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Abstract

We introduce and study the generalized cyclotomic polynomials ΦA,S,n(x) associated with
a regular system A of divisors and an arbitrary set S of positive integers. We show that all of
these polynomials have integer coefficients, they can be expressed as the product of certain
classical cyclotomic polynomials Φd(x) with d | n, and enjoy many other properties which
are similar to the classical and unitary cases. We also point out some related Menon-type
identities. One of them seems to be new even for the cyclotomic polynomials Φn(x).
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1 Introduction

The cyclotomic polynomials Φn(x) are defined by

Φn(x) =

n
∏

j=1
(j,n)=1

(

x− ζjn
)

,

where ζn := e2πi/n, n ∈ N := {1, 2, . . .}.
We recall that a divisor d of n (d, n ∈ N) is a unitary divisor if (d, n/d) = 1, notation d || n.

The unitary cyclotomic polynomials Φ∗
n(x) are defined using unitary divisors, as follows:

Φ∗
n(x) =

n
∏

j=1
(j,n)∗=1

(

x− ζjn
)

,
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where (j, n)∗ = max{d ∈ N : d | j, d || n}. These polynomials have properties similar to the
classical cyclotomic polynomials. For example, for every n ∈ N,

xn − 1 =
∏

d||n

Φ∗
d(x), (1.1)

and

Φ∗
n(x) =

∏

d||n

(

xd − 1
)µ∗(n/d)

,

where µ∗(n) = (−1)ω(n) is the unitary Möbius function, ω(n) denoting the number of distinct
prime divisors of n. Also, the unitary cyclotomic polynomials are in the class of inclusion-
exclusion polynomials. See Jones et al. [7], Moree and the author [12] for a detailed discussion
of these and some related properties. Also see Bachman [1].

However, not all polynomials Φ∗
n(x) are irreducible over the rationals. More exactly, for

every n ∈ N one has the irreducible factorization

Φ∗
n(x) =

∏

d|n
κ(d)=κ(n)

Φd(x), (1.2)

where κ(n) =
∏

p|n p is the square-free kernel of n. See [12, Th. 2]. It follows from (1.2) that
Φ∗
n(x) have integer coefficients.
The polynomials

Qn(x) =
n
∏

j=1
(j,n) a square

(

x− ζjn
)

, (1.3)

have been discussed by Sivaramakrishnan [18, Sect. X.5]. For every n ∈ N we have the identities

xn − 1 =
∏

d|n
n/d squarefree

Qd(x), (1.4)

Qn(x) =
∏

d|n

(

xd − 1
)λ(n/d)

,

where λ(n) = (−1)Ω(n) is the Liouville function, Ω(n) denoting the number of distinct prime
power divisors of n. At the same time,

Qn(x) =
∏

d2|n

Φn/d2(x),

hence Qn(x) have integer coefficients as well.
The inverse cyclotomic polynomials are defined by

Ψn(x) =
n
∏

j=1
(j,n)>1

(

x− ζjn
)

,
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see Moree [11]. One has

Ψn(x) =
xn − 1

Φn(x)
=
∏

d|n
d<n

Φd(x).

It is the goal of the present paper to investigate a common generalization of all of the above
polynomials. Let A = (A(n))n∈N be a regular system of divisors. See Section 2.1 for its definition
and some basic properties. In particular, D = (D(n))n∈N and U = (U(n))n∈N are regular, where
D(n) is the set of all divisors of n and U(n) is the set of unitary divisors of n. Furthermore, let
S be an arbitrary nonempty subset of N. We define the cyclotomic polynomials ΦA,S,n(x) by

ΦA,S,n(x) =

n
∏

j=1
(j,n)A∈S

(

x− ζjn
)

, (1.5)

where
(j, n)A = max{d ∈ N : d | j, d ∈ A(n)}. (1.6)

If S = {1} and A is a regular system of divisors, then (1.5) reduces to the polynomials

ΦA,n(x) := ΦA,{1},n(x) =

n
∏

j=1
(j,n)A=1

(

x− ζjn
)

, (1.7)

introduced by Nageswara Rao [13]. Here (1.7) recovers Φn(x) and Φ∗
n(x) if A(n) = D(n) and

A(n) = U(n), respectively. If A(n) = D(n) and S is arbitrary, then (1.5) are the polynomials
investigated by the author [19], which recover the polynomials Qn(x) and Ψn(x) if S is the set
of squares and S = N \ {1}, respectively.

Note that generalizations of arithmetic functions, in particular Euler’s function and Ramanu-
jan sums, associated to regular systems of divisors and arbitrary sets are known in the literature,
see Section 2.2. However, the corresponding cyclotomic polynomials have not been considered, as
far as we know. Further generalizations can also be studied. Given a regular system A of divisors
and k ∈ N one can consider the system Ak = (Ak(n))n∈N with Ak(n) = {d ∈ N : dk ∈ A(nk)}
and the cyclotomics defined with respect to Ak. See Section 2.1 for some more details. However,
we confine ourselves with the previous generalizations.

