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Abstract—In this paper, we propose a new wireless sensing sys-
tem equipped with the movable-antenna (MA) array, which can
flexibly adjust the positions of antenna elements for improving the
sensing performance over conventional antenna arrays with fixed-
position antennas (FPAs). First, we show that the angle estimation
performance in wireless sensing is fundamentally determined by
the array geometry, where the Cramer-Rao bound (CRB) of the
mean square error (MSE) for angle of arrival (AoA) estimation
is derived as a function of the antennas’ positions for both one-
dimensional (1D) and two-dimensional (2D) MA arrays. Then, for
the case of 1D MA array, we obtain a globally optimal solution
for the MAs’ positions in closed form to minimize the CRB of
AoA estimation MSE. While in the case of 2D MA array, we
aim to achieve the minimum of maximum (min-max) CRBs of
estimation MSE for the two AoAs with respect to the horizontal
and vertical axes, respectively. In particular, for the special case
of circular antenna movement region, an optimal solution for
the MAs’ positions is derived under certain numbers of MAs
and circle radii. Thereby, both the lower- and upper-bounds
of the min-max CRB are obtained for the antenna movement
region with arbitrary shapes. Moreover, we develop an efficient
alternating optimization algorithm to obtain a locally optimal
solution for MAs’ positions by iteratively optimizing one between
their horizontal and vertical coordinates with the other being
fixed. Numerical results demonstrate that our proposed 1D/2D
MA arrays can significantly decrease the CRB of AoA estimation
MSE as well as the actual MSE compared to conventional
uniform linear arrays (ULAs)/uniform planar arrays (UPAs) with
different values of uniform inter-antenna spacing. Furthermore,
it is revealed that the steering vectors of our designed 1D/2D
MA arrays exhibit low correlation in the angular domain, thus
effectively reducing the ambiguity of angle estimation.

Index Terms—Wireless sensing, movable antenna (MA), an-
tenna position optimization, angle estimation, Cramer-Rao bound
(CRB).

I. INTRODUCTION

The forthcoming sixth-generation (6G) mobile communi-

cation systems are expected to support more location-aware
applications, such as autonomous driving, robot navigation,

and virtual reality [1]–[3]. These applications demand for
improved sensing capabilities of wireless networks, beyond

the conventional quality of service (QoS) requirement for

data transmission rate and reliability. Consequently, there is
a growing interest in the new paradigm of integrated sensing

and communication (ISAC) in future wireless networks, which

are able to provide both sensing and communication services
by sharing the hardware and radio resources. It is expected
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that wireless sensing, which generally encompasses the de-

tection, estimation, and/or extraction of physical information
from environmental targets, will become a new major service

offered by 6G wireless networks [4], [5].
To synthesis sensing beams with high angular resolution

and beamforming gain, large-scale antenna arrays are usu-

ally required for sensing nodes such as radar and base sta-
tion (BS) [6], [7]. However, their hardware cost and power

consumption also scale up with the increase of number of

antennas, which brings a challenge in implementing low-
cost and high-performance sensing systems. To reduce the

implementation cost, sparse antenna arrays were proposed to

reduce the number of antennas with enlarged inter-antenna
spacing for achieving a large portion of the angular resolution

of large-scale antenna arrays [8], [9]. However, sparse arrays

usually adopt fixed-position antennas (FPAs), which cannot
adapt to different sensing requirements in wireless networks

and switch between the optimal array geometries for sensing

and communication applications [10], [11]. Furthermore, the
FPAs in both large-scale and sparse arrays cannot fully exploit

wireless signal variation in a given region where the sensing
transmitter/receiver is located.

To overcome the above limitations of wireless sensing

with FPA arrays, we propose in this paper a new sensing
system equipped with the movable-antenna (MA) array [12],

which can adjust the positions of antenna elements at the

sensing transmitter/receiver (also known as fluid antenna sys-
tem (FAS) [13]). Compared to conventional FPA arrays, the

new degree of freedom (DoF) of MA arrays via antenna

position optimization has a potential to significantly improve
the sensing performance under the same number of antennas,

explained as follows. First, the array aperture can be effectively

increased by enlarging the antenna movement region, which
helps achieve a higher resolution for angle estimation. Second,

the geometry of an MA array can be optimized to decrease the
correlation between steering vectors over different directions,

thus reducing the ambiguity and undesired interference for an-

gle estimation. Third, real-time adjustment of MAs’ positions
can adapt to time-varying environment conditions and different

sensing task requirements. Moreover, the reconfiguration of

MAs can support flexible functionality switching between
communication and sensing in ISAC systems. In practice, the

geometry of MA array can be pre-configured based on the

sensing application or adjusted in real time to cater to dynamic
ISAC performance requirements.

Preliminary studies have demonstrated the promising bene-

fits of MAs for wireless sensing. The authors in [14] showed a
prototype of MA-aided multi-static radar, where the transmit

and receive antennas can be moved in a line segment with

linear drives, such that the antenna configuration can be fine-
tuned to balance the trade-off between system complexity and
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radar imaging quality. In [15], an antenna was attached on a

sliding carriage to measure the distance between it and the

target at various antenna positions. The target’s location was
then determined by examining the overlapping regions of the

coverage areas centered at these positions. However, the above

studies only demonstrated that MAs can enhance sensing
performance by exploiting the antenna position adjustment,

while the fundamental relationship between MAs’ positions

and sensing performance was not revealed therein.
Additionally, existing studies have extensively explored the

advantages of MAs for wireless communications. For instance,
in [16]–[18], it was demonstrated that employing MAs can

efficiently enhance the received signal-to-noise ratio (SNR)

based on deterministic or stochastic channel models. In [19]–
[24], MA-aided multiuser communication was studied under

various system configurations, where the MA position opti-

mization helps reshape multiuser channels to save total trans-
mit power or improve the sum-rate performance of users. In

[25], [26], MA-aided multiple-input multiple-output (MIMO)

systems were studied based on instantaneous or statistical
channel state information (CSI), revealing that the joint opti-

mization of the MAs’ positions at the transmitter and receiver
can significantly increase MIMO system capacity. In [27],

[28], channel estimation for MA systems was investigated to

reconstruct the channel response between any transmit antenna
and receive antenna locations by sequentially estimating the

angles of departure (AoDs), angles of arrival (AoAs), and

complex coefficients of multiple channel paths, where the
MAs’ positions were optimized to improve the AoA/AoD

estimation performance by compressed sensing. Furthermore,

prior works [29], [30] have demonstrated the efficacy of MA
arrays in interference nulling and multi-beamforming. The

studies in [31], [32] have validated the significant potential

of MAs in enhancing the physical-layer security of wireless
communication systems. Moreover, a new six-dimensional

(6D) MA system was proposed in [33], [34] to improve the
long-term network capacity by jointly designing the positions

and rotations of multiple antenna surfaces at the BS based on

the users’ spatial distribution.
Despite the above works on MA-aided wireless sensing

and communications, the fundamental performance of MA-

aided wireless sensing has not been characterized in the
existing literature yet. This thus motivates this paper, where

we propose a new wireless sensing system equipped with the
MA array, which leverages the new DoF via antenna position

optimization for improving the sensing performance. To this

end, we first show that the angle estimation performance in
wireless sensing is crucially dependent on the array geometry,

where the Cramer-Rao bound (CRB) of AoA estimation mean

square error (MSE) is derived as a function of the antennas’
positions for both one-dimensional (1D) and two-dimensional

(2D) MA arrays. Based on these results, the main contributions

of this paper are summarized as follows:

• First, for the case of 1D MA array, we reveal that the CRB
of AoA estimation MSE is inversely proportional to the

variance of the MAs’ positions. Inspired by this, an opti-

mization problem is formulated to minimize the CRB by
optimizing the antenna positioning vector (APV), which

constitutes all MAs’ positions. Although the formulated

optimization problem is non-convex, we obtain a globally
optimal solution for the APV in closed form.

