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ON THE EXISTENCE OF APPROXIMATE PROBLEMS
THAT PRESERVE THE TYPE OF A BIFURCATION
POINT OF A NONLINEAR PROBLEM. APPLICATION TO
THE STATIONARY NAVIER-STOKES EQUATIONS

CATALIN - LIVIU BICHIR

ABSTRACT. We consider a nonlinear problem F(\, u) = 0 on infinite-
dimensional Banach spaces that correspond to the steady-state bifur-
cation case. In the literature, it is found again a bifurcation point of
the approximate problem Fj(Ap,ur) = 0 only in some cases. We prove
that, in every situation, given F}, that approximates F', there exists an
approximate problem Fjp,(An, un) — orn = 0 that has a bifurcation point
with the same properties as the bifurcation point of F/(A\,u) = 0. First,
we formulate, for a function F defined on general Banach spaces, some
sufficient conditions for the existence of an equation that has a bifur-
cation point of certain type. For the proof of this result, we use some
methods from variational analysis, Graves’ theorem, one of its conse-
quences and the contraction mapping principle for set-valued mappings.
These techniques allow us to prove the existence of a solution with some
desired components that equal zero of an overdetermined extended sys-
tem. We then obtain the existence of a constant (or a function) g so
that the equation ﬁ()\,u) — 0 = 0 has a bifurcation point of certain
type. This equation has ﬁ()\, u) = 0 as a perturbation. It is also made
evident a class of maps C? - equivalent (right equivalent) at the bifur-
cation point to ﬁ()\7 u) — p at the bifurcation point. Then, for the study
of the approximation of F(A\,u) = 0, we give conditions that relate the
exact and the approximate functions. As an application of the theorem
on general Banach spaces, we formulate conditions in order to obtain
the existence of the approximate equation Fp(Ap,un) — on = 0. For
example, we consider the finite element approximation of stationary
Navier-Stokes equations.

1. INTRODUCTION

For a steady-state bifurcation problem on infinite-dimensional Banach
spaces, we study the existence of an approximate problem that has a bifur-
cation point with the same properties as the bifurcation point of the given
nonlinear problem. The problem of bifurcation is present in the analysis of
many mathematical models of phenomena from the physical world. Gen-
erally, these models are formulated with an equation on Banach spaces,

2020 Mathematics Subject Classification. 47J15, 4TH14, 47J05, 65P30, 65J05, 35A35,
76M10.

Key words and phrases. bifurcation point, steady-state nonlinear problem, perturba-
tion (perturbed equation), overdetermined extended system, nonlinear Fredholm opera-
tor, inverse problem, Graves’ theorem, metric regularity, contraction mapping principle
for set-valued mappings, equivalent maps, approximate bifurcation problem, stationary
Navier-Stokes equations, finite element method.

1


http://arxiv.org/abs/2405.01443v2

2 CATALIN - LIVIU BICHIR

infinite or finite-dimensional. Examples of infinite-dimensional problems
are from fluid mechanics, solid mechanics, elasticity, nonlinear vibrations,
structural analysis, ocean, atmosphere and climate models and so on. As
far as the finite-dimensional problems are concerned, examples are from
medicine (cardiology, neuroscience), biology, chemistry, economy, etc. In
both cases, infinite-dimensional and finite-dimensional, practical compu-
tations are necessary. For this purpose, the infinite-dimensional problem
must be approximated by a finite-dimensional problem using methods such
as finite element method, finite differences method, finite volume method,
spectral methods or wavelets. The first problem is named ”exact”, defined
on exact spaces, by an exact equation and it has exact solutions. The sec-
ond equation is the approximate equation and the related entities are called
” approximate” .

We consider equations that correspond to the steady-state bifurcation
case. We retain the exact equation (L) and the hypothesis (L2) on the
bifurcation point from [I8], where Crouzeix and Rappaz study the bifurca-
tion problems and their approximations. Usually, the Liapunov - Schmidt
method is applied and it is obtained that, locally, around the bifurcation
point, the solution set of the equation on Banach spaces is in one-to-one
correspondence with the solution set of the classical bifurcation equation.
The study of the solutions of the classical bifurcation equation, using singu-
larity theory, is performed in [31), 32]. As the authors of [I8] specify, their
method, for the exact equation, is equivalent to the Lyapunov-Schmidt
method.

Let W and Z be real Banach spaces. Let m > 1, p > 2. Let F :
R™ x W — Z be a nonlinear function of class C?. Consider the equation
n (A\u) e R x W
(1.1) F(\u)=0.

Assume that (Mg, up) is a solution of (II]) that satisfies the hypothesis
(I1S):

(1.2) Dy F (Ao, up) is a Fredholm operator of W onto Z with index zero,
n>1landg>1,

where n = dim Ker(D,F (Ao, up)) and ¢ = codim Range(DF (Ao, up)). The
solution (Ag,ug) is called a bifurcation point of problem (I1). If (A1, uy) is
a solution of (LI) and D, F'(A1,u;) is an isomorphism of W onto Z, then
(A1, u1) is a regular solution (a regular point) of problem (ﬁjl)

Let W Z be some real Banach spaces andlet F:R™ x W — Z. If a
solution (Ao, tig) of the equation F'(X, %) = 0 satisfies hypothesis (L2, with
the same n and ¢, we say that (5\0,710) is a bifurcation point of the same
type as (Ao, ug).

The above spaces W and Z are both infinite-dimensional or they are both
finite-dimensional. If they are infinite-dimensional, then equation ([I.1J) is
approximated by an equation

(1.3) Fh()\h,uh) = O,

where Fy, : R x W), — Z;,, W), is a closed subspace of W and Z, is a closed
subspace of Z. W} and Zj are both infinite-dimensional spaces or they are
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both finite-dimensional spaces with dim W; = dim Zj. Usually, (L3)
is obtained by finite element method or by the other methods mentioned
above [6, [7, B, 0, [T, 12, 3] 17, 18, 23, 29, 39, 43, 55, 62, 67, 6]3]. The
theoretical Galerkin method is also taken into account.

A question arises with regard to an approximate equation (L3)):

(Q1) Has the approximate equation (L3) also a bifurcation point ¢ In
case that it exists, is this point of the same type as (Ao, uq)?

In case of the simple limit point, the point is generic ([31]) and the
approximate problem has a simple limit point (Aop, uop) ([12} 18]).

In case of the simple bifurcation point of the problems on Banach spaces,
it is found again a bifurcation point of the approximate problem only in
some situations. In two particular cases ([13} 14} [18]), which are generic,
bifurcation from the trivial branch and symmetry-breaking bifurcation, a
simple bifurcation point (Agp,ugn) of the approximate problem exists (nu-
merical bifurcation) and there is a diffeomorphism between the solution set
of the approximate bifurcation equation and a degenerate hyperbola. In
the general case ([3, 13} 14}, 18], [52]), in the hyperbolic case, the solution set
of the approximate equation is composed of two branches that do not inter-
sect. This solution set and the solution set of the approximate bifurcation
equation are diffeomorphic to a part of a nondegenerate hyperbola (imper-
fect numerical bifurcation). In the course of their study, Brezzi, Rappaz
and Raviart made evident a perturbed approximate bifurcation equation
(equation (3.21), page 11, [13]) of the approximate bifurcation equation.
The branches of this perturbed equation intersect transversally in a point.
In this general case, Weber [65] propose to calculate an approximation of
the exact solution as a component of the solution of an approximate ade-
quate extended system and then, compute two approximate branches that
intersect in this point. In this way, bifurcation is not destroyed by approx-
imation.

We mention that the terminology, in [I8], is the following: simple bi-
furcation points are simple bifurcation points (fold bifurcation and cusp
bifurcation in [I3], transcritical in [I7], transcritical and pitchfork (subcrit-
ical and supercritical) in [22] and [45]) or double limit points.

We cite, among other references, [17, 25, 28| [31), 33| [45] 63} [66], [69] [70]
for a discussion about the genericity of bifurcation points. For the exact
stationary Navier - Stokes equations, there exist bifurcation points that are
not generic [25] [63]. For the bifurcation of the solutions of the stationary
Navier - Stokes equations, we mention [7, [0} 12} [17] 23] 25| 26] 28] 45] 62,
63, 64, 66, [70]. For the approximate case of these equations, studies are
performed in, e.g., [12, [17].

Referring to the results mentioned above, from [18], concerning imper-
fect numerical bifurcation, and to the theory from [31] 32], Georgescu [27]
interpreted the approximate equation (L3]) as a perturbation of the ex-
act equation (L)) on different spaces. She also suggested us [27] that
there probably exists a perturbation of (L3]) which has the approximate
bifurcation point that we sought at (L3]) in all the situations given by the

hypothesis (I.2]).
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As we have seen, in literature, the above question (1) has a positive
answer only in some situations. Moreover, (L3)) cannot be used to study
the qualitative aspects of (ILT)). When we use an approximation method,
we expect not only to find some branches of approximate solutions but
also information about the qualitative aspects of the exact equation. On
the other hand, we expect that (3] is the perturbation of an approxi-
mate equation that has a bifurcation point, not only of (II]) (this follows
e.g. from (the interpretation of) [31),[32], from the discussion [27] described
above and from the interpretation of the approximate bifurcation equa-
tion (3.21), page 11, [13]). In order to obtain a positive answer in all the
situations, let us replace the question (1) by the following question

(Q2) Does an approximate problem that preserves the type of (Ao, uo)
exist in all the situations given by the hypothesis (1.3)? If this approzimate
problem ezists, is the given problem (1.3) a perturbation of this one?

We prove an affirmative answer to (QQ2). To the best of our knowledge,
this approach and the results we prove are new. We do not discuss if the
exact bifurcation point is generic or not. We prove that if an exact bifurca-
tion point exists, satisfying the hypothesis (I.2]), then, for an approximation
method, there exists an approximate equation that has a bifurcation point
with the same properties (hypotheses).

To be specific, given a function F} that approximates F', we prove that
there exists gp, such that the equation

(1.4) Fy(Ap,up) —on, =0,

has a bifurcation point (Agp, ugr) of the same type as the bifurcation point
(Mo, up) of (). op is a constant. The usual approximate equation (I3])
is a perturbation of the new approximate equation (L4]). The result for
(T7) is local. Equation (L) can be used in order to study the qualitative
aspects of (ILI)). Moreover, there exists a class of maps C? - equivalent (right
equivalent) at (Aop, uon) to Fi(Ap, up)—on at (Aon, uon) and that satisfies the
hypothesis (I2]) in (Aop, uon). The problem can be formulated as an inverse
problem: given F}, there exists g, and it must be determined such that
(L4) has a bifurcation point of the same type as the exact equation (LII).
(C4) approximates (LI]). Not every approximate equation of (II]) has a
bifurcation point. Equation (L4]) is a particular form of (L3]), obtained
by replacing Fj,(Ap, up) with Fp(Ap,up) — op. If () has two bifurcation
points satisfying hypothesis (.2)), it is possible that the corresponding two
op, are not equal. These results do not contradict the present literature
results.

The equation (I.4]) and the conclusion for this are the consequences of the
formulation of two main results that we introduce: (i) Theorem about
the equivalence between the properties of a bifurcation point that satisfies
([L2)) and the existence of the solution of an overdetermined extended sys-
tem; (ii) Theorem [5.4] where we formulate some sufficient conditions and we
establish, on general Banach spaces, the existence of an equation that has a
bifurcation point of certain type. The reasoning we use is the following: if
the exact problem (LT]) has a bifurcation point, we construct an adequate
extended system applying the direct implication of the first theorem. This
system is approximated and the proof of the second theorem furnishes an
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extended system that satisfies the hypotheses of the converse implication
of the first theorem. In this way, we obtain (L4]) and the fact that (L4
has a bifurcation point of the same type as the bifurcation point of (L.TJ).
Practically, we use Theorem (.4l This second theorem is generally valid
and regards not only the approximate equations, but also the exact equa-
tions. Theorem [54] is a result in its own right. Theorem B4 allows us to
obtain the existence of a bifurcation problem for which a given problem is
a perturbation. Theorem and Theorem [(.7] give the affirmative answer
to the question (Q2). We also give some conditions that relate the exact
and the approximate functions in Theorem [C4l In Corollary [@.1] we obtain
o in the form of a function of (A, u), where g is the corresponding form of
on, from (I4]), in the infinite-dimensional case.

In our approach, the numerical analysis and the numerical experiments
must be performed using the inverse problem attached to (L4]) and not, as
usual, using (L.3)).

Our results can be applied to the particular case of the exact simple bi-
furcation point of (II]), in the general case, in the hyperbolic case, studied
in [13| 14} (18], mentioned above. Let us consider (IIl), (I3)) and (L4) in
this case. We obtain the approximate equation (L4]) that has a (an ap-
proximate) simple bifurcation point in this case. This (L4]) approximates
(LI). The equation (L3) used in [I3] [14], 18] is impractical in order to
regain the qualitative aspects of (L]), as we saw above; the equation (L4])
maintains the qualitative aspects of (ILT]). The Liapunov - Schmidt method
or the alternate equivalent method of Crouzeix and Rappaz can be applied
to (L4]) as to (LI)). There results a (classical) (approximate) bifurcation
equation and there is a diffeomorphism between the solution set of this one
and a degenerate hyperbola. The solution set of (4] is composed of two
branches that intersect in the simple bifurcation point. The approximate
bifurcation equation from [13] 4] 18] is obtained using mathematical enti-
ties related to (I.J)); the (approximate) bifurcation equation for (IL4]) can
be constructed using only mathematical entities related to (L4]). We have
three other remarks related to the results from the literature: 1. Recall
the perturbed approximate bifurcation equation whose branches intersect
transversally in a point (equation (3.21), page 11, [I3]), mentioned above,
made evident by Brezzi, Rappaz and Raviart. This approximate bifurca-
tion equation is not related to any approximate equation in [I3]. We do not
perform a study to answer if the approximate equation (L)) corresponds to
this perturbed approximate bifurcation equation, but it seems that this is
the case. 2. We can interpret that the approximation of the exact solution
calculated by Weber [65], cited above, is the solution of an approximate
equation of the form (L4). 3. In each of the generic cases of simple limit
point, bifurcation from the trivial branch and symmetry-breaking bifurca-
tion, in [12], 13|, 14}, 18], an estimate |[Agp, — Ao| is given and it is not proven
that Agp equals \g. The bifurcation point (Aop,uop) of (L4) has also this
limitation.

The results can be applied in nonlinear functional analysis (bifurcation
theory, nonlinear Fredholm operators), singularity theory, analysis on man-
ifolds, modelling, hydrodynamic stability and bifurcation, solid mechanics,
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PDEs, other mathematical models where bifurcation is present, infinite-
dimensional and finite-dimensional dynamical systems, numerical methods.

Let us observe that if some numerical algorithms are implemented in
order to determine the bifurcation point of (4], then, on a computer, it
is obtained an approximation (Age, uge) of (Agn, ugr) which is a solution of
an equation of the form of (L4,

(1.5) F(Me,ue) —0e =0,

where F, is an approximation of Fj, in the computer’s arithmetics.

Under the conditions of the above discussion, the equilibria (stationary)
solutions, at least locally, for an approximate study of an evolution equa-
tion, are given by ([4) and not by (I3]). In other words, at least locally
(related to equilibria), the approximation of

ou
1. — —F =
(16 P =0
is
ouyp,
(17) E —Fh()\h,Uh)+Qh:O.

The text is organized as follows.

In our work, we use the method of Crouzeix and Rappaz [I8], so we
remind it briefly in Section 211

In literature [7, 8, 16 17, 18, 30} 33}, 34} 35} 37, 38, 40} [41], [42), 144 [47, [48,
50, B2) B3l (6, 57, B8, 65], an extended system is used in order to reduce
a problem that presents a bifurcation to a problem without a bifurcation.
We develop the work on the basis of a connection between the properties
of a bifurcation point of a nonlinear equation on Banach spaces and a
somewhat new extended system (this one is constructed based on a local
C? - diffeomorphism related to the bifurcation point). Sections Bl and [4] are
devoted to this subject.

In Section Bl we formulate and we prove the main result about the exis-
tence of an equation of form (I.4]), on infinite-dimensional Banach spaces,
which has a solution (Ao, ug) that satisfies the hypothesis ([.2]). These de-
velopments are based on the methods presented in the monograph [21] of
Dontchev and Rockafellar. Between them, there are the Graves’ theorem,
one of its consequences and the contraction mapping principle for set-valued
mappings. These are reminded in Section The results that we obtain
in Section [Al are placed in the formalism of [11], 12} 13, 14} 18] 2], 29] and
of Graves’ theorem [21].

In Section [6] the existence of a class of maps equivalent to Fj, (A, up) — on
is made evident.

In Section [ the case of the approximate equation is studied. If the
exact problem has a bifurcation point, a theorem that connects the exact
and the approximate problems is formulated. Then, the main result from
Section [B] is formulated for the approximate case.