We show that all polynomials ΦA,S,n(x) have integer coefficients and they can be expressed
as the product of certain polynomials Φd(x) with d | n. We also point out some other properties
and identities concerning the polynomials ΦA,S,n(x) and ΦA,n(x). One of them seems to be new
even for the classical cyclotomic polynomials. Namely, let n ∈ N and let χ be an arbitrary
Dirichlet character (mod n) with conductor d (d | n). Then for real x > 1 (or formally),

n
∏

j=1

(

x(j−1,n) − 1
)Re(χ(j))

=
∏

δ|n/d

Φdδ(x)
ϕ(n)/ϕ(dδ) , (1.8)

where ϕ is Euler’s function. If χ is a primitive character (mod n), then d = n, and (1.8) gives

Φn(x) =

n
∏

j=1

(

x(j−1,n) − 1
)Re(χ(j))

. (1.9)
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Note that the products in (1.8) and (1.9) are, in fact, over j with (j, n) = 1, since χ(j) = 0
for (j, n) > 1. These are Menon-type identities, involving (j−1, n), where j runs over a reduced
residue system (mod n). The original Menon identity reads

n
∑

j=1
(j,n)=1

(j − 1, n) = τ(n)ϕ(n) (n ∈ N), (1.10)

where τ(n) is the number of divisors of n. See the survey by the author [24].
We also deduce generalizations of the Möller-Endo identities and the Grytczuk-Tropak re-

cursion formula concerning the coefficients of the discussed cyclotomic polynomials. The main
results are included in Section 3 and their proofs are given in Section 4.

For an overview of properties of the classical cyclotomic polynomials, in particular those
discussed and generalized in the present paper, we refer to Gallot et al. [4], Herrera-Poyatos
and Moree [6], Sanna [15].

2 Preliminaries

2.1 Regular systems of divisors

Let A(n) be a subset of the set of positive divisors of n for every n ∈ N. The A-convolution
of the functions f, g : N → C is defined by

(f ∗A g)(n) =
∑

d∈A(n)

f(d)g(n/d) (n ∈ N). (2.1)

LetA denote the set of arithmetic functions f : N → C. The convolution (2.1) and the system
A = (A(n))n∈N of divisors are called regular, cf. Narkiewicz [14], if the following conditions hold
true:

(a) (A,+, ∗A) is a commutative ring with unity,
(b) the A-convolution of multiplicative functions is multiplicative,
(c) the constant 1 function has an inverse µA (generalized Möbius function) with respect to

∗A and µA(p
a) ∈ {−1, 0} for every prime power pa (a ≥ 1).

It can be shown that the system A = (A(n))n∈N is regular if and only if
(i) A(mn) = {de : d ∈ A(m), e ∈ A(n)} for every m,n ∈ N with (m,n) = 1,
(ii) for every prime power pa (a ≥ 1) there exists a divisor t = tA(p

a) of a, called the type of
pa with respect to A, such that

A(pit) = {1, pt, p2t, . . . , pit}

for every i ∈ {0, 1, . . . , a/t}.
Given a regular system A, an integer n > 1 is called primitive with respect to A (A-primitive)

if A(n) = {1, n}. By (i) if n is primitive, then n = pa for some prime p and a ≥ 1. Furthermore,
a prime power pa (a ≥ 1) is primitive if and only if tA(p

a) = a. It turns out that

µA(p
a) =

{

−1, if pa is primitive,

0, otherwise.
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Examples of regular systems of divisors are A = D, where D(n) is the set of all positive
divisors of n and A = U , where U(n) is the set of unitary divisors of n. For every prime power
pa (a ≥ 1) one has tD(p

a) = 1, D(pa) = {1, p, p2, . . . , pa}, the primitive integers with respect
to D are the primes, and tU (p

a) = a, U(pa) = {1, pa}, the primitive integers with respect to
U being the prime powers pa (a ≥ 1). Here ∗D and ∗U are the Dirichlet convolution and the
unitary convolution, respectively.

To give another example of a regular system of divisors let, for every prime p and a ∈ N,
tA(p

a) = 2 if a is even, and tA(p
a) = a if a is odd. That is, A(pa) = {1, p2, p4, . . . , pa} if a is

even, and A(pa) = {1, pa} if a is odd.
Let A = (A(n))n∈N be a regular system of divisors and k ∈ N. Define Ak = (Ak(n))n∈N,

where Ak(n) = {d ∈ N : dk ∈ A(nk)}. Then the system Ak is also regular, see Sita Ramaiah
[17, Th. 3.1]. Let (j, n)A,k = max{dk : dk | j, dk ∈ A(n)}. Then

ΦA,k,S,n(x) =
∏

1≤j≤nk

((j,nk)A,k)
1/k∈S

(

x− e2πij/n
k
)

(2.2)

is the polynomial corresponding to the generalized Ramanujan sums, investigated in the litera-
ture. See Haukkanen [5, Sect. 5]. We will not consider (2.2) in what follows.

For properties of regular convolutions and related arithmetical functions we refer to Narkiewicz
[14], McCarthy [8, 9], Sita Ramaiah [17].

