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OORT’S CONJECTURE AND AUTOMORPHISMS OF

SUPERSINGULAR CURVES OF GENUS FOUR

DUŠAN DRAGUTINOVIĆ

Abstract. We show that every component of the locus of smooth supersingular curves
of genus 4 in characteristic p > 2 has a trivial generic automorphism group. As a result, we
prove Oort’s conjecture about automorphism groups of supersingular abelian fourfolds for
p > 2. Our main idea consists of estimating dimensions of the loci of smooth supersingular
curves that admit an automorphism of prime order by considering possible choices of
the corresponding quotient curves. This reasoning also results in a new proof of Oort’s
conjecture for g = 3 and p > 2, previously proved by Karemaker, Yuboko, and Yu.

1. Introduction

Let k be a field of characteristic p > 0 and E be a supersingular elliptic curve over k,
that is E[p](k̄) = {O}. For any g ≥ 2, we say that a g-dimensional abelian variety A over k

is supersingular if there is a k̄-isogeny A⊗ k̄
∼
→ Eg ⊗ k̄. Denote by Ag = Ag ⊗Fp the moduli

space of principally polarized abelian varieties of dimension g, and let Sg ⊂ Ag be the closed
locus of all supersingular g-dimensional abelian varieties. It is well-known that Ag is a

smooth irreducible stack of dimension dimAg =
g(g+1)

2
. By [LO98, Theorem 4.9], we know

that Sg is pure of dimension ⌊ g2
4
⌋, while its number of irreducible components is given in

terms of certain class numbers. Throughout the paper, by an automorphism, we mean a
geometric automorphism. In [EMO01, Problem 4], Oort posed the following conjecture and
open problem.

Conjecture 1.1 (Oort’s conjecture). For any g ≥ 2 and a prime number p > 0, every

component of the supersingular locus Sg ⊆ Ag has generic automorphism group {±1}.
Open problem 1.2. Suppose that g ≥ 3 and a p is a prime number. Suppose there exists a

supersingular curve of genus g in characteristic p. Is it true that there exists a supersingular

curve C of genus g over Fp such that Aut(C) is trivial?

So far, it is known that Oort’s conjecture fails for (g, p) = (2,2) by [Ibu20] and for
(g, p) = (3,2) by [Oor91], while it holds when g = 2 or g = 3 for any p > 2 by [Ibu20] and
[KYY21]. Before we state our main result, let us briefly introduce some notions. To a
stable curve C we can associate its Jacobian JC = Pic

0(C) which is a semi-abelian variety.

This induces the Torelli morphism j ∶ Mg → Ãg, where Mg = Mg ⊗ Fp is the moduli
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2 DUŠAN DRAGUTINOVIĆ

space of stable curves of genus g and Ãg is a fixed smooth toroidal compactification of Ag

as in [Ale05, Theorem 4.1]. We denote by Mg the sublocus of Mg consisting of smooth
curves, and recall the well-known fact dimMg = 3g − 3. We say that a stable curve C is
supersingular if its Jacobian is supersingular; C is then necessarily of compact type, i.e., its
dual graph is a tree. Denote by Mss

g the locus of smooth supersingular curves of genus g

in characteristic p > 0. In Section 2, we give an overview of all invariants in characteristic
p > 0 that we will use throughout the paper. In Section 4, we prove the following theorem,
our main result.

Theorem 1.3. For p > 2, every component of Mss
4

has a trivial generic automorphism

group.

As an immediate consequence, we get an answer to Open problem 1.2 for g = 4 and p > 2.
Corollary 1.4. For p > 2, there exists a smooth supersingular curve of genus 4 over Fp

whose automorphism group is trivial.

Proof. As it was shown in [KHS20, Corollary 1.2] by construction and later in [Pri, Theo-
rem 1.1] using a geometric argument, there exists a smooth supersingular curve of genus 4

over Fp for any p > 0. In other words, Mss
4

is always non-empty, so that Theorem 1.3
implies the result. �

The proof of Theorem 1.3 consists of estimating dimensions of the loci of smooth su-
persingular curves C that admit an automorphism of prime order l > 0. For any such
automorphism ι, we get the quotient curve D = C/ ⟨ι⟩, which is a smooth curve of some
genus gD. In Section 3.1, we present some known results about the case gD = 0 for any
l > 0, and in Sections 3.2 and 3.3, we pay special attention to the case l = 2 with gD = 1 or
gD = 2. As another consequence of the preceding theorem, we have the following result.

Corollary 1.5. Oort’s conjecture 1.1 holds for g = 4 and p > 2.
Proof. By [Igu81], the Torelli locus J4 = j(M4) ∩A4 is an ample divisor in A4. Therefore,
similarly as in [ST18, Proposition 2.4], we observe that J4 has a non-empty intersection
with every positive dimensional closed subvariety of A4. In particular, J4 intersects every
component Γ of the supersingular locus S4 ⊆ A4.