• Next, for the case of 2D MA array, we derive the

CRB of AoA estimation MSE and formulate the CRB

minimization problem by optimizing the 2D MAs’ po-
sitions. Specifically, we aim to achieve the minimum of

maximum (min-max) CRBs of estimation MSE for the

two AoAs with respect to the horizontal and vertical
axes, respectively. In particular, for the special case of

circular antenna movement region, an optimal solution for

the MAs’ positions is derived under certain numbers of
MAs and circle radii. Thereby, both the lower- and upper-

bounds of the min-max CRB are obtained for the antenna

movement region with arbitrary shapes. Moreover, we
develop an efficient alternating optimization algorithm to

obtain a locally optimal solution for MAs’ positions by
iteratively optimizing one between their horizontal and

vertical coordinates with the other being fixed.

• Finally, we present extensive numerical results to demon-
strate the decrease of AoA estimation MSE by MA

arrays compared to conventional uniform linear arrays

(ULAs) or uniform planar arrays (UPAs) with different
values of uniform inter-antenna spacing, and shed light

on how the designed antennas’ positions can achieve such

performance gains. In particular, it is revealed that the
steering vectors of our designed 1D/2D MA arrays exhibit

low correlation in the angular domain, thus effectively

reducing the ambiguity of angle estimation.

The remainder of this paper is organized as follows. Section
II and Section III describe the system model and analyze the

CRB of AoA estimation MSE for 1D and 2D MA arrays,

respectively. In Section IV, we propose an alternating opti-
mization algorithm to solve the antenna position optimization

problem for 2D MA arrays. Section V provides numerical

results and pertinent discussions. Finally, we conclude this
paper in Section VI.

Notations: Symbols representing vectors (lower case) and

matrices (upper case) are in boldface. The conjugate, trans-

pose, and conjugate transpose operations are represented by
(·)∗, (·)T, and (·)H, respectively. The sets of P×Q dimensional

complex and real matrices are denoted by CP×Q and RP×Q,

respectively. The set of positive integers is denoted by Z+.
a[p] denotes the pth entry of vector a. IN and 1N denote the

N -dimensional identity matrix and the N -dimensional column

vector with all elements equal to 1, respectively. A\B denotes
the subtraction of set B from set A. A ⊂ B represents that A
is a subset of B. The ceiling and floor of real number a are

denoted by ⌈a⌉ and ⌊a⌋, respectively. The 2-norm of vector a
is denoted by ‖a‖2.

II. CRB CHARACTERIZATION FOR 1D MA ARRAY

A. System Model

We consider a wireless sensing system with N MAs to

estimate a target’s AoA as shown in Fig. 1. With the aid of

driver components, the MAs’ positions can be adjusted flexibly
within the given 1D line segment of length A. Let xn ∈ [0, A]
represent the position of the nth MA (n = 1, 2, . . . , N ), and

the APV of all N MAs is denoted by x , [x1, x2, . . . , xN ]T ∈
RN , with 0 ≤ x1 < x2 < . . . < xN ≤ A without loss of

generality.

To estimate the AoA of the target, the receiver consecutively
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1D MA array

Target

Fig. 1: The 1D MA array for target angle estimation.

receives the echoes reflected by the target over T snapshots1.

We assume that the target-receiver channel is line-of-sight

(LoS), which remains static over T snapshots. Since the
distance between the target and receiver is typically much

larger than the size of the region for antenna movement, we

consider the far-field channel model from the target to receiver
[16], [19]. As shown in Fig. 1, the physical steering angle of

the target-receiver LoS path is denoted by ϑ ∈ [0, π]. For

convenience, the spatial AoA is defined as u , cosϑ. The
steering vector of the MA array can thus be expressed as a

function of the APV x and the spatial AoA u, i.e.,

α(x, u) ,
[

ej
2π

λ
x1u, ej

2π

λ
x2u, . . . , ej

2π

λ
xNu

]T

∈ CN , (1)

where λ is the wavelength. Furthermore, let β denote the

complex path coefficient from the target to the origin of the
line segment. As a result, the target-receiver LoS channel

vector is given by

h(x, u) = βα(x, u). (2)

B. AoA Estimation

For any given APV x, we adopt the multiple signal classi-

fication (MUSIC) algorithm for estimating the spatial AoA

u of the target. Specifically, the received signal at the tth
(t = 1, 2, . . . , T ) snapshot is given by

yt = h(x, u)st + zt, (3)

where st denotes the reflected signal from the target with

average power E{|st|2} = P . zt ∼ CN (0, σ2IN ) represents
the additive white Gaussian noise (AWGN) vector at the

receiver, which is assumed to be circularly symmetric complex

Gaussian (CSCG) distributed with zero mean and covariance
matrix σ2IN , where σ2 represents the average noise power.

To estimate the spatial AoA u, the received signals over T
snapshots are stacked into the following matrix as

Y , [y1,y2, . . . ,yT ] = h(x, u)sT +Z, (4)

where s , [s1, s2, . . . , sT ]
T ∈ CT and Z ,

[z1, z2, . . . , zT ] ∈ CN×T . Then, the covariance matrix of Y

can be written as

RY =
1

T
Y Y H =

1

T
h(x, u)sTs∗h(x, u)H + σ2IN . (5)

Based on the procedures of the MUSIC algorithm, we can
obtain the singular value decomposition (SVD) of RY as

RY =
[

us,Uz

]

[

γs

Γz

] [

uH
s

UH
z

]

, (6)

1The echoes are reflections of the probing signals transmitted by the sensing
transmitter, which can be either co-located or separately deployed with the
sensing receiver.

where us ∈ CN and Uz ∈ CN×(N−1) are the singular

vector(s) of the signal and noise subspaces, respectively, γs

is the singular value of the signal subspace, and Γz ∈
R(N−1)×(N−1) is a diagonal matrix with the singular val-

ues of the noise subspace on the diagonal. Since α(x, u)
is orthogonal to Uz , and α(x, ũ) with ũ 6= u is non-
orthogonal to Uz , i.e., α(x, u)HUzU

H

z α(x, u) = 0 and

α(x, ũ)HUzU
H
z α(x, ũ) 6= 0, there is a peak for the function

f(ū) , 1
α(x,ū)HUzUH

z
α(x,ū) at ū = u. Then, we can obtain the

estimation of u as [35]

û = arg max
ū∈[−1,1]

1

α(x, ū)HUzUH
z α(x, ū)

, (7)

which can be solved by exhaustively searching for ū over

the interval [−1, 1]. Then, the AoA estimation MSE can be
expressed as

MSE(u) , E{|u− û|2}. (8)

Thus, the lower-bound of MSE(u), i.e., the CRB, is given by

[36]

MSE(u) ≥ CRBu(x) =
σ2λ2

8π2TPN |β|2
1

var(x)
, (9)

where the variance function is defined as var(x) ,
1
N

∑N
n=1 x

2
n−µ(x)2 with µ(x) = 1

N

∑N
n=1 xn being the mean

of vector x. The result in (9) indicates that the CRB of AoA

estimation MSE is dependent on the APV x, i.e., CRBu(x)
decreases with the increase of var(x). Therefore, we can

optimize APV x to maximize var(x) such that CRBu(x) is

minimized. Intuitively, in order to maximize var(x), the N
MAs should be spread apart as much as possible to increase

the variation in x, which yields an increased array aperture for

synthesizing sensing beams with higher angular resolution.