2.2 Generalized arithmetic functions

If A is a regular system of divisors, then the corresponding generalized Euler function ϕA(n)
is defined as

ϕA(n) =
n
∑

j=1
(j,n)A=1

1,

where (j, n)A is given by (1.6). In the proofs we will use the property that

d ∈ A((j, n)A) holds if and only if d | j and d ∈ A(n). (2.3)

We note that

ϕA(n) =
∑

d∈A(n)

dµA(n/d) = n
∏

pa||n

(

1−
1

pt

)

, (2.4)

where t = tA(p
a) is the type of pa. Hence ϕA is multiplicative. Here ϕD(n) = ϕ(n) is the

classical Euler function, and ϕU (n) = ϕ∗(n) is its unitary analogue.
Now let S ⊆ N be an arbitrary (nonempty) set and let ̺S be the characteristic function of

S. Given a regular system of divisors A, define the Möbius-type function µA,S by

∑

d∈A(n)

µA,S(d) = ̺S(n) (n ∈ N), (2.5)
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that is,

µA,S(n) =
∑

d∈A(n)

µA(d)̺S(n/d). (2.6)

We say that S is multiplicative if its characteristic function ̺S is not identical zero and
multiplicative (hence 1 ∈ S). In this case µA,S is multiplicative and µA,S(p

a) = ̺(pa)−̺(pa−1) ∈
{−1, 0, 1} for every prime power pa (a ≥ 1). If S is not multiplicative, then µA,S can be
unbounded. For example, if S = P is the set of primes and A = D, then µD,P(p1 · · · pk) =
(−1)k−1k for distinct primes p1, . . . , pk.

The Euler-type function ϕA,S(n) is defined by

ϕA,S(n) =
n
∑

j=1
(j,n)A∈S

1,

which reduces to ϕA(n) if S = {1}. More generally, the corresponding Ramanujan sums cA,S,n(k)
are given by

cA,S,n(k) =
n
∑

j=1
(j,n)A∈S

ζjkn ,

and they share properties similar to the classical Ramanujan sums cn(k). For example, for every
regular A, every subset S and k, n ∈ N,

cA,S,n(k) =
∑

d|(k,n)A

dµA,S(n/d) (2.7)

holds, therefore all values of cA,S,n(k) are real integers. In particular, cA,S,n(1) = µA,S(n), and

cA,S,n(0) = ϕA,S(n) =
∑

d∈A(n)

dµA,S(n/d). (2.8)

If S is multiplicative, then cA,S,n(k) and ϕA,S(n) are multiplicative in n. If S = {1}, then
one has the Hölder-type identity

cA,n(k) := cA,{1},n(k) =
ϕA(n)µA(n/(k, n)A)

ϕA(n/(k, n)A)
, (2.9)

see McCarthy [9, p. 170].
In the case A = D these functions were introduced by Cohen [2]. Also see the author [20].

For arbitrary A and S see Haukkanen [5], the author and Haukkanen [25, 26].

3 Results

3.1 Basic properties

Consider the cyclotomic polynomials ΦA,S,n(x) defined by (1.5). It follows from the definition
that these are monic polynomials, and the degree of ΦA,S,n(x) is ϕA,S(n).

6



Theorem 3.1. For every regular system A, every subset S and n ∈ N we have

ΦA,S,n(x) =
∏

d∈A(n)

(

xd − 1
)µA,S(n/d)

(3.1)

= (−1)̺S (n)
∏

d∈A(n)

(

1− xd
)µA,S(n/d)

(3.2)

=
∏

d∈A(n)
n/d∈S

ΦA,d(x). (3.3)

Furthermore,

∏

d∈A(n)

ΦA,S,d(x) =
∏

d∈A(n)
n/d∈S

(xd − 1), (3.4)

∏

d∈A(n)

ΦA,d(x) = xn − 1. (3.5)

If A = D or A = U , respectively S = {1}, S = {m2 : m ∈ N} or S = N \ {1}, then we
recover properties of the classical cyclotomic polynomials and its analogues mentioned in the
Introduction.

Corollary 3.2. For every A, S and n ∈ N,

ΦA,S,n(x) = (−1)̺S (n)xϕA,S(n)ΦA,S,n(1/x),

hence the polynomial ΦA,S,n(x) is palindromic or antipalindromic, according to n ∈ S or n /∈ S.

One may wonder what will be the generalized identity corresponding to (1.1) and (1.4). The
answer is included in the next corollary.

Corollary 3.3. Assume that 1 ∈ S. Then we have

xn − 1 =
∏

d∈A(n)

ΦA,S,d(x)
hA,S(n/d), (3.6)

where hA,S is the inverse with respect to A-convolution of the function µA,S.

Here the values of hA,S can be computed for special choices of A and S. To give another
example, let A = U and S = {m2 : m ∈ N}. Then it turns out that hU,S is the characteristic
function of the exponentially odd integers, i.e., integers with all exponents odd in their prime
power factorization. Therefore, considering the unitary analogue of Qn(x), given by (1.3),
namely

Q∗
n(x) =

n
∏

j=1
(j,n)∗ a square

(

x− ζjn
)

,

7



we have
xn − 1 =

∏

d||n
n/d exponentially odd

Q∗
d(x).

