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1. INTRODUCTION

In this paper we extend the finite-dimensional port-
Hamiltonian framework defined on a Lagrangian subman-
ifold of the cotangent bundle of a state space (van der
Schaft and Maschke (2018), van der Schaft and Maschke
(2020)) by introducing a pair of conjugated variables on
the Lagrangian submanifold that we call energy ports.
Unlike ports in the Dirac structure, referred to as power
ports, energy ports are not dual variables. They arise
naturally in infinite-dimensional systems (Maschke and
van der Schaft (2023)) as boundary ports, whereas in
this paper we introduce them by augmenting the state
space with the space of external variables which in turn
augments the cotangent bundle. Using the description of
Lagrangian submanifolds given by Morse families, we show
that the new definition allows us to describe constrained
Hamiltonian systems (Dirac (2001)) whose Hamiltonian
depends on external variables called inputs and whose
outputs are quantities that are conjugated with respect
to the given inputs (Van der Schaft (1985)).

Port-Hamiltonian theory generalizes the Hamiltonian de-
scription for closed systems to open systems by introducing
so-called port variables or ports. The energy of a port-
Hamiltonian system is given by the Hamiltonian function,
a smooth function on a manifold called the state space of
the system. Ports, on the other hand, capture the rate of
change of energy of an open system in time, since they
are chosen as dual variables whose duality pairing gives
the power. We will refer to such ports as power ports in
order to distinguish them from newly defined energy ports
in Sec. 3. Energy ports are not dual variables, but they
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are external variables that appear in the duality pairing of
power ports. Moreover, ports can be used to interconnect
open systems. Energy then flows between different com-
ponents of the total system in such a way that the total
power is conserved. The mathematical structure which
captures this power-conserving interconnection between
ports and in turn determines the dynamics of the sys-
tem is a so-called Dirac structure. Further generalization
of port-Hamiltonian systems to Lagrangian submanifolds
concerns the role played by the Hamiltonian function in
the dynamics of the system. The generalization identifies
the Lagrangian submanifold as the geometric structure
which together with the Dirac structure governs the dy-
namics of the system. As we recall in Sec. 2, Lagrangian
submanifolds of the cotangent bundle can be described by
multi-valued function on the base manifold, called Morse
family. As a result of this correspondence, Lagrangian sub-
manifold is the structure which allows us to lift the char-
acterization of energy from the state space to its cotangent
bundle. The implication is two-fold. On the one hand,
the multi-valued nature allows us to describe constrained
Hamiltonian systems in Sec. 3. These systems admit a
parameterized family of Hamiltonian functions where each
member is a viable Hamiltonian function from the physical
standpoint. On the other hand, the Lagrangian subman-
ifold can be straightforwardly extended with a space of
external variables by extending the state space. These
additional variables defined in Sec. 3 are a conjugated
pair of variables called energy ports. The extension allows
us direct access to external variables appearing in the
Hamiltonian function.

Notation and conventions: Throughout the paper we use
Einstein summation convention: indices that repeat are
summed over. We use the same notation for coordinates
and points of a manifold. Elements of the dual vector space
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of some vector space are called co-vectors. If not specified,
a Lagrangian submanifold is a Lagrangian submanifold
of the cotangent bundle of a smooth manifold. The sym-
plectic structure on the cotangent bundle is the canonical
symplectic 2-form.

2. PORT-HAMILTONIAN SYSTEMS ON
LAGRANGIAN SUBMANIFOLDS

In this section we briefly recall definitions and results
regarding Lagrangian submanifolds of a cotangent bundle
equipped with the canonical symplectic form that are rele-
vant for understanding port-Hamiltonian systems defined
on the Lagrangian submanifold.

In (van der Schaft and Maschke (2020)), a port-Hamiltonian
system on a Lagrangian submanifold is defined as follows.

