A.

Proposition A.1. (1) Let « > 0 and let d > 1 be an integer. The function
fraxe xte™ 2 s decreasing on [g, oo).
(2) For alln > 1 and all x € [0, 3] we have nsin(2rz) > |sin(27nz)|.

Proof. (1) Consider the derivative of f:
f'(z) = (d — ax) z¢"temo",

f' is non-positive on [g, oo), and therefore f is decreasing on [g, oo).
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FIGURE 11. Fjoq; on the interval [0,1728].

(2) Let n>1

TS 647rikx _ e47rinx —1 _ 627rinz eQﬂ'inz _ 6727Tin:r _ 627”_(“71)&0 sin(27rn9:) .

pars edmiz _ 1 e2miz  p2mix _ p—2mix sin(27mc)

Thus,
|sin(27n)]|
sin(2mz)
O
o2

Proposition A.2. Let a € (0, e”\/g> and denote S(0) = ‘1 + ae?™ie’ | then S is
decreasing on [g, 2{]

Proof.

.92 . .
S(0) = ’1 +ae?mie’|” = (14 ae " Sinf cos(2m cos 9))2 + (2" sinf gin (27 cos 0))2

=1+ 20”2519 o5(27 cos 0)
+ a2e4msind (cos?(2m cos 0) + sin® (27 cos ) )
=1+ 20~ 2510 cos(27 cos ) 4 aZe~ 47 sin?
To show that S is non-increasing, consider its derivative, and see that it is non-
positive.
S'(0) = —4ame 2™ (cos f cos(2m cos §) — sin @ sin(2m cos §)) — dmae 4750 cos g

= —dmwae” ™50 cos(0 4 21 cos B) — dmae 4™ cos 6

= —dmoe2msint (cos(6 + 27 cos ) + e 25" 9 cos 9)

On the interval [r/2,27/3], @ — cosf is decreasing from 0 to —1, in particular it

2
is non-positive.
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Hence,

6727r sin 6

« cosf < ae” ™3 cosh < cosd

for all 0 € [7/2,2m/3].
Therefore,

S'(0) = —dmae 2™ (cos(6 + 27 cos ) + ae 2" cos 9)
—dmae™ 2509 (cos(h + 27 cos B) + cos 6)

= —dmae 2™ (2 cos(6 + 7 cos B) cos(m cos B))

—27sin 6

IN

— 8mae cos(0 + m cos 0) cos(m cos 0)

Now, mcosf € [—m/2,0] and thus cos(w cos ) is non-negative. Furthermore, 0 +
meosl € [n/6,7/2] and thus cos(f + wcosf) is non-negative. Overall, S'(0) is
non-positive, which proves our proposition. O

The following proposition (and proof) were taken from [2].

Proposition A.3. Let ¢c(n) be the coefficients in the q-expansion of the j-function,
then c¢(n) < e*™V™ for alln > 1.

Proof. Let t € (0,1), by (2.3) we have j (it) = j (%) Expanding j to its g-series we
get,

o0 (o] .
A1) j(it) = €™ + 744 —2mnt _ o 744 2 (M)
(A1) j(it) = €™ + 7444+ ) " c(n)e er + 744+ ) c(n)e I\;

n=1 n=1

Hence,

(A.2) i c(n) (e*%"t - e*%%) =T — 2,

Since t € (0,1) and ¢
follows for all n > 1:

(A.3) c(n) (6727”” - e*%fn) <eT — ¥,

—~

n) > 0, the terms on the left-hand side are all positive, it

Let n > 2, substitute t = = and obtain:

n
2
eQw\/ﬁ —evn

(A4) c(n) < Y R———

Now, we claim that

2V _
e=2mVn _ g=2mny/n
Indeed, the inequality above is equivalent to

2 _
6271'\/5 —evr < 627r\/ﬁ _ e47r\/ﬁ 27rn\/ﬁ’

(A.5) < etV

which is equivalent to

627‘% > e47r\/ﬁ—27rn\/ﬁ.
Now, since n > 2 we have 2—\/’% > 4my/n — 27n+/n. Thus, (A.5) holds for all n > 2.
For n = 1, we have ¢(1) = 196884 < ¢*™. Hence, ¢(n) < e*™V™ for all n > 1. O
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