For a regular system A = (A(n))n∈N of divisors define the A-kernel function κA by κA(n) =
∏

pa||n p
t, where t = tA(p

a) is the type of pa. Here κD(n) = κ(n) =
∏

p|n p is the square-free
kernel of n, and κU (n) = n (n ∈ N).

Corollary 3.4. For every regular A and n ∈ N,

ΦA,n(x) = ΦκA(n)(x
n/κA(n)).

For a regular system A = (A(n))n∈N of divisors the A-core function γA is defined by γA(n) =
nκ(n)/κA(n) =

∏

pa||n p
a−t+1, where t = tA(p

a) is the type of pa. See McCarthy [9, p. 166].
Note that γD(n) = n (n ∈ N) and γU (n) = κ(n) =

∏

p|n p.
The following result is a generalization of identity (1.2).

Theorem 3.5. For every regular system A of divisors and every n ∈ N,

ΦA,n(x) =
∏

d|n
γA(n)|d

Φd(x). (3.7)

As a corollary we deduce the following more general identity.

Corollary 3.6. For every regular A, every subset S and n ∈ N we have

ΦA,S,n(x) =
∏

d∈A(n)
n/d∈S

∏

e|d
γA(d)|e

Φe(x),

therefore all the polynomials ΦA,S,n(x) have integer coefficients.

Theorem 3.5 is a special case of the following general result.

Theorem 3.7. Let A be a regular system of divisors, and let the functions g and gA be defined
for every n ∈ N by

∑

d|n

g(d) =
∑

d∈A(n)

gA(d).

Then
gA(n) =

∑

d|n
γA(n)|d

g(d).

Another application of Theorem 3.7 is to the Ramanujan sums cA,n(k) = cA,{1},n(k), namely

cA,n(k) =
∑

d|n
γA(n)|d

cd(k), (3.8)
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in particular,

ϕA(n) =
∑

d|n
γA(n)|d

ϕ(d),

µA(n) =
∑

d|n
γA(n)|d

µ(d).

The last three identities are given and proved by McCarthy [8, Th. 2, Cor. 2.1, Cor. 2.2]
by different arguments, namely by using properties of finite Fourier representations of n-even
functions. Also see McCarthy [9, pp. 165–167]. Our proof is direct and short. See Cohen [3,
Lemma 3.1] for a different approach in the case A = U .

3.2 Other identities

Theorem 3.8. Let A be a regular system of divisors and let n ∈ N. Then for x > 1 (or
formally),

ΦA,n(x) =

n
∏

j=1

(

x(j,n)A − 1
)cos(2πj/n)

. (3.9)

For A = D identity (3.9) was proved by Schramm [16] and for A = U by Moree and the
author [12, Th. 5]. In fact, (3.9) is a special case of the following general result and its corollary
concerning the discrete Fourier transform (DFT) of functions involving the quantity (j, n)A.

Theorem 3.9. Let A be a regular system of divisors, f : N → C be an arbitrary arithmetic
function and n, k ∈ N. Then

n
∑

j=1

f((j, n)A)ζ
jk
n =

∑

d∈(k,n)A

d (µA ∗A f)(n/d). (3.10)

Corollary 3.10. If f is a real valued function, then

n
∑

j=1

f((j, n)A) cos(2πjk/n) =
∑

d∈(k,n)A

d (µA ∗A f)(n/d), (3.11)

n
∑

j=1

f((j, n)A) sin(2πjk/n) = 0.

Now we present a Menon-type identity, involving (j−1, n)A, where j runs over an A-reduced
residue system (mod n), that is, (j, n)A = 1.

Theorem 3.11. Let A be a regular system of divisors and let n ∈ N. Then

n
∏

j=1
(j,n)A=1

(x(j−1,n)A − 1) =
∏

d∈A(n)

ΦA,d(x)
ϕA(n)/ϕA(d), (3.12)

9



If A = D, then (3.12) was given by the author [23], [24, Eq. (45)]. Here (3.12) can be deduced
from the following general result, known in the literature, even in a more general form, see [17,
Th. 9.1]. However, for the sake of completeness we also give a direct and short proof of it.

Theorem 3.12. Let A be a regular system of divisors and f : N → C an arbitrary arithmetic
function. Then for every n ∈ N,

n
∑

j=1
(j,n)A=1

f((j − 1, n)A) = ϕA(n)
∑

d∈A(n)

(µA ∗A f)(d)

ϕA(d)
. (3.13)

Note that if A = D and f(n) = n (n ∈ N), then identity (3.13) recovers (1.10).
Another Menon-type identity is the following.