In Section [ we relate the exact and the finite element formulations from
[29], for the Dirichlet problem for the stationary Navier-Stokes equations,
to the framework of Section [7l
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In Section @ a complement to Theorem [5.4] is formulated. Instead of a
constant ¢ in the equation (5.28]), we obtain g in the form of a function of
(A, u).

In Section [0} an intended further research is presented.

2. PRELIMINARIES

2.1. The setting of Crouzeix and Rappaz [I8]. Let us retain the equa-
tion (LL1]) and the hypothesis (I.2]) considered above following the work of
Crouzeix and Rappaz [18]. First, Crouzeix and Rappaz treat the case ¢ = 0
where they reduce a problem that has bifurcation to a problem without bi-
furcation (in Chapter 4, [I8]). Second, for the case ¢ > 1, they reduce the
study to the case ¢ = 0 (in Chapter 6, [18]). In this subsection, for the sake
of brevity, we remind these in the inverse order, by modifying the presen-
tation of Crouzeix and Rappaz [I8]. The problem without bifurcation is
obtained directly for the reduced problem.

Under the hypothesis that (Mg, ug) is a bifurcation solution satisfying
hypothesis (L2) (recall that ¢ > 1), Zo = Range(DF (A, ug)) is closed in
Z, DF (Ao, up) is a Fredholm operator of R™ x W onto Z with index m and
Z =71 @ Zy, where Zy = sp {a1,...,a4} and ay,...,a, are some linearly
independent some linearly independent elements from Z. Let X = R4t™
X W, Y =R x Z f=(f...,f9) €RY, fo=0¢€ R, z = (f\u),
xo = (fo, Ao, up) € X. Crouzeix and Rappaz define the function

q

(2.1) G:X =7 Gx)=F\u) - fa,

i=1
and they replace the study of (I.1]) around (Ao, ug) by the study of the case
Range(DG(xy)) = Z (corresponding to the case ¢ = 0 in Chapter 4, [18])
for the problem

(2.2) G(z) =0,

around the solution z( of it. For this, they use the remark that (A, u) is
a solution of (L)) is equivalent to the fact that z is a solution of (2.2))
satisfying f = 0.

G(z9) =0 and G(z) = F(A\u) if f =0. DG(z)y = DG(f, A\, u)(g, p, w)
= DF(\u)(p,w) =>4, g'a; for y = (g, p,w). dim Ker(DG(zo)) = q+m,
(2.3)

Ker(DG(x0)) = {y = (g, 1) € X;9 = 0, (1, w) € Ker(DF (Ao, u))}

Range(DG(x0)) = Z and DG(x¢) € L(X, Z) is a Fredholm operator with
index ¢+ m. This is equivalent to D, G(0, Ao, ug) is a Fredholm operator of
W onto Z with index zero and Range(DG(xy)) = Z (according to Chapter
1, [18)).

In order to reduce the problem (2.2)) to a problem without bifurcation,
Crouzeix and Rappaz justify the introduction of an operator B and the
reduction of the problem of the study of the solutions of (2.2]), in a neigh-
borhood of x(, to the study of the solutions of the extended system in
(0,2) € RIT™ x X

(2.4) F(0,2) =0,
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in a neighborhood of its regular solution (0, xy), where

B(x) — B(xo) — 0
G(z)

The continuous linear operator B € L(X,R%"™) is introduced such that it
satisfies Ker(DG(zo))NKer(B) = {0}. Bis anisomorphism of Ker(DG(zg))
onto R4T™. To choose B is equivalent to choose ¢ + m linear forms x;,

i =1,...,9 4+ m, on X that are linearly independent on Ker(DG(xg)).
By identifying Ker(DG(xg)) to RIT™  B(zx) can be considered the compo-
nent of z € X on Ker(DG(xp)) with respect to the decomposition X =
Ker(DG(xo)) ® Ker(B). The function JF is of class CP.

(2.5) TR x X Y, F0,r) =

_ | Bly)
(2.6) D,F(0,z0)y = [ DG(z0)y ] .
Since Ker(DyJ(0,z0)) = {0} and Range(D,F(0,z¢)) = Y, there results
that D,F(0, zp) is an isomorphism of X onto Y. Implicit functions theorem
leads to

Lemma 2.1. (Lemma 4.1 and Lemma 6.1, [18]). Under the above hypothe-
ses, there exists a neighborhood V of 0 in RIT™  q neighborhood U of xq in
X and a unique CP - mapping x : 0 € V — x(6) = (f(0),A(0),u(d)) € U
satisfying: a) G(x(0)) =0, 8 = B(f(0) — fo, A(8) — Ao, u(0) —up), V0 € V;
b) ©(0) = zo; ¢) (0,z(0)) is a regular point of (24)), V0 € V; d) if y =
(g, p,v) € Wis such that G(y) =0, then g = f(0), p = X(0), v = u(0), with
0 = B(g — fo,pt — Ao, v — ug).

Equation f(#) = 0 is the bifurcation equation of problem (LI} ([18]).
Crouzeix and Rappaz specify that their method is equivalent to the Lyapunov-
Schmidt method. They call ”classical” the bifurcation equation related to
the Lyapunov-Schmidt method.

For the case ¢ > 1, Crouzeix and Rappaz use B reduced to R™ x W,
B € L(R™ x W,R%"™). In the above presentation and in Lemma 2T
we maintain the operator B € L(X,R%t™) corresponding to the case in
Chapter 4, [18].

The problem (24]), in the case ¢ = 0, is also formulated in a different
context in [2I]. Related to the study of a linear Fredholm operator and of
the system D,F(0,2)y — [0,0]7 = 0, where x and 6’ € RIT™ are fixed, the
use of an operator similar to B (from [I8]) and of some elements similar to
ai,...,aq (from [I8]) is found in [6} [7, 18, 21, 34} 35, 4T, 44].

Given two normed (linear) spaces E and F', L(E, F) is the space of all
continuous linear mappings (operators) K : E — F. An isomorphism of
FE onto F is a linear, continuous and bijective mapping K : E — F whose
inverse K ! is continuous [6], 18, 211, 24} 29, 136, 59, [60] [61].

Lemma 2.2. (The hypotheses of a formulation of the inverse function
theorem, Theorem 1.2.2, [14] and a partial result from the proof of this one).
For v € X and the function G:X > Z of class CP, p > 1, we assume
that DG(v) € L(X, Z) is an isomorphism and that B satisfies 2vLg(B) <
1, with v = 5(@,U,X, Z) and Lz(B) = z(@,v,x,B,X, Z), where we use

~

the notations (Z11) and (212) below. Then, for any z € intB s (G(v)),
2y
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the equation @(w) = 2z has a unique solution x in Bg, (v), where f; =
2G(v) - z2llz < B.

2.2. Contraction mapping principle for set-valued mappings and
Graves’ theorem [21]. Let us present the following mathematical entities
as they are introduced in the monograph [21] of Dontchev and Rockafellar.

Let (X, p) be a metric space. For the sets C and D in X and z € C,

d(z,C) = infyec p(x,2'), e(C, D) = sup,cc d(z, D),
with the convention e((), D) = 0 when D # () and e((), D) = oo otherwise.

p(z,y) = ||z —y|| if (X,||-]]) is a normed space.

Let X, Y be Banach spaces. Let F': X =2 Y be a set-valued mapping,
that is, for x € X, F assigns a set F'(x) that contains one or more elements
of Y or it is empty. The graph of F is the set gph F = {(z,y) € X x Y|y €
F(z)}. The domain of F is the set dom F = {x|F(z) # 0}. The range
of F' is the set rge F' = {yly € F(z) for some z}. A set-valued mapping
F:X =Y hasaninverse F71: Y = X, F"Y(y)={ 2|y € F(z) }. Let
us retain that z € F~(y) & y € F(x).

Let A € L(X,Y) be a surjective mapping. A consequence of Theorem
5A.1 (Banach open mapping theorem), page 253, [21], is the existence of a
k > 0 such that d(0, A1 (y)) < &|lyl|, for all y. The regularity modulus is
defined by

(2.7) reg A = sup d(O,Ail(y)),
llyll<1

reg A < oo. For a Banach space X with norm || - [|x, let B,(5) = {s €
X; |5 — s||lx < a} be the closed ball with center § and radius a.

Theorem 2.3. (Contraction mapping principle for set-valued mappings,
Theorem 5E.2, page 284, [21]) Let (X, p) be a complete metric space, and
consider a set-valued mapping T : X = X and a point T € X. Suppose that
there exist scalars a > 0 and X € (0,1) such that the set gphT N (B, (Z) x
B.(Z)) is closed and

L d(z,T(z)) < a(l —M\);

II e(T(u) N By (z), T (v)) < Ap(u,v) for all u, v € By(Z).

Then, T has a fized point in B,(Z); that is, there exists x € By (Z) such
that x € T(x).

Theorem 2.4. (Graves, Theorem 5D.2, page 276, [21]) Let X and Y be
Banach spaces. Consider a function f : X =Y and a point T € int dom f
and let f be continuous in B.(Z) for some ¢ > 0. Let A € L(X,Y) be
surjective and let k > reg A. Suppose there is a nonnegative u such that
kp <1 and

(2.8) |If(x) = f(2') — A(z — 2")|| < pl|lz — 2’| whenever z,2’ € B(Z).

z) and c = k=t —p, if y is such that ||y — y|| < cs,
x) has a solution x € B.(Z).

Then, in terms of § = f
then the equation y = f

A~~~

Corollary 2.5. (A consequence of Graves’ theorem, pages 277-278, [21])
Let (Z8) hold for x, ' € B.(Z) and choose a positive T < £. Then, there
is a neighborhood U of T such that B, (z) C B.(Z) for all x € U. Make U
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smaller if necessary so that ||f(x) — f(z)|| < et forx € U. Pickx € U and
a neighborhood V' of § such that ||y — f(x)|| < er fory € V.. Then,

(2.9)  da, [T W) € ——ly — f(@)|| for (x,y) U X V.

1 -k
This is the metric regularity property of the function f at T for y.

If for every p > 0 there exists € > 0 such that (28] holds for every z, a’
€ B.(z), then A is, by definition ([20], [21I]), the strict derivative of f at Z,
A = Df(z).
Theorem 2.6. (Theorem 1.3, [20]) Let X and Y be Banach spaces, let T
€ X andlet f: X — Y be a function which is strictly differentiable at
(see the definition at page 31, [21]). Suppose that D f(Z) is onto. Then,

there exist a neighborhood W of T and a constant ¢ > 0 such that for every
xe€W and 7 >0 with B.(z) C W,

(2.10) Ber(f(2)) C f(Br(z)).

Let us consider the notations vy and L(e) from [14], 18, 29] in the following
way:

(2.11) (f.2, X, Y) = IDF(@) " lnvx)
(2.12) L(f,%,2,6,X,Y) = P IDf(x) = Df(@)llLxy) -
rebe (T

3. THE MAIN THEOREM ON THE EXTENDED SYSTEMS CONSIDERED IN
THE WORK

We formulate a theorem for the equivalence between the properties of
the bifurcation point (Ag,ug) of (LI]), satisfying hypothesis (L2]), and the
existence of the solution of an (overdetermined) extended system. This
Section and Section @l are devoted to this subject.

Let us consider § = 0 in equation (2.4) and conclude that we can intro-
duce an equation based on the value B(zg). Let us denote

(3.1) 0. = B(xp) .

It follows that the equation

(3.2) B(z)—-0,=0,
G(z)=0

has an unique solution x = z¢ = (fo, Ao, ug).

There results the existence of a 6, € RIT™ such that we can consider
equation (3.2]) on its own and we can formulate questions about the exis-
tence, the uniqueness and the properties of the solution (Ao, ug) of (L.
Since our results are results of existence, it is not necessary to know (to
have explicitely) the value of 6,. In the sequel, we use ([B.]) in two respects:
1) Given B and x, 0, results from ([B.I]). 2) Given B and 0., x is a solution
of (3.1).

Take some fixed 6y € R9™™. Consider p > 2. Let us introduce the
function

(3.3) U:X Y, U(z) = [ 253_00 } :
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and the equation in z € X
(3.4) U(z)=0.

We have U(zg) = F(0,z0) and DV(zg) = D,F(0,z0), where DVU(z)T =
[B(z), DG(z)Z])T and []T denotes the transpose of the row vector [-].

As DG(zg) is associated to the Fredholm operator DF(\g,up), let us
introduce a function H, of class CP~!, associated to D,F(X\g,ug). The
space Zy = Range(D,F (Ao, up)) is closed in Z, Z = Z3 & Z4, where Z3 =
sp {b1,...,by} and by,...,b, are some linearly independent elements from
Z.Let A=R"xW, L =R"x Z,e= (e!,...,e") € R?, z = (e,v) € A.
Define the function H by

(35)  H:R"xWxA=Z HM\uz)=DF(Aupw—Y e
k=1

(3.6) Ker(H(Xo,uo,-)) ={z=(e,v) € Aje=0,v € Ker(Dy,F(\o,up))} -

It follows that dim Ker(H(\o,up,)) = n, Range(H (X, up,+)) = Z and
H(Xo,uo,+) € L(A,Z) is a Fredholm operator with index n. We have
DH(Xu,2) (N0, %) = D ) (DuF (A, u)0) (A, T) + Dy F (A, u)v — Y p_, € Fby.
Consider an operator B, similar to B, B € L(A,R") such that Ker(H (Ao, ug,-))N
Ker(B) = {0}. B is an isomorphism of Ker(H(Xo,uo,-)) onto R™ and the
decomposition A = Ker(H (Mg, ug,-)) @ Ker(B,) holds. To choose B is
equivalent to choose n linear forms xr, Kk = 1,...,n, on A that are linearly
independent on Ker(H (Ao, ug,)).

Be(x, y) = [ g(g()x)y ] and @y (z,7) = [ 2((3),%@ } .

We have ®¢(z,y) = DV (x)y and
—__ | B@
DGl @7 = | D20 sy, 5 + DG |

_ B(z)
DOy (,2)(7.7) = [ Dinay (DuF (A w)o)(3,) + H(A u,2) ] :

We remember that X = RIT™ x W, Y =RItT™ x Z, f = (f1,..., f9) €
Rqa fO =0¢€ Rq’ xr = (fa)"u)’ Zo = (fO’AOaUO) € X.

Related to DF (A, ug), we denote g = (g',...,¢%), gi = (g},...,9%) € R,
90 =0, gip =0 € R and y = (g, 11, w), yo = (g0, o wo), ¥i = (i, i, wi),
Yi,0 = (9,05 Hi,0, wip) € X, i=1,...,g+m.

Related to Dy F(Xo,up), we denote e, = (e},...,el) € R, epg =0 €

R™ and z = (ex, vk), Zro = (€0, Vk0) € A, k=1,...,n.

We also denote I' = X 1T+ x A %) = (RIT™ x Z)1T4+™ % (R" x Z)™ and
5 = (T, Y15+, Ygtms 215+, Zn)s S0 = (T0,Y1,05 -+ Ygtm,0, 21,05 - - - »Zn,0) €
T.

On the product space Yy = vazl Y;, we use the norm || - [y, [[%oll(1) =
llkolly = Z;Vzl l5;lly,, where Y) is a normed space with norm || - [|y,, for

7=1,...,N,and kg = (K1,...,kN) € Y. We write || - || instead of || - ||g



12 CATALIN - LIVIU BICHIR

or || - || (g,r) when the spaces I/ and I are clear. Let Iy be the identity
operator on RY, N > 1. Let Iyy be the identity operator on .

d;; is the Kronecker delta and 5,];7 = {01y Okky---,OxN}, for 1 <k <
N, but {6, ..., 6¥} can be any fixed basis of R".

For the solution zg of (B.2)), a basis of Ker(DF (Ao, up)) and a basis of
Ker(DyF (Mo, up)) can be determined by the solution sg of (3.8]) (where 6y
= 0,) below.

Together with 0, let us consider some elements ay, ..., aq, bi,..., b, €
Z. Having in mind the local C? - diffeomorphism ¥ at zq, let us introduce
the function S : T' — X ([5]),

Y@ V() )
. qTm q+m
(3.7) S(s)= ggzl)_yfl or S(s) = Pa(@,y:) = gz ,
O e = | of |
foralli=1,...,¢q+m, k=1,...,n, with the following convention (in the

left formulation of S(s)) that we use throughout the paper: the second and
the third rows (components) are taken ¢ + m times, for all the values of 4,
and the fourth and the fifth rows (components) are taken n times, for all
the values of k. Consider the extended system in s

(3.8) S(s)=0.

In (B8), x is determined by equation ¥(x) = 0 and the rest of components
of s are determined by the rest of the equations.

Remark 3.1. Let us observe that DG(f, A\, u)(g, p, w) = DG(f", \,u)(g, 1, w)
for f # f.