A dimension count tells us that every generic point of J4 ∩ Γ represents a Jacobian of a
smooth non-hyperelliptic curve C. Indeed, recall that the codimension of an intersection
of subvarieties of A4 is at most the sum of the codimensions. Therefore, as was already
concluded in [Pri, Theorem 1.1], the dimension of any component of J4 ∩ Γ is at least 3,
while the locus Π of products of supersingular Jacobians of lower dimension in A4 has
dimension dimΠ = 2. This implies that every generic point of the intersection corresponds
to a Jacobian of a smooth curve C. The curve C is non-hyperelliptic by Lemma 3.2 below.

By Torelli’s theorem [Mil86, Theorem 12.1], for a smooth non-hyperelliptic curve C, it
holds that Aut(JC) ≅ Aut(C)×{±1}. Therefore, if there is a component of the supersingular
locus S4 whose generic automorphism group strictly contains {±1}, it would follow that
there is a component of the supersingular locus of smooth curves Mss

4
, whose generic
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automorphism group is non-trivial. In Theorem 1.3, we show this cannot be the case when
p > 2, so the result follows. �

We were informed that another proof of Oort’s conjecture 1.1 for g = 4 was previously
obtained by Karemaker and Yu ([KY]), using different techniques than ours. Note that
Corollary 1.5 does not imply Theorem 1.3. Namely, Oort’s conjecture 1.1 might hold for
some pair (g, p), while all smooth supersingular curves of genus g in characteristic p have
non-trivial automorphism groups, giving a negative answer to Open problem 1.2 for this
pair (g, p). See also Remark 4.1, where we comment on the case g = 4 and p = 2.

In Section 5, we apply our ideas described above to present a new proof of Oort’s con-
jecture 1.1 in the case g = 3 and p > 2. Finally, we present a proof we have not found in the
literature of a well-known result by Oort in [Oor91] that there are no smooth supersingular
hyperelliptic curves of genus 3 in characteristic 2.

Acknowledgment. The author is grateful to Carel Faber and Valentijn Karemaker for all
the discussions and valuable comments and to Arizona Winter School, his project group,
Steven Groen, and Rachel Pries for helpful conversations about double covers and motiva-
tion for studying them. The author is supported by the Mathematical Institute of Utrecht
University.

2. Invariants in characteristic p > 0
From now on, let k be an algebraically closed field of characteristic p > 0, and denote by

σ ∶ k → k the Frobenius of k. The p-rank of a stable curve C of genus g ≥ 2, denoted by fC ,
is the semisimple rank of the σ-linear Frobenius operator F on H1(C,OC), i.e.,

fC = rankkF
g ∣H1(C,OC);

note that 0 ≤ fC ≤ g. This definition generalizes the well-known notion of the p-rank of an
abelian variety A over k as the number fA such that #A[p](k) = pfA for the choice A = JC ,
where C is a smooth curve and fC = fJC

. It holds that

C is supersingular Ô⇒ fC = 0,

while the reverse implication does not hold for g ≥ 3. By [FvdG04, Theorem 2.3], the locus
VfMg of all stable curves C of genus g with fC ≤ f is pure of dimension

(2.1) dimVfMg = 2g − 3 + f.

Let A be a principally polarized abelian variety (p.p.a.v.) over k of dimension g. First, let
A[p∞] = lim

Ð→
A[pn] be its p-divisible group. By the Dieudonné-Manin classification [Man63],

there are certain p-divisible groups Gc,d for c, d ≥ 0 relatively prime integers, such that there
is an isogeny of p-divisible groups

(2.2) A[p∞] ∼ ⊕
λ= d

c+d

Gc,d

for a unique choice of slopes λ. The Newton polygon of A is the collection of all slopes λ that
occur in (2.2), counted with multiplicities. A is supersingular if and only if A[p∞] ∼ (G1,1)g.
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Now, let A[p] be the polarized p-torsion group subscheme of A and let D(A) = D(A[p])
be its polarized Dieudonné module. By [Oor01, Section 5] or [vdG99, Section 2], there is a
1-to-1 correspondence between the isomorphism classes of all D(A) and the Young diagrams