Theorem 3.13. Let A be a regular system of divisors, let n ∈ N and χ be a Dirichlet character
(mod n) with conductor d (d | n). Then for real x > 1 (or formally),

n
∏

j=1

(

x(j−1,n)A − 1
)Re(χ(j))

=
∏

dδ∈A(n)

ΦA,dδ(x)
ϕ(n)/ϕ(dδ) . (3.14)

If χ is a primitive character (mod n), then

ΦA,n(x) =

n
∏

j=1

(

x(j−1,n)A − 1
)Re(χ(j))

. (3.15)

If A = D, then (3.14) and (3.15) recover identities (1.8) and (1.9), respectively. See the
author [21] for some related identities in the case A = D.

Theorem 3.13 can be deduced from the next general result and its corollary.

Theorem 3.14. Let A be a regular system of divisors, f : N → C be an arbitrary arithmetic
function, let n ∈ N and χ be a Dirichlet character (mod n) with conductor d (d | n). Then

n
∑

j=1

f((j − 1, n)A)χ(j) = ϕ(n)
∑

dδ∈A(n)

(µA ∗A f)(dδ)

ϕ(dδ)
. (3.16)

If χ is a primitive character (mod n), then

n
∑

j=1

f((j − 1, n)A)χ(j) = (µA ∗A f)(n). (3.17)

Corollary 3.15. Let f be a real valued function. If χ is a Dirichlet character (mod n) with
conductor d (d | n), then

n
∑

j=1

f((j − 1, n)A)Re(χ(j)) = ϕ(n)
∑

dδ∈A(n)

(µA ∗A f)(dδ)

ϕ(dδ)
,

n
∑

j=1

f((j − 1, n)A) Im(χ(j)) = 0.

10



If χ is a primitive character (mod n), then

n
∑

j=1

f((j − 1, n)A)Re(χ(j)) = (µA ∗A f)(n).

It is possible to deduce some further related identities. For example, we have the next result,
known in the case A = D, and proved by Moree and the author [12, Cor. 6] for A = U .

Theorem 3.16. For every regular system A, n > 1 and x ∈ C, |x| < 1 (or formally),

ΦA,n(x) = exp

(

−
∞
∑

k=1

cA,n(k)

k
xk

)

. (3.18)

3.3 Coefficients

Now consider the coefficients of the monic polynomials ΦA,S,n(x) of degree ϕA,S(n). It
follows from identity (2.7) applied for k = 1 that the coefficient of the term xϕA,S(n)−1 is
−cA,S,n(1) = −µS,A(n). In order to deduce formulas for the other coefficients as well, let

ΦA,S,n(x) =

ϕA,S(n)
∑

j=0

aA,S,n(j)x
j .

We have the following generalization of the Möller-Endo identities.

Theorem 3.17. For every A,S, n, k,

aA,S,n(k) = (−1)̺S(n)
∑

j1,j2,...,jk≥0
j1+2j2+···+kjk=k

k
∏

d=1

(−1)jd
(

µA,S(n/d)

jd

)

, (3.19)

with the convention µA,S(t) = 0 if t is not an integer.

This shows that aA,S,n(1) = −(−1)̺S(n)µA,S(n). Hence, according to Corollary 3.2,

aA,S,n(ϕA,S(n)− 1) = −µA,S(n),

as mentioned above. Also,

(−1)̺S(n)aA,S,n(2) = aA,S,n(ϕA,S(n)− 2) =
µA,S(n)(µA,S(n)− 1)

2
− µA,S(n/2),

and so on, similar to the classical case.
Now let S = {1} and let aA,n(k) := aA,{1},n(k) denote the coefficients of ΦA,n(x). The

identity of Corollary 3.4 shows that to study these coefficients it is enough to consider the case
when n is replaced by κA(n). As a generalization of the Grytczuk-Tropak recursion formula we
prove the following result.

11



Theorem 3.18. Let A be a regular system of divisors. If n is a product of A-primitive integers,
then for every k with 1 ≤ k ≤ ϕA(n),

aA,n(k) = −
µA(n)

k

k
∑

j=1

aA,n(k − j)µA((j, n)A)ϕA((j, n)A), (3.20)

where aA,n(0) = 1.

Note that in the classical case (A = D) (3.20) only holds for squarefree values of n (fact
omitted in some texts). However, in the unitary case (A = U) (3.20) holds for every n ∈ N.

4 Proofs

Proof of Theorem 3.1. More generally, let f : N → C be an arbitrary function and Ff (n) :=
∑n

j=1 f(j/n). Then

Sf,A,S(n) :=
n
∑

j=1
(j,n)A∈S

f(j/n) =
n
∑

j=1

f(j/n)̺S((j, n)A) =
n
∑

j=1

f(j/n)
∑

d∈A((j,n)A)

µA,S(d),

by (2.5). Using property (2.3) we deduce that

Sf,A,S(n) =
∑

d∈A(n)

µA,S(d)

n
∑

j=1
d|j

f(j/n) =
∑

d∈A(n)

µA,S(d)Ff (n/d).