Definition 1. A port-Hamiltonian system defined on a
Lagrangian submanifold is a quadruple
(X, FP,L, D)

consisting of a smooth n-dimensional manifold X, a
smooth vector bundle F? over A of rank d and its dual
bundle FP*, a Lagrangian submanifold £ C T*X of the
cotangent bundle (T*X,w) equipped with the canonical
symplectic 2-form w and a Dirac structure D of the Whit-
ney sum of TX @ FP @ T*X & FP* with respect to duality

pairing

(1) + Gl
where (-|-) denotes the duality pairing between T, X and
TxX and (-|-), denotes duality pairing between F? and
FP* for any x € X. The time evolution of a physical sys-
tem modelled by (X, FP, L, D) is given by a differentiable
curve  : I C R — X such that

(z.e)t) € L, (& [ ee")(t)eD

for every ¢ € I, where @(t) denotes the tangent at x(t).

(1)

The manifold X is called the state space of a system. Pairs
of variables (f?,eP) € FP & FP* are dual variables called
open power ports. They allow one to connect another open
system with the same port space. The duality pairing of
open port variables along the trajectory of the system
encodes energy flow, or power, between the system and
the environment. From the power-conserving property of
the Dirac structure,

(e(t) [ #(2)) + (e?(t) | fP(£))p =0
for any (&, fP,e,eP)(t) € D. On the other hand, a closed
system has no open power ports. The Dirac structure D¢
of a closed system is defined on TX @ T*X with respect to
duality pairing (-|-). There is no exchange of energy with
the environment and the total energy is conserved,

(e(t) | (1)) =0

for any (&, e)(t) € D°. In order to determine time evolution
of the system, one must first be able to find a co-vector at
every point of the curve, such that all pairs constitute the
Lagrangian submanifold £. The tangent vector at every
point of the curve, together with the co-vector dictated
by the Lagrangian submanifold and the open power ports
must belong to the given Dirac structure.

We now show how a physical systems whose energy is
described by the Hamiltonian function fits into the Def. 1.
The theorem proved by Maslov (Maslov et al. (1972)) and

refined by Héormander (Hérmander (1971)) shows that any
Lagrangian submanifold of the cotangent bundle equipped
with the canonical symplectic 2-form, in particular, can
be described in a neighbourhood of each of its points by
a parameterized family of functions called Morse family.
The family can consist of a single function, which, in the
context of port-Hamiltonian framework, describes systems
with the Hamiltonian function. The result also prepares
the ground for energy ports introduced in the next section.

The statement of the theorem is in so-called canonical
coordinates. Recall that w = df where 6 is the canonical 1-
form. Let = (21,...,2,) € R™ denote local coordinates
on X inducing coordinates e = (e1,...,e,) € R™ on the
fiber of T*X. Then (z,e) € R?" are local coordinates on
T*X in which 6 and w have the form

n n
0= Zeidxi , w=df= Zdei/\dxi .

i=1 i=1
We call such coordinates canonical coordinates. Coordi-
nates = on X are called energy variables, as the Hamil-
tonian function is a function on X. Coordinates e on the
fiber of T* X" are then called co-energy variables, since they
are components of a co-vector on the fiber. The pair (z, ¢)
are called conjugated variables.

Theorem 2. (Maslov-Hérmander) Let K : X x RF — R
be a family of smooth functions on X parameterized by
k > 0 parameters. Let = (x1,...,x,) € R™ denote local
coordinates on X, A = (A1,...,\x) € RF parameters and
K (x, ) the real value of K in the local coordinates. We
define critical set X of K as

Yx = {(z,A)eR"xRﬂ%(x,/\)o, zlk} .

If the condition

K K )
K 2
o (a»‘axa‘ (@) gxign @Y @

holds, i.e., if the k x (n + k) matrix has maximal rank at
every point (z, ) € Xk, then the subset L C T*X, given
in canonical coordinates as
} (3)
YK

is a Lagrangian submanifold of (R?",Y""  de; A du;).
Vice versa, if £ is a Lagrangian submanifold of (T*X, w)
equipped with the canonical symplectic 2-form w, then, in
the neighbourhood of every point in £, for some k > 0, £
can be described by Eq. 3 for some K that satisfies Eq. 2.

Definition 3. A family of functions K : X x R¥ — R on
X parameterized by k > 0 parameters satisfying Eq. 2 is
called Morse family. If k =0, then K : X — R is called a
generating function of the Lagrangian submanifold. We
say that Ly is generated by a Morse family K, or a
generating function if k£ = 0.