µ = [µ1, µ2, . . . , µn],
for some n ∈ {0,1, . . . , g} and µi for i ∈ {1, . . . , n} with g ≥ µ1 > . . . µn > 0. (µ = ∅ if n = 0.)
We call the µ associated with A via the correspondence above the Ekedahl-Oort type of A
and write µ(A) = µ. Denote by Zµ the locus in Ag consisting of (isomorphism classes of)

all p.p.a.v.’s A with µ(A) = µ, and by Zµ its closure in Ag. By [Oor01, Corollary 11.2,
Theorem 1.2], each Zµ is a locally closed subset, pure of codimension ∑n

i=1 µi in Ag, and it is
quasi-affine, so it cannot contain a positive-dimensional complete subvariety. Furthermore,
by [Oor01, Proposition 11.1], if we introduce a partial ordering by

µ = [µ1, . . . , µn] ≥ µ′ = [µ′1, . . . , µ′m] if n ≤m and µi ≤ µ
′
i for all 1 ≤ i ≤ n,

as long as g ≥max{µ1, µ
′
1
}, we get

µ′ ≤ µ Ô⇒ Zµ′ ⊆ Zµ in Ag.

If µ(A) = [µ1, µ2, . . . , µn], then we can compute the p-rank of A as fA = g − µ1. Finally, if
µ(A) = [g, g−1, . . . ,2,1], then A ≅ Eg with E a supersingular elliptic curve and we say that
such an A is superspecial. A stable curve C is superspecial if its Jacobian JC is superspecial;
note that there are at most finitely many smooth superspecial curves of fixed genus g ≥ 2
in characteristic p > 0. Here are some properties when g = 4.

Lemma 2.1 ([IKY, Proposition 5.13], [Pri08, 4.4], [EP13, Remark 5.13]). The Ekedahl-
Oort strata in A4 whose elements have p-rank 0 are precisely Zµ for those µ appearing in
the diagram below,

[4,2,1]

[4,3,2,1] [4,3,2] [4,3,1] [4,2] [4,1] [4],

[4,3]
where there is an arrow µ → µ′ if and only if Zµ ⊆ Zµ′ . Furthermore, let A be any p.p.a.v.

of dimension 4 whose Ekedahl-Oort type equals µ:

● if µ ∈ {[4], [4,1], [4, 3, 1]}, then D(A) is indecomposable, i.e., it is not a product

D(A1)⊕D(A2) for any two positive-dimensional p.p.a.v.’s A1 and A2;

● if µ = [4,2], then D(A) ≅ D(A1) ⊕ D(A2) with A1 and A2 two p.p.a.v.’s such that

dimA1 = 1, dimA2 = 3, µ(A1) = [1], and µ(A2) = [3];
● if µ = [4,3], then D(A) ≅ D(A1) ⊕ D(A1) with A1 a p.p.a.v. with dimA1 = 2 and

µ(A1) = [2];
● if µ = [4,2,1], then D(A) ≅ D(A1)⊕D(A2) with A1 and A2 two p.p.a.v.’s such that

dimA1 = 1, dimA2 = 3, µ(A1) = [1], and µ(A2) = [3,1].
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3. Loci of curves with automorphisms and quotient curves

Let C be a smooth curve of genus g over an algebraically closed field k of characteristic
p > 0 and assume that there exists an automorphism γ of C, which is of prime order l > 0.
For a moment, let us assume that l ≠ p. Denote G = ⟨γ⟩ ≅ Z/lZ. Then, there exists
D = C/G, the quotient of C by G, which is a smooth curve. Its function field κ(D) is the
subfield of κ(C) fixed by G, i.e., κ(D) = κ(C)G. Consider the canonical map

C →D = C/G.

Its local description tells us that the ramification points of this map are exactly the points
of C with a non-trivial stabilizer in G so that the ramification indices are either 1 or l.
In other words, this map is a (Z/lZ)-cover. The Riemann-Hurwitz formula tells us that
2gC − 2 = l(2gD − 2) + ∣B∣(l − 1), where gC and gD are the genera of C and D, and B is the
set of branch points. Given a smooth curve D of genus gD ≥ 0 and a finite set B of points
on D, there are (at most) finitely many (Z/lZ)-covers C → D whose sets of branch points
coincide with B. One computes the genus of C using the mentioned formula.

We recall the following bound on the dimension of the locus of curves with automorphisms
obtained by Achter, Glass, and Pries using the description above, which also holds for l = p.

Lemma 3.1 ([AGP08, Lemma 2.1]). Let l > 0 be any prime number, and let Ml
g ⊆Mg be

the closed locus of curves that admit an automorphism of order l and suppose that Γl is an

irreducible component ofMl
g with generic point η. If D is the quotient of Cη by a group of

order l, and gD and fD are respectively its genus and p-rank, then

dimΓl ≤ 2(g − gD)/(l − 1) + fD − 1.