We have

[ B(z)
DG(x)x
B(y;) _
PQF()‘7U)((Mi7wi)7()‘aﬂ)) —i—DG(.%’)@Z ’
B(zy) B

D()\m) (DuF()\, U)Uk)()\, ﬂ) + H()\, u, Zk) ]

(3.9) DS(s)

|
Il

i=1,....q+m, k=1,...,n.
Let us define the function ® : X x I' — X,

@G(.%',y/)
(310) q)(x’qb/) = (I)G(x,y;) ;
Py (x,z))

foralli =1,...,q+m,k=1,...,n,where ¢’ = (', y1, -+, Ygtm>Z1>- - - » Zn)-
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We have
B(y) B
D2F(\ ) (¢, w'), (N ) + DG(z)y'

N= 7\ _

G40 D ANEE) = DR ) (i), (W) + DG, |
B(7,) _
L Dovy (DuF (A w)vp) (A @) + H(A, u, 7;) |
Remark 3.2. Related to the solution (Ao, ug) of (ILT), to a basis of Ker(DF (Ao, uo))
and to a basis of Ker(D,F(Ao,up)), let us observe that the following state-
ments i) and ii) must be equivalent:

i) 0p = 6, from B1), g, =0,e,=0,i=1,...,g+m, k=1,...,n.

ii) There exists 0y € R9™™ such that f =0, ¢9; =0,e, =0,i=1,...,q+
m,k=1,...,n.

Lemma 3.3. Let s € I'. The following statements i) and ii) are equivalent:
i) DY (z) is an isomorphism of X onto Y, DS(s) is an isomorphism of
I' onto &
ii) ®g(z,-) is an isomorphism of X onto Y, ®g(x,-) is an isomorphism
of A onto X.

Proof. For the implication (i) = (ii), we mentions the followings remarks:
O (z,-) = D¥(x). Let us take the last component of DS(s) and obtain
that @ (z,-) is bijective from the study of the equation in z

By (2,7) = [s,"" = [0, Diyy (DuF N, w)v) 3 )]

for (¢’,¢") € Y and (), ) fixed in R™ x W.
U

Lemma 3.4. Let the assumptions (i) or (ii) of Lemma hold. Then,
®(z,-) is an isomorphism of T’ onto 3.

We study the case ¢ > 1. The results can be transferred, easily, to the
case ¢ = 0. We formulate, now, the main theorem on the extended systems
considered above.

Theorem 3.5. Let F, n > 1, ¢ > 1, ay,...,dq, b1,...,b, € Z\{0} and
G, H defined above. Let B = (x1,-..,Xqtm) € L(X,RIT™) and B =
(X1,---3sXn) € L(A,R™), where x1, ..., Xq+m are (¢ +m) nonzero linear
forms on X and X1, ..., Xn are n nonzero linear forms on A. The following
statements (i) and (ii) are equivalent

(i) Let (I1)). (Mo, wo) is a solution of (I1l). Hypothesis (1.2) holds for
(Aosu0). Z =21 & Zy with ay,...,a, linearly independent. Z = Zs & Zy
with by, ..., b, linearly independent. xq is the unique solution of (2Z.2). B
and B are such that

(3.12) Ker(DG(xzo)) N Ker(B) = {0},

(3.13) Ker(H (Mo, up,)) N Ker(B) ={0}.
where these kernels are given by (2.3) and (3.8). We have
(3.14) 0o = B(zg) € RIT™,
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(ii) Fiz 6y € R1T™ | q basis {5g+m}i:1,___7q+m of RT™™ and a basis {6} }r=1,...

of R". Consider ¥ and (3.7) together with S and (3.8). We have:
(a) The system (3.8) has the solution so = (To, Y1,05 ---» Yg+m,05 21,05
-y Zny0), where xo = (fo, Mo, u0), ¥i0 = (96,05 14,0, Wi0)s Zk,o = (€k,05 Vk,0),
f0=0,00=0,e,0=0,i=1,...,g+m, k=1,...,n and the component
xo of so is the solution of (37).
(b) DY (x0) is an isomorphism of X onto Y ; DS(sg) is an isomorphism
of I' onto X.

Corollary 3.6. Theorem remains true if we replace B by a nonlinear
By in the definition (33) of V.

Proof. We first use Lemma [T (i) and (ii) below. Then, we observe that,
under the assumptions of the statement (ii) (b), we obtain that ®¢g(x,-) is
an isomorphism of X onto Y as in the proof of Lemma B.3]

U
Remark 3.7. Since we have fo =0, g;0=0 (i=1,...,¢+m) and e 90 =0
(k=1,...,n), it follows that the results of Theorem - Nl do not depend on
the choice of 1y - e vy lgy Dlyeeny by

Remark 3.8. The results of Theorem do not depend on the choice of B
= (X1, Xg+m) and B = (X1, .., Xn)-

Corollary 3.9. Theorem i1) a) is equivalent to the following formula-
tion: sg is a solution of the overdetermined system

(3.15) S(s)=0,f=0, =0, e,=0,i=1,...,qg+m, k=1,...,n
Corollary 3.10. In the case ¢ = 0, we replace G by F in the definition
(37) of S and (313) is reduced to

B(M\u)—0y=0,

F(A\u)=0

B(:U’i’wi) - 5;71 =0,
(3.16) DF(\ u)(pi,w;) =0,

@(Zk‘) - 62 = 05

H(\u,z;) =0,

e, =0, k=1,...,n

Let us remark that the study of a nonlinear Fredholm operator F can

be reduced to the study of the equation (IE[I) satisfying hypothesw (T2).

LetUbeanopenset UC W, and F: U — Z. Let usﬁxuerandlet
CO = ( 0). Then, the equation

(3.17) F@)— (=0

has the solution ug that satisfies the hypothesis:

(3.18)  DF (i) is a Fredholm operator of W onto Z with index m |
dim Ker(DF(tg)) =q+m.

For instance, we can choose Uy such that dim Ker(DF(t)) = max.
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4. PROOF OF THE MAIN THEOREM ON THE EXTENDED SYSTEMS,
THEOREM

4.1. Some properties of the extended systems associated to D, F(\, u)
and DF(A,u). Throughout this Section, let us consider the hypotheses of
Theorem

Lemma 4.1. The statements (i) and (ii) are equivalent, and the same is
true for (iii) and (iv).

(i) x is the unique solution of (Z.3) and 6y = B(x) € RIT™,

(ii) Let 0y be a fized element in R1T™. Let us consider ¥V and (37). =
is a solution of (3.4). D¥(z) is an isomorphism of X onto Y.

(i1i) Assume (i). DG(x) is a Fredholm operator with indexr q + m,
Range(DG(x)) = Z and Ker(DG(z)) N Ker(B) = {0}.

(iv) Assume (ii). ®g(x,-) is an isomorphism of X onto Y.

The lemma remains true if we replace B by a nonlinear By in the defi-

nition (3.3) of ¥ and we keep B in the definition of ®g(x,-).

Proof. These results are obtained by replacing x¢ with = in the formulation
of problem (24]) as it is introduced by Crouzeix and Rappaz in [1§].
O

Remark 4.2. We formulate only the results for DF(X,u) since those for
D, F (X, u) are similar.

Corollary 4.3. Under the conditions of Lemma[{.1] (iv), we have:

(4.1) dim Ker(DG(z)) =q+m.

(4.2) B is an isomorphism of Ker(DG(z)) onto RTT™

(4.3) X1s-- - Xg+m are linearly independent on Ker(DG(x)) .

(4.4) X = Ker(DG(z)) ® Ker(B),

Proof. Let us prove [@I). Consider the elements (677™,0) € Y, i =
1,...,q+m. Since ®g(x,-) is an isomorphism of X onto Y, it follows that
there exist x1,...,2Zqm € X such that ®g(z,x;) = (677™,0), so B(x;) =

89™ (otherwise said, x;j(z;) = 6;;) and DG(z)x; = 0. We have x; # 0 since
O (z,z;) = (0,0) otherwise. Suppose that there exist §; € R, i =1,...,q+
m, where (3; # 0 for at least one i, such that Z;H{n ,x; = 0. For every j,
j = 15 e aQ+ma we obtain 0= Xj( ) - Xj(Zqumﬁl Z) Zq+mBZXJ( )
= Bx;(xj) = B;. So our supposition is false. Hence {x1,...,Tqm} is alin-
early independent subset of Ker(DG(z)). So dim KeT(DG(x)) > q+m.
Suppose that dim Ker(DG(z)) > g + m. Then, we have another ele-

ment 2/, 2’ # 0, such that z1,...,244m, «' are linearly independent and
DG(z)x’ = 0. Let ¢ = B(a'). Suppose that ¢ = 0. Since ®g(x,-) is
an isomorphism of X onto Y, there results that 2/ = 0, so it remains

¢’ # 0. Since ¢’ € RIT™ there exist 3; € R, i = 1,...,q + m, such that
¢ = 30" 35T We have (¢/,0) = Z(Hm 2697, 0), B; € R. We ob-

tain q)G( ,(CC/ - Zngin lxl)) (g ’0) Zqum BZ( q+m’ ) = 0. q)G(x")
is an isomorphism of X onto Y so Ker(®g(x,-) = {0}. It follows that
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&' — 37" Bix; = 0 which contradicts the supposition that 21, .., Zgim,
a’ are linearly independent. It remains (£1]).

From (@I]), it follows that B is an isomorphism of Ker(DG(z)) onto
RIT™,

It follows that x1, ..., Xq+m are linearly independent on Ker(DG(z)).

Let us define X1 = Ker(DG(x)) @ Ker(B). Suppose that there exists
Ze XandT ¢ X;. Let (¢,¢") = ®g(z,T) (x), where ¢ € RIT™ and ¢”
€ Z. Since ®g(x, ) is an isomorphism of X onto Y, there results that, for
(¢',0) € Y, there exists 2’ € X such that ®g(z,2') = (¢/,0) and, for (0,<”)
€ Y, there exists 2 € X such that ®g(z,2”) = (0,¢”). We obtain that 2’
€ Ker(DG(z)) and 2" € Ker(B), so £ = 2/ + 2" € X1, and ®g(,§) =
(s',¢"). So we obtain two solutions 7, &, T # &, for (x). This contradicts
the uniqueness of T in (x). It remains (£.4).

O

Lemma 4.4. Under the hypotheses and the conclusions of Lemmal[].1] (iii)
or (iv), we have:

(1) y € Ker(DG(x)), y # 0, if and only if 3 044 # 0 such that B(y) =
04+m and DG(x)y = 0.

(it) Let g+m = dim Ker(DG(zx)). Then, y1, ..., Yg+m € Ker(DG(x)),
yi #0,i=1,....q+m, form a basis for Ker(DG(z)) if and only if 3 61,

9q+m, i #0,i=1,...,q+m, which form a basis for RIT™™  such that

B(y,) = 0; and DG(z)y; = 0.

Proof. ®g(z,-) is an isomorphism of X onto Y.
U

Lemma 4.5. Replacing ®c(z,-) by ®x(z,-) in Lemma[{]] (iii) and (iv),
Corollary [{.3, Lemma we obtain similar results related to H(\, u,-)
and B instead of DG(z) and B.

4.2. The properties of kernel of DF()\g,up) and of D,F(\g,ug). Let
us replace x by zg = (0, Ao, ug) and y; by yi0 = (0, i 0, wi) in Subsection
41

Lemma 4.6. Under the hypotheses of Theorem[3F (ii), we have:

(4.5) A basis of Ker(DG(xo)) is {(0, p1,0, w1,0), -+ - (0, lgtm,0, Wgrm0)}
(4.6) Ker(DG(z9)) ={(f,\u) € X;f=0,(\u) € Ker(DF (X, up))},
(4.7) A basis of Ker(DF(Xo,uo)) is {(11,0,w1,0)- -+ (lgtm,00 Wg+m,0)} »
(4.8) dim Ker(DF(Mo,uo)) =q+m,
(4.9) A basis of Ker(H (Mo, uo,-)) 35 {(0,v1,0),-..,(0,v50)},
(4.10)  Ker(H(Xo,up,-)) = {(e,v) € Aje =0,v € Ker(D,F (X, uo))},
(4.11) A basis of Ker(DyF (Ao, u0)) is {v1,0,...,Vn0},
(4.12) dim Ker(DyF(Xo,up)) =n

X1s ---s Xq+m are linearly independent on Ker(DG(zy))

2
X1, - -5 Xn are linearly independent on Ker(H (\g,ug,")).
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Proof. Observe that y; o = (0, ti,0, wi0), where (u;0, wio) € Ker(DF (Ao, up)).
O (g, ) is an isomorphism of X onto Y, so we have (41 and (4.2]).

Hence, we obtain (€3] and (4.6]).
There results that the set {(11,0,w1,0), - - -, (Kg+m,0, Wg+m,0)} is a linearly

independent subset of Ker(DF (X, up)). Suppose that dim Ker(DF (Ao, up))
> qg+m. So there exists (u/,w') € Ker(DF (Mo, up)), (¢, w’) # 0, such that
{(p1,0,w1,0)s - - -5 (gm0 Wgtm,0), (1, w’)} is a linearly independent subset
of Ker(DF (X, up)). Hence (0, 4/, w") € Ker(DG(z9)), so dim Ker(DG(zg)) >
q + m, which contradicts ([@.I]). It remains that (£7) and (L8] are true.

O

4.3. The decompositions of space ~Z.

Lemma 4.7. Under the hypotheses of Theorem (ii), the elements ay,
.., @g form a linearly independent set and the elements by, ..., b, form a
linearly independent set.

Proof. Suppose that ai, ..., G, form a linearly dependent set, therefore

there exists f/ = ((f)%,...,(f)?) € RY, f # 0 and >0 (f")'a; = 0.
Then, for an element (u,w) € Ker(DF(M\o,uo)), we have (f',p,w) €
Ker(DG(xp)), with f/ # 0. This is a contradiction. O

Lemma 4.8. Under the hypotheses of Theorem[33 (ii), we have:
(4.13) Z = 71 & Range(DF (X, up)) -

(4.14) Z = Z3 ® Range(D,F (o, up)) -

Proof. We have DG (x0)y = DF (Ao, uo)(p, w)—Y_ %, g'a;, where — >0, g'a; €
Z1, 9, €R,i=1,...,q9. So

(4.15)

Range(DG(x0)) ={z € Z;2 = 21 + 22,21 € Z1, 22 € Range(DF (g, uo))} .

Let us prove that
(4.16) Z1 N Range(DF (X, ug)) = {0}.

Suppose that ([ZI6]) is not true, so there exists a € Z, a # 0, such that a €
Z1 and a € Range(DF (Mo, up)). So there exits g = (¢%,...,¢%) € R? and
(A, u) € R™x W such that a = Y%, g'@; and a = DF (X, up) (A, u). It fol-
lows that DF (X, ug)( A\, u) — Y4, g'a; = 0, ie. (g,\,u) € Ker(DG(zp)).
From (Z6]), there results that ¢ = 0, so a = 0. This contradicts the suppo-
sition that a # 0, hence (Z10]).

From (AI5) and (£I6), it follows that
(4.17) Range(DG(xo)) = Z1 & Range(DF (Ao, up)) -

Since ®¢(xo,-) is an isomorphism of X onto Y, it follows follows that
Range(®g(zo,:)) =Y , therefore

(4.18) Range(DG(xy)) = Z .
From (418)) and ([@I7T), there results (£13]).
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Lemma 4.9. Under the hypotheses of Theorem[33 (ii), we have:
(4.19) codim Zy =q, Zyis closed in Z ,

(4.20) codim Zy =n, Zyis closed in Z .

Proof. From (£13)) and Lemma L7 we have codim Zy = dim Z; = q. We

obtain (4.19).
(]

4.4. Properties of the Fréchet derivatives and the consequences
on the qualitative aspects.

Lemma 4.10. Under the hypotheses of Theorem [3.4 (ii), we have:
(a) DF (Ao, uo) is a Fredholm operator of R™ x W onto Z with index m;
(b) DyF(Xo,uo) is a Fredholm operator of W onto Z with index zero.

Proof. The proof follows from (48], (£19) and [@I12), (£20).
(]

4.5. The proof of implication (i) = (ii) of Theorem From the
implications (i) = (ii) and (iii) = (iv) of Lemma 1] and from Remark
12 we deduce that x( is a solution of [B4), ®¢c(xo,) is an isomorphism
of X onto Y and ®x (g, ) is an isomorphism of A onto ¥. From (B.8]), we
have the equations ®¢ (0, yi0) — [677™, 07 = 0, @5 (o, z40) — [67,0]7 = 0.
From B12), BI3), 23) and [B.6), we deduce g; o = 0, ex,o = 0. The proof

is complete by applying Lemma B3]

4.6. The proof of implication (ii) = (i) of Theorem The proof
follows from the implications (ii) = (i) and (iv) = (iii) of Lemma [£.I] where
x is zg, from Remark 2] from Corollary 4.3 with x is zq, from Lemma 4.4
to Lemma [4.101

5. THE MAIN RESULT ON THE EXISTENCE OF A BIFURCATION PROBLEM

5.1. Introduction. We formulate some sufficient conditions for the exis-
tence of an equation which has a bifurcation point that satisfies the hy-
pothesis ([.2]). We also obtain the existence of a bifurcation problem for
which a given problem is a perturbation.