Note that this is generalization of the the Hurwitz lemma, recovered for A = D, S = {1}.
Now if (formally) f(n) = log(x− e2πin), then Ff (n) =

∑n
j=1 log(x− e2πij/n) = log(xn − 1), and

deduce that
n
∑

j=1
(j,n)A∈S

log(x− e2πij/n) =
∑

d∈A(n)

log(xd − 1)µA,S(n/d), (4.1)

equivalent to (3.1). Now (3.2) follows by (3.1) and (2.5)
In terms of the A-convolution (4.1) shows that

log ΦA,S,.(x) = log(x. − 1) ∗A µA,S, (4.2)

that is, using (2.6),
log ΦA,S,.(x) = log(x. − 1) ∗A µA ∗A ̺S . (4.3)

If S = {1}, then (4.3) gives

log ΦA,.(x) = log(x. − 1) ∗A µA, (4.4)

and combining (4.3) and (4.4) we have

log ΦA,S,.(x) = log ΦA,.(x) ∗A ̺S ,

12



giving (3.3).
From (4.3) we also have

log ΦA,S,.(x) ∗A 1 = log(x. − 1) ∗A ̺S ,

where 1(n) = 1 (n ∈ N). This shows the validity of (3.4), which reduces to (3.5) if S = {1}.

Proof of Corollary 3.2. This is a direct consequence of identities (3.1), (3.2) and (2.8).

Proof of Corollary 3.3. If 1 ∈ S, then µA,S(1) = µA(1)̺(1) = 1 6= 0. Hence the function µA,S

has an inverse with respect to A-convolution, we denote it by hA,S . That is, hA,S ∗A µA,S = ε,
where ε(n) = ⌊1/n⌋ (n ∈ N). From (4.2) we obtain that

log(x. − 1) = log ΦA,S,.(x) ∗A hA,S,

equivalent to (3.6).

Proof of Corollary 3.4. By the definition of the function µA, if d is not a product of A-primitive
integers, then µA(d) = 0. Therefore, for every n ∈ N, using (3.1),

ΦA,n(x) =
∏

d∈A(n)

(

xn/d − 1
)µA(d)

=
∏

d∈A(n)
d∈A(κA(n))

(

xn/d − 1
)µA(d)

=
∏

d∈A(κA(n))

(

(xn/κ(n))κ(n)/d − 1
)µA(d)

= ΦA,κ(n)(x
n/κ(n)).

Proof of Theorem 3.5. Apply (formally) Theorem 3.7 in the case g(n) = log Φn(x), gA(n) =
log ΦA,n(x), where f(n) = log(xn − 1) by taking into account (3.5). We deduce that

log ΦA,n(x) =
∑

d|n
γA(n)|d

log Φd(x),

which gives (3.7).

Proof of Corollary 3.6. This is a direct consequence of identities (3.3) and (3.7).

Proof of Theorem 3.7. Let

f(n) =
∑

d|n

g(d) =
∑

d∈A(n)

gA(d) (n ∈ N).

Then we have

gA(n) =
∑

d∈A(n)

f(d)µA(n/d) =
∑

d∈A(n)

µA(n/d)
∑

δ|d

g(δ)

13



=
∑

δjm=n
δj∈A(n)

g(δ)µA(m) =
∑

δt=n

g(δ)
∑

jm=t
δj∈A(n)

µA(m).

Since for every regular system A, d ∈ A(n) holds if and only if n/d ∈ A(n) we deduce that
δj ∈ A(n) if and only if n/(δj) = m ∈ A, and have

gA(n) =
∑

δt=n

g(δ)
∑

jm=t
m∈A(n)

µA(m) =
∑

δ|n

g(δ)
∑

m|n/δ
m∈A(n)

µA(m).

We show that for every fixed n and δ with δ | n,

∑

m|n/δ
m∈A(n)

µA(m) =

{

1, if γA(n) | δ,

0, otherwise,

which will finish the proof.
To do this, let n = pa11 · · · parr , δ = pb11 · · · pbrr with 0 ≤ bi ≤ ai (1 ≤ i ≤ r). Note that

m ∈ A(n) holds if and only if m = pc1t11 · · · pcrtrr with 0 ≤ ci ≤ ai/ti, where ti is the type of paii
(1 ≤ i ≤ r). Therefore, since the function µA is multiplicative,

∑

m|n/δ
m∈A(n)

µA(m) =
∑

m=p
c1t1
1

···pcrtrr | p
a1−b1
1

···par−br
r

µA(m)

=
∑

0≤c1≤(a1−b1)/t1

µA(p
c1t1
1 ) · · ·

∑

0≤cr≤(ar−br)/tr

µA(p
crtr
r )

=
∑

0≤c1≤(a1−b1)/t1

µ(pc11 ) · · ·
∑

0≤cr≤(ar−br)/tr

µ(pcrr ),

where µ is the classical Möbius function.
Here if (ai − bi)/ti ≥ 1 for some i, then

∑

ci
µ(pc1i ) = µ(1) + µ(p) = 0, and the product

of the sums is also zero. Otherwise, (ai − bi)/ti < 1 for all i holds if and only if ai − bi < ti
for all i, equivalent to ai − ti + 1 ≤ bi for all i, that is, γA(n) | δ. In this case for all i,
∑

ci
µ(pcii ) = µ(1) = 1, and the proof is ready.