=k

YK

Lk = {(:c,e) ER™|INcRY e = %—K(z,)\)
x

The proof of the theorem can be found in (Weinstein
(1977), Cardin (2014)). Here we only prove sufficiency
for k = 0. This case describes Lagrangian submanifolds
generated by a single function.

Proposition 4. Consider the set up of Th. 2 with k£ = 0.
Let K : X — R be a smooth function. Then Lx C T*X,
given in canonical coordinates by Eq. 3:



0K .
Lk = {($7€)€R2"|6i@($)7 zl,...,n}

is a Lagrangian submanifold of (R*",>""  de; A da;).

Proof. Note that Lx is a coordinate representation of
the image dKy of the 1-form dK : X — T*X. A point
(z,e) € dKx is a co-vector e € T X with the base point
x € X such that e = dK (x). The components (e, ..., e,)
of e in canonical coordinates are e; = 0;K for every
i =1,...,n. To show dKy is a Lagrangian submanifold,
note that a 1-form is a canonical embedding by definition,

1
dim(dKy) = dim X = B dimT*X

The submanifold dKx is therefore Lagrangian with re-
spect to w = d#,

(dK)*df =d((dK)*0) =d(dK) =0
The first equality follows because pull-back commutes
with exterior derivative. The second equality is a conse-

quence of tautological property of the canonical 1-form,
(dK)*0 = dK and the last equality follows because d? = 0.

Geometrically, the image of a differential of a function
generates a Lagrangian submanifold £ that is at each of its
points transversal to the fiber of T*X that passes through
that point and £ — X is a diffeomorphism. Since the op-
posite direction also holds (Libermann and Marle (1989)),
one can equivalently characterize Lagrangian submanifolds
generated by a function as transversal. Non-transversal
Lagrangian submanifolds are generated by Morse families.

In view of Th. 2, a Lagrangian submanifold is a structure
which describes relations among energy and co-energy
variables. We call these relations constitutive relations.
Physical systems whose energy is given by the Hamiltonian
function H : X — R can be understood as a class
of port-Hamiltonian systems with transversal Lagrangian
submanifold Ly = dHx. The condition (1) in Def. 1
reduces to e(t) = dH(z(t)) for any t € I and one
can recover the familiar definition of a port-Hamiltonian
system as a quadruple (X, FP, H, D) with dynamics of the
system given by the differential equation (van der Schaft
and Jeltsema (2014))
(@(t), fP (1), dH (x(t)), " (t)) € D

at every t € I. The generating function H plays only an
auxiliary role in determining the dynamics of the system,
since only the differential of H appears in the differential
equation. It is the Lagrangian submanifold £y which H
generates that, together with the Dirac structure, deter-
mines the dynamics. As constitutive relations determined
by transversal Ly are also a mapping, one can understand
the generalization of port-Hamiltonian to Lagrangian sub-
manifolds as a way to describe systems with relations
among energy and co-energy variables that are not given
by a map. It is this multi-valued nature of a Lagrangian
submanifold what makes it possible to describe the to-
tal Hamiltonian of constrained Hamiltonian systems (see
Sec. 3). On the other hand, the generator of the Lagrangian
submanifold, whether it is a function or a Morse family, is
related to power balance. Along the trajectory of a port-
Hamiltonian system (X, F?, Ly, D),

dH (z(t), A(t)) PPy
TJr<€|f>p*0 (4)

When we introduce energy ports in Sec. 3 the power
balance will not be given with respect to the generator
of the Lagrangian submanifold.

3. HAMILTONIAN SYSTEMS WITH CONSTRAINTS
AND ENERGY PORTS

We further exploit the structure of Lagrangian submani-
folds by introducing variables, called energy ports, which
account for the change in energy of an open systems caused
by a change in constitutive relations. A port-Hamiltonian
system defined with respect to such Lagrangian submani-
fold will, in general, have ports of two different types: one
associated with the constitutive relations (energy ports)
and one associated with the interconnection structure of
the physical system (power ports). Unlike power ports,
energy ports are not dual variables but they play a role in
power balance, which justifies their name.