In the sequel, in Sections[Bl- 10, we keep the notations from the preceding
sections, but we do not consider the equations they define. Equations
(CI), @22) and B.8), hypothesis (L.2]) and Theorem will be related to
a function Sy obtained as a perturbation of S. Let us fix these:

Let W and Z be real Banach spaces. They are both infinite-dimensional
spaces or they are both finite-dimensional spaces with dim W = dim Z.
Let m>1,p>2. Let F: R™ x W — Z be a nonlinear function of class
CP. Let ¢ > 1,n > 1, ay,...,aq b1,...,bn € Z\{0}. Let us consider G,
H defined in &1, (35) and B € L(X,R?"™) B € L(A,R"). Let us take
some points 3o, Q% € I'. Let S and ® be the functions defined in ([3.7]), for
some 0y € RIT™  and (B.I0), respectively.

Let us construct the function S from (B.7)), assuming the existence of the
elements that allow this construction. We seek a function Sy of the same
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form (B.7)) such that the equation Sp(s) = 0 has a solution sy and both Sy
and sq satisfy the statement (ii) of Theorem

We started with the following analysis. For the function S from (B.1),
consider a point Sy of the form of sg, that is, fg =0, gio =0, exo = 0.
Assume that DS(sp) is an isomorphism of I' onto ¥. Under an additional
hypothesis, according to Theorem 3.1 [I8], Theorem IV.3.1 [29] and The-
orem 1.2.1 [14], equation S(s) = 0 (that is, (3.8))) has a solution s in a
neighborhood of 53. We are interested in the case that the solution s is of
the form of sy from Theorem (ii) (a). Let go = S(s0). Applying the
inverse function theorem, S is a local CP-diffeomorphism at o from U onto
V, where U is a neighborhood of 53 and V is a neighborhood of gy. Let us
take @ defined in (BI0). ®(z,-) is an isomorphism of I" onto ¥ for x from
some neighborhood of y. For each s € U, we can consider the equation in
¢' €T,

(5.1) S(s) — ®(z,¢') =0.

Let us consider now this equation for (s,¢’) € U x I'. Let us observe that
the form of the left hand side of (B.I]) can be compared, especially the rows
that correspond to ®¢(x,y;) and @ (x,z), with the form of the function
S(s) defined in (B7). We then ask if there exists a solution (s, ¢') of (5.1))
which allows us to find the function Sy and the solution sg.

We obtain the function Sy as a perturbation of S. The main result is in
Theorem [5.41

The idea of the proof came when we read the proofs of Theorem 6C.1
and Theorem 6D.1, from [2I]. Here, some mappings G and gpy are
constructed and, under adequate hypotheses, the existence of a solution of
the equation gpy(7) € Gpy(z) is proved (using the contraction mapping
principle for set-valued mappings, Theorem 5E.2 [21]). For the formulation
of the results and of the proofs, we also take into account Graves’ theorem
5D.2 [21] together with one of its consequences and the techniques from the
proofs of Theorem 3.1 [I8], Theorem IV.3.1 [29] and Theorem 1.2.1 [14].

The analysis of (5.1) and the [2I] method mentioned above lead us to the
construction of the mappings G(s, ¢’) and Q(s, ¢’) from (5.7) and (5.8). The
aim of this construction is that equation Q(s,¢’) € G(s,¢’) and a solution
(5,¢') of this one generate a function Sy of the form (B.7) and a solution
s0, with fo = 0, gio =0, ex0 =0,¢=1,...,¢+m, k =1,...,n, of
the equation Sp(s) = 0. Sp and sp satisfy the statements (a) and (b) of
Theorem (ii).

We obtain

(5.2) S(SO) — <I>(x0, ¢6) >0,
that is, (so, ¢() is a solution of the equation
(5.3) S(s) —®(z,¢') 0.

This is equation (5.26). Relation (5.2)) allows us to get Sy and sg. Corol-
lary [5.10] tells us that equation Sy(s) = 0 provides a bifurcation problem
F(\ u) — ¢ = 0 for which the given problem (L) is a perturbation.
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5.2. The definition of the mappings G(s, ¢') and Q(s, ¢'). - The points
50 and ¢f
We denote sy = (Zo, ¥i,0, 2,0) and ¢ = (%,ﬂao,%,o) erl.

> ~ o~ ~ ~ ~ o ~1o ~ =~ =~
50 = (%0, U1,0, - - - » Yg+m,0: 21,05 - - - 1 2n,0)5 B = (Y0 U1.05 - - + » Ugtm.05 21,00 - -+  Zm0)-

Zo = (fo, Ao, U0), Yi,o = (94,0, Hi,0, Wi0), Zk,0 = (€k,0, Vk,0)s

% = (5/0’,[7/05{5,0)5 gg,o = @;,o’ﬁé,o’@g,o)a %,o = (%,0’%,0)

and fo =0, Gi0="0,60=0,=0,0p=0,i=1,...,g+m, k=1,...,n.
Let us take the value 8y = B(Zo) € R™ for 6 in the definition ([3)) of

U and in the definition (87)) of S. Let ® be defined by (B.10).

Let us denote
§(9's girer) = 0 + ((9,0,0),(91,0,0), -+, (gg4m: 0, 0), (€1, 0,0),..., (€5, 0, 0)),
that is, £(¢, g;, €},) is ¢ where g, fq’z’~70, gk,o are replaced by g, + ¢, fq’zﬂo + 9.,
€0 T €}, respectively. We have

[ B(g',0,0)
PRrARIA

6.9 oo &lg ginei) = | D0
B(e},,0) B

L —Z;L:1(€;g)]bj

- The mappings § and Q
Letusﬁxareala,0<a<1,a7é%.
Let us define

(5.5) Hs(s) = S(s0) + DS(30)(s — 50)

(5.6) Ho(z,¢') = ®(Fo, ¢y) + DR (To, d))((z,¢') — (Fo, Bp)) -

Hg is a strict first-order approximation of S at sg.

Hq is a strict first-order approximation of ® at (o, (%)
G:I'xI'— X%,

(B7) S5.8) = 550s) — 3 6) + 53s(s) — 3 (e, )
_(1 - Oé)‘l)(fo,g(f, i, ek)) + (1 - a)(I)('%Oag(gl’gz{? 62;)) :
Q:TxT -3,
(68  s.6) = —550) + 308 + 33s(s) ~ 39a(z,6)
+a(1)(550’ g(fa 9i, ek)) - OZ(I)(ECJ(], g(gla g;’ e?{,‘)) .

Observe that we have

‘I)(x, g(fa Gi, ek))_q)(x’ g(gla g;’ e;ﬁ)) = (I)('%Oa g(f’ 9i, ek))_q)('%o, g(gla g;’ e;ﬁ)) ’

Lemma 5.1. G is surjective.
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Proof. Using (5.7) and (5.16]), we have
(50, 9") = S(50) — (@0, ¢') + (1 — @)@ (Z0,£(9, 95 €k)) -
From Lemma [B.4] we have that ®(Zg, ) is an isomorphism of I" onto X.

Hence V ¢ € 3, 3 (30, ¢') € I' x I such that §(5p, ¢') = ¢ and G is surjective.
(]

We use the surjectivity of G in the Proof of Theorem [5.4] Subsection
We mention that we can skip this condition since we work with set-valued
mappings; for details for the methodology, see [21].

- The operator A = A

(5.10) A = DS (50, 0}) -
We write A(a) when it is necessary to consider « as a variable.

!/

(511D5(5,)(5,8) = 5DS()5 ~ 5 D®(z,6)(T. ) ~ 5 D(F0, 54)(T. 7

45 DS(50)5 — (1 - 0) (0, £7,5,,2)) + (1~ )@(F, (7, 74)

(5.12) A(5,7) = DS(30)5 — DO(Fo, &) (7,3 )
—(1 = a)®(Z0,&(f,7i,8)) + (1 — a)®(T0,£(7, 7, 1))

where
[ B(T) T
(513) DSG)s= | W) -
| VT DG T (Faos o) (o) + DO |
Z
| Doy (DuF (Mo, o) T,0) (N, T) + H(No, o, Z1) |
and
(5.14) ] ]
G )
DOGLANEF) = | D3R, ) ), () + DG |
B(Zk) _ _
L D(A,u)(DuF(AO’ao)fﬁ;cp)(x’ﬂ) + H()‘O,ﬂoﬁz;c) ]

foralli =1,...,q+m,. k: = 1,...,n. Wehave D2F(Xo, o) ((ith, Wh), (X, @) =
0, DQF()\(),ﬂo)((MZ 0 W ) ()‘ u)) =0, D()\,u)(DuF()‘()?ao)vk,o)()‘vu) =0.

- Condition A = A is surjective By fixing 7/, the condition is verified
immediately.

- The definitions of reg A, x and

reg A is defined as in (27]). We take k = reg A. Define vy = (¥, 79, X,Y),
v =75 =7(5,50, I, ), vs, = 7(50, S0, ', £), where we use ([2.I1]). Observe
that v do not depend on «a.
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Lemma 5.2.

(5.15) K<~.
Proof. We have ¢y = 0. (5.14) gives
(5.16) @ (70, @) = D0, 6)(T,4) ,

and we replace D® (T, %)(T, 5/) by @(50751) in the expression (512]) of A
We denote

(517) DSa(g())g = DS(;O)E - (1 - 0‘)‘1)(50, 5(7’ yiaék)) ’
(5.18)  Pu(T0,d) = P(T0, ¢ ) — (1 — @) (70, (T, T ) -
Hence
(5.19) A3, 7) = DSa(30)5 — Pal(T0, 8-

For y € X, we have the sets &, Ey such that

&y = A" (y) = (DSa(50)=~@a(Fo,)) ' (4) = {(5, &) | DSa(50)5—Pa(F0, &) =
v} 2 (G FID5(0)7 =4, = 0} = {(5,6)5 = DSalf) ), & = 0}

=&l
(5.20) reg A = sup d(0,A " (y)) = sup d(0,€,)
llyll<1 lyll<1
< sup d(0,&y) = sup d(0,{3]5 = DSa(50) "' (1)})
llyll<1 llyll<1
= sup [|DSa(50)~ (W) = I1DSGo) ) -

lyll<1

- The definition of y = L(e)
We denote G3(s,¢') = 35(s) — 1 @(x, ¢').
!/

DSs(5,¢/)(5,9) = 3 DS(s)5 = 5D (2, ¢)(7,6)
Tﬁl((‘s? ¢/)7 (57 ¢ ))

[@’3(3, &) — 855, 3) — D3s(Go, ) (5, 6) — (5. 8))]
I [ 1DS5((5,8) +t((s,¢') — (3,6 ))) — DG3(30, $p)] - ((5,¢) — (5. ))dtt,

where we use some standard techniques from [14], [18], 29] [49].
/

¢2(( ¢, (5, 0)) = )
P =T+ I S0 gl =g el + S0k Yoy ler =2l
+Z_@: ()= @) lall + S i 1|(91) —@) Maell + 351 )= (€)=
CAYITA] .
Take p = L(g) = L(G, (so,qﬁo) (s,¢),e,I' x I, ), where we use (2.12).
We obtain 1 = L(e) = L(Gs, (so,gbo) (s,0"),e,T xT',X%).
Define Ly (¢) = L(V, %o, 2, ¢, X,Y), Ls(¢) = L(S, 30, 5,¢,T, %) and Lg, (¢)
= Z(So,go,s,e,F, ¥}). We have
(5.21) Ls(e) = sup_ IDS(s0) = DS(s)llers) -
(5,9")€Be (S0,9), ¢'=0
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Lemma 5.3.

(5.22) %Ls(a) < I(e) .

Proof. See Appendix [Al Let us use (A.d]). We have 5/0 = 0. Take ¢’ = 0.
We have

1 ~
51DSGo) — DS(s)]
= s [DS(0,é)G.¢) - DG(s,0). )]
13,8)1<1,8'=0
< sw |DS(Go.5)(5,8) — D§(5,0)(5. )
l(s,¢)lI<1
= || DS(50, ¢) — DS(s,0)] -

1 L

§LS(5) < sup DS (30, $9) — DS(s, O)HL(FXF,E)
(5,9")€B:(50,6p), ¢'=0

< sup IDS (30, 46) — DS(s, ONpexr,s) =p=L(e) .

(5,¢)EB< (30,0))

5.3. The theorem on the existence of a bifurcation problem.

Theorem 5.4. Let W and Z be real Banach spaces. They are both infinite-
dimensional spaces or they are both finite-dimensional spaces with dim W
=dm Z. Let m > 1, p > 2. Let F : R xW — Z be a nonlinear
function of class CP. Let ¢ > 1, n > 1, ay,...,a,, bi,...,bn € Z\{0}.
Let us consider G, H defined in (Z1), [33) and B € L(X,R%™), B €
L(A,R™). Let us take the points sy and g% introduced above. Let S and ®
be the functions defined in (3.7), where Oy is replaced by by = B(Zy), and
(310), respectively. Let us consider the above definitions (5.7) and (5.8)
of G and Q and the related entities.

Assume that for somee and o, e >0 and0 < a < 1, o # %, a arbitrarily
small, we have

(5.23) 2kL(e) +2k0a < 1,

where k = reg A and @ = max{ ||a1l},. .., [|aql|, No1lls-- -, |bnll }-
Let c =k~ — L(e) and M > ||DS(50, )|l Lrxr.)-
Then, there exist positive constants a* and b* = ca™ such that
_ K
(5.24) d((s,¢),571(¢)) < . WHC = 5(s, ),

for ((s,8),¢) € Ba»(30,60) x By=(S(30, 4)).
Let 6 = [|S(50, ¢0) s = [I5(50) 5. Assume

1
(5.25) 0 < ica*.

Assume that DV (Zg) is an isomorphism of X onto Y and DS(Sp) is an
isomorphism of I' onto X.
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Then, there exists a solution (8o, QASIO) € B+ (S0, g%) of the equation
(5.26) S(s) — ®(z,¢') 30,

where §9 :A (fo, Ql,o, e ,ﬂq+m70, 2170, e ,in,o),

Lo = (fo, Aos o), Gio = (4,05 f1i,0,Wi0)s 2,0 = (€k,0, Vk0)s
Jo=0,0i0=0,6p0=0i=1...,¢+m k=1,...,n

$0 = (W0, 1,00+ -+ Ygm,00 21,00 - -+ Zny0)

QE) = (96,%,1@6), ?91,‘,0 = (Qg,oﬂg,o’wao)’ %,0 = (é;g,oaﬁ;c,o)
and gy =0, §ig =0, 8.0 =0,i=1,...,g+m, k=1,...,n.

Let so = (20,%1,0,- -+ » Yg+m,0, 21,0 - - - »Zn,0) With (fo, Ao, u0) = o = o,
A - A I :
Yi,0 = Ui,0 — Y505 Zk,0 = Zk,0 — 2y g andi=1,...,g+m, k=1,...,n. s9 €
Ba*(SO).

Let us fix &9 and g), (whose existence is demonstrated) in ®(x,y') from
the first line of ®(x,¢') in (5.20). Let us take 0y = 0y + B(ij}) and o =
DF (X, o) (i, @)) and consider them as constants. Let us denote by Sp
the function S from (377) formulated for this 6y and for F(\,u)— o instead

of F(\u).
Then, sq is the solution of the equation
(5.27) So(s) =0

Equation (5.27) is of the form of equation (3.8).

Then, the component (Ao, uo) of sg is a solution of the equation
(5.28) F(A\u)—p0=0,

()\0, UQ) € By~ (Xo, ao)
Let us replace k by v in [£23) and, instead of (5.23), consider

(5.29) 2vL(g) + 2kaa < 1.

Then, sq is the unique solution of the equation (5.27) in B, (So) for every
a > a* that satisfies yLs(a) < 1. The system (5.27) and its solution sg
verify the assertions (a) and (b) of the statement (ii) of Theorem [3.
Then, the component (Ao, ug) of o is the unique solution of the equation
(Z28) that satisfies hypothesis (I.2) and the rest of the hypotheses of the
statement (i) of Theorem in Bo(Xo, Uo) for every a > a* that satisfies
vLg(a) < 1. The solution (Ao, uo) is a bifurcation point of problem (5.28).
We have

(530) lell < 5= +1ISGl < (- = LN’
(531) lell < (1DF G )| + Li(a"))a
(532 lso 7l < B/~ Ls(@)] - [So0r) s ¥ € BaGo).

