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Abstract

The Dirac exchange interaction is derived from recent quantum kinetic theory for collisionless
plasmas. For this purpose, the kinetic equation is written in the semiclassical and long wavelength
approximations. The validity of the model for real systems is worked out, in terms of temperature
and density parameters. Within the region of applicability, the correlation potential energy is
shown to be always smaller than the exchange contribution. From the moments of the quantum
kinetic equations, macroscopic, hydrodynamic equations are found, for an electron-ion plasma.
The Dirac exchange term is explicitly derived, in the case of a completely degenerate electron gas.
These results show, within quantum kinetic theory for charged particle systems, a new view of the
Dirac exchange interaction frequently used in density functional theory parametrization. Finally,

a simpler form of the quantum plasma exchange kinetic theory is also found.
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I. INTRODUCTION

Exchange effects have been recently included in quantum plasma kinetic theory H, ]
For this purpose, the complete antisymmetry of the N-particle density matrix was taken
into account, which is inline with the Fermi statistics of electrons, in accordance with the
Hartree-Fock approximation. For linear waves in completely degenerate plasmas [3], the
results are in exact agreement with older treatments following another methods [4]-[7].

There has been some discussion about the accordance between the new quantum plasma
kinetic theory and the density functional (DFT) modeling, as well as about the adequate
quantum hydrodynamics taking into account exchange effects [3]. Due to the analytical
and even computational complexity of phase-space models, the reduction of variables in
averaged, macroscopic theories is an attractive alternative, for both quantum and classical

lasma. Exchange (and correlation) effects have been considered e.g. in the recent review
‘E] about quantum plasma hydrodynamics.

The purpose of the present work is to show the complete agreement between exchange
quantum kinetic plasma theory B, ] and the traditional Dirac exchange potential often
considered in DFT. This goes a step further than previous treatments where the exchange
(and correlation) potential was inserted ab initio in the Schrodinger equation [9].

The article is organized as follows. In Section II, we consider the semiclassical limit of the
new exchange kinetic theory. This allows considerable simplification of the central kinetic
equation. The validity conditions and the approximations made are described in detail.
Section III works out the resulting susceptibilities in electron-ion quantum plasmas, for
general electrostatic linear waves. With appropriate averaging methods, in Section IV the
general exchange fluid equations are derived. Section V shows that in the particular case of
a completely degenerate Fermi gas the equation of state is exactly compatible with the Dirac

exchange term. Section VI has the conclusions, also pointing the possible generalizations.

II. EXCHANGE KINETIC CONTRIBUTION IN THE SEMICLASSICAL LIMIT

Assuming the two-particle electron density matrix in the form of an antisymmetric prod-
uct of two one-particle density matrices, the Pauli principle becomes assured. Following

this approach, a kinetic equation for the one-particle Wigner function f = f(x,p,t) can be



deduced H, ], neglecting spin polarization, quantum diffraction and correlation effects, in

the long wavelength approximation, reading
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Here ¢ = ¢(x, 1) is the scalar potential and V' = V(x) = €?/(4meg|x|) is the electron-electron
Coulomb potential. The summation convention holds and the remaining symbols have their
usual meaning while the arrows in some partial derivatives indicate the sense of operation.
By construction Eq. (Il) takes into account the bare exchange effects, represented by the
terms on the right hand side, and can be termed the exchange kinetic equation, which is our
starting point. Details are discussed in [1 [2].

To have the exchange kinetic equation in a semiclassical approximation, we have to
make a formal series expansion in powers of A. In the long wavelength approximation, the

calculation (shown in the Appendix) gives the semiclassical exchange kinetic equation
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which is considerably simpler than Eq. (Il). The last integral on the right hand side of Eq.
(@) is of higher order and does not contribute in the semiclassical approximation.

The formal series expansion in powers of i implicitly implies a power series on a dimen-
sionless quantity A/(muvgly) < 1, where vy is a natural velocity scale and [y is a natural
length scale. The same approximation justifies the neglect of quantum diffraction, also
known as quantum recoil, which was already assumed for the derivation [1, H] of the basic
kinetic equation (II). The semiclassical approximation keeps the first order exchange effects.
It is a welcome avenue, to analyze the implications of such approximation.