3.1. Cyclic covers of the projective line. In this subsection, we consider the cyclic
covers of the projective line P

1 of degrees 2, 3, and l = p, which correspond to hyperel-
liptic, cyclic trigonal, and Artin-Schreier curves respectively. Recall that there is a unique
projective automorphism that sends any triple of distinct points on P

1 to the triple (0,1,∞).
First, we mention a result about smooth hyperelliptic curves C, i.e., the curves with an

automorphism ι ∈ Aut(C) of degree 2, such that C/ ⟨ι⟩ ≅ P1. Let Hg denote the locus of all
smooth hyperelliptic curves of genus g in characteristic p > 2. It is well known that

dimHg = 2g − 1,

which corresponds to the choice of 2g + 2 branch points of the double cover C → P
1 with C

a smooth hyperelliptic curve of genus g, and fixing three of the branch points. Similarly to
(2.1), it was shown in [GP05, Theorem 1] that the dimension of any p-rank ≤ f locus VfHg

of Hg equals

dimVfHg = g − 1 + f.

Denote by Hss
g the locus of supersingular curves in Hg (possibly empty for g ≥ 4) and recall

Hss
g ⊆ V0Hg. The following result is due to Oort for g = 3 and Achter-Pries for g ≥ 4.
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Lemma 3.2 ([Oor91, Theorem 1.12], [AP11, Corollary 3.16], p > 2). Let Hss
g be the locus

of smooth hyperelliptic curves of genus g ≥ 3 which are supersingular. Then dimHss
3
= 1

and dimHss
g ≤ g − 2 for g ≥ 4.

Denote by Tg the locus of smooth cyclic trigonal curves of genus g, i.e., of smooth curves C
of genus g with an automorphism ι ∈ Aut(C) of degree 3 such that C/ ⟨ι⟩ ≅ P

1. Denote
G = ⟨ι⟩ ≅ Z/3Z. Assume that p > 0 and p ≠ 3. We can see that the cover C → C/G ≅ P1 is
ramified at g + 2 points so that Tg is pure of dimension

dimTg = g − 1.

Let ξ ∶ {1,2, . . . , g+2} → (Z/3Z)∗ be a map of sets such that ∑
g+2
i=1 ξ(i) = 0 ∈ Z/3Z called the

class vector and let ξ = (∣ξ−1(1)∣, ∣ξ−1(2)∣) be its inertia type. By [AP07, Lemma 2.3], for any
irreducible component of the locus Tg,ord of smooth cyclic trigonal curves of genus g with
ordered ramification points, there is a class vector ξ as above. We denote this component

by T ξ
g,ord

. By forgetting the labeling, we get the map T ξ
g,ord

→ T ξ
g with T ξ

g ⊆ Tg. We

see that Tg consists of the union of such T ξ
g and note that the choice of ξ corresponds to

encoding the action of G on the tangent spaces of C at the ramification points. For more
details, see [AP07, Section 2.1].

Lemma 3.3 ([AP07], p > 0 and p ≠ 3). Every component Γ of the locus T ss
g of smooth

supersingular cyclic trigonal curves of genus g ≥ 3 has dimension dimΓ ≤ g − 2.
Proof. By the proof of [AP07, Corollary 3.11], every component T ξ

g,ord
of Tg,ord contains

an element whose underlying smooth curve C satisfies that its Jacobian JC is absolutely
simple. This curve C cannot be supersingular so that no generic point of Tg is supersingular.
Therefore, dimT ss

g < dimTg, which proves the result. �

Finally, we consider cyclic covers of the projective line P
1 of degree l = p. A smooth

curve C over k that is a (Z/pZ)-cover of a projective line is usually referred to as an Artin-

Schreier k-curve. Denote by ASg the locus of all smooth Artin-Schreier k-curves of genus
g ≥ 2, by ASg,f ⊆ ASg the locus of Artin-Schreier k-curves C with p-rank exactly fC = f ,
and by ASssg ⊆ ASg the supersingular locus of ASg. The p-rank stratification of ASg was
studied in [PZ12]. It turns out that g = d(p − 1)/2 and f = r(p − 1) for some d ≥ 1 and
r ≥ 0; otherwise, ASg,f is empty. For any eligible 0 ≤ f ≤ g, Pries and Zhu compute the
number of irreducible components of ASg,f and determine their dimensions. Below, we
extract conclusions about the case f = 0 from their results. See also [AGP08, Lemma 2.2].

Lemma 3.4 ([PZ12, Theorem 1.1]). Let g = d(p− 1)/2 for some d ≥ 1 and let f = 0. Then,

there is a unique component of the p-rank 0 locus ASg,0 if d + 1 ≡ 0 mod p, while ASg,0 is

empty otherwise. In the former case, it holds that

dimASg,0 = d − 1 − ⌊d + 1
p
⌋ .