The proof of Theorem [5.4] is given after some remarks.

The following conditions (5.33]) and (5.34]) do not depend on «.

Corollary 5.5. (i) Let ag be an arbitrarily fized positive number, 0 < o <
0.1. Let us take
~ ~

k= sup regA(a), M > sup [DS(s0,9p)| = sup [A(a)].
0<a<ag 0<a<ag 0<a<ag
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Instead of (2.23), we can assume that for some e, € > 0, we have
(5.33) 2kL(e) < 1.

(11) Instead of (5.23), we can assume that for some €, € > 0, we have
(5.34) 29vL(e) < 1.

Proof. Let us observe that L(e) do not depend on oe. We have (5.33]). There
exists 0 < a < ap (0 < <1, a#3),such that (5.23) holds.
(]

5.4. Preliminaries related to the metric regularity property. We
now formulate some estimates of the radii of some balls included in the
neighborhoods U and V from Corollary related to the metric regularity
property of the function f at Z for .

Lemma 5.6. Let us retain the hypotheses of Graves’ theorem [2.4)

Let a be such that 0 < a < € and intB;(z) is the maximal (for the
inclusion) open ball, with center T and radius a, contained in U.

Let a be fixed close to a, 0 < a < a.

Let us fir b, 0 < b < cr.

Let us take a* = min{a, 2} and b* = ca*. We denote U* = By« (7), V*
= By (f(2)).

The relation (2.9) holds for all (x,y) € U* x V*.

Proof. From the definition of U, we deduce that U C B.(z), so 0 <a < e.
From the definition of V', there results that we can choose V' of the form
B (f(Z)), intBe.r(f(T)) or By(f(ZT)), with 0 < b < cT.
The value % is taken related to the conclusion of Graves’ theorem (Theo-
rem [2.4]), to the relation (ZI0) in Theorem 2.6l and to linear openess ([21]).
For any U* and V* such that U* C U, V* C V, we have ([2.9)) for (z,y)
e U x VvV~
O

Consider L(e) as in [14] 18, 29] but with another radius.

Lemma 5.7. Let us retain the hypotheses of Graves’ theorem [2.]] Take p
= L(e) = L(f,Z,x,¢,X,Y) (where we use (Z13)). Let M > ||Df(z)|. Let
us consider the neighborhoods U and V' from Corollary [2

(i) Relation (29) is satisfied for any (x,y) € Bo(Z) x V, where B,(z) C
U and V 2 By(y), with a > a* > af and b > b* > b;. 0 <a<e. T, a*,
b* are given by

L(e)+ M

<" .,

L)+ M +c

(We can impose even < because of the increase with M.)

(5.35)

CT

(5.36) aj; = EESTA

by = cT,

*

b
(5.37) a* = min{aj;, L}, b*=ca*.
c
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(ii) Assume that 2kL(c) < 1. Relation (2.9) holds for any (z,y) €
Be: (Z) x V, where Bo: (z) C U and V' = By: (y). 7, aj,, b}, are given by

14 2cM
(538) T < m - &,
T T
5.39 o b, = —
(5.40) ajy = min{af;, kby, }, by = caj .

Proof. Proof of (i)
We consider by, from (5.36]) and V' = By: (). We seek af; such that
If(z) = f@)] < |[f(x) = f(z) = Df(@)(x = D) + [[Df(@)(x —2)| <
L(e)|z =z + [Df@)|[lx = 2|l < (L(e) + [|Df(@)[Dag; < (L(e) + M)ag;
and we impose the condition for af;
(5.41) (L(e) + M)aj; <cr.

We take a; from (5.36]). We have B,x (z) C U.
We must verify the condition B(z) C B.(z) for all x € U.
If U = B, (Z), we have: let 2’ € B (). [|2' —Z|| < ||z’ —z|| + ||z — 2|

<T4ap=1+ L(Sﬁ < €. So the condition (5.35]) for 7.

Instead of aj; and Bg: (%), let us consider the value % and B (z) related
U C V.

to the conclusion of Graves’ theorem (Theorem [2.4)), to the relation 210)
in Theorem [2.6] and to linear openess ([21]).
We take a* from (5.37). We have B,-(z) C U.

If a* = bTV, it is not necessary to modify 7 from (5.35]).
From the definition of U, we deduce that U C B.(Z), so 0 < a* < €.
Linear openness gives us By« (7) = [f(Z) +ca*intB]NV (see also Theorem
2.6). Hence (5.37)) for b*.
Proof of (ii)
We have 2kL(e) < 1, so
1—rkL(e) 1-1

1
5.42 = 2 _ ]
( ) ¢ K =~ K 2K

or 1 < 2k. We also have x < 1 ([21]).

We also consider the following estimates:

Using (5.36)), we take by, from (5.39). We take V' = By (7).

The relation (541]) gives

1f(2) = f@) < [If(x) = f(z) = Df(z)(x - Z)| - I)
L(g)lle —zl| + [[Df(@)|llz — 2| < (L(e) + |[Df(@)[)agy < (L(e) + M
and we impose the condition for aj;
(5.43) (L(e) + M)aly < (i ¥ M)y < <ot

We take a; from (5.39). We have B,x (z) C U.

If U = Bg; (7), we have: using (£.39), we obtain 7 from (5.38]).

We have k < % In order to avoid the dependence on the index ”h” in
Theorem [[.7] we take x instead of % More precisely, we take kb, instead

of bTV kby, do not depend on "h”. Kby, < bTV
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We take aj from (B.40). We have B, (z) C U.
If aj = kb, it is not necessary to modify 7 from (5.38)).
Linear openness ([21]) gives us By (§) = [f(Z) + caj,intB] NV (see also

Theorem [26]). Hence (5.40) for bj.
(]

Lemma 5.8. In Theorems [7.0] and [T, we can consider T, a* and
b* from the general case as in Lemmas and [5.7 by replacing f by G.
In Theorem [777, as in Lemma [5.7 (i), €, 7 and aj do not depend on the
parameter h (they are constants).

5.5. Proof of Theorem [5.4l Let us observe first that (5.23]) is equivalent
to
1.1 N 1
C(2L(s) +aa) < 5

Since § is surjective (see Lemma [5.1), G~ is a set-valued mapping, so
we can apply the framework of Subsection

- (i) The verification of the assumptions of Graves’ theorem [2.4]

In Theorem 24 in Corollary 25 in Lemma and in Lemma [5.7] let
us replace X, Y, f, z, Z, y, y = f(Z), &, A, &, u, ¢, 7, U, V., d(-,-), | - ||
by I'x I', 3, G, (5,¢,)’ (go,gb,O)’ ¢, Co = 9(§05¢/0), g, A, K, L(&), ¢, 7, U, V,
d(-,-), || - ||, respectively.

Here and in Lemmas [(5.6] £.7] we use the same notations M, 7, a*, b*.

- Condition A = A is surjective is verified above.

- Condition £ > reg A is verified since we take k = reg A.

- Let us introduce p = L(e) = L(S, (30, ¢)), (s,¢'),&,T x I, %).

- Condition ku < 1 results from (5.23]).

- Let us verify condition (2.8)) of Graves’ theorem 2.4]

We have ) ) )

”9(87 ¢I) - 9(57 ¢ ) - ‘A((Sa ¢I) - (57 ¢ ))H = 1/}1((87 ¢I)7 (E, ¢ ))

As in the proofs of Theorem 3.1 [I8], Theorem IV.3.1 [29] and Theorem
1.2.1 [14], we obtain:

/

5(s,¢') - 55, ¢)—A(s,¢) — (5.9))
JoIDS((3,8) +t((s,¢') = (5.9))) — DS (50, 8p)] - (s, ') — (5,8 ) )t

Relation (5.45)) holds with p = L(e) = L(9, (S0, ¢p), (s,¢'),e, T’ x ', 2).

(5.45) [IS(s,¢) = (5.0 ) — Al(s,¢') — (5, 8))I| < L) (5,¢)) — 5,8l
(G is strictly differentiable at (o, g%) (see definition, pages 31 and 275,

210)).

Then, the conclusions and the consequences of Graves’ theorem 24 hold
for G and (5o, ¢p).

- (ii) The formulation of the consequence of Graves’ theorem,
Corollary

Let us take a positive 7 < e. From Corollary for G, there results
that there exist a neighborhood U of (5¢,¢;) and a neighborhood V of

S(30, ¢ such that (i) B, (s,¢') C B.(30, ¢p) for all (s,¢') € U and ||S(s, ¢')

— 550, ¢p)|| < et for (s,¢') € U, (ii) || — G(s,¢')|| < er for ¢ € V, where

(5.44)
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(s,¢') € U (iii) G is the metrically regular at (50,5’0) for 9(50,5’0) with
constant 1 that is,

(5.46) d((s,¢"),971(¢)) <

for ((s,¢'),¢) e U x V.

We can consider 7, ¢* and b* from the general case as in Lemma
or from the formulas in Lemma [5.7 for §. Hence, we have (5.46]). The
following discussion is true for every choice. N N

In order to fix a choice, we use LemmalB5.7 (i). Bg- (S0, @) C U, By (S(S0, ¢3))
cV.

- (iii) The imposition of some conditions

In order to have Q(s,d') € By (S(30, ), for (s,¢') € By (30, Bp), we
impose the following two conditions (5:47)) and (549).

We first assure that 0 € IB%b*(S(fsvo,(%)) and |0 — (so,gbo)H < % by im-
posing

(s, )l

1
(5.47) b< g,

in other words, the assumption (5.25]) (since b* = ca*).
For (s,¢') € By (S0, ¢), we have

(548) HQ(Sa (bl)” < ¢1((3a ¢I)7 (:;07 56)) + Oﬂbg((s, ¢I)7 (:507 g{)))
< (5 1(a") + 0@)| o, 5) — (5,6}

Let us impose the condition

1. -5
5 -b , V(S,(#) GBG*(SO7¢,0)'

If Z—:(%L(a*) + ad@) < 3, then we have (5.49). We have b* = ca* and
L(a*) < L(¢). There results that if (5.24)) is satisfied, that is, if A < 1 is
satisfied, where A is defined below, in (5.54)), then we have (5.49)).

Let = € By: (0). Then, |12 = (0. 35)| < 12— 0]l + [0~ §(Go. )l <
+ Hg(go’qb{))” < % + % = b*a S0 2 € ZntBb*(9(§Oa¢6))

Taking condition (5.49) and replacing z = Q(s, ¢'), the previous relation
leads us to

(5.50) 19(s. ¢') = G(30, d)Il < "

for (s, ¢') € B~ (S0, 56) In other words, Q(s, ¢') € By« (5(S0, 56)), for (s,¢")
€ By~ (S0, ¢p)- B
Then, (5.46) holds for ((s,¢'), ()€ Ba- (30, ) X By (S(0, 0p)).
We obtain, by replacing ¢ = Q(s, ¢ ) n (5.46)),
<

(5.51) d((s,),571(2(,6) < 7=—112(5,8') = §(s, )],
for (s,¢'), (5,') € Bax (30, dp)-
- (iv) The definition of the mapping 7} for the contraction map-

ping principle for set-valued mappings
Let us define the mappings:

(5.49) 19(s, &)l <

1—ru
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C € Bb*(9(§0a¢lo)~)a ©: C — 9_1(<),

(s,¢") € Ba= (S0, 0p), To : (s,¢") — O(Q(s,¢)).

Observe that dom G~ = Y, where we use Lemma [B.I. We extend the
definition of these mappings to the spaces I' and X..

To:TxT =T xT, Ty (s,¢') = G HQ(s, ¢')).

- (v) The verification of the assumptions of the contraction
mapping principle for set-valued mappings, Theorem [2.3]

In Theorem 23] let us replace X, p, T, z, Z, a, A, d(-,-), e(-,+), u, v by

I'x I, p, To, (Sa¢/), (§0,¢6)a a®, A, d(’ ')’ 6(" ')’ (5a¢,)’ (5, gb/) respectively.

- The verification of the condition gphTyN (B« (S0, g%) X B+ (S0, %))
is closed

For brevity, only for this verification, we keep some notations from the
general case from Subsection[Z2l So, instead of a*, (s, ¢'), (50, ), ¢, I' xT,
Y., we keep a, x, T, y, X, Y respectively. Let us verify that gphToN (B, (Z) x
B, (Z)) is closed.

The graph of the continuous mapping G, gph § = {(z,y) € X x Y|y =
G(z)} = {(z,y) € X x Yy € G(x)} is closed in X x Y. Here, we identify
the function §: X — Y with the set-valued mapping G : X = Y such that
G is single-valued at every point of dom §.

§'(y) = {z € Xy € §()}.

gph G~ = {(y.2) € Y x X|(z,y) € gph G}.

Hence the graph of G71, gph G1, is closed in Y x X.

Range(Q) =Y.

gph Q = {(z,y) € X x Y|y = Q(z)}.

gph G = {(y,z) € Range(Q) x X|y € §(z)}.

gph G671 = {(y, ) € Range(Q) x X|(z',y) € gph Q, y € §(x)}.

gph 571(Q()) = {(#',) € X x X|(z',y) € gph Q, y € §(2)}.

Proof of gphTy N (B,(z) x B,(z)) is closed

We prove using sequences for the formulation

gph §1(Q()) = {(+/,7) € X x X|y = O(&'), y € §(x)}.

Let (2}, z¢) € gph GHQ()), (@), z¢) — (2/,2) as £ — oo, (v/,2) € X x X.

Define y, = Q(x). From (z},z¢) € gph §71(Q(+)), we have y; € G(zy).

Since Q is continuous, =, — &’ implies yp — Q(z'), so (y¢, z¢) — (Q(2'), z)
as £ — oo.

ye € G(zy) implies that (x4, ys) € gph G. Since gph G is closed in X x Y,
there results that (x,Q(z")) € gph G so Q(z) € G(z).

Let y = Q(2'). We have y € G(z). Hence (z',z) € gph G71(Q(+)) and
gph G71(Q(+)) is closed in X x X.

We now take the intersection with B,(Z) x B, (Z).

There results that gphTy N (Ba(Z) x B,(Z)) is closed, that is, gphTy N
(Bax (50, &) X Ba= (30, ) is closed. B

- An estimate for d((5o,¢}),To(S0,¢;)) from the condition I of
Theorem [2.3]

Using (B51), we have d((30, ¢), Tb(30, #)) = d((30, 6y), S~ (2(50, ¥))))
< Zll (0, 6h) — 9(50, 9h)| = 5 15(Go)l| = 58 = 2o

- An estimate for e(Ty(s,¢") N B (S0, @), To (5, 4)) from the con-
dition IT of Theorem [2.3]
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We obtain

(552) 1190 ¢) ~ (5, 8)I| < vr((s.). (5.9) + oa((5. ). (5.9)) .
We have the equivalence (3,¢') € §-2(Q(s, ¢')) N B+ (30, 9)) <
(s, @) € 9(8 ¢’) and (3,¢) € By (30,4). We remember that Q is a

function and

K}L - c' _ .,
Using (IBEII) we have e(T; g @) N By« (§O,¢6),TO(§,¢ )
< sup{d((s ¢') T0(3,9))|(5,¢') € To(s ¢/) N B+ (30, 90) }

!/

= sup{d((5,¢'), 5 ,( (5, 6)))I(5,9) € GH(Q(s, ') N Bar (50, 0}
< sup{=5 /195, ¢) = (5, NI | (3 ,¢) € 571(Qs @) N Ba (50, 6)}
< sup{ 55 [12(5,9) - 5(5, )] ! s, ¢') € 5(3,¢), (3, ) € Ba (30, 60)}

(5.0) = s, )| < £ (3L(e) + 0d)|[(5, ) — (5,)]],
for all (s,¢'), (5,0 ) € Bq- (SO,QSO).

- (vi) The formulation of some conditions related to conditions
I and II from Theorem [2.3]
Condition II from Theorem 23] leads to

11
(5.53) C(2L( g)+aa) < \.
We take A = 1(1L(¢) + a@). From (5.44), we have 0 < A < 1. Hence,
1.1 1
.b4 =—(=L a —.
(5.54) A 0(2 (€)+aa)<2
Condition I from Theorem 2.3] leads to
1
(5.55) —d<a*(1—A) or d<ca*(l—2N).
c

We have b* = ca* from (37) and & < 1 — A\. Taking into account
conditions (5.47)) and (5.53]), we impose

1 1 1
(5.56) 0 < min{ca™(1 — X), 5()*} = §b* = §ca* ,

that is, assumption (5.25]).

With A given by (5.54]), conditions I and II, from Theorem 23] are veri-
fied.