C. CRB Minimization

In this subsection, we aim to minimize CRBu(x) by opti-
mizing x. Based on the analysis of (9), the objective function

can be simplified as

min
x

CRBu(x) ⇐⇒ max
x

var(x). (10)

In order to mitigate the coupling among MAs at the receiver, a

minimum separation distance D is necessary for every antenna
pair, i.e., xn − xn−1 ≥ D, n = 2, 3, . . . , N . Then, the

optimization problem for the APV of the MA array in the

1D line segment can be formulated as

(P1) max
x

var(x) (11a)

s.t. x1 ≥ 0, xN ≤ A, (11b)

xn − xn−1 ≥ D, n = 2, 3, . . . , N. (11c)

Note that an implicit condition for the feasibility of problem

(P1) is A ≥ (N − 1)D such that the minimum distance

constraint (11c) can be satisfied. Let x⋆ ∈ RN denote an
optimal solution for problem (P1). Although problem (P1) is a

non-convex optimization problem due to the non-convexity of

the objective function (11a), we can obtain x⋆ by the following
theorem.
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Fig. 2: Illustration of the optimal MAs’ positions for the 1D

MA array.

... Movable 

Antennas

Target

Fig. 3: The 2D MA array for target angle estimation.

Target

Direction

Fig. 4: Illustration of the AoAs and geometrical parameters

for the 2D MA array.

Theorem 1. The optimal APV for minimizing the CRB of AoA

estimation MSE in the 1D line segment is given by

x⋆
n =

{

(n− 1)D, n = 1, 2, . . . , ⌊N/2⌋;
A− (N − n)D, n = ⌊N/2⌋+ 1, . . . , N.

(12)

The corresponding minimum CRB, given by (51) and (52),

decreases with A in the order of O(A−2).

Proof: See Appendix A.

Theorem 1 demonstrates that to minimize the CRB of AoA
estimation MSE in the 1D line segment, MAs should be

partitioned into two groups as shown in Fig. 2. Specifically,

half of the MAs are positioned in the leftmost extremity of
the 1D line segment, while the remaining half are positioned

in the rightmost extremity of the 1D line segment, both with

the minimum inter-antenna spacing, D. Moreover, the CRB
can be efficiently reduced by increasing the length of the line

segment for antenna movement with a given number of MAs.

III. CRB CHARACTERIZATION FOR 2D MA ARRAY

A. System Model

As shown in Fig. 3, we consider in this section a wireless

sensing system with N MAs deployed on a 2D plane to
estimate the target’s AoAs with respect to x and y axes,

respectively. The 2D region for antenna movement is as-

sumed to be continuous and denoted by C, where the 2D

coordinate of the nth (n = 1, 2, . . . , N ) MA is denoted as
rn = [xn, yn]

T ∈ C. Denote the collection of N MAs’

positions by r̃ = [r1, r2, . . . , rN ] ∈ R2×N . As shown in

Fig. 4, the physical elevation and azimuth AoAs of the target-
receiver LoS path are denoted by θ ∈ [0, π] and φ ∈ [0, π],
respectively. For convenience, the spatial AoAs are defined as

u , sin θ cosφ, v , cos θ, w , sin θ sinφ. (13)

Then, the normalized wave vector of the target-receiver LoS
path is expressed as n = [u, v, w]T. Denote the three-

dimensional (3D) coordinate vector of the origin of C and the

MA by o = [0, 0, 0]T and r3D = [x, y, 0]T, respectively. Thus,
the difference in signal propagation distance between MA’s

position r3D and the reference point o can be represented as

τ(r) = nT(r3D − o) = xu+ yv. (14)

Thus, the phase difference of the target-receiver LoS channel

path between r3D and o is given by 2πτ(r)/λ. The steering

vector of the 2D MA array can thus be expressed as a function
of the MAs’ positions r̃ and the two spatial AoAs η , [u, v]T,

i.e.,

α(r̃,η) ,
[

ej
2π

λ
τ(r1), ej

2π

λ
τ(r2), . . . , ej

2π

λ
τ(rN)

]T

∈ CN .

(15)

As a result, the target-receiver LoS channel is given by

h(r̃,η) = βα(r̃,η). (16)

B. AoA Estimation and CRB Minimization

Similar to the procedure for AoA estimation in the 1D MA

array case, the joint estimation of u and v based on the MUSIC
algorithm is given by [35]

η̂ = arg max
η̄∈[−1,1]×[−1,1]

1

α(r̃, η̄)HUzUH
z α(r̃, η̄)

, (17)

which can be solved by exhaustively searching for η̄ = [ū, v̄]T

over the interval [−1, 1]× [−1, 1]. Accordingly, for the MA-
aided sensing system with 2D antenna movement region C,

the CRB of AoA estimation MSE is given by [36]

MSE(u) ≥ CRBu(r̃) =
σ2λ2

8π2TPN |β|2
1

var(x)− cov(x,y)2

var(y)

,

MSE(v) ≥ CRBv(r̃) =
σ2λ2

8π2TPN |β|2
1

var(y)− cov(x,y)2

var(x)

,

(18)

where x , [x1, x2, . . . , xN ]T ∈ RN and y ,

[y1, y2, . . . , yN ]T ∈ RN . The covariance function is defined

as cov(x,y) , 1
N

∑N
n=1 xnyn − µ(x)µ(y).

The results in (18) indicate that the CRB of AoA estimation
MSE is dependent on the MAs’ positions, which influence

both CRBu(r̃) and CRBv(r̃). Specifically, CRBu(r̃) and

CRBv(r̃) decrease with the increase of var(x) − cov(x,y)2

var(y)

and var(y) − cov(x,y)2

var(x) , respectively. Therefore, we can op-

timize MAs’ positions r̃ to jointly minimize CRBu(r̃) and

CRBv(r̃). Intuitively, in order to maximize var(x)− cov(x,y)2

var(y)
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Fig. 5: Illustration of the optimal MAs’ positions in circular
region Ccir.

and var(y)− cov(x,y)2

var(x) , i.e., by maximizing var(x) and var(y)

while minimizing cov(x,y), MAs should be spread apart as
much as possible in both the x and y directions to increase

the variations in x and y, while ensuring that x and y are

symmetric with respect to x and y axes, respectively, thereby
minimizing cov(x,y). However, there is in general a trade-

off between minimizing CRBu(r̃) and CRBv(r̃) due to the
coupling between var(x)/var(y) and cov(x,y).

Then, we aim to minimize the maximum CRBs of estima-

tion MSE for u and v (i.e., achieve the min-max CRB) by
optimizing r̃. Based on (18), the objective function can be

simplified as

min
r̃

max [CRBu(r̃),CRBv(r̃)] ⇐⇒ (19)

max
r̃

min

[

var(x)− cov(x,y)2

var(y)
, var(y)− cov(x,y)2

var(x)

]

.

Thus, the antenna position optimization problem for the 2D

MA array can be formulated as

(P2) max
r̃,δ

δ (20a)

s.t. var(x)− cov(x,y)2

var(y)
≥ δ, (20b)

var(y)− cov(x,y)2

var(x)
≥ δ, (20c)

r̃ ∈ C, (20d)

‖rk − rl‖2 ≥ D, k, l = 1, 2, . . . , N, k 6= l,
(20e)

where (20e) is the minimum inter-antenna distance constraint
to avoid antenna coupling. It is challenging to solve problem

(P2) optimally because the fractional constraints (20b) and

(20c) as well as the minimum inter-antenna distance con-
straints in (20e) are non-convex with respect to r̃. Moreover,

the coupling between x and y exacerbates the difficulty of

solving problem (P2).