In particular, for p = 3 we find that dimAS3,0 = 1 and dimAS4,0 = 2, and therefore

dimASss3 ≤ 1 and dimASss4 ≤ 2.
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3.2. Double covers of curves of genus 1. Let E be a fixed elliptic curve in characteristic
p > 2, that is a 1-pointed curve of genus 1. Denote by ME,g the locus of smooth curves C

of genus g which are double covers of E, i.e., such that there exists a map π ∶ C → E of
degree 2. For 0 ≤ f ≤ g, denote by VfME,g the locus of curves C in ME,g with fC ≤ f .
These loci were studied in [CDW+]. In particular, for E a supersingular elliptic curve and
for any g ≥ 3 and f with 0 ≤ f ≤ g − 1, it was shown that the locus VfME,g is pure of
dimension

(3.1) dimVfME,g = g − 2 + f.

Denote by Bg the (bielliptic) locus of smooth curves C over k of genus g for which
there exists an elliptic curve E and a map π ∶ C → E of degree 2. By the Riemann-
Hurwitz formula, this map has 2g − 2 branch points b1, . . . , b2g−2. Given an elliptic curve
E = (E, b1) (up to translation, we can always assume that b1 is the neutral element of E),
and 2g − 1 points b2, . . . , b2g−2, there are only finitely many double covers π ∶ C → E

branched over b1, . . . , b2g−2. They correspond to the choice of a line bundle L on E such

that L2 ≅ OD(−∑2g−2
i=1 bi) as was discussed in [Mum74, Section 1]. This implies

dimBg = 2g − 2.

To present an alternative proof of Lemma 3.6 below, we will need the notion of admissible
double covers, that we adapt from [ACV03, Section 4.1], similarly as in [FP15, Section 2].

Definition 3.5. We say that C is an admissible bielliptic curve of genus g if C is a nodal
curve of genus g together with a map π ∶ C → D of degree 2, where (D,b1, . . . , bn) is an
n-pointed stable curve of genus 1 such that

● π is finite and maps every node of C to a node of D;
● the restriction πsm ∶ Csm → Dsm of the map π to the smooth loci of C and D is

branched exactly at the marked points b1, . . . , bn.

Formally, we should write C = (C,π ∶ C → (D,b1, . . . , bn)). Similarly, one can define
the notions of families of admissible bielliptic curves and their isomorphisms; see [ACV03,

Section 4.1]. This results in a proper Deligne-Mumford stack B
adm

g of admissible bielliptic

curves of genus g in characteristic p ≠ 2. Consider the map (C,π ∶ C → (D,b1, . . . , bn))↦ C,
which is obtained by forgetting the admissible structure on C and then contracting its
rational components that meet the remaining components of C in at most 2 points to

get C. This map induces a morphism B
adm

g →Mg, whose image is the closed locus Bg, the

closure of Bg inMg. In [SvZ20, Section 3.4], one can find the description of the boundary

∆g = Bg − Bg in terms of stable graphs, using that every degree 2 cover is automatically a

Z/2Z-cover, so that B
adm

g ≅ Hg,Z/2Z,(12g−2), with Hg,G,ξ the stack of admissible G-covers of

genus g with monodromy data ξ considered in [SvZ20] (here with G = Z/2Z and ξ = (12g−2)).
Denote by (C1, q1)∪q1=q2 (C2, q2) the clutch of curves C1 and C2 with points q1 ∈ C1 and

q2 ∈ C2 identified. Finally, denote by Bssg the locus of all supersingular curves in Bg. We
have the following result.
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Lemma 3.6 (p > 2). Every component Γ of the locus Bss
3

has dimension dimΓ ≤ 1, while

every component Γ′ of the locus Bss
4

has dimension dimΓ′ ≤ 2.
Proof. Since there are only finitely many supersingular elliptic curves up to k-isomorphism,
the formula (3.1) obtained in [CDW+] implies the result. For the reader’s convenience, we

offer an alternative proof here. Let Bg be the closure of Bg as above, and denote ∆g = Bg−Bg.
First, we prove that there are only finitely many isomorphism classes of smooth bielliptic

curves C of genus 2 with fC = 0, i.e., that Bss
2

is finite. Indeed, since the hyperelliptic
involution ι of C is unique, if we denote by θ ≠ ι a bielliptic involution on C, then E = C/ ⟨θ⟩
and E′ = C/ ⟨ι ○ θ⟩ are two supersingular elliptic curves and C → E × E′ is an isogeny of
degree 2, coprime to p > 2. Therefore, C would be a smooth superspecial curve, which
shows the desired conclusion. We note that the locus Bss

2
is empty for p = 3. This follows

from [Eke87, Theorem 1.1], saying that there are no smooth superspecial curves of genus 2

in characteristic 3. (Formally, to cover this case p = 3 below and degenerations of the cases

we present, we also use that the supersingular locus ∆ss
2

of ∆2 = B2 − B2 is finite.)