- (vii) The formulation of the conclusion of the contraction
mapping principle for set-valued mappings

The assumptions of Theorem 2.3 are verified, hence Tp has a fixed point
in By« (so,gbo) that is, there exists (5,¢') € Ba+ (30, ¢f)) such that (5,¢') €

To(5, ¢').-
(5,¢) € To(5,9') & (5,4') € T71(Q(5,¢))

& 0(5,¢9') € G(5,¢') & §(5,¢') —9(5,¢') 20 =

(557) S(g) - Q)(j, gEl) - @(fo,g(f, 9i, ek)) + (I)(,I(],g(g gz,’ é;c)) >0,
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that is, (S0, ¢() is a solution of the equation (5.26]), where
P S ~ N - VRN AR ~1 a1 N
50 = ('I(]a Y1,05---5Y¢g+m,0,21,05- - - ,Zn,O)a QS(] - (yO’ yl,(]’ o 7yq+m,05 Zl,Oa o ,Zn70)

and 29 = (fo, N, @) = (0,\, @), Jio = (?]z’,o,ﬂz,o,wzo) = (0, ﬂz,u_fz) iko =
(ek,Oavk,O) = (Oaz_}k)a y6 = (géa:u{)’w()) = (O,Q’,w) y@(] (gz 07#’[/ 0y W )
(0, f15,07), 2.0 = (€405 Uk 0) = (0,7), for i=1,...,q+m, k= -771-
It also results (so, ¢0) € Byx (807 ¢o) Indeed, we have:
1130, &) — (30, P < 1| Gos D) — (Bos S| + 1o — FIl + 7" (1gi0 — 3ill

+ Y o = ell + 196 — 7' + S g0 — g + iy 80 — &ll =
1(S0, 95) — (5,9")|| < a”.
(558) becomes
B(#0) — 6o — B(9})
G(io) — DG(@o)@é
B(gi0 —9i9) — 0"
5.59 P >0
(5.59) DG(20) (8,0 — ?/z,o)
B(2k,0 — 2, 0) — Of
| H(Xo,uo, (2,0 — %)) |

Let us fix & and gj in ®¢(z,y’) from the first line of ®(z, ¢’) in

(628,

Let us take 6y = o + B(9)) and ¢ = DF(\o, o) (jif, @)). So denotes the
function S from (B.7) formulated for this 6y and for F(-,-) — o instead of
F. Let us use Remark

Then, (559) gives

[ B(&o) — bo 1
G(2o) — N
B(9i0 — i) = 07"
5.60 0/ =% —0,
(550) D(G(io) — 0)(fio — #0)
B(2k,0 — 2,0) — 0%
L H (0, Aosuo, (Zk,0 — %)) |
where H is H for F(-,-) — o instead of F(-,),
n
H:ZxR™xW xA—Z, H(o,\u,z) = Dy(F(\u) —o)v—Y €e*by.
k=1
Let s0 = (20, Y1,0, - - - » Yg+m,0, 21,0, - - - » Zn,0) With 20 = Zo, Yi.0 = Ji.0— Ui o

Zk0 = Zk,0

y T
— 70 andi=1,...

,q+m, k=1,...,n

Relation (B.60) means that sg is a solution of the system (B.27]) verifying
the assertion (a) of the statement (ii) of Theorem

It also results sy €
[so = ol =

B+ (S0

Z.0) = Zkoll < 20 — Zoll + S a0 —

+
> 1950 —

Yioll + k1 1240 —

). Indeed we have:
20 — Zoll + XE" (G50 —

7o) — Tioll + oy (ko —

Yioll

Z ol < 1[(50, 0p) —

+ Y1 2k0 = Zroll +
(50, 90)|l < a*.

(v111) The existence of some isomorphisms

We have vg,

=7 LS(E)

= Lg, (). DSo(3

80)

= DS(5p) is an isomorphism

of T onto X. We have x < v and 3Lg(e) < L(). Then,

vLs(a

)<27 Lg(e) < 2vL(e) < 1
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Lg(a*) < %, so DSp(sp) = DS(sp) is an isomorphism of I' onto 3.

vy < 7 (this is verified using the definition), Ly (a*) < Lg(a®).

yvLy(a*) < vLg(a*) < 1, hence D¥y(xg) = DV (xp) is an isomorphism
of X onto Y.

The system ((5.27) and its solution sg verify the assertion (b) of the
statement (ii) of Theorem

As in the proofs of Theorem 3.1 [I8], Theorem IV.3.1 [29] and Theorem
1.2.1 [14], it follows that sq is the unique solution of the equation (5.27)) in
B, (Sp) for every a > a* that satisfies yLg(a) < 1.

We now use Theorem 3.5l Then, the component (Ag, ug) of sg is a solution
of the equation (5.28) that satisfies hypothesis (L2]) and the rest of the
hypotheses of the statement (i) of Theorem B3] in By (Ao, %).

Assume that there exist two different such solutions in IBBG(XO, o). Then,
equation (5.27)) has two different solutions in B,(sg). This contradicts the
uniqueness of sg in B,(Sp). Then, (Ao, up) is the unique solution of the
equation (5.28]) that satisfies hypothesis (I.2]) and the rest of the hypotheses
of the statement (i) of Theorem in By (Ao, Uo) for every a > a* that
satisfies yLg(a) < 1.

- (ix) Some estimates

We have 2yLg,(a*) < 1 and DSy(5p) is an isomorphism of I" onto X.
Then, the hypotheses of Lemma are satisfied in our situation. We get:
for any ¢ € mtIB (So('svo)) the equation Syp(s) = ¢ has a unique solution

s in By, (50), Where a1 = 2v||So0(50) — ¢|| < a*.

For our proof, we take ( = 0. We obtain 27|So(Sp)|| < a*. We have
loll = [150(50) = S(o)ll < [1So(S0)ll + [IS(So)ll < lSo(S0)ll + HS(80)H <
5 + 15(s0)|l. Hence, (E.30) holds. We also use (5.25) and g~ + lca* =
(- e ]

We also have HQH = | DE(No, ti0) (i, @h)|| < (IIDF (o, o) || + Lr(a*))a*.
Then, we have (5.31)).

Relation (5.32)) is obtained as in the proofs of Theorem 3.1 [18], Theorem
IV.3.1 [29] and Theorem I1.2.1 [14].

2y

5.6. Some consequences.

Corollary 5.9. Theorem[5.4 holds for those a* and b* given by Lemmal5.8,
under the conditions that ([550) is verified, that is, |Q(s, ¢') — S(30, #h)|| <
b*, for (s,¢') € By (§0,56), and it is satisfied condition I from Theorem
(2.3, that is, (5.58) or 16 < a*(1 — N), with X\ given by (5-54) or A =
1AL(e) +oa) < L.

[

Corollary 5.10. Assume that (Xo, ug) belongs to a solution branch of equa-
tion (7). (Mo, uo) can be a regular or a nonregular solution. Assume the

hypotheses of Theorem [5.. Y (zo) = 0 in 0. If o # 0, then, the given
problem (L) is a perturbation of the bifurcation problem [528). If o = 0,
then, the bifurcation point (Ao, ug) belongs to the solution branch of equation

(L1).

Proof. Equation (5.27) provides a bifurcation problem (5.28]) for which the
given problem (L)) is a perturbation.
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(]

Corollary 5.11. o = 0 if and only if (ih,wh) = S5 Bi ((fuio, Win) —
(/1’1,07 4,0 )) 52 €R.

5.7. The plan of the study for the next sections. In Section [@, we
investigate the formulation of Sy from (5.27)) using the function F'(\,u) —
DF()\ w)(fih,wy) (where (,&0, wy) is fixed) instead of the function F(\,u) —
DF (o, i) (fify, wh) (where (Ao, tig) and (jif, i) are fixed and o = DF (o, o) (jih, i)
= constant).

In Sections[@l-[{] for simplicity, we study only the case o = DF(S\O, o) (fu, W)
= constant from Theorem .41

6. THE EXISTENCE OF A CLASS OF EQUIVALENT MAPS

We prove that there exists a class (family) of maps C? - equivalent (right
equivalent) at (g, ug) to F(-) — o at (Ao, up) and that satisfies hypothesis
(T2) in (Mo, uo).

We use the definition of equivalence of maps from [70] [71]. The following
discussion has the references [2] [15, 31, 32} 33] [41], [42], 66} (70 [71].

Consider the equation (5.28]).

Let g be a local CP - diffeomorphism from some open neighborhood
U( Ao, uo) = Ur(Ag) x Ua(ug) of (Ao, up) in R™ x W onto some open neigh-
borhood U(Ng, o) = Us(Ng) x Usz(Tio) of (Ao, tio) = (Ao, ug) in R™ x W of
the form (X, @) = wo(Au) = (AN, ps(A,u), AA) € R™, o, (\,u) € W,
satisfying the following assumptions: (Ao, up) = (/):0, Uo), Dyups(No,up) is
bijective.

Let II be a local C? - diffeomorphism from some open neighborhood
Us(0) of 0 in R? onto some open neighborhood Us(0) of 0 in R7. TI(0) = 0.

Let II be a local CP - diffeomorphism from some open neighborhood
U4(0) of 0 in R™ onto some open neighborhood ﬁ4( ) of 0 in R™. TI(0) = 0.

(.8) = o0 w) = (AN, 0 (), () = "0 )
F=10(f), f = T = (@0 (F.... (M )(F).
= T(e), e = @) = (T (@), .., (T1),(0)).

Let ¢ be the local C? - diffeomorphism from U3(0) x Ui (Ag) X Usz(uo)
onto Ts(0) x Ta(ha) x Th(in) given by o(f, A, u) = (IL(F), po(A,u)).
(£, A.8) = o(f, A w) = (TI(f), po(X ) = (TI(f), A(A), p=(A, ).

(fs A U)—SD M) = (), e (D)

D(py )()\ %) = Deo(\,u)~t, where ()\,u) = po(A,u), for all (\,u) in a
small nelghborhood of (Ao, ug).

D(H_l)(f) = DII(f)~!, where f= II(f), for all f in a small neighbor-
hood of 0.

D(II71)(e) = DII(e)~!, where € = II(e), for all e in a small neighborhood
of 0.

D(gp‘l)(f,x,ﬂ) = Dy(f, A\, u)~!, where (]?,X,ﬂ) = o(f,\,u), for all
(f,A,u) in a small neighborhood of (0, Ag, ug).

When we write (A\,u) € Ui(Ag) x Ua(up), without "V”, related to a
relation, we understand that (A, w) is in the maximal neighborhood (related
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to inclusion) contained in Uj(A\g) X Ua(ug) such that that relation holds

and so on.

Let us retain F'(A,u) — o from (5.28).

Using the definition for C? equivalence (right equivalence) of maps on

open subsets of Banach spaces, from [70, [71], related to [2} 15 BT} B2 [33,
411, [42], [66], let us consider a map F : R™ x W — Z, of class CP, defined

locally by

A~ o~ ~ ~

(6'1) F(\u) = F(ﬂﬂal()\ﬁ)) -0, ()‘7@ €

so F(go(A u) = F(\u) -

(6.2)  F(po(\u) =F(\u)—o

o, ()\,u) € ul()\()) X UQ(UQ),

s ()\,u) S ul()\(]) X uQ(UO),

that is, F is CP - equivalent (right equivalent) at ()\0, Up) to F—p at (Ao, up).

We have F(go(Ao, ug)) =

(6.3) FO,@) =0

Let us prove that F satisfies hypothesis (TZ) in (Ao, uo)-
Let us consider a map G : RIxXR™ x W — Z, of class CP, defined locally,

for (f, X, @) € Us(0) x U(No, Up), by

(6.4) G(f. A 0) = Flypg (A ) —o =3 (17

or@( (fy\uw)=G(f,\,u)—o, (f,\,u) € U3(0 )XU()\O,UO) that is, G—p

Di(fa,

F(Xo,up) = 0 so (Mo, o) is the solution of

is CP - equivalent (right equivalent) at (0, )\o,uo) to G at (O )\o,uo)

o'\ @) -

We have G(f,\,4) = G(p *1(f A u))
Fley (V) = S, (T 1)i(fa; — o =

Let us introduce some new notations.

for all f in a small neighborhood of 0.

Do, u)(p, w) = (DA, Depic (A, w) (1, w

Ala //Zia f&}l) = DSD(fa )‘, u)(gia His wl)

0 DA(AO)MZo,DsD*()\o,uo)(Mzo,wzo))

NN

)

We have
D(G(f, A, u)— )(g,u, w) = DG(
= DF(\,0)(f, ©) — (AH Yi(f)ga
( (A w) = o) (p, ) o

Dy(F (A u)=0)v = Dy F (o
= D, F(\, )0 = DaF (X, 0)v.

0, 13,0, Wi,0) = Dp(0, Ao, 10)(0, 15,0, wi0) =

,u@,o,wz,o) Do (Ao, uo) ™ (Tis0, Wio), O—DH(U)_l
U = Dy u)v, U = Dyps(A w)vg, ko = Dups(Ao, u0)Vk0, Vko =
Dyps(No, uo) g0, ex = D(IT71)(0)éx, 0 = DH(O)—1

e(f, A u)Do(f, A u)(g, p,w

DF(y¢ )\,u))DgpoA()\,u (u,w) = DF
(A u))v =Dy F(AN), pe( N u

~—

_ (Hfl)i(f)

(9, 1, w) = Dgo(f,)\,u)(g p,w) = (DII(f)g, Do (A, u) (1
(9.1 w) = Dep(f: )" (3.7 @) = (DIL() g
DII(f)g =g, g = DII(f)~'g, with DII(f)~'g

a;.

(DIL(0)0, Do (Ao, uo) (144,05 wi0))
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Let us consider a map PAIA: R™ x W x A — Z, of class CP~1, defined
locally, for (e,v) € U4(0) x Ua(up), by

(6.5) H(\,, (€,7)) = Do, F(\, @)5 — Y D(IT")5(0)eby, -
k=1
We have
B (f), g5 (A @) — b0 = B(f, \,u) — 0
G(f. \a) = G(f. \u) — o
B(DII(f) "' gi, Do\, w) ™ (s, @) — 677 = B(gi, pi, w;) — 677

DG(f. X\ 0)(i, fis» ;) = D(G(f. \,u) — 0)(gi, i, wi)
B(DII1)(0)e), Dups(No, o)~ 0g) — 8 = B(ek, vg) — O
H (N, T, (€, 0k)) = H(\ u, (e, vr)
Let us define
By(F.X1) = BT (F). g5 ' (N, 1))
(6.7) B(g,7.w) = B(DIL(0)~'g, Dyo(No, uo) ™' (7, @)
B

(,7) = B(D(IT1)(0)g, Dy« (Mo, uo) ')

and
(6.8)
i §N_(EA7E) - 60 i
G(f,\,)
Il &= B(g;, 1 @i)—dﬁm 1=1 q+m
S:T'—= %, S0 = ooy 7 s )
( ) ‘PG(f’ ,u)(gz,,ul,wl) = 1? ;1
B(ex, o) — o,
L H(\ @, (8, Vg)) |
Let 50 — (50551,0, .. 5gq+m70721,05 cee azn,O)? E0 = (?O,X(]aﬂ(]) (Oa 3‘\05 AO 5

yLO = (§i707ﬁi707mi,0) - (Oaﬁi,07@i70)7 Ek,O = (Ek,()aﬁk,(]) = (071/)\]6,0)7 1=
1,....,.9+m,k=1,...,n.
From (6.6]), we obtain

(6.9) S(50) = S(sg) =0.

Theorem 6.1. There exists a class of maps CP - equivalent (right equiv-

alent) at (Ao, ug) to F(-) — o at (Ao, up) and that satisfies hypothesis (I.2)

in (Ao, up).

Proof. There exists a local C? - diffeomorphism (g, as defined above, such

that (6.2) takes place. We now apply Corollary for the equation S(3)

= 0 and for its solution Sp. Hence, F satisfies hypothesis (L2]) in (Ao, ug).

Taking all the local CP - diffeomorphism of the form of g, F' becomes

a representative of a class of maps CP - equivalent (right equivalent) at

(Mo, up) to F(-) — o at (Ao, up) and that satisfies hypothesis (L2]) in (Ao, up)-
O
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7. BIFURCATION OF THE SOLUTIONS OF APPROXIMATE EQUATIONS

In this Section, under the hypothesis that the exact problem has a bi-
furcation point, we study the existence of an equation, defined on closed
subspaces of the given spaces, which has a bifurcation point that approxi-
mates the exact one and has the same type as this one.

7.1. Approximate spaces and functions. Let us consider a closed sub-
space W), of W and a closed subspace Z;, of Z. The spaces W), and Z},
are both finite-dimensional spaces, with dim W}, = dim Z, or they are
both infinite-dimensional spaces. Let Fj, € CP(R™ x W}, Zy) be an ap-
proximation of the function F' that defines equation (LIl). h is a positive
parameter.