C. Optimal Solution for Problem (P2) for Circular Region Ccir

Although problem (P2) is difficult to solve for general
antenna movement region C, we show in this subsection that

Fig. 6: Illustration of the maximum inscribed circle and

minimum circumscribed circle for an irregular 2D region, C
(left) and a square region, Csqu (right).

we can derive the optimal MAs’ positions for the special case

of circular region Ccir under certain numbers of MAs and
circle radii. Specifically, we consider a circular region Ccir

with its center at the coordinate origin and a radius of A, i.e.,

Ccir = {(x, y)|x2 + y2 ≤ A2}. Then, we have the following
theorem providing an upper-bound for the objective value δ
in problem (P2):

Theorem 2. For circular region Ccir, the objective value δ in

problem (P2) is upper-bounded by

δ ≤ A2

2
, (21)

and the corresponding lower-bound of the min-max CRB is

min
r̃

max [CRBu(r̃),CRBv(r̃)] ≥
σ2λ2

4π2TPN |β|2A2
, (22)

which is tight when D ≤ 2A sin(π/N) and N = 4K , K ∈
Z+, with the corresponding optimal MAs’ positions given by

(55), (57), and (58).

Proof: See Appendix B.

Theorem 2 demonstrates that to minimize the CRB, it is

desired to deploy MAs on the border of the region to maximize

the array aperture as shown in Fig. 5. In order to satisfy
the minimum inter-antenna distance constraints in (20e) for

every antenna pair on the border of the circle, it requires

D ≤ 2A sin(π/N). Moreover, when N = 4K , K ∈ Z+, we
can design x and y that are symmetric with respect to x and

y axes, respectively, and thus cov(x,y) = 0. However, as the

number of MAs increases, some MAs need to be deployed
inside Ccir in order to satisfy the minimum inter-antenna

distance constraints in (20e). Furthermore, the lower-bound

of the min-max CRB is inversely proportional to the region
size, i.e., πA2. Therefore, the CRB can be efficiently reduced

by increasing the size of the antenna movement region.

D. Performance Analysis for General 2D Region C
As shown in Fig. 6, for a general 2D region C, its minimum

circumscribed circle and maximum inscribed circle can be

determined using the sub-zone division approach [37]. Let

Ccir and C ins denote the regions covered by the minimum
circumscribed circle and the maximum inscribed circle of C,

with radius Acir and Ains, respectively. Since C ins ⊂ C ⊂ Ccir,

the solution set of problem (P2) for Ccir contains that for
region C, while the solution set of problem (P2) for C contains
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that for region C ins. Denote the maximum objective value of

problem (P2) and the corresponding min-max CRB for C by

δ(C) and CRB(C), respectively. Then, according to Theorem
2, the upper-bound of δ(C) can be expressed as

δ(C) ≤ δ(Ccir) ≤ (Acir)2

2
. (23)

Thus, the corresponding lower-bound of CRB(C) is given by

CRB(C) ≥ σ2λ2

4π2TPN |β|2(Acir)2
. (24)

Moreover, when D ≤ 2Ains sin(π/N) and N = 4K with

K ∈ Z+, the upper-bound of the objective value δ in problem

(P2) is tight for C ins, i.e., δ(C ins) = (Ains)2/2. Thus, we obtain
the following lower-bound of δ(C) as

δ(C) ≥ δ(C ins) =
(Ains)2

2
. (25)

Accordingly, the corresponding upper-bound of CRB(C) is
given by

CRB(C) ≤ σ2λ2

4π2TPN |β|2(Ains)2
. (26)

For the typical square region Csqu with size A × A, we

have Ains = A/2 and Acir = A/
√
2. Thus, the upper-bound

of δ(Csqu) is A2/4, while the lower-bound of CRB(Csqu)

is σ2λ2

2π2TPN |β|2A2 . Moreover, when D ≤ A sin(π/N) and

N = 4K with K ∈ Z+, the lower-bound of δ(Csqu) is A2/8,

while the upper-bound of CRB(Csqu) is σ2λ2

π2TPN |β|2A2 .

IV. APV OPTIMIZATION FOR 2D MA ARRAY

Although the previous section provides lower- and upper-

bounds for the min-max CRB in 2D antenna movement region

C with arbitrary shapes, it is still challenging to optimize
MAs’ positions in problem (P2) due to the difficulty of

solving it optimally. In this section, we introduce an alternating

optimization algorithm to obtain locally optimal solutions for
problem (P2). Specifically, the algorithm iteratively solves

two subproblems of (P2) in an alternating manner, each for
optimizing one of the horizontal and vertical APVs x and y

by keeping the other fixed. Next, we present this algorithm

in detail and analyze its convergence and computational com-
plexity.

Notice that the analysis in the previous section holds for

any continuous 2D antenna movement region C with arbitrary
shapes. However, for ease of optimization, we consider in this

section that C is a convex 2D region, such that the constraint

(20d) is convex. Moreover, we rewrite (20b) and (20c) in
the standard quadratic form. Specifically, var(x), var(y), and

cov(x,y) can be rewritten as

var(x) , xTBx,

var(y) , yTBy,

cov(x,y) , xTBy, (27)

where B , 1
N IN− 1

N21N1
T

N is a positive semi-definite (PSD)
matrix. Then, (20b) and (20c) can be equivalently transformed

to

G(x,y) , G1(x)−G2(x,y) , xTBx−
(

xTBy
)2

yTBy
≥ δ,

(28a)

G(y,x) = G1(y)−G2(y,x) = yTBy −
(

yTBx
)2

xTBx
≥ δ,

(28b)

where G1(x) , xTBx and G2(x,y) ,
(xTBy)

2

yTBy
.

A. Optimization of x with Given y

In this subsection, we optimize x in problem (P2) with a

given y. Since constraints (28a) and (28b) are non-convex with

respect to x, we leverage the successive convex approximation
(SCA) technique to transform them into convex constraints.

Specifically, given xp ∈ RN obtained in the pth iteration of

SCA, since G1(x) is a convex function with respect to x, it can
be globally lower-bounded by the first-order Taylor expansion

at xp as

G1(x) ≥ Ḡ1(x|xp) (29)

, G1(x
p) + 2(xp)TB(x− xp)

= 2(xp)TBx−G1(x
p).

Moreover, given y, G2(x,y) is convex with respect to x.

Then, in the pth iteration of SCA, the convex surrogate

function that globally lower-bounds G(x,y) is given by

G(x,y) ≥ Ḡ1(x|xp)−G2(x,y). (30)

Thus, constraint (28a) can be relaxed to be convex with respect

to x as

Ḡ1(x|xp)−G2(x,y) ≥ δ. (31)

On the other hand, given y, (28b) can be equivalently
written as

(

yTBx
)2

yTBy − δ
≤ xTBx. (32)

Notice that the left-hand side of (32) is jointly convex in {x, δ}
because

(

yTBx
)2

is a convex quadratic function of x, while

yTBy − δ is linear with respect to δ. Recalling G1(x) =
xTBx and it is globally lower-bounded by Ḡ1(x|xp), con-

straint (32) can be relaxed as a convex constraint given by

(

yTBx
)2

yTBy − δ
≤ Ḡ1(x|xp). (33)

Furthermore, according to the Cauchy-Schwartz inequality,

i.e., uTv ≤ ‖u‖2‖v‖2 for any two vectors u and v of

equal size, the linear surrogate function that globally minorizes
‖rk − rl‖2 at (rp

k − r
p
l ) can be constructed by letting

u← rk − rl and v ← r
p
k − r

p
l , i.e.,

‖rk − rl‖2 ≥
(rp

k − r
p
l )

T
(rk − rl)

‖rp
k − r

p
l ‖2

, (34)
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where rp
n = [xp

n, yn]
T. Thus, constraint (20e) can be relaxed

as a linear constraint given by

(rp
k − r

p
l )

T
(rk − rl)

‖rp
k − r

p
l ‖2

≥ D, k, l = 1, 2, . . . , N, k 6= l.