Proof of Theorem 3.8. Apply identity (3.11) to the function f(n) = log(xn − 1), where x > 1
is real (or formally), and take into account that µA ∗A f = ΦA,.(x) by (3.5) and Möbius
inversion.

Proof of Theorem 3.9. We have by using that f(n) =
∑

d∈A(n)(µA∗Af)(d) (n ∈ N) and property
(2.3),

n
∑

j=1

f((j, n)A)ζ
jk
n =

n
∑

j=1

ζjkn
∑

d∈A((j,n)A)

(µA ∗A f)(d) =
n
∑

j=1

ζjkn
∑

d|j
d∈A(n)

(µA ∗A f)(d)
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=
∑

d∈A(n)

(µA ∗A f)(d)

n
∑

j=1
d|j

ζjkn =
∑

d∈A(n)
n/d|k

(µA ∗A f)(d)
n

d
=

∑

d∈A(n)
d|k

d(µA ∗A f)(n/d),

giving (3.10) by using (2.3) again.

Proof of Corollary 3.10. If f is a real valued function, then the right hand side of (3.10) is real,
and we deduced the given identities.

Proof of Theorem 3.11. Apply Theorem 3.12 by taking (formally) f(n) = log(xn − 1). Then
µA ∗A f = log ΦA,.(x) by (3.5) and Möbius inversion. We deduce that

n
∑

j=1
(j,n)A=1

log
(

x(j−1,n)A − 1
)

= ϕA(n)
∑

d∈A(n)

log ΦA,d(x)

ϕA(d)
,

equivalent to the given identity.

Proof of Theorem 3.12. Let MA,f (n) denote the left hand side of (3.13). We have by property
(2.3),

MA,f (n) =

n
∑

j=1

f((j − 1, n)A)
∑

d|(j,n)A

µA(d) =
∑

d∈A(n)

µA(d)

n
∑

j=1
d|j

f((j − 1, n)A).

By using that f(n) =
∑

d∈A(n)(µA ∗A f)(d) (n ∈ N), we deduce

SA,f,d(n) :=
n
∑

j=1
d|j

f((j − 1, n)A) =

n/d
∑

k=1

f((kd− 1, n)A) =

n/d
∑

k=1

∑

e∈A((kd−1,n)A)

(µA ∗A f)(e)

=

n/d
∑

k=1

∑

e|kd−1
e∈A(n)

(µA ∗A f)(e) =
∑

e∈A(n)

(µA ∗A f)(e)

n/d
∑

k=1
kd≡1 (mod e)

1,

where the inner sum is n/(de) if (d, e) = 1 and 0 otherwise. This gives

SA,f,d(n) =
n

d

∑

e∈A(n)
(e,d)=1

(µA ∗A f)(e)

e
.

Thus

MA,f (n) =
∑

d∈A(n)

µA(d)SA,f,d(n) = n
∑

e∈A(n)

(µA ∗A f)(e)

e

∑

d∈A(n)
(d,e)=1

µA(d)

d
,
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and for every e ∈ A(n),
∑

d∈A(n)
(d,e)=1

µA(d)

d
=
∏

pa||n
p∤e

(

1−
1

pt

)

=
∏

pa||n

(

1−
1

pt

)

∏

pa||n
p|e

(

1−
1

p

)−1

=
ϕA(n)

n
·

e

ϕA(e)
,

where t = tA(p
a), by using (2.4) and the fact that if e ∈ A(n) and e =

∏

pb, n =
∏

pa, then
tA(p

b) = tA(p
a) for all prime powers in question, see [9, Cor. 4.2].

We obtain that

MA,f (n) = ϕA(n)
∑

e∈A(n)

(µA ∗A f)(e)

ϕA(e)
,

which is identity (3.13).

Proof of Theorem 3.13. Apply Theorem 3.14 to the function f(n) = log(xn−1), where µA∗Af =
log ΦA,.(x).

Proof of Theorem 3.14. We need the following known results, see, e.g., [10, Ch. 9].
If χ is a Dirichlet character (mod n) with conductor d, then there is a unique primitive

character χ∗ (mod d) that induces χ. That is,

χ(k) =

{

χ∗(k), if (k, n) = 1,

0, if (k, n) > 1.
(4.5)

Let χ be a primitive character (mod n). Then for every d | n, d < n and every s ∈ Z,

n
∑

k=1
k≡s (mod d)

χ(k) = 0. (4.6)

We have, according to (4.5),

Sf :=
n
∑

j=1

f((j − 1, n)A)χ(j) =
n
∑

j=1
(j,n)=1

f((j − 1, n)A)χ
∗(j)

=
d
∑

r=1

n
∑

j=1
(j,n)=1

j≡r(mod d)

f((j − 1, n)A)χ
∗(j) =

d
∑

r=1

χ∗(r)
n
∑

j=1
(j,n)=1

j≡r(mod d)

f((j − 1, n)A).