The mathematical entities are the same in the exact case and in the
approximate case, depending on the Banach spaces only. This is why, in
the approximate case, we maintain the notations from the exact case and
adjoin an index h. The entities W, Z, F', (A\,u), X, Y, x, zo = (fo, Ao, u0),
Zo, ..., from the infinite-dimensional case, become W}, Zp, Fy, (An,un), Xn,
Y4, xh, Ton = (fons Aok, Uon), Toh, --., respectively, in the approximate case.

Let M}V : W — Wy, and 77 € L(Z, Z;,) be two operators. As a conclusion
of the conditions used to relate the exact spaces and the approximate spaces
in the literature [6 7,18, 9L 1T 121 13, 17 18 23], 29], B9, 43|, [55] 62 67, [68],
we assume that 7rh has the followmg property

(7.1) la —nfallz < Clallz, Va € Z, where C < 1.
Let(zzh—ﬂhd,,i— 1,...,q, Bkh:ﬂﬁi)k,k: 1,...,n, Zip=sp{ain, ..., agn},
Z3p = sp {bipy ..., bpn}. Let Iy be the identity operator on RV, N > 1,

andfh—If,gh—que]Rq eh—Iee]R" )\h—I A i, = Iy € R™,
up = 7'(']?/11,, wp, = 7TXV?U, vy = 7rh v € Wp. Since fo =0, gio =0, exo =0,
we take for, =0, gion =0, €xon = 0.

Lemma 7.1. (i) For every a € Z, a # 0, we have n¢a # 0. (i) Assume
that the elements ay, ..., ar € Z form a linearly independent set. Then,

the elements ayp, - ..,axn € Zp, form a linearly independent set.

Proof. (i) If there exists a # 0 such that 7{’a = 0, then we deduce from
(1) that 1 < C. This contradicts the condition C' < 1.

(ii) Suppose that aip, ..., ag, form a linearly dependent set, therefore
there ex1sts =M., (f)) e Ry, f # 0 and S0 (f )‘dih = 0.
Then, (fia; # 0. ThlS contradicts the condition (i) since 77 (37, (f')'a;)

—Z()ho
|

Introduce the function of class CP,
Gh: Xp = Zp, Gp(xn) = Fa(An, up) thazha
and the function of class CP~1,

n
Hh : R™ x Wh X Ah — Zh, Hh()\h,uh,zh) = Dth()\h,uh)vh — Zelfj)kh .
k=1
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Introduce two operators By, By, € L(Xp,R9T™) and B;, € L(Aj,R?)
that approximate the operators B and B, respectively. 6y, = Bj,(Zon) and

Gh(xh)
We have Dy, (zp,)yn = [Br(yn), DGr(xn)yn]”. We also define
(7.3)  Pan(@n,-) : Xn = Yo, P n(@nyn) = [Bu(yn), DGhlan)yn]”

(72) \Ilh : Xh — Yh7 \I/h(mh) = |: Bh(xh) N 50h :| .

(74)  @pp(zn, ) Ay = Shy Pun(@n,zn) = [Bu(zn), Hu(An, un,z)]"

Remark 7.2. In [I8], the approximate equations are constructed on the
same spaces as the exact equation and the exact operator B is maintained
in the approximate case.

7.2. Some sufficient conditions for ®¢ ,(Zop, ) and Py p(Top, ) to be
isomorphisms. Assume the following hypotheses:

(7.5) there exists an isomorphism J of W onto Z such that J(W},) = Z,,

(7.6)  there exists n; > 0 such that, for every x; € X}, we have
|1Bxn = Bhanllgatm < mllenlx, ,

(flhéye exists 12 > 0 such that, for every (A, up) € R™ x W}, we have
|77 DF (Mo, o) (A un) — DEy(Nons Ton) My un) |z, < 1l s wn) lrm xws,

(7.8) there exists 13 > 0 such that, for every z, € Ay, we have
1Bz, — Buzallrn < n3l|zalla,

(7.9) there exists 74 > 0 such that, for every v, € W},, we have

175 Do F (Mo, wo)vn = DuFn(Aons Gon)onl| z, < nallvnllw, -
Lemma 7.3. ([60]) Let E, F be two Banach spaces and let T, S € L(E, F).
If the operator T is bijective and HT_1HL(F,E)HT = S|le,F) < 1, then the
operator S is bijective and ||S7 | ppp) < A=)t [T rp), Vo €R
that satisfies HTﬁlHL(EE)HT ~ e <gqg< 1

The following Theorem [7.4] and its proof are the adaptation, to our con-
ditions, of Theorem XIV.1.1 and of its proof from [43].

Let us denote g1 = C(|[DF (Ao, uo) | Lem xw,z) + 2oieq l@illz + 1131 Low, 2))5
gc2=m +nm2 +Cl3Low,2), 4 = aen = (4,1 + 46.2) 1Pc(zo, )~ Ly, x)s
qr1 = C(||DuF (X0, wo)llLow,z) + Spey 1011z + 13l Low,z))s qm2 = 13 +
e +C3\ w2y, an = amn = (qaa + qm2) [®a(zo, ) s a)-

Theorem 7.4. (i) Suppose that Hypotheses (L.2), (71), (7.5) - (7.7) hold.
If
(7.10) a¢ = qop = (ge,1 + ae2)|®a(zo, ) Hrx) <1,

then ®¢ p(Zop, ) is an isomorphism of X, onto Yy, and

(7.11) 1Pcn(Zon, ) lvixn < 1 —a6) 1®a(@o, )L x) -
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(ii) Suppose that Hypotheses (1.2), (7-1), (7-9), (7-8), (7-9) hold. If
(7.12) q = qup = (g1 + qu2)|Pm (o, ) nsa) <1,

then @ g n(Zon, ) is an isomorphism of Ay onto ¥, and
(7.13) 1 .1 (Zons ) lnesnan < (1 —aqm) ®a(z0,) lisa) -

Proof. Since (L2]) holds, from the discussion on (2.6]), as in [I8], we have
that ®¢(xzg, ) is an isomorphism of X onto Y. From Theorem B.5|(ii) and
Lemma B3, ®p (w9, ) is an isomorphism of A onto .

(i) Define J: XY, Jz= [gtm(f,A), du)T. From the hypothesis ),
there results that J is an isomorphism of X onto Y such that g (X n) = Yh

Let Jdn be the restriction of J to W}, and let H » be the restrlctlon of H to
Xh, Hhx = [ q+m’Xh (f )\) Hhu] We have Hh(Wh) Zh and Hh(Xh) Yh
Let ), = (Iysm,7m7) € L(Y, Yy).

Let T = (‘TB, ‘TG'), % = (‘}B, ﬁG’) S L(X,Y) and ﬁh = (‘}’%37 ‘}h,G% Th
= (‘I}%B, ‘I}LCJ) S L(Xh,Yh) defined by

(7.14) T = ®¢(z0,-) = J + (Pc(zo,-) — J),
T =3+ y(®c(z0,-) — ).
T = 3 + 10D (w0, ) — n)
Th = ®an(Ton, ) = In + (Pen(Fons-) — In) -
Define the first component of the operators 7T, 5’, ‘}h, Th:
Tpa = Br = Lon(f.A) + (B — Ltm(F.0),
‘IB$ = Ig4m(f; A) + Lggm (B — Igpm(f, A),

Thgr = Igym(f, )\) + Lgym(Bx — Igym(f, ),
Tnpt = Bpx = Igpm(f, A) + (Bpe = Igpm(fA).

Define the second component of the operators 7T, T, Thy The
Tgz = DG(z0)z = Ju + (DF(Xo,u0)(A,u) — 1, fla; — Ju),
Ter = Ju + TZ DF (Ao, up) (A, u) — 72 (3%, fla;) — w7 du,
Ther = dnu + 7 DF(Xo,uo)(\,w) — 338y flamn — il dnu,
Thar = DGy(Ton)r = Jnu + (DFp(Non, ton) (N, u) — 220, flain — dnu),
where m (Y1, fla;) = Yo, fimiai = Y1, flain.

Let Z € X. We denote £,0Z = DF (Ao, uo)(A, @) — Y.+, fla; — Ju. We
have, using (1)), that [|[(T — Tz|y < |(Iz — 78)Lc oz < C||LaoZ] 2.
Using (Z.10), there results

(715) 17~ Tloery = sw T - Dely <aer < 17 5k -
zeX,||lzllx <1 ’

Applying Lemma [73], since T = ®;(z0, ) is an isomorphism of X onto Y,
there results that T is an isomorphism of X onto Y and
(7.16) 177 e < (0= aeall T o) T e

If &} = T1¢,, then Ta, = Ch or Hxh + I (P (o, x),) — jm%) = (j or
Hmh =, — Hh(fﬁg(mo,xh) Hxh) where (j, € Yh and Hh(@(;(xo,xh) —
Hxh) €Y. So ), = ¢ — Oy (P (zo, 2},) — Hxh)) € X, since J(Xp)
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= Y}. There results that the operator T has the property that if {, € Y},
then %flgh e Xy.

Let us consider the operator %h. We have: V zj;, € Xy, a'hxh = %xh. It
follows that the operator ;Jv'h has a continuous inverse that coincides with
T-1 on Y}, and

(7.17) H‘}ElHL(Yh,Xh) < ”§71HL(Y,X)-

It follows that ‘}h is an isomorphism of X} onto Y}. N

Let zj, be an arbitrary element in Xj;. We have (T, — Tp)zplly, =
I(Blx,, — Br)znllga+m + |77 DF (X, u0) — DEy(Aon, ton)] (M, un) + (17 —
7Z)dnup||z,. Using (TI), (76) and (77, there results

(7.18) 1T — Tallnix, v = sup 1(Th — Ta)anlly, < acz-

Tp€Xn,llznl x;, <1

We have | T, oy, 0 | T =Tall ixn, v < @2l T oo xn < @62l T e
<r <1, where r = (1 — QG’,1H771”L(Y,X))il(JGLQ”‘IilHL(Y7X)7 using (Z17]),
([CI6) and (ZI0). Applying Lemma [7.3] since Tj is an isomorphism of X},
onto Y}, it follows that Tj, = ®¢ ,(Top, -) is an isomorphism of X}, onto Y},
and

||7E1\|L(Yh,xh) <(1- T)_1‘|T}:1||L(Yh7xh) ;

whence, using (7.I7)) and (Z.I6]), we deduce

1T v < 1= (e + ac2)®a(@o, ) eyl 1T Hirex) »

so (II).
O

Corollary 7.5. Let us adjoin the index h to C and ny in order to indicate
the dependence on h. Assume that

7.19 lim C, =0, li =0, k=1,2,3,4.
( ) hl—% h ahl_%nk,h ) ) Ly Iy

Then, there exists a real hg > 0 such that for all h, h < hg, ggn < 1 and
qu.n < 1.

7.3. Existence of an approximate bifurcation problem.

Theorem 7.6. Assume that the exact problem (I1) has a bifurcation point
(Xo, ug) that satisfies hypothesis (I.2). Assume that, for some fixed h, the
hypotheses of Theorem and of Theorem for the approximate case
are satisfied. Then, there exists an approzimate equation (7.20),

(7.20) Frp(An,un) —on =0,

which is of the form of (5.28). The solution (Aon,uon) of (7.20) has the
same type as the solution (Ao, ug) of equation (IL1)). (Aon,uon) satisfies the

hypothesis (L2). The radii aj and by depend on h. Theorem [61] holds,
that is, there exists a class of maps CP - equivalent (right equivalent) at
(Mon, on) = (Aon,uon) to Fr(-) — on at (Aop,uon) and that satisfies the
hypothesis (L2) in (Aon, ton) = (Non Uon)-
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Proof. The construction related to (Ao, up), from [18], presented in Section
2, and the construction from Section B]lead to the statement (i) of Theorem
and, then, equivalently, to the statement (ii) of Theorem

Using Lemma B3] there results that ®¢(zo,-) = D¥(z) is an isomor-
phism of X onto Y, ®x(xp,-) is an isomorphism of A onto .

Using Theorem [(.4] and Lemma B3] we obtain that DWWy (zg,) is an
isomorphism of Xj, onto Y}, and DSy (5p) is an isomorphism of I'j, onto
2.

We now apply Theorem [5.4] for the case of the approximate formulation.

O

In the following Theorem, we formulate conditions similar to those from
Theorem IV.3.2, page 304, and Theorem IV.3.7, page 312, [29], and Corol-
lary 3.1, page 52, [18].

Theorem 7.7. Assume that the exact problem has a bifurcation point that
satisfies the statement (i) of Theorem[3.3. Assume the hypotheses of Corol-
lary [0 Let o be an arbitrarily small fized positive number, 0 < o < 1,
o # % Let hg be the real from Corollary[7.5. Consider, for each h, h < hy,
the mappings Gy, and Qy, given by ([5.7) and (58).

For all h < hg, we take Kk, = reg Ay and My > ”Dgh(%,h?‘g&h)”' Let

Li(e) = L(Sn, (o Dy ) (h: 8},), €. T x T, ), where we use (ZI2). De-
lleLh({-I)

fine k = suppcp, kn, cp = —g==, @ = supp<p, max{ [ainl],. ., [lagnll,
[b1nls - bnnll }o M = supp<py My and 0n = [|Gn(So,n, Yop) |-
Assume that
7.21 lim 6, =0
(7.21) lim 6, =0,
(7.22) lim (sup Lx(B)) =0.
B—0 h<ho

Assume that DV}, (Top) is an isomorphism of Xy, onto Yy, and DSp(50,p)
is an isomorphism of 'y, onto Xy,

Then, there exists hy > 0, h1 < hg, such that Yh < hy, Theorem
and Theorem [7.0 are applied with €, T and a* = aj that do not depend on
h (they are constants). The reals T, a*, b* and the condition (223) from
Theorem [5.4] are given by T, a}, by, from (238) - (5.40) for Sn, and (7.23)

respectively,

(7.23) Sh

IN

11 ., 1
—-—-ap <=-by, Vh<hy.
2 9 MR TREM
Let sop, be the solution of the equation (5.27) written in this case for a
fixed index h. We have

(7.24) [[(Ao, o) =(Aon, won)[| < Collsoll+[vn/ (1= Ls, (a)]-[|So.n (Sop)ls, »

where Sy p, is Sy in the approximate case. Cy results using (7.1) for ||so —
so.ull < Collsoll-

Proof of Theorem [7.7]

Proof. (.22) implies that we can take an € > 0 such that
(7.25) 2kLp(e) + 2kaa <1, Vh < hg,
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that is, (5.23]), Vh < hg.

Remark that € do not depend on h (for h < hy).

For each ¢, we have (5.42]).

([72])) assures that condition (5.250)) is satisfied. Then, we apply Theorem
b4l

We use (B.38)) - (5:40) from Lemma 5.7 (i) applied to Gy,. €, 7 and aj,
do not depend on h (they are constants).

Let us remark that, for condition I from Theorem [Z3] using (5.42]), we
propose that

1 1
(7.26) —0p < 260, < za* < a*(1—Ap).
Ch, 2
From (7.26]), for condition I, we impose (7.23]).
We have

(Ao, w0) = (Aon, won) || < [so—sonll < [Iso—So.nll + [S0,n = sonll < Collsol|
+ [[S0,n — Son||- We use ([0.32). We obtain (Z.24))
O

Lemma 7.8. Let 5h = th(goﬁ,géh)” = ”Sh(go,h)th. If \I/h(ioh) =0 1in
On, then, (721) is equivalent to the following conditions, fori=1,...,q+
m,k=1,...,n,

Lim (6 p (Zon, Gion)— 167,017 = 0, Hm (®5(Fon, Zron)—[67,0]7) =0,

lim
h—0
Corollary 7.9. ¢, = q, np = n, where the index ”h” indicates the approx-
1mate case.

Proof. ¢+ m and n are fixed by B and B.
O

Corollary [5.10] gives:

Corollary 7.10. Assume that (XOh,%h) belongs to a solution branch of
equation (I.3). (Xo,ﬂo) can be a regular or a nonregular solution. Assume
the hypotheses of Theorem [7.6] or of Theorem [7]. Wy(Ton) = 0 in 6. If
on # 0, then, the given problem (I.3) is a perturbation of the bifurcation

problem (7.20) (or of (I7))). If on, = 0, then, the bifurcation point (Aon, uon)
belongs to the solution branch of equation (1.3).

Remark 7.11. We proved that there exists an approximate bifurcation prob-
lem (Z.20) (or (I4])) that preserves the type of the bifurcation point of (I.1]).

The given problem (L3)) is a perturbation of (Z.20) (or (L)) (when | op||
is small enough.).