(35)

Hereto, in the pth iteration, the optimization of x can be
relaxed as

(P3) max
x,δ

δ (36a)

s.t. (31), (33), (20d), (35),

which is a convex optimization problem since constraints (31),

(33), (20d), and (35) are convex with respect to x and δ.
Thus, it can be efficiently solved using existing optimization

toolboxes such as CVX [38].

B. Optimization of y with Given x

In this subsection, we aim to optimize y with a given x,

where the non-convex constraints (28a) and (28b) are relaxed
to be convex by using the SCA technique. Let yq denote the

y-axis APV in the qth iteration of SCA. In problem (P2), since
the optimization of y with given x has a similar structure as

the optimization of x with given y, we can modify problem

(P3) to optimize y by replacing {x,xp,y} with {y,yq,x}.
Thus, in the qth iteration of SCA, we can optimize y by

solving the following optimization problem

(P4) max
y,δ

δ (37a)

s.t. Ḡ1(y|yq)−G2(y,x) ≥ δ, (37b)
(

xTBy
)2

xTBx− δ
≤ Ḡ1(y|yq), (37c)

(rq
k − r

q
l )

T
(rk − rl)

‖rq
k − r

q
l ‖2

≥ D, k 6= l, (37d)

(20d),

where rq
n = [xn, y

q
n]

T. Since constraints (37b), (37c), (37d),

and (20d) are convex with respect to y and δ, problem (P4) is
a convex optimization problem and can be efficiently solved

using existing optimization toolboxes such as CVX [38].

C. Overall Algorithm

According to the solutions derived above for solving prob-

lems (P3) and (P4), we summarize the overall alternating op-
timization algorithm for solving problem (P2) in Algorithm 1.

Specifically, in lines 4-7, x is iteratively updated with a given

y via solving problem (P3) until the increase of δ in (36a)
is below a predefined threshold ǫx. Then, in lines 9-12, y is

iteratively updated with a given x via solving problem (P4)
until the increase of δ in (37a) is below a predefined threshold

ǫy. The overall algorithm iterates between solving problems

(P3) and (P4) until the increase of δ is below a predefined
threshold ǫ.

Next, we analyze the convergence of Algorithm 1 as fol-

lows. In the pth iteration for solving problem (P3), we have
the following inequalities for constraint (28a):

G(xp,y)
(a1)
= Ḡ1(x

p|xp)−G2(x
p,y) (38)

(a2)

≤ Ḡ1(x
p+1|xp)−G2(x

p+1,y)
(a3)

≤ G(xp+1,y),

Algorithm 1: Alternating Optimization Algorithm for Solving

Problem (P2)

1: Input: N , D, ǫ, ǫx, ǫy , x0, y0, C.

2: Initialization: p← 0, q ← 0, y ← y0, δ ← 0.

3: while Increase of δ is above ǫ do

4: while Increase of δ in (36a) is above ǫx do

5: Obtain xp+1 by solving problem (P3).

6: p← p+ 1.
7: end while

8: x← xp, p← 0.

9: while Increase of δ in (37a) is above ǫy do

10: Obtain yq+1 by solving problem (P4).

11: q ← q + 1.
12: end while

13: y ← yq , q ← 0.

14: δ ← min
[

var(x)− cov(x,y)2

var(y) , var(y)− cov(x,y)2

var(x)

]

.

15: end while

16: Output: x, y.

where the equality (a1) holds because G1(x) = Ḡ1(x|xp)
at x = xp; the inequality (a2) holds since we maximize
Ḡ1(x|xp) − G2(x,y) in the pth iteration; the inequality

(a3) holds because Ḡ1(x|xp) is a global lower-bound of

G1(x). Hence, the sequence {G(xp,y)}∞p=0 is monotonically
increasing. Similarly, we have

G(y,xp) = G1(y)−
(

yTBxp
)2

Ḡ1(xp|xp)
(39)

≤ G1(y)−
(

yTBxp+1
)2

Ḡ1(xp+1|xp)
≤ G(y,xp+1).

Hence, the sequence {G(y,xp)}∞p=0 is monotonically in-

creasing. Moreover, since δ = min[G(xp,y), G(y,xp)], the
objective value of problem (P3) is guaranteed to increase

monotonically. Similarly, the monotonic increment of the

objective value after solving problem (P4) can be assured.
Furthermore, alternately solving problems (P3) and (P4) guar-

antees the monotonically increasing objective value of problem

(P2) during the outer iterations of Algorithm 1, which is upper-
bounded by (23). Therefore, the convergence of Algorithm 1

is guaranteed.

The computational complexity of Algorithm 1 is analyzed as

follows. The computational complexity for solving the convex
optimization problem (P3) or (P4) is O(N3.5 ln(1/κ)) with

accuracy given by κ for the interior-point method [39]. Let
I , Ix, and Iy denote the maximum number of iterations of

executing lines 4–14 for alternately solving problems (P3) and

(P4), that of executing lines 5-6 for solving problem (P3),
and that of executing lines 10-11 for solving problem (P4),

respectively. Therefore, the total computational complexity of

Algorithm 1 is O(N3.5 ln(1/κ)(Ix + Iy)I).

V. NUMERICAL RESULTS

In this section, we present numerical results to evaluate
the performance of our proposed solutions to optimize MAs’

positions for target’s AoA estimation with 1D or 2D MA

arrays. The convergence thresholds in Algorithm 1 are set as
ǫ = 10−4 and ǫx = ǫy = 10−2. The minimum inter-antenna
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Fig. 7: MSE versus SNR in the case of 1D array.
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Fig. 8: Comparison of steering vector correlation with different

antennas’ positions in the case of 1D array.

distance is set as D = λ/2. The average received SNR is
defined as P |β|2/σ2. The number of snapshots is set as T = 1.

A. 1D MA Array

First, we consider the 1D line segment with length A = 10λ.

We set N = 16, ϑ = 45◦, and thus u = cosϑ = 0.71. The
considered benchmark schemes for setting antennas’ positions

are listed as follows: 1) ULA with half-wavelength antenna

spacing (ULAH): {xn}Nn=1 are set according to the ULA, with

half-wavelength inter-antenna spacing; and 2) ULA with full

aperture (ULAF): {xn}Nn=1 are set according to the ULA
with the largest achievable aperture, with the inter-antenna

spacing of A/(N − 1), and x0 = 0, xN = A. Moreover,

we adopt the MUSIC algorithm to estimate the AoA via (7)
and compute the corresponding CRB of AoA estimation MSE

via (9) for different schemes.
Fig. 7 compares the AoA estimation MSEs (including

both the actual MSE and its CRB) versus SNR for different

schemes. It is shown that the curves depicting AoA estimation

MSE via the MUSIC algorithm can approach the CRB for both
the optimal antennas’ positions in (12) and ULAH in the high-

SNR regime. Furthermore, the proposed optimal antennas’

positions in (12) achieve a significantly lower MSE compared
to the benchmark schemes. At SNR = 20 dB, the proposed
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0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

(a) N = 36

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

(b) N = 100

Fig. 9: Illustration of the MAs’ positions on 2D array.

scheme demonstrates a 55.3% MSE reduction over the ULAH

scheme.
To gain more insights, we illustrate in Fig. 8

the steering vector correlation denoted by q(ū|u) ,
1
N2 |α(x, u)Hα(x, ū)|2, for each case of antennas’ positions

versus ū ∈ [−1, 1] for a given u = 0.71. To increase

spatial resolution while minimizing ambiguity in AoA
estimation, q(ū|u) is desired to be an impulse function,

i.e, q(ū|u) →
{

1 ū = u,
0, ū 6= u.