Let Γ be a component of Bss
3

and let Γ be its closure in B3. Note that Γ is quasi-affine.
Namely, if C is a smooth curve of genus 3, E a genus 1 curve, C → E a double cover
whose branch locus equals B = {b1, b2, b3, b4}, then (E, b1) is an elliptic curve and b2, b3, b4
are three distinct points in E − {b1}, and we could think of E − {b1} as of an affine curve.
Using this property of Γ, we find that Γ ∩∆3 ≠ ∅. Now, the smoothness of M3 implies
that dimΓ ≤ dim(Γ ∩∆3) + 1. Therefore, it is enough to show that dim(Γ ∩∆3) = 0. The
explicit description of the boundary of the bielliptic locus using stable graphs from [SvZ20,

Section 3.4], tells us that the irreducible components of Γ∩∆3 must be either of the form ∆′

or ∆′′ as below:

● ∆′ is the closure of the locus of stable curves of the form (C ′
1
, q1)∪q1=q2(C ′2, q2) where

C ′
1
∈ Bss

2
and q1 ∈ C ′1 is one of the ramification points of the morphism C ′

1
→ E for

some elliptic curve E, while (C ′
2
, q2) is a supersingular elliptic curve. (Formally,

it could also happen C ′
1
∈ ∆ss

2
with q1 ∈ (C ′1)sm a Weierstrass point of one of the

components of C ′
1
, which is the case that we cover similarly.)

● ∆′′ is the closure of the locus of stable curves of the form

(C ′′1 , q) ∪q=q1 (C ′′2 , q1, q2) ∪q2=q (C ′′1 , q)
where (C ′′

1
, q) and (C ′′

2
, q1) are supersingular elliptic curves, and q2 ≠ q1 is the image

of q1 under the involution ι of C ′′
2

(we can always assume ι(q1) ≠ q1).
It is clear that the loci ∆′′ are finite. The loci ∆′ are finite as well. This follows from our
conclusion that Bss

2
is finite and from the fact that for each C ′

1
∈ B2 there are only finitely

points q1 such that q1 is a ramification point of a double cover C ′
1
→ E for some elliptic

curve E. Therefore, dimBss
3
≤ 1.

A similar argument shows that dimBss
4
≤ 2. We mention a few details. Any component Γ′

of Bss
4

is quasi-affine, so that Γ′∩∆4 ≠ ∅ and dimΓ′ ≤ dim(Γ′∩∆4)+1. Now, there are three

possible forms of curves in Γ′∩∆4. In each of the three cases, we find that these loci are at
most 1-dimensional, using that Bss

2
is finite and dimBss

3
≤ 1. This shows dim(Γ′ ∩∆4) ≤ 1

and gives the result. �
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3.3. Double covers of curves of genus 2. In the rest of this section, we consider the
(bi-2) locus D4 in M4 in characteristic p > 2, consisting of all smooth curves C of genus 4

such that there is a double cover

(3.2) π ∶ C → D,

for some smooth curve D of genus 2. The Riemann-Hurwitz formula tells us that the
double cover (3.2) has 2 branch points, b1 and b2. Given a curve D and two distinct points
b1, b2 ∈ D, there are only finitely many double covers (3.2) and they correspond to the choice
of a line bundle L on D such that L2 ≅ OD(−b1−b2) as was discussed in [Mum74, Section 1].
Therefore, using that dimM2 = 3, we can conclude that dimD4 = 5. Let us denote by Dss

4

the locus of all supersingular curves in D4. Since the locus Mss
2

of supersingular curves of

genus 2 is pure of dimension 1 as j(Mss
2
) = S2 ⊆ A2, we find that dimDss

4
≤ 3. In fact,

this section aims to prove that dimDss
4
≤ 2. We will need this estimate in the proof of

Theorem 1.3.
By [Mum74, Corollary 1 and Corollary 2], there is a principally polarized abelian vari-

ety P of dimension 2, the Prym variety of π, such that there is an isogeny of degree 2,

(3.3) JC ∼ JD × P,
with JC and JD the Jacobian varieties of C and D. Therefore, fC = 0 if and only if C is
supersingular, since dimJD = dimP = 2 so fP = 0⇔ P is supersingular and fD = 0⇔D is
supersingular.

Lemma 3.7 (p > 2). Every component Γ of the locus Dss
4

of smooth supersingular curves

of genus 4 that are double covers of a genus 2 curve has dimension dimΓ ≤ 2.
Proof. Let Γ be any component of Dss

4
and recall that dimΓ ≤ 3. Assume that dimΓ = 3.