8. THE DIRICHLET PROBLEM FOR THE STATIONARY NAVIER-STOKES
EQUATIONS

In the particular case of the stationary Navier-Stokes equations, we main-
tain the position from Section [II where we state that we do not discuss if
the exact bifurcation point is generic or not. As a consequence of the results
from Section [T in a certain configuration, if the model of a stationary flow
has a generic or an ungeneric bifurcation point, then there exists (at least)
one approximate equation that has a bifurcation point of the same type as
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the exact model. The hypothesis of the existence of an ungeneric bifurca-
tion point cannot be excluded, see [25] 45, [63]. For example, we do not
exclude transcritical bifurcation and nonsymmetric pitchfork bifurcation
from our discussion. If they exit, then they are regained in the approxi-
mate case by some perturbed approximate equation of the form (20 (or
(7). For this discussion, other references are mentioned in Section [Il
Here, we show a modality to place the Dirichlet problem for the station-
ary Navier-Stokes equations in the framework of the preceding sections.

8.1. The setting from [29]. In order to apply the results for the case of
the Dirichlet problem for the stationary Navier-Stokes equations, formu-
lated in primitive variables, approximated by finite element method (with
discontinuous pressure), we use the setting of this problem from Section
IV.4.1, [29], in the framework of Section IV.3.3, [29]. We only indicate the
connection to the problem from Section IV.4.1, [29].

Let Q be a bounded and connected open subset of RY (N = 2,3) with
a Lipschitz - continuous boundary 9€). In the sequel, u is the velocity, p
is the kinematic pressure and v is the kinematic viscosity. We take N =
2,3, X = H}Q)N x LEQ), Y = H YN, X = 1/v > 0. ) is the
bifurcation parameter, u = (u1,...,un) € H}(Q)N, x = (z1,...,2n) € Q.
Let Tg € L(Y,X) be the Stokes operator that associates to f € Y the solution
(u,p) = Tsf of the homogeneous Stokes problem,

—Au+gradp =fin Q,
(8.1) divu=01in
u=20o0ndN.

The functions F' and G, from Sections IV.3.1 and IV.4.1, [29], are Fiyg and
Gng, where Fyg : (0,00)xX — X, Fns(A,v) = v+TsGns (A, v), and Gy :
(0,00)xX =Y, Gns(A,v) = )\-(Z;V:l vj(0v/0z;)—f) forv = (v,q). Gngis
of class C*° and has bounded derivatives of all order on all bounded subsets
of X. For (u,p),(W,p), (W, p) € X, we have Dy ,)Gns(A,u,p)(W,p) = A-
SV (0 0) + T (00/02,)), D2, Gas(Ohu,p) (@ 7). (8.5)) =
A0 (u (o) 0a;) + (90 Duy)).

Let us fix \. (u,p) is a solution of the homogeneous Navier-Stokes prob-
lem if and only if u = (u, Ap) is a solution of Fyg(A, u) =0 ([29)]).

Let h be a positive parameter tending to zero. For each h, let I'y, and
E}j, be two finite-dimensional spaces such thatl', C Hl(Q)N, E, C L*(Q)
and assume that E; contains the constant functions.

Let Top, = T N HYQ)N, My, = E, N L3(Q), Xy, = Top, X Mj,. Assume:

(a) There exists an operator r, € L([H*(Q) N H(Q)]Y,Ton) and an
integer ¢ such that

(8.2) ||v—rivihia < Cr-h™ - |[V[mi10, Vv € H™HQN 1 <m< L.
(b) There exists an operator s, € L(L?(2), E;) such that
(8.3) lg = snalloo < Cs - ™ - [[q|lm,0, Vg€ H™(Q), 0 <m < L.

These assumptions (a) and (b) together with the the uniform inf-sup con-
dition are the hypotheses Hy, Ho and Hj for the approximation from [29].
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Equation Fng(A,u) = 0 is approximated by Fygn(X un) =0 ([29]), up, =
(up, App), where Fygp : Rx Xy, = Xp, Tnsn(A un) = up+TsnGys (A, up)
and Tg 5 € L(Y,Xp) is the approximate Stokes operator that associates to
f € Y the solution (up,pp) = Tg f of the finite element method approxima-
tion of problem (8] ([29]),
(8.4) (graduyp, gradwy,) — (pn, divwy) = (£, wy), Ywp, € Top,
(8.5) (divap, pp) =0, Yup, € M.

According to Theorem II.1.8, page 125, and to the proof of Theorem
IV.4.1, page 317, [29], we have:

(8.6) lim H(TS — TS,h)fHDC =0, VfelYy.
h—0

According to the proof of Theorem IV.4.1, page 317, [29], we have:

N
(8.7) > (u(0|/0x5) +1j(u/dx;)) € L2 ()N

j=1
where u, @ € HY(Q)N, and, for Z = L32(Q)N c Y,

8.8 lim [|[Tg — T =0.
(8.8) hl_%H S S,hHL(z,x)

8.2. The supplementary variabile ¢. Let us write the homogeneous
Navier-Stokes problem as a problem of the form (LI). A is variable. We
introduce a new variable ¢ = Ap and we write the problem from [29] in the
following form

(89) p - Ailq - 9

or

(11, q) + (‘TSGNS(A,U,p) = 0,

[ Tsp | _[ L
where T, (p,f) = [ Tof ] = [ ‘Tsf}’

5000 =[G fhup |- [00 |

I, I are the identity operators on LZ(2), HE ()" respectively.

T, 1(a;) are linearly independent if and only if a; are linearly independent.

We denote W = L2(2) x H}(Q)N x LE(). Let Fy : (0,00) x W — W,
Fe( A p,u,q) = (p,u,q) + TG (A, p,u, q). (A, u,q) = (A, u, Ap) is a solution
of Fng(A,u,q) = 0 is equivalent to say that (A, p,u,q) is a solution of the
following problem

J, is approximated by F,p : (0,00) x Wi — Wy, Fipn(A,p,u,q) =
(p,u,q) + T nGc(A p,u, q), Wy = Mj, X Top, X M.
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8.3. The verification of the hypotheses of Theorem [T.4. Let us re-
place F', R™ x W, Z, (A, u), (Ag,ug), in problem (II)) and in hypothesis
([T2), by Fi, R x W, W, (A, p,u,q), (Ao, Ppo, U, qo) respectively. We say
that we study problem (8I1]) under hypothesis (I.2]) and we want to prove
that the results of Theorem [7.4] hold for the approximation (??) of (8ITJ).

For this, it suffices to verify hypotheses (T1I), (T3] - (Z9).
Let m¥ = n? = 7}V = (sp, 71, 81) and I = (I1, Iz, I;). We take
(8.12) Aok = Ao, Poh = ShPo , U = ThUQ , o = Shqo -
We have \op, = >\o We denote o9 = (Ao, Po, o), Gon = (Xon,Pon, Uon),

oS = (Mo, w0, p0), T = (Aon, Uon, Pon)-
Let us first verify (.9). We have

(8.13) there exists 14 > 0 such that, for every v, € W}, we have
|72 Dy F (Ao, 10)vn — DuFn(Aon, Ton)vn | 2,
= |70 Dprug) T (00, 20) (B, W, @) — Do) F 1 (Gon Gon) (B, 0. 7) ||,
< |l(my = D)@, w,

+||7TW %SDqéNS()\OaQO)G :| [ TShD GNSO‘OhaQOh)a ||W
TSD(u,p)GNS(U(JJVS)(ﬁ p) TsnDiup)Grs (g ) (T, D) h

= (= = DB, 0, 9)llw,
+1(rns 51)Ts D) Gns (00 ) (W, B) = Ts,p Diup) Gvs (G ) (W, D),
< (= = D@, 9,9)|w,
+ (P s0) = (T2, 11))Ts D ) Gus (09 ) (W, )|,
+1(Ts = Ts.1) Diwp) G (00 °) (@, D) |,
+HTs,n(Diup) Grs (00 °) (W) = DiupyGs(Gon ) (@, D)) ||,
< (@, 9, 9)llw, = mallonlw, ,

where 74 is obtained using (812), (82), (83)), (B1) si (B.H).
Let us verify (7). We have

(8.143here exists 12 > 0 such that, for every (Ap,up) € R™ x W}, we have
|72 DF (Ao, uo) (A, up) — DFh(XOha ton) (An,un)| z,

= ||7T2:VD:T*(O'0,(]0)(X,ﬁ,ﬁ, _) * /7,(f0-V0haC_AIJO/7,)(X paﬁ Q)HWh
<[ TsDAGNs (Ao, qo)A [ T5.0DAGNs (Mo Gon) A I,
- TsDA\Gns(ad )N TsnDAGns (TN

70 Doy Fi (00, 00) B, 0, @) — D ag)Feh (Gon, Gor) (B, 0, 7) [[w,
= [lshTs DAG N5 (Ao, 20)X — Tsn DG s (Mons don) M e,
+1(rh, s8)TsGns (A, w0, po) — Ts.nGns (X, Bon, Pon) ||,
72 Doy Fo (00, 20) B, 0, Q) — Dy g)Fn (Gon Gon) (B, 0, 7) [,
< ((rp,sn) — (I2, 1)) TsGns (X, 0, p0)) ||,
+(Ts=Ts,n)Gns (X ug, po)|lx, + 1 Ts,n (Gns (X, ug, po)—Gns (X, Qon, Pon)) ||,
72 Doy Fo (00, 20) B0, Q) — Dy g)F o (Gon Gon) (B, 0, 7) [,
< 2l|(\ B, W D) [Rxw, = M2l (Any un)[[Rm w5
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where 7, is obtained using (8I3), (8I2), R2), R3) and B4) for f =
GNS(LUOaPO)-
Equation (8II]) has the form of equation ([I). Assume that (81T

satisfies the hypotheses of Theorem Then the corresponding equation

[C20), with o, = (0n, 0, On), 18

(8.15) Fen(Ans Py Uns qn) — on =0,

or

(8.16) (Phs Uny qn) + Tu nGs(Ans Pr> U, qr) — (Qhs Oy 01) = 0,

or

(8.17) Ph— N, qn = On

(8.18) (grad (up — @h) gradwy) — ((qn — 0n), divwy,)
Ztha , Vwy, € Top,

(8.19) (div (ap, — gh),uh) =0, Vu, € My.

With the same settings, the framework of Section 10.2.3 (and also of
Section 10.2.2, rewritten for spectral Galerkin approximations), from [55],
allows the approximate Stokes operator T, to be constructed using spec-
tral methods.

9. A COMPLEMENT TO THEOREM [1.4]

In this section, we investigate if we can fix only g in (5.26]), in Theorem
b4l

Let F: R™ x W — Z be a nonlinear function of class CP. Let (¢/,w') €
R™ x W. Let us define

F:R™xW — Z, F(\u) = F(A\,u) — DF(\,u)(i/,w')

and G: X — Z, H : RmXWXA—)Zi’ X—)Ywhereéﬁ{ffare
obtained by replacing F' by F in the definitions of G, H, ¥ respectively.
Let us define S: T — %, S(s) = S(s), and ®: T x I — %,

[0
0
~ N , 0

O(s,¢') = B(s,¢) + | DPFO\ u) (!, w'), (s, wi) — (5, w5))) } 7

77

: |
L [ Du(DEQ w) (i w')) (v = v}) l

foralli=1,...,q+m, k=1,.
In the deﬁmtlons from Subsectlons BT and B2 let us replace F, G, H,
v, S, ¢ by F,G, H VU,S, o respectively.

Corollary 9.1. Assume the hypotheses of Theorem where we replace
F,G, H, S, ®byF,G, H, ¥, S, ® respectively. Then (5.20) becomes

(9.1) S(s0) — (0, ¢) > 0,
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Let us fiz g, (whose existence is demonstrated) in [91]). Let us take 6y
= 6o+ B(y;). Let us define

(9.2) Fo:R™ x W — Z, Fo(Au) = F(\u) — DE(O,w) (i, 0)) ,

and Go : X — Z, Hy : R x W x A — Z, Uy : X — Y, where Gy,
fIO, {Ivfo are obtained by replacing F' by ﬁo in the definitions of G, H, ¥
respectively. Let g(] : ' — X be S where we replace F' by ﬁo in (37) and
we use Oy defined above.

Then, sg is the solution of the equation

(9.3) So(s) =0
Equation (9.3) is of the form of equation (3.8).

Then, the component (Ao, ug) of so is a solution of the equation
(9.4) F(\u) — DF(\,u)(jih,w,) =0,

()\Q,UQ) S Ba*()\o,;do). _

Assume that DU (o) is an isomorphism of X onto Y and DSy(Sy) is
an isomorphism of I' onto ¥. Under some other additional conditions like
in Theorem we have:

Then, sg is the unique solution of the equation ([2.3) in some B, (5y) with
a > a*. The system (O3) and its solution sy verify the assertions (a) and
(b) of the statement (ii) of Theorem [

Then, the component (Ao, ug) of o is the unique solution of the equation
(94) that satisfies hypothesis (I.2) and the rest of the hypotheses of the
statement (i) of Theorem 33 in some By (X, To) with a > a*. The solution
(Ao, u0) is a bifurcation point of problem (9-7).

Proof. The proof of Theorem [£.4] remains valid. We only mention that
(557) has the formulation

§(‘§) - ;IV)(:E’ gEl) - 5(5055(]0_’ 9i, ék)) + &)(50,5@/,9;, é;c)) > Oa

&

[ B(0,\, @) — 6o — B0, i, @) 1
F(\,u) — DF(\a)(@/, @)
B(( ’Ei’wi _( ’__;’wg)) - ;]+m 50
D(F(A\u) — DE(Xa) (@', ")) ((fi, 0;) — ([, 107))) ’
B((0,01) — (0,77,)) — of

L Du(F()‘vu - DF(A7Q)(ﬂ/7w/))(@k —T)];) J

Lemma 9.2. Assume that DS(Sg) is an isomorphism of T' onto X. If
(9.5) DS (30) — DSo(30) sy < 1,
then DSy(30) is an isomorphism of T' onto .

Proof. This results from Lemma 3.1 [I8], Theorem 6A.1 [21I] and Lemma
1V.3.3 [29].
(]
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Remark 9.3. Instead of a constant ¢ in the equation (5.28]), we have ob-
tained g in the form of a function (A, u) = DF (X, u)(f, W) in the equation

@.4).
10. FUTURE WORK

We have formulated some sufficient conditions for the existence of an
approximate equation (Z.20) that has a bifurcation point of the same type
as the bifurcation point of a given exact equation (LII).

In a further research that will continue the present one, we have the
following purposes:

(i) to prove that, given a function F' and an approximation F}, for this,
under some conditions, if there exists gp, (which is zero or nonzero) so that
the equation

(10.1) Ep(Ansun) —on =0
has a bifurcation point, then there exists p such that the equation
(10.2) F\u)—p0=0

has a bifurcation point of the same type as the bifurcation point of (I0.T]).
This idea is inspired by a result from [43] where Kantorovich and Akilov
prove that, given the linear operators that define an exact equation and
an approximate equation, under certain hypotheses, if the approximate
operator is an isomorphism, then the exact operator is an isomorphism.

(ii) to formulate some algorithms so that, by studying the approximate
equation

(10.3) Fh()\h,uh) = O,

to decide if there exists g;, such that the equation (I0.J]) has a bifurcation
point, to determine gy (only if this is necessary) and to determine the type
of the bifurcation point of (I0.1]) and hence of (I0.2). In the study for (ii),
we will extend the methods introduced in [5].

In this way, we can reduce the study of the qualitative aspects of a
bifurcation problem on infinite-dimensional Banach spaces to the study
of an approximate problem. Finally, the study can be performed on a
computer.

—/ —/

APPENDIX A. A FORMULATION OF D$(30,})(5,¢ ) — DS(s, ¢)(5,9 )

/

(A1) T(30,6h,5.¢,5,6) = DS(30,6)(5,9) — DS(s,¢)(5.4)
= £ DS(R0)5—5 DB(Fo, 30) (7, 7 )~ (1-0)B(Fo, £(F. 5y, 7))+ (1-0) (3o, €7, 7, 7))
5 DS ()55 DO, )7, 3 ) +(1-0) (Fo, (7. 5o )~ (1-) G, €7 1 71)

_ %( DS(50)5 — DS(s)5)

!/

5 (D20, 3)(@.3) ~ DO, ¢)(7. 8))
—(1 = )@ (T, (£, Gir ) + (1 — ) 2(%0,£(7,7i &)
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+(1 = )@ (T0,&(f,Gs,8r)) — (1 — @)@ (T0,£(7', 75 €1)) -

- B(@)
(e , = 1| B@;)

(50,60,5,6,%.9) = 50| D2P(Ry, 50)(i0, @i0). (X, 70)) + DC(F0)7;
B(zk) B B
Dx ) (DuF (X0, o) Vg,0) (X, @) + H (o, To, Zk) |

B(z)
DG(z)z
B(7;) _ )
QQF(A’ u)((lu’i’ wi)’ ()" ﬂ)) + DG(x)yz
B(z) B

Dx ) (DuF (A w)vg) (A, @) + H(N, w, 7)) |

2F (Mo, Uo) ((H g, W), (X, W) + DG(Zo)7; + A
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