Since exchange effects are more stringent for dense plasmas, we focus on degenerate
plasmas. For a degenerate plasma, a natural velocity scale is the Fermi velocity v, so that
vg = vp. On the other hand, a characteristic length ﬁjzould be given by the electron Thomas-

Fermi length \p = vp/w, for stationary structures [10], where w, is the plasma frequency, or
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by A = 27 /k for linear wave propagation with wavenumber k. For the sake of definiteness,
setting [y = A\p and taking into account vy = A(37ng)3/m, w, = [nge?/(meo)]"/?, where
ng is the equilibrium electrons number density, m is the electron mass, e is the elementary
charge and gg is the vacuum permittivity, the semiclassical approximation traduces into
agny® > 4r/(372)Y3 = 0.14, where ag = 4meoh?/(me?) is the Bohr radius. Hence, for
stationary structures in degenerate plasma the semiclassical approximation applies for ng >
1.7 x 102 m~3, a condition on the number density only.

The remaining validity conditions are as follows. Neglect of correlations imply that the
average Coulomb energy Eq = e2n(1)/ s /(4meg) is much smaller than the average kinetic energy,
which is the Fermi energy Fr = muv%/2 in an order of magnitude estimate. Defining the
coupling parameter g. = E¢/Er we then find the necessary condition
_ Lo _ 2
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which at the end is again a function of the number density only. Equation (B]) implies
no > 6.1x10%® m~3, which is very similar to the semiclassical condition. Moreover, it is often
overlooked that the application of a non-relativistic model is possible only when relativistic
effects are negligible. To avoid a relativistic mass increase, one needs at least vp/c < 1,
where ¢ is the speed of light. This amounts to ngAs < 1/(37%), where A\ = h/(mc)
is the Compton length. Therefore, ny < 5.9 x 10¥m~3, excluding very dense plasmas
deserving a relativistic treatment. Finally, the degeneracy condition is T" < T, where T'
is the thermodynamic temperature, Tr = Ep/kp is the Fermi temperature and kg is the
Boltzmann condition. All in all, the region for which the present modeling is applicable is
shown in the filled area in the density-temperature diagram in Fig. [, in a logarithmic scale.

On the other hand, concerning wave propagation and setting [y = A, from A/(mvp)) < 1
one gets )\n(l)/  >> 1/(372)"/3 which means the wavelength should be much larger than the
mean inter-particle distance. Therefore the semiclassical approximation is equivalent to a
continuous media (fluid) assumption, a long wavelength condition in this case.

It is interesting to look into the neglect of correlations from the point of view of density-

functional theory. The DFT exchange-correlation potential V¢ is given [11, [12] by
1/3
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FIG. 1: Density-temperature diagram for which the present modeling is applicable, in a logarithmic

scale, where ng is the equilibrium number density (measured in m~3) and 7T is the thermodynamic

temperature in K. The left vertical line indicates the minimal number density for which correla-

tion effects are negligible, also justifying the semiclassical approximation. The right vertical line

indicates the maximal number density to avoid relativistic effects. Degenerate plasmas are below

the straight line T" = Tr. The modeling is valid in the filled area.

where 1/3 )
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is the Dirac potential form of the exchange potential [13] and
0.034
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0
is the correlation potential. Evaluating at the equilibrium number density and using Eq.
@), one has
Ve ( 3.84)
— =0.16g. In | 1 + , 7
e g m (7)

shown in Fig. @l As expected, the relative importance of the correlation effects (similar
to collisionall effects) goes to zero as the coupling parameter g. < 1. On the opposite
limit, when g. > 1 one has V/Vx = 0.63, which is a considerable value but still such that
Ve < Vyx, which is thus always true at least from the point of view of the effective DFT

exchange-correlation potential.



VelVx

8¢

FIG. 2: Ratio between effective correlation and exchange potentials as a function of the coupling
parameter g., from Eq. (7). The horizontal straight line shows the limiting value Vi /Vyx = 0.63

as gc > 1.

III. SUSCEPTIBILITIES IN AN ELECTRON-ION PLASMA

In an electron-ion plasma we have to consider the ions probability distribution function

fi = fi(x,p,t). It follows a classical Vlasov equation

0 0
afi(x, p,t)+ % -Vfi(x,p,t) —eVo(x,t) - %fi(x, p,t) =0, (8)

due to a presumably larger ion mass M > m. For simplicity ions have been assumed to be

single ionized. To close the system we have Poisson’s equation

vip=< ( [ansepi- [ @ fi(X,p,t)) | )

For small amplitude waves it is assumed plane wave perturbations as

[ = fop)+df(p) expli(k-x —wt)], fi= fO(i)(p) +0fi(p) expli(k - x — wt)],
¢ = d¢ explilk - x —wt)], (10)

where ¢ denotes first order quantities. Linearizing yields the dispersion relation