Energy ports are defined with respect to a specific class of
Morse families.

Definition 5. Let K : X x R™ x R¥ — R be a family of
functions on X x R™ parameterized by k > 0 parameters,
such that K is a Morse family if £ > 0. Let Lx be the
Lagrangian submanifold of (T*(X x R™),df) generated
by K,

Ly = {(:L‘,l/p,e,Ep) e R2"m) | 3\ e RF .
oK L, 0K } (5)
, €
YK

e—%(ac,up,)\)z —%(
K

where (z,vP) € R"™™ denotes local coordinates on
X x R™. The induced local coordinates on the fiber of
T*(X x R™) are (e,e?) € R"™™ so that the canonical
symplectic 2-form df = Y  de; Adw; + Y i, del Adv?
and Y is the critical set of K,

x, VP, N)

oK
Y = {(x,yp,)\) e R" x R™ x R¥ | a(x’yp’)\) :0} .

If it holds that
92K 9?K )
rank [ — P P
(aul’iaxl’j (2,07, 2) OvPiQupi (2,7, 2)
(6)

that is, if m x (n +m) matrix has maximal rank at every
point of the critical set Xk, then for any (z,1?,e,eP) € Lk
a pair of variables (1P, eP) € T*R™ is an open energy port
and L is called port-Lagrangian submanifold.

YK

We point out that derivatives in the rank condition (6)
are only with respect to coordinates on the base space
X x R™, whereas (2) concerns parameters in R¥. Thus, a
Morse family on X x R™ that satisfies (6) generates the
Lagrangian submanifold (5), according to Th. 2. Moreover,
because of the local character of Th. 2, the space of
parameters R¥ and the base space of energy ports R™ can
both be replaced by more complicated smooth manifolds.
Definition 6. A Morse family K : X x R™ x R¥ — R on
X x R™ parameterized by k > 0 parameters that satisfies
Eq. (6) is called restricted Morse family. If k = 0 and
K : X x R™ — R satisfies Eq. (6) we call K a restricted
generating function.

We define a port-Hamiltonian system with respect to a
port-Lagrangian submanifold as follows.



Definition 7. Let X be a smooth n-dimensional manifold,
FP a smooth vector bundle over X of rank d and FP*
its dual bundle. A port-Hamiltonian system defined on a
port-Lagrangian submanifold is a quintuple

(X, FP,R™, 7, D)
where £P C T*(X xR™) is a port-Lagrangian submanifold
of the cotangent bundle (T*(X x R™),w) equipped with

the canonical symplectic 2-form w and D is a Dirac struc-
ture D CTX & FP o T*X & FP* with respect to duality

pairing
(1) 4 Gl

where (-|-) denotes the duality pairing between T,X
and T)X and (-|-), denotes duality pairing between F?
and FP* for any € X. The time evolution of a
physical system described by a port-Hamiltonian system
(X, FP,R™ LP D) is given by a curve z : I C R —» X
satisfying

(x, VP, e,eP)(t) € LP (7)

(&, fP,e,e?)(t) e D (8)

for any t € I, where &(t) denotes the tangent at x(t).

Note that the Dirac structure is a vector subbundle over
X, whereas the Lagrangian submanifold is defined over
X x R™. The energy ports will, however, appear in the
Dirac structure, and consequently in the power balance.
The pair of conditions is coupled, so e will be given in
terms of relations among z, P, A and P as dictated by the
port-Lagrangian submanifold £P.