It is shown in Fig. 8 that

the optimal antennas’ positions can yield a narrower main

lobe compared to the benchmark schemes, which can
achieve higher spatial resolution in AoA estimation, thus

resulting in lower MSE. Additionally, it can be observed

that 1
N2 |α(x, u)Hα(x,−0.79)|2 = 1 for the ULAF scheme,

indicating the ambiguity in distinguishing the true AoA

u = 0.71 from its false estimation of −0.79. This ambiguity

results in the high MSE by the MUSIC algorithm for the
ULAF scheme as shown in Fig. 7.

B. 2D MA Array

Next, we present numerical results to validate the effective-

ness of the proposed Algorithm 1 for AoA estimation with
2D MA array. We consider the 2D square region Csqu with
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Fig. 10: MSE versus SNR in the case of 2D array.

size A × A. We set A = 5λ, θ = 45◦, φ = 60◦, and
thus u = sin θ cosφ = 0.35 and v = cos θ = 0.71. The

considered benchmark schemes for setting antennas’ positions
are listed as follows: 1) UPA with half-wavelength antenna

spacing (UPAH): {rn}Nn=1 are set according to the UPA, with

half-wavelength inter-antenna spacing both horizontally and
vertically; and 2) UPA with full aperture (UPAF): {rn}Nn=1

are set according to the UPA with the largest achievable

aperture, with the inter-antenna spacing of A/
(⌈√

N
⌉

− 1
)

both horizontally and vertically. For the proposed design for

MAs’ positions in Algorithm 1, x0 and y0 are initialized
based on the UPAF scheme. Moreover, we adopt the MUSIC

algorithm to estimate the two spatial AoAs via (17) and

compute the corresponding CRB of AoA estimation MSE via
(18) for different schemes. We also compute the lower-bound

of min-max CRB for the considered square region Csqu via

(24), i.e., σ2λ2

2π2TPN |β|2A2 , C̃RB(Csqu).

In Fig. 9, we illustrate the MAs’ positions for the proposed

algorithm (i.e., Algorithm 1). We set N = 36 and N = 100,
respectively. It can be observed that the optimized MAs’

positions are symmetric with respect to both the x-axis and

y-axis, for balancing the estimation accuracy of u versus v.
Additionally, the optimized MAs’ positions are located as far

(a) Proposed

(b) UPAH

(c) UPAF

Fig. 11: Comparison of steering vector correlation with differ-

ent antennas’ positions in the case of 2D array.

from the center of the square region as possible to maximize
the aperture of the MA array, thereby increasing the angular

resolution for enhancing the AoA estimation performance.

Fig. 10 presents the comparison of the CRBs and actual

values of MSE(u) and MSE(v) versus SNR for different

schemes. We set N = 36. It can be observed that the curves
depicting AoA estimation MSE via the MUSIC algorithm can
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Fig. 12: MSE(u) versus N in the case of 2D array.

approach the CRB for both the proposed scheme and UPAH

in the high-SNR regime. In addition, the proposed scheme

achieves significantly lower MSE compared to the UPAH and
UPAF schemes and its MSE is also close to the CRB lower-

bound, C̃RB(Csqu). Moreover, MSE(u) and MSE(v) show

similar performance by using the proposed scheme, indicating
its effectiveness for estimating both u and v.

To gain more insights, we illustrate in Fig. 11 the steer-
ing vector correlation denoted by 1

N2 |α(r̃,η)Hα(r̃, η̄)|2, for

each scheme versus η̄ ∈ [−1, 1] × [−1, 1] with a given

η = [0.35, 0.71]T. We set N = 36. It can be observed that
the proposed scheme exhibits a narrower main lobe compared

to the benchmark schemes, resulting in the MSE reduction

over the benchmark schemes. Additionally, it can be observed
that 1

N2 |α(r̃,η)Hα(r̃, η̌)|2 = 1 with η̌ = [0.35,−0.28]T,

[−0.64, 0.28]T, and [−0.64, 0.71]T for the UPAF scheme,

indicating the ambiguity in distinguishing the true angles

of η = [0.35, 0.71]T from their false estimates of η̌. This
ambiguity results in the high MSE by the MUSIC algorithm

for the UPAF scheme as shown in Fig. 10.

In Fig. 12, we compare the CRBs and actual values of AoA

estimation MSEs versus N for different schemes. Given the

similar performance between MSE(u) and MSE(v), we only
show MSE(u) for brevity. We set SNR = 15 dB. It is observed

that the proposed scheme always outperforms the benchmark

schemes and performs very closely to the CRB lower-bound,

C̃RB(Csqu), for different numbers of antennas. Furthermore,

the proposed scheme demonstrates an MSE reduction of

97.1% over the UPAH scheme, even with only N = 8 MAs.
This result indicates the practical significance of our proposed

MA-aided sensing system design, even with a limited number

of MAs.

VI. CONCLUSIONS

In this paper, we proposed a new wireless sensing system
equipped with MA arrays to improve the angle estimation

accuracy by exploiting antenna position optimization. We

derived the CRB for AoA estimation MSE as a function of
the antennas’ positions for both 1D and 2D MA arrays. First,

for the case of 1D MA array, we obtained a globally optimal

solution for the MAs’ positions in closed form to minimize the
CRB of AoA estimation MSE. Then, for the case of 2D MA

TABLE I: Illustration of {x(k)}Nk=1.

k x
(k)
1 x

(k)
2 x

(k)
3 x

(k)
4

0 (x) 1 3 6 7.5
1 0 3 6 7.5
2 0 1 6 7.5
3 0 1 6 8
4 (x⋆) 0 1 7 8

array, we derived an optimal solution for the MAs’ positions
to achieve the min-max CRB for the special case of circular

antenna movement region under certain numbers of MAs and

circle radii. Thereby, both the lower- and upper-bounds of
the min-max CRB were obtained for the antenna movement

region with arbitrary shapes. Moreover, we developed an
efficient alternating optimization algorithm to obtain a locally

optimal solution for MAs’ positions by iteratively optimizing

one between their horizontal and vertical coordinates with
the other being fixed. Numerical results demonstrated that

our proposed 1D/2D MA array can significantly decrease the

CRB of AoA estimation MSE as well as the actual MSE
compared to conventional ULAs/UPAs with different values

of uniform inter-antenna spacing. Furthermore, it was revealed

that by optimizing MAs’ positions, the steering vectors of
our designed 1D/2D MA arrays exhibit low correlation in the

angular domain, thus effectively reducing the ambiguity of

angle estimation.

APPENDIX

A. Proof of Theorem 1

For arbitrary x satisfying constraints (11b) and (11c), we

show that var(x⋆) ≥ var(x) by sequentially adjusting MAs’
positions {xn}Nn=1 through the following procedure.