Let S = j(Γ) ⊆ A4 be the closure of the image of Γ under the Torelli map. Then S is a
closed 3-dimensional family of supersingular abelian fourfolds. Moreover, since the degree of
isogeny (3.3) is 2, which is coprime to p > 2, there is an isomorphism of polarized Dieudonné
modules

(3.4) D(JC) ≅ D(JD)⊕D(P ).
By Lemma 2.1, this implies j(Γ) ⊆ Z[4,3], i.e., that S = j(Γ) is a component of Z[4,3] by
comparing their dimensions. We claim that S∩Z[4,3,1] = ∅. Indeed, since the Ekedahl-Oort
type [4,3,1] occurs only for indecomposable abelian varieties, it would follow that there is
a smooth curve C in Γ with µ(JC) = [4,3,1] (see Lemma 2.1). However, (3.4) tells us this
cannot happen. Therefore

S ⊆ Z[4,3] ∪Z[4,3,2] ∪Z[4,3,2,1].

Finally, using that Z[4,3] and Z[4,3,2] are quasi-affine by [Oor01, Theorem 1.2], and dimS = 3

by our assumption, we would get that dim(S ∩Z[4,3,2]) ≥ 2 and then dim(S ∩Z[4,3,2,1]) ≥ 1,
which is impossible since S ∩ Z[4,3,2,1] ⊆ Z[4,3,2,1] and dimZ[4,3,2,1] = 0. Hence, dimΓ ≤ 2

and the result follows. �
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4. Proof of Theorem 1.3

Let p > 2 be any prime number, let Γ be any component of Mss
4

, and let C be a
smooth curve corresponding to the generic point of Γ. Suppose that Aut(C) contains an
automorphism γ which is of prime order l > 1 and denote G = ⟨γ⟩ ⊆ Aut(C). Let D be the
quotient curve C/G, let gD ≥ 0 be its genus, and note that the p-rank of D equals fD = 0
since C is supersingular. Below, we consider the canonical map

C → D = C/G
for all possible choices of l and gD and discuss the outcome.

(1) If l > 3 or l = 3 and gD ≥ 1, then Lemma 3.1 tells us that dimΓ ≤ 2.
(2) If l = 3 and gD = 0 so that D ≅ P1 then C is either a cyclic trigonal curve if p ≠ 3

or it is an Artin-Schreier k-curve if l = p = 3; we discuss this in Section 3.1. In the
first case p ≠ 3, it holds that Γ ⊆ T ss

4
, so that dimΓ ≤ 2 by Lemma 3.3. Otherwise,

l = p = 3 and Γ ⊆ ASss4 so that dimΓ ≤ 2 by Lemma 3.4.
(3) Finally, let us assume that l = 2 and show that dimΓ ≤ 2 in all possible cases.

● If gD = 0, then C → D ≅ P1 would be a hyperelliptic curve. This would imply
that Γ is a component of Hss

4
. Lemma 3.2 tells us that dimΓ ≤ 2.

● If gD = 1, then C →D is a double cover of D whose p-rank equals 0. Therefore,
Γ ⊆ Bss

4
, with Bss

4
the locus of all smooth supersingular bielliptic curves of

genus 4; we considered these loci in Section 3.2. Lemma 3.6 implies that
dimBss

4
≤ 2, so it would again follow that dimΓ ≤ 2.

● The final possibility is gD = 2, when C → D is a double cover of a smooth
curve D of genus 2. As a consequence of our discussion in Section 3.3 we have
that Γ ⊆ Dss

4
. Therefore, Lemma 3.7 tells us that dimΓ ≤ 2.

However, none of the previously considered cases can happen because any irreducible com-
ponent Γ of Mss

4
has dimΓ ≥ 3, as remarked in the proof of Corollary 1.1. Namely,

dimΓ = dim j(Γ), while

j(Γ) ⊆ J4 ∩ S4
is a component of J4 ∩ S4, so the smoothness of A4 implies that dimΓ ≥ 3. We conclude
l ∤ ∣Aut(C)∣ for every prime number l > 1 and hence Aut(C) is a trivial group. This proves
the theorem.

Remark 4.1. With the same argument, we can conclude that the generic automorphism
groups of components ofMss

4
in characteristic p = 2 cannot contain elements of prime order

l > 2. However, we cannot exclude the case l = 2 because of the assumptions on the loci of
hyperelliptic curves and the loci considered in Sections 3.2 and 3.3.