{e(®)|(t)) + (") P (t))p =0

In local coordinates in a neighbourhood of z(¢) for any
t € I, the power balance can be written as

L (a2 (1) M) (1) + €577 = 0
where Hr : X xR™xRF — R is the restricted Morse family
on X x R™ that generates LP (see Eq. 7) and A € R*. This
power balance is not with respect to Hr, since

dHr OHr ., OHr _,

a  or * auri 0

The expression is evaluated at (z(t), vP(t), A(t)). We hence-
forth suppress the dependencies to make the notation less
cluttered. Since vP are the independent variables whose
dynamics we do not consider, we use the chain rule to
eliminate P, which leads to

8HT i d aHT pi d aHT DL
ozt v dt (HT Oypi v ) + (dt 8l/pi) v

This expression only makes sense in coordinates. The total
power balance can then be written as

dH = de? . :

T L TSPl P epd )

a Ta” el
where we introduced a function H : X x R™ x R¥ — R,

H(xz,v?,\) = Hp(z, VP, \) — %(z, v, P
As expected, the power balance has an additional term
compared to (4). The second term describes energy change
due to a change in constitutive relations and the dual

variable to v? is P (Maschke and van der Schaft (1992)).

We now consider special cases of port-Hamiltonian sys-
tems on port-Lagrangian submanifolds that are generated

by a restricted Morse family Hy : X x R™ x R¥ = R on
X x R™. We show that m =0,k > 0 describes a con-
strained Hamiltonian system. Such port-Hamiltonian sys-
tems do not have energy ports and are described in Def. 1.
On the other hand, m > 0,k = 0 describes input-output
Hamiltonian systems without constraints. Its Lagrangian
submanifold is generated by a restricted generating func-
tion on X x R™. We will more closely study an input-
output Hamiltonian system that is linear in inputs. If
m = k = 0, then Hr is a generating function on X.
Finally, we put everything together and give an example
of a constrained input-output Hamiltonian system that is
non-linear in inputs.

3.1 Input - output Hamiltonian systems

Input-output Hamiltonian systems are open physical sys-
tems whose constitutive relations depend on variables
whose dynamics we do not consider. Such variables are
then viewed as external variables and called inputs.

We study more closely an input-output Hamiltonian sys-
tem that is linear in inputs. Let @ be a smooth d-
dimensional manifold. Consider Hy : T*Q x R™ — R
defined as

Hry(z,u) = H(z) +u'Gi(x)

yi = Gi(z) ,
where G; T*Q — R for every ¢ = 1,...,m and
u=(uy,...,un) € R™ are inputs. We assume that Hp is
a restricted generating function on 7*Q x R™. That is, at
every point (z,u) € R?? x R™

0G1
W(z)

t=1,....,m

rank : =m
0G

x
5 (%)
Thus, condition (6) in this case ensures that there is no
redundancy in inputs. The port-Lagrangian submanifold
LP of T*T*(Q) it generates is

m{um@weRwﬂm|

_oHr, . OH el

__ OHr o o
Yi = ou (ZC,’U/)—Gl(;E), Z—l,...,m}

Such input-output system is described by a port-Hamiltonian
system (T*Q,R™, LP D) where D¢ C TT*Q & T*T*Q is
a closed Dirac structure defined as the graph of the Pois-
son vector field on (T*7T*Q,w) where w is the canonical
symplectic 2-form. The dynamics is determined by
(z,u,e,y)(t) € L7, (&,¢)(t) € D°
In local coordinates,
OH . 0G;
r(t) = —(x(? 't t
() = Ty (G @(0) + w0 G2 (1)
yi =Gi(z(t), i=1,....m
The map J : T*T*Q — TT*Q is a vector bundle isomor-
phism given as J = (2°)~! where Q° : TT*Q — T*T*Q is
defined as X — Q(X,-). The power balance is

{e(®)](t)) =0




Note that e is given in terms of relation with z, v and y
as dictated by LP. To inspect the relation more closely,
consider the power balance in local coordinates, which
boils down to

oH ; . 0G;

@) () () (1) (1) = 0
Using the chain rule, we have
dH (x(t)) dy'(z() _
a + u'(t) T =0

where y; = G;. The conjugated pair (u,y) is an open
energy port. The Dirac structure is closed, we do not have
power ports, but there is an additional duality pairing
appearing in the power balance.

3.2 Constrained Hamiltonian systems

Systems that are subject to constraints are confined to
a part of the state space. While these constraints might
arise in different ways, we look more closely at systems
with gauge degrees of freedom. That is, systems with
more degrees of freedom then equations that determine
them. We show that Dirac’s extended Hamiltonian (Dirac
(2001)) is a Morse family linear in parameters provided
that 0 is a regular point of all constraints.