L+xe+x:i =0, (11)



where the electron-ion susceptibilities x.; are
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Linearizing the ions kinetic equation (§) and assuming a cold ions equilibrium f;q) =
nod(p) we get x; = —w?;/w?, where wy; = [nge?/(Me)]/2. For electrons we linearize the

exchange kinetic equation () to get

k-p dfo(p)
<—W + W) df(p) +edopk- p (13)
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At this point we remember that under the semiclassical condition the entire right-hand
side of Eq. (I3 is itself a correction. Hence it is legitimate to insert the classical expression

copk-9fy(p)/Op

3f(p) = ok p/m

(14)

into the exchange term of Eq. (I3]). In this way the electrons susceptibility decomposes into

classical x¢ and exchange xX contributions such that x. = x¢ + x, where

2
c _ € s k-0fo(p)/op
Xe - 50k2 dp w—kp/m ) (15)

e () [
(e-nead) (BT A ) 0

in terms of the shorthand fo(4) = fo(p £ q).

X

It is instructive to keep the full kinetic equation (Il) and perform again the previous
operations, to find the same ¢ as in Eq. (I3) and
X _ _2h64/ d*p 0 /d3Q(qi+hki/4) »
Xe edk? | w—k-p/m Op; lq + hk/4)?
y (fo(—l—)k-afo(—)/@p+f0(—)k~8f0(+)/8p)
w—k-(p—q)/m  w-k-(p+aq)/m

instead of Eq. (I6]). However, expanding taking into account the long wavelength condition

(17)

hk < muy as discussed in Section II it is easy to regain Eq. ([I6) from Eq. ([IT), as verified
from parity properties. In particular it is immediate to verify that these parity properties

show that the first non-zero contribution is proportional to h2.
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IV. FLUID EQUATIONS

Macroscopic equations can be derived from the moments of the simplified exchange kinetic
equation (2)). In this way it is even possible to derive an exchange potential Vy from first
principles. In the case of completely degenerate electrons it turns out that Vy is the Dirac
exchange interaction potential, as will be shown next.

As usual [14] the number density n = n(x,t), the velocity field u = u(x,t) and the

pressure dyad P = P(x,t) are defined in terms of the moments

n:/d3pf, (18)
mnu = /d3
pPf, (19)
1 3
P:E/dppéépf—mnu@u. (20)

Higher order moments could be easily implemented as well.
From Eq. () and with appropriate boundary conditions in momentum space we find the

continuity equation

and the momentum balance equation
d _1op; 99
e’h? 0 [ dPpdiq 2 ¢iq;
- 2eona—ggj/ e <5ij TP ) (f(XvP‘FQ)f(XaP—Q)) :

expressed in component-wise manner, where the explicit time-dependence was omitted in f,
for brevity. The momentum balance equation is valid for any local f(x,p).

Equation (22)) can be written as

-P -PX
m(g—l—u-V)u:—V _v +eVo, (23)
ot n n

in terms of the exchange pressure dyad PX defined by

e’h? [ d’pdq 2 giq
Py = S8 [T (5,2 250 (rxpr aifxp ). (20

in component-wise manner. The simplicity of Eq. (23] in comparison with Eq. (7) of Ref.

] comes from starting from Eq. (2)) instead of the full exchange kinetic equation (),



which involves no loss of generality as long as the validity conditions discussed in Section II
remain valid.

For isotropic in momentum distributions, namely if f = f(x,p),p = |p|, it follows that
P;; = pd;; and Pg = px9;j, where p is the scalar pressure p = (1/3)TrP;; (Tr denotes the
trace) and where py is the exchange scalar pressure,

e?h? / dp diq
Geo q*

1
Px = gTrPi‘;-( =

(fxp+a)fixp-a). (25)
Similarly, for ions one can define

n; = /d3p fis (26)

Mnyu; = /d?’pp fis (27)

P, = %/dgpp@)pfi—Mniui@ui. (28)

The moments of the Vlasov equation (§]) yield

8ni .
M<%+ui.v)u,-=—v'?i—ev¢. (30)

Finally one has Poisson’s equation

V2= — (n—mn). (31)

€0
To have closure of the system, one needs to express all pressure dyads in terms of lower
order moments. This can be achieved assuming a local equilibrium distribution function, as

shown in the next Section.