The procedure consists of N steps, where one MA’s position
is adjusted in each step with those of all the other MAs being

fixed. Let x(k−1) , [x
(k−1)
1 , x

(k−1)
2 , . . . , x

(k−1)
N ]T denote the

MAs’ positions before the kth (k = 1, 2, . . . , N) adjustment,
where x(0) = x. Then, for k = 1, 2, . . . , ⌊N/2⌋, the kth MA’s

position is updated by

x
(k)
k ← x⋆[k], (40)

while the other (N − 1) MAs’ positions remain unchanged,

i.e.,

x(k)
n = x(k−1)

n , n ∈ N \ k, (41)

where N , {1, 2, . . . , N}. Similarly, for k = ⌊N/2⌋ +
1, ⌊N/2⌋+2, . . . , N , the (N−k+⌊N/2⌋+1)th MA’s position
is updated by

x
(k)
N−k+⌊N/2⌋+1 ← x⋆[N − k + ⌊N/2⌋+ 1], (42)

while the other (N − 1) MAs’ positions remain unchanged,

i.e.,

x(k)
n = x(k−1)

n , n ∈ N \ (N − k + ⌊N/2⌋+ 1). (43)

Table I shows an example of {x(k)}Nk=1 for x =
[1, 3, 6, 7.5]T with A = 8, D = 1, and N = 4, where x⋆ is

obtained by sequentially setting x
(1)
1 ← 0, x

(2)
2 ← 1, x

(3)
4 ← 8,

and x
(4)
3 ← 7.
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In the above procedure, we can show that x(k) satisfies

constraints (11b) and (11c) based on mathematical induction.

Specifically, since x(0) = x, constraints (11b) and (11c) hold
for k = 0. Then, suppose that constraints (11b) and (11c) hold

for k ≤ ⌊N/2⌋ − 1. In the (k + 1)th step, we have

x
(k+1)
k+1 ← x⋆[k + 1],

x(k+1)
n = x(k)

n , n ∈ N \ (k + 1). (44)

Then, we have

x
(k+1)
k+1 − x

(k+1)
k = x⋆[k + 1]− x

(k)
k

= x⋆[k + 1]− x⋆[k]

= D. (45)

Moreover, since

x
(k)
k+1 − x

(k)
k ≥ D,

x
(k)
k+2 − x

(k)
k+1 ≥ D, (46)

we have

x
(k+1)
k+2 − x

(k+1)
k+1 =

(

x
(k+1)
k+2 − x

(k+1)
k

)

−
(

x
(k+1)
k+1 − x

(k+1)
k

)

=
(

x
(k)
k+2 − x

(k)
k

)

−D

=
(

x
(k)
k+2 − x

(k)
k+1

)

+
(

x
(k)
k+1 − x

(k)
k

)

−D

≥ D +D −D

≥ D. (47)

Moreover, since the other (N − 1) MAs’ positions are fixed

in the (k + 1)th step, i.e., x
(k+1)
n = x

(k)
n , n ∈ N \ (k + 1),

we have x
(k+1)
n − x

(k+1)
n−1 ≥ D,n = 2, 3, . . . , N . Since the

antenna position adjustment procedure is symmetrical for k =
1, 2, . . . , ⌊N/2⌋ and k = ⌊N/2⌋+1, ⌊N/2⌋+2, . . . , N , we can

show that constraints (11b) and (11c) hold for k = ⌊N/2⌋+
1, ⌊N/2⌋+ 2, . . . , N in a similar manner. As such, the above
induction ensures that x(k) satisfies constraints (11b) and (11c)

based on our designed position adjustment procedure.

Next, we show that var(x(k)) ≥ var(x(k−1)) for k =
1, 2, . . . , N . Define µ̄(x, l) , 1

N−1

∑N
n=1,n6=l xn. Accord-

ingly, for k = 1, 2, . . . , ⌊N/2⌋, we derive the difference

between var(x(k)) and var(x(k−1)) as

var(x(k))− var(x(k−1)) (48)

(b1)
=

1

N

(

(

x
(k)
k

)2

−
(

x
(k−1)
k

)2
)

− 1

N2

((

(N − 1)µ̄(x(k), k)

+ x
(k)
k

)2

−
(

(N − 1)µ̄(x(k−1), k) + x
(k−1)
k

)2 )

(b2)
=

1

N

(

(

x
(k)
k

)2

−
(

x
(k−1)
k

)2
)

− 1

N2

((

x
(k)
k

)2

−
(

x
(k−1)
k

)2

+ 2(N − 1)µ̄(x(k), k)
(

x
(k)
k − x

(k−1)
k

))

=
N − 1

N2

(

x
(k)
k − x

(k−1)
k

)(

x
(k)
k + x

(k−1)
k − 2µ̄(x(k), k)

)

,

where the equality (b1) holds since x
(k)
n = x

(k−1)
n for n ∈

N \ k and µ(x(k)) = 1
N

(

(N − 1)µ̄(x(k), k) + x
(k)
k

)

. The

equality (b2) holds because µ̄(x(k), k) = µ̄(x(k−1), k). On one

hand, since x
(k)
k = x⋆[k] = (k−1)D for k = 1, 2, . . . , ⌊N/2⌋,

we have

x
(k−1)
k =

k
∑

n=2

(

x(k−1)
n − x

(k−1)
n−1

)

+ x
(k−1)
1

(c)

≥ (k − 1)D = x
(k)
k , (49)

where the inequality (c) holds since x(k−1) satisfies con-

straints (11b) and (11c). Therefore, we have x
(k)
k −x

(k−1)
k ≤ 0.

On the other hand, for k = 1, 2, . . . , ⌊N/2⌋, x(k)
k + x

(k−1)
k −

2µ̄(x(k), k) can be further represented as

x
(k)
k + x

(k−1)
k − 2µ̄(x(k), k)

=
1

N − 1



(N − 1)
(

x
(k)
k + x

(k−1)
k

)

− 2
N
∑

n=1,n6=k

x(k)
n





=
1

N − 1

(

2
k−1
∑

n=1

(

x
(k)
k − x(k)

n

)

+ 2
N
∑

n=k+1

(

x
(k−1)
k − x(k)

n

)

+ ((N − 1)− 2(k − 1))x
(k)
k

+ ((N − 1)− 2(N − k))x
(k−1)
k

)

(d1)

≤ 1

N − 1

(

2

k−1
∑

n=1

(k − n)D − 2

N
∑

n=k+1

(n− k)D

+ ((N − 1)− 2(k − 1))x
(k−1)
k

+ ((N − 1)− 2(N − k))x
(k−1)
k

)

=
1

N − 1
(k(k − 1)− (N − k + 1)(N − k))D

(d2)

≤ 0, (50)

where the inequality (d1) holds since x
(k)
k − x

(k)
n = (k −

n)D for k = 1, 2, . . . , ⌊N/2⌋ and n = 1, 2, . . . , k − 1, while

x
(k−1)
k −x

(k)
n = xk−xn ≤ (k−n)D for k = 1, 2, . . . , ⌊N/2⌋

and n = k + 1, k + 2, . . . , N , and x
(k)
k ≤ x

(k−1)
k according

to (49). The inequality (d2) holds due to k ≤ N − k and
k − 1 ≤ N − k + 1 for k = 1, 2, . . . , ⌊N/2⌋.

Substituting (49) and (50) into (48), we can conclude that

var(x(k)) − var(x(k−1)) ≥ 0 for k = 1, 2, . . . , ⌊N/2⌋. Since
the antenna position adjustment procedure is symmetrical over

k = 1, 2, . . . , ⌊N/2⌋ and k = ⌊N/2⌋+ 1, ⌊N/2⌋+ 2, . . . , N ,

we can also show that var(x(k)) − var(x(k−1)) ≥ 0 for
k = ⌊N/2⌋ + 1, ⌊N/2⌋ + 2, . . . , N in a similar manner. As

such, for arbitrary x satisfying constraints (11b) and (11c), we

have var(x) = var(x(0)) ≤ var(x(1)) ≤ . . . ≤ var(x(N)) =
var(x⋆). Since var(x⋆) ≥ var(x) holds for any feasible x that

satisfies constraints (11b) and (11c), x⋆ is an optimal solution

for problem (P1).