Gauge theory is characterized by a non-invertible partial
Legendre transformation of the Lagrangian of the system.
Let @@ be a smooth d-dimensional manifold and let the
Lagrangian L : T'Q) — R be a smooth function. The partial
Legendre transform [ : TQ — T*(Q is defined as

l(q,’U) = (Qaﬁ = aUL(Qa U))
where (g,v) € R? x RY denotes coordinates on the tangent
bundle T'Q). The Hamiltonian H,. : T*Q — R is a function
such that
H.ol=F
where £ : T(@Q — R is the Lagrangian energy func-
tion E(q,v) = pa(q,v)v* — L(g,v). If an inverse [~} ex-
ists, i.e., if one can solve p = p(g,v) for v, so that
v = 0(q,p) where ¥ is a function of ¢’s and p’s, then
HC(qvp) = (E ° lil)(qvp) = pavAa(qvp) - L(qvﬁ(qvp)) Ac-
cording to the Inverse Function Theorem, [ is invertible
at (¢,v) € TQ if and only if the d x d matrix W,
O0Pa %L
W'LJ (q7 ’U) = p (Qa ’U) = ’Uza’Uj (Qa ’U)
is non-singular, i.e., det W(q,v) # 0. We assume that W
is singular and that rank(W) = d — N on all TQ. As
a consequence of Constant Rank Theorem, there exists
N functions ¢; : T*Q — R such that ¢,(q,p) = 0
for every (¢,p) € lrg and every j = 1,...,N. That is,
the image Irqg is the zero level set of ¢1,...,¢n called
primary constraint surface in 7*Q and the functions are
called primary constraints. Consequently, the Hamiltonian
function is defined uniquely only on Ilrg, since for any
H' :T*@Q — R and any A € R¥ such that

H'(z) = H.(z) + N ¢;(2)

it holds that H'ol = H.ol, where 2 = (q, p). We work with
H’ since it explicitly expresses the ambiguity in defining
a Hamiltonian function on entire state space T*@Q). This

ambiguity is then passed on to equations of motion (Dirac
(2001)),

E(t) = Ju) (%(x(t)) + )\j(t)%(x(t))) o)
bi(x(t)) =0, j=1,....,N

where = I € R — T*Q is a differentiable curve,
Q) is the canonical symplectic 2-form on 7T*() and
J :T*T*Q — TT*Q is a vector bundle isomorphism given
as J = ()71 where Q" : TT*Q — T*T*Q is defined
as X — Q(X,-). Note that algebraic and differential
equations are intertwined, as the constraints are imposed
at every point along the trajectory. We want to disentangle
these equations in a sense that we want the above dynam-
ics to take an initial condition satisfying the constraints
to a later state that still satisfies all constraints. This
can be achieved by requiring that the constraints do not

evolve along the trajectory, i.e., q.bj (z(t)) = 0 for every
j=1,..., N, which amounts to
0={¢;, Hc}ox(t) + A" {¢;, b} 0 z(2)

where {-,-} are Poisson brackets on (7*Q,). The
procedure that follows is called Dirac-Bergmann algo-
rithm (Pons (2005)). The condition above can either be
identically satisfied, lead to new constraints (called sec-
ondary constraints) if the second term vanishes, or be used
to determine the respective M. If secondary constraints
arise then the condition is checked again for the new
list of constraints, now consisting of both primary and
secondary constraints. The process is iterated until no new
constraints arise. The Hamiltonian to which we add the
final list of constraints and substitute the expressions for
A’s that we could determine is called the total Hamiltonian
Hp:T*Q — R
Hp(z) = H(z) + N'oi(x)
oi(x) =0, i=1,...,k

The function H contains all the terms in H’ for which
we could determine the respective M. The constraints in
the final list are so-called first class constraints. If all M’s
can be determined, then Hr = H and the dynamics of
the system takes place on a symplectic submanifold of

T*Q (Dirac (2001)). If some A’’s are not determined, then
the system has gauge degrees of freedom.