In fact, Carel Faber informed us there is a component Γ of the supersingular locusMss
4

in characteristic p = 2, which generically consists of smooth curves C of genus 4 that are
double covers of genus 2 curves. The automorphism group of any such curve C contains
an element of order 2, so the generic automorphism group of Γ is not trivial. Thus, the
assumption p > 2 of Theorem 1.3 is necessary. However, it still might be the case that the
generic automorphism group of the locus S4 ⊆ A4 in characteristic p = 2 is {±1}.
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5. Oort’s conjecture in genus 3

In this section, we present new proofs of some known results about the loci of supersin-
gular curves of genus g = 3. We start by proving an analog result of Theorem 1.3 for g = 3
with similar techniques.

Proposition 5.1. For p > 2, every component of Mss
3

has a trivial generic automorphism

group.

Proof. We follow the argument of the proof of Theorem 1.3. Let Γ be any component ofMss
3

and let C be the smooth curve corresponding to the generic point of Γ. Suppose that Aut(C)
contains an automorphism γ which is of prime order l > 1 and denote G = ⟨γ⟩ ⊆ Aut(C).
Let D be the quotient curve C/G and note that fD = 0 since C is supersingular. We use
that S3 is pure of dimension 2 so that dimΓ = 2.

Below, we consider all possible choices of l and gD.

● If l > 3 or l = 3 and gD ≥ 1, then Lemma 3.1 tells us that dimΓ ≤ 1, which is
impossible since dimΓ = 2.
● If l = 3 and gD = 0, then Γ ⊆ T ss

3
if p ≠ 3 or Γ ⊆ ASss3 if l = p = 3. Now, Lemma 3.3

and Lemma 3.4 tell us that dimΓ ≤ 1 in both cases.
● Finally, assume that l = 2. If gD = 0, then Γ would be a component of Hss

3
, so that

dimΓ = 1 by Lemma 3.2. If gD = 1, then Γ ⊆ Bss
3

and thus dimΓ ≤ 1 by Lemma 3.6.
The final possibility is that gD = 2 when C → D would be an étale double cover of
a supersingular curve D of genus 2. Note that for any smooth curve D, there are
only finitely many étale double covers C →D and they correspond to the 2-torsion
points of JD, i.e., to JD[2]. In this case, JD[2](k) ≅ (Z/2Z)4 as p ≠ 2. Therefore,

it follows that dimΓ ≤ 1 using that dimMss
2
= 1 as j(Mss

2
) = S2 and dimS2 = 1.

Therefore, l ∤ ∣Aut(C)∣ for any prime number l > 1, so that Aut(C) is a trivial group. �

Recall that Oort’s conjecture 1.1 for g = 3 was proven in [KYY21] for any p > 2. Their
proof relies on geometry and arithmetic of S3 ⊆ A3. Below, we prove this result using
the preceding proposition in a similar way that Theorem 1.3 was used in the proof of
Corollary 1.5.

Corollary 5.2. Oort’s conjecture 1.1 holds for g = 3 and any p > 2.
Proof. By [Oor91, Theorem 1.12], we know that any component of S3 is 2-dimensional
and that its generic point corresponds to a Jacobian of a smooth curve, which is non-
hyperelliptic. Similarly as in the proof of Corollary 1.5, it is enough to show that the
generic point C of any component Γ of Mss

3
has a trivial automorphism group. This

follows from Proposition 5.1. �

We end this section by presenting a new short proof that we could not find in the
literature of a famous result by Oort in [Oor91, Theorem 5.6], stating that there are no
smooth supersingular hyperelliptic curves of genus 3 in characteristic 2. Our proof uses an
interplay between the Newton polygon and Ekedahl-Oort strata as well as some restrictions
on possible Ekedahl-Oort types of hyperelliptic curves specific to characteristic 2.
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Proposition 5.3. In characteristic 2, there does not exist a smooth supersingular hyperel-

liptic curve of genus 3.

Proof. By Oort’s minimality [Oor05, Theorem 1.2], for every g ≥ 2 and every Newton
polygon ξ occurring for some g-dimensional p.p.a.v. there is a Young diagram µξ such that

Zµξ
⊆Nξ,

where Nξ ⊆ Ag is the locus of all p.p.a.v.’s of dimension g whose Newton polygon equals ξ.
From Harashita’s computations in [Har07], if ξ = ξ 1

3

is the Newton polygon for g = 3 with

slopes 1

3
and 2

3
, it follows that µξ = [3,1]. In other words, every 3-dimensional p.p.a.v.

whose Ekedahl-Oort type equals [3,1] has Newton polygon ξ 1

3

.

By [vdG99, Theorem 3.2] or [EP13, Corollary 5.3], for every smooth hyperelliptic curve C
of genus 3 with 2-rank 0 it holds that µ(JC) = [3,1]. Therefore, the Newton polygon
of JC equals ξ 1

3

so that C cannot be supersingular. In other words, Hss
3

is empty in

characteristic 2. �
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