Furthermore, since x⋆ = [0, D, 2D, . . . , (⌊N/2⌋−1)D,A−
(N−⌊N/2⌋−1)D,A−(N−⌊N/2⌋−2)D, . . . , A−D,A]T is

a combination of two equal-distance vectors with N̄ , ⌊N/2⌋
and Ñ , N − ⌊N/2⌋ elements, respectively, var(x⋆) can be
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further written as

var(x⋆) =
1

N

N
∑

n=1

(x⋆
n)

2 − µ(x⋆)2 (51)

=
1

6N

(

N̄(N̄ − 1)(2N̄ − 1)D2 + Ñ(Ñ − 1)(2Ñ − 1)D2

+ 6ÑÃA
)

− 1

4N2

(

(N̄ − 1)N̄D + (A+ Ã)Ñ
)2

=















1
12

(

3A2 − 3(N − 2)DA
+ (N − 2)(N − 1)D2

)

, N is even,
(N−1)(N+1)

12N2

(

3A2 − 3(N − 2)DA
+ (N2 − 3N + 3)D2

)

, N is odd,

, p(A,N,D),

where Ã , A− (Ñ −1)D. Thus, the corresponding minimum

CRB is given by

CRBu(x
⋆) =

σ2λ2

8π2TPN |β|2
1

p(A,N,D)
. (52)

It can be observed from (51) that p(A,N,D) is a quadratic
function with respect to A and D, and is a quadratic/monotonic

quadratic function with respect to N when N is even/odd.
Moreover, since it requires A ≥ (N − 1)D such that the min-

imum distance constraint (11c) can be satisfied, p(A,N,D)
increases with A for A ≥ (N − 1)D in the order of O(A2) as
A→∞, while it increases with N for 2 ≤ N ≤ A/D+1 and

decreases with D for 0 < D ≤ A/(N − 1). Since CRBu(x
⋆)

is inversely proportional to p(A,N,D), we can conclude that
CRBu(x

⋆) decreases with A for A ≥ (N − 1)D in the order

of O(A−2), while it decreases with N for 2 ≤ N ≤ A/D+1
and increases with D for 0 ≤ D ≤ A/(N − 1). This thus
completes the proof of Theorem 1.

B. Proof of Theorem 2

The objective function of problem (P2) can be further

written as

max
x,y

min

[

var(x)− cov(x,y)2

var(y)
, var(y)− cov(x,y)2

var(x)

]

≤max
x,y

min [var(x), var(y)]

≤max
x,y

1

2
(var(x) + var(y))

=max
x,y

1

2

(

1

N

N
∑

n=1

x2
n − µ(x)2 +

1

N

N
∑

n=1

y2n − µ(y)2

)

≤max
x,y

1

2

(

1

N

N
∑

n=1

x2
n +

1

N

N
∑

n=1

y2n

)

=max
x,y

1

2N

N
∑

n=1

(

x2
n + y2n

)

≤ A2

2
. (53)

Thus, for the circular region Ccir, the objective value of

problem (P2) is upper-bounded by A2/2, where the upper-
bound is tight when

cov(x,y) = 0, (54a)

var(x) = var(y), (54b)

µ(x) = µ(y) = 0, (54c)

x2
n + y2n = A2, n = 1, 2, . . . , N. (54d)

Fig. 13: Illustration of the optimal MAs’ positions for circular

region Ccir with ρ1 = π/6, ρ2 = π/3 (left) or ρ1 = 0, ρ2 =
π/4 (right).

The constraint (54d) indicates that all MAs should be deployed

on the border of the circular region Ccir to achieve the upper-
bound of δ. In order to ensure that the minimum distance

for every antenna pair on the border of the circle is larger
than D, i.e., satisfying constraint (20e) and constraint (54d)

simultaneously, it requires D ≤ 2A sin(π/N).
Due to the non-convexity of constraint (54), it is challenging

to design the MAs’ positions that can achieve the upper-bound
of δ for general N ∈ Z+. Nevertheless, we can construct

the MAs’ positions r̃cir =
[

xcir,ycir
]T ∈ R2×N that satisfy

constraint (54) for N = 4K , K ∈ Z+, shown as follows.

The MAs are first partitioned into K groups, with
each group containing four MAs. For the kth group

(k = 1, 2, . . . ,K), denote the x-axis and y-axis APVs

of the four MAs by x̄k = [x̄k
1 , x̄

k
2 , x̄

k
3 , x̄

k
4 ]

T and ȳk =
[ȳk1 , ȳ

k
2 , ȳ

k
3 , ȳ

k
4 ]

T, respectively. Consequently, xcir and ycir can

be constructed as xcir =
[

(x̄1)T, (x̄2)T, . . . , (x̄K)T
]T

and

ycir =
[

(ȳ1)T, (ȳ2)T, . . . , (ȳK)T
]T

, respectively. As illus-

trated in Fig. 5, x̄k and ȳk are determined by the rotation

angle ρk, which can be expressed as

x̄k
1 = A cos(ρk), ȳk1 = A sin(ρk), (55)

x̄k
2 = A cos

(

ρk +
π

2

)

= −ȳk1 , ȳk2 = A sin
(

ρk +
π

2

)

= x̄k
1 ,

x̄k
3 = A cos

(

ρk + π
)

= −x̄k
1 , ȳ

k
3 = A sin

(

ρk + π
)

= −ȳk1 ,

x̄k
4 = A cos

(

ρk +
3π

2

)

= ȳk1 , ȳ
k
4 = A sin

(

ρk +
3π

2

)

= −x̄k
1 .

By substituting (55) into (54), we can verify that x̄k and ȳk

satisfy constraint (54). Thus, we have

µ(xcir) =
4

N

K
∑

k=1

µ(x̄k) = 0,

µ(ycir) =
4

N

K
∑

k=1

µ(ȳk) = 0,

var(xcir) =
4

N

K
∑

k=1

var(x̄k) =
4

N

K
∑

k=1

var(ȳk) = var(ycir),

cov(xcir,ycir) =
4

N

K
∑

k=1

cov(x̄k, ȳk) = 0. (56)

Thus, the MAs’ positions r̃cir =
[

xcir,ycir
]T

satisfy constraint
(54), enabling them to achieve the upper-bound of the ob-
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jective value of problem (P2). Without loss of generality, we

assume

0 ≤ ρ1 < ρ2 < . . . < ρK ≤ π

2
, (57)

such that [x̄k
1 , ȳ

k
1 ]

T lies in the first quadrant of the x-y coor-

dinate system. Define r̄k
i , [x̄k

i , ȳ
k
i ]

T, i ∈ K , {1, 2, 3, 4}.
Furthermore, to satisfy the minimum distance constraint (20e)

of problem (P2), we need to ensure
{

ρk − ρk−1 ≥ 2 arcsin
(

D
2A

)

, k = 2, 3, . . . ,K,
ρ1 − ρK + π

2 ≥ 2 arcsin
(

D
2A

)

,
(58)

such that ‖r̄k
i − r̄k−1

i ‖2 ≥ D for i ∈ K and ‖r̄1
i+1 − r̄K

i ‖2 ≥
D for i ∈ K \ 4. Consequently, r̃cir represents the optimal

solution for problem (P2) in the circular region Ccir. Notice
that {ρk}Kk=1 is not unique. For example, as shown in Fig. 13,

we consider N = 8, K = 2, and D = 2A sin(π/12) such that
ρ2− ρ1 ≥ π/6 and ρ1 − ρ2 + π/2 ≥ π/6. Then, two possible

solutions for {ρk}2k=1 are ρ1 = π/6, ρ2 = π/3 or ρ1 = 0,

ρ2 = π/4. This thus completes the proof of Theorem 2.
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