V. CLOSURE FOR COMPLETELY DEGENERATE ELECTRONS

For a completely degenerate electron gas, one has

- 3n
f(x,p) = A0(pr — |p — mul), A:ma (32)
where 6 is the Heaviside step function of the indicated argument and where pp = h (37%n)!/3
is the local Fermi momentum depending on the local number density n. Equation (B2)

represents a local, velocity displaced zero temperature Fermi-Dirac distribution.
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In the reference frame of the electrons fluid, the quasi-equilibrium (B32) is isotropic in

momentum space. It is immediate to evaluate the scalar pressure
5/3
p= %nOEF <nﬁo) / , Ep= % , pr = h(3n%ng)Y? (33)

which is the equation of state for the completely degenerate electron gas where Er, pp are
the Fermi energy and momentum, and ng is the equilibrium number density.

The derivation of the equation of state for the exchange scalar pressure (23] involves the
evaluation of the volume intersection between two spheres of identical radius prg, centered
at p = +q, which is

47

3 (e +5) (e — @00 —q),  (34)

[ 60 1o+ a0~ Ip ) = !
as found from elementary calculus ] The remaining integration in Eq. (25) gives
3 2 n4/3

- 5 = G (35)

bx

a barotropic equation of state. Remarkably, the contributions from the exchange pressure

from Eq. [B5) and from the Dirac exchange potential are entirely equivalent, namely

Ty = VPX (36)

n

as shown from elementary algebra. This is the main result of this work. Finally, for ultra-cold

ions obviously one has P; = 0.

VI. CONCLUSIONS

A complete derivation of the Dirac exchange potential has been made, from newly in-
troduced quantum plasma models taking into account the antisymmetry of the two-particle
Wigner distribution function. The derivation from the exchange kinetic theory is quite dif-
ferent from the original derivation by Dirac, which is based on the Thomas-Fermi atomic
model ]

The simpler kinetic equation (2)) is more amenable to nonlinear and numerical analysis,
in comparison with Eq. (II), considered in the literature. Even more simplicity appears in
the hydrodynamic modeling, which however needs an equation of state for closure. A local

completely degenerate Fermi equilibrium shows a pressure term entirely equivalent to Dirac’s
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exchange potential. Although evident from the start, it worth to mention that a classical,
locally maxwellian equilibrium would gives something else [14] than the Dirac expression.
The approximations made, restrict the results to collisionless, semiclassical and com-
pletely degenerate plasmas. The domain of validity include real, dense fully degenerate
and cold plasma systems, as identified in Fig. 1. Nevertheless, the procedure can be in
principle extended to cover a finite-temperature electron gas, or a systematic derivation of
correlation interaction potentials. The later would need a first principle kinetic equation
including correlation besides exchange effects. However, at least in terms of the usual DFT
parametrization of the exchange-correlation potential, the correlation contribution is shown
to be a small correction in comparison with the exchange contribution, in the case of ideal
plasmas. Finally, relativistic effects would be a further ingredient, in even more general

theories.

Appendix A: Derivation of the semiclassical exchange kinetic equation

Denoting the right-hand side of Eq. () by / and expanding in a formal power series of

h, it becomes

e?h 0 i _;
] = — 3o d3g 2L e—ra _
o [ @ B )
62h2 0 0 3 3 PiPj —ip-q
et [ #odtaG e ) 5(-)
e’h® 9 0 s 3 PPk _ipq *f(-) 0*f(+)
* 64me api@/d pd q?e x [f(+) Ox;0xy, - f(= Ox;j0xy,
Of(+)0f(=) , 0f(=)9f(+)

B 4
Or; Oz, + Or; Oz, ]+O(h>7 (A1)

summation convention implied, where for simplicity the time-dependence was omitted since

it is not relevant for this discussion and where now the shorthand

fE) = f (xp£3) . (A2)
is used.
It happens that the terms proportional to & and h® vanishes in Eq. (ATl due to parity
properties, as can be verified by means of the simultaneous change of variables q — —q, p —
—p. For the surviving term proportional to A% we use
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as can be verified using a partial integration and the Fourier transform of the Coulomb

potential,
’p 4m
2P emipa — 27 N
/ P ¢ (Ad)
Equation ([AIl) becomes
e2h? g 0 d3q 2(]2‘% )
deg Opi O / q? (6” e ) f(+)f(=)+ ORY) (A5)

A few more simple calculations finally give Eq. ([2)). It is worth mentioning that expanding
to higher orders the terms proportional to A” where v is an odd integer vanishes due to
parity properties. Hence, actually one has a power series on h?, as expected from quantum

perturbation theory in general.
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