Here, since d | n, if (j, n) = 1 and j ≡ r (mod d), then (r, d) = (j, d) = 1. Therefore, the
inner sum is empty in the case (r, d) > 1.
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Now assume that (r, d) = 1. We have

T :=

n
∑

j=1
(j,n)=1

j≡r(mod d)

f((j − 1, n)A) =

n
∑

j=1
(j,n)=1

j≡r(mod d)

∑

e∈A((j−1,n)A)

(µA ∗A f)(e)

=
∑

e∈A(n)

(µA ∗A f)(e)

n
∑

j=1
(j,n)=1

j≡r(mod d)
j≡1(mod e)

1,

by property (2.3). Here the inner sum is

U :=
n
∑

j=1
(j,n)=1

j≡r (mod d)
j≡1 (mod e)

1 =

{

ϕ(n)(d,e)
ϕ(de) = ϕ(n)ϕ((d,e))

ϕ(d)ϕ(e) , if (d, e) | r − 1,

0, otherwise,

see the author [22, Lemma 2.1]. This gives

Sf =

d
∑

r=1

χ∗(r)
ϕ(n)

ϕ(d)

∑

e∈A(n)
(d,e)|r−1

(µA ∗A f)(e)

ϕ(e)
ϕ((d, e))

=
ϕ(n)

ϕ(d)

∑

e∈A(n)

(µA ∗A f)(e)

ϕ(e)
ϕ((d, e))

d
∑

r=1
r≡1 (mod (d, e))

χ∗(r),

where by (4.6) the last sum is 0 unless (d, e) = d, that is, d | e. We deduce

Sf =
ϕ(n)

ϕ(d)

∑

e∈A(n)
d|e

(µA ∗A f)(e)

ϕ(e)
ϕ(d) = ϕ(n)

∑

dδ∈A(n)

(µA ∗A f)(dδ)

ϕ(dδ)
,

finishing the proof of (3.16).
If χ is a primitive character (mod n), then its conductor is d = n. Therefore, (3.16) reduces

to (3.17).

Proof of Corollary 3.15. If f is a real valued function, then the right hand side of (3.16) is real,
and we deduced the given identities.

Proof of Theorem 3.16. It is known that for every n > 1 and |x| < 1,

Φn(x) = exp

(

−
∞
∑

k=1

cn(k)

k
xk

)

, (4.7)
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see, e.g., Herrera-Poyatos and Moree [6, Eq. (1.2)]. By identities (3.7), (4.7) and (3.8) we obtain

ΦA,n(x) =
∏

d|n
γA(n)|d

Φd(x) = exp









−

∞
∑

k=1

xk

k

∑

d|n
γA(n)|d

cd(k)









= exp

(

−

∞
∑

k=1

cA,n(k)

k
xk

)

,

completing the proof of (3.18).

Proof of Theorem 3.17. We adopt the simple approach concerning the classical Möller-Endo
formulas due to Gallot et al. [4, Sect. 3]. Also see Herrera-Poyatos and Moree [6, Sect. 4].

From (3.2) we have

ΦA,S,n(x) = (−1)̺S(n)
∞
∏

d=1

(

1− xd
)µA,S(n/d)

,

with the notation µA,S(t) = 0 if t is not an integer. Writing for |x| < 1 the Taylor series
expansion of (1− xd)µA,S (n/d) we deduce

ΦA,S,n(x) = (−1)̺S (n)
∞
∏

d=1

∞
∑

jd=0

(−1)jd
(

µA,S(n/d)

jd

)

xdjd ,

and by identifying the coefficient of xk we obtain (3.19).

Proof of Theorem 3.18. Similar to the classical case, from Viète’s and Newton’s formulas we
deduce the recursion formula

aA,n(k) = −
1

k

k
∑

j=1

aA,n(k − j)cA,n(j),

where aA,n(0) = 1.
If n = pt is an A-primitive integer, then A(pt) = {1, pt}, and by the Hölder-type identity

(2.9) we have

cA,pt(k) =

{

pt − 1, if pt | k;

−1, otherwise,

= µA(p
t)µA((k, p

t)A)ϕA((k, p
t)A).

Hence, by multiplicativity, if n is a product of A-primitive integers, namely n = pt1 · · · ptr ,
then

cA,n(k) = µA(n)µA((k, n)A)ϕA((k, n)A),

holds and we deduce that

aA,n(k) = −
µA(n)

k

k
∑

j=1

aA,n(k − j)µA((j, n)A)ϕA((j, n)A),

as stated.
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Coefficients of (inverse) unitary cyclotomic polynomials, Kodai Math. J. 43 (2) (2020),
325–338.

[8] P. J. McCarthy, Regular arithmetical convolutions, Portugal. Math. 27 (1968), 1–13.

[9] P. J. McCarthy, Introduction to Arithmetical Functions, Springer, 1986.

[10] H. L. Montgomery and R. C. Vaughan, Multiplicative Number Theory I. Classical Theory,
Cambridge University Press, 2007.

[11] P. Moree, Inverse cyclotomic polynomials, J. Number Theory 129 (2009), 667–680.
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[23] L. Tóth, Proposed problem 274, Eur. Math. Soc. Mag. (2023), no. 127, p. 54.
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