Since A’s are arbitrary, we henceforth view Hr as a
function on T*Q parameterized by A € R*. The critical
set X, is

Sir = {(x,\) e R* X RF | ¢i(x) =0, i=1,...,k}
For Hr to be a Morse family it must satisfy condition (2).
By direct calculation one verifies that this is the case if at
every point € T*Q at which ¢;(x) =0 fori=1,...,k
and arbitrary A,

!
%(95)
rank :
afbk
B @)
This is the condition for 0 € R to be a regular value of

(¢1,...,dr). The Lagrangian submanifold Ly, C T*T*Q
generated by Hr is



L, = {(z,e) €ER?™ x R*™ | IN e R*:

_ OH ,00;
OHr

N = ¢i(z) =0, Zl,...,k}

A system with gauge degrees of freedom is modelled
by a port-Hamiltonian system (77*Q,Lp,,D¢) where
DeCTT*QdT*T*Q is a closed Dirac structure given
as a graph of a Poisson bi-vector field generated by the
Poisson bracket on (T*T*Q,w) where w is the canonical
symplectic 2-form. The dynamics is determined by

(:L', 6)(t) € [’HT ) (SC, 6)(t) €D
As an example of a system with gauge degrees of freedom
we consider a massive relativistic particle.

e

Ezample 8. The Lagrangian L : R* — R corresponds to
the relativistic kinetic energy of a particle with mass m,

L(gq,v) = my\/ngpv®o®

where n = diag(—1,1) is the Minkowski metric. The par-
tial Legendre transform [ : R* — R** given by p, = 0pa L,
a = {0, 1} is not invertible. By direct calculation one can
check that rank(W) = 1, so we have one constraint.

b
MNabV

m—_
/ncdvcvd

Thus, ¢(¢,p) = n%®papy — m?. The Lagrangian energy
E(q,v) =0, so H. = 0. Since we only have one constraint
we can immediately write down the total Hamiltonian

Hr(g,p) = A(n™papy — m?)

Pa = — = "papy, = m?

which is a Morse family parameterized by A € R. The
dynamics is described by a curve x on R?* for which

(xz,e)(t) € L, = el(t) =0,el(t) = 2Apy(t) ,
1%pa(t)py(t) —m? =0
(#,e)(t) € D° = pa(t) =0,¢(t) = 2Apa(t) ,
1% pa(t)py(t) —m* =0
where z(t) = (q(t),p(t)).

3.8 Constrained input-output Hamiltonian systems

A restricted Morse family therefore describes a constrained
Hamiltonian system with inputs and conjugated outputs.
Considering the preceding subsections, an input-output
Hamiltonian system with gauge degrees of freedom that is
linear in inputs is described by a restricted Morse family
Hp : T*QxR™xRF on T9 xR™ if 0 € R¥ is a regular value
for all constraints and there is no redundancy in inputs.
Hr(z,u,\) = H(z) + v/ Gj(x) + N'¢;(2)
di(x) =0, 1=1,...,k

The port-Hamiltonian system then consists of a La-
grangian submanifold that is generated by Hr and a closed

Dirac structure that is given as a graph of the Poisson bi-
vector (Brockett and MA. (1977)).

We now consider a massive relativistic particle in external
electromagnetic field as an example of a constrained input-
output Hamiltonian system. The external electromagnetic
field is treated as an input.

Example 9. The Lagrangian L : R* — R describes a
relativistic particle of mass m and charge e interacting
with electromagnetic field A = (Ag, A1)

L(g,v) = m\/napv®0® + eAv°

where n = diag(—1,1) is the Minkowski metric. The
partial Legendre transform is not invertible and leads to
one constraint.

Napv?
bV

/ncdvcvd
Hence, ¢(q,p) = n*®(pa — €Aq)(py — €Ap) — m?. The La-

grangian energy E = 0, so H. = 0. The total Hamiltonian
is then Hr : T"Q x RZ xR - R

Hr(q,p, A, 2) = M1 (pa = e4a)(py — eAy) —m?)
Hr is the restricted Morse family on T*Q x R2.

2

Do = — +As = 1% (pa—eAd)(pp—eAp) =m
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