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Abstract

We show that when the Wald-Zoupas prescription is implemented, the resulting charges realize
the BMS symmetry algebra without any 2-cocycle nor central extension, at any cut of future null
infinity. We refine the covariance prescription for application to the charge aspects, and introduce
a new aspect for Geroch’s super-momentum with better covariance properties. For the extended
BMS symmetry with singular conformal Killing vectors we find that a Wald-Zoupas symplectic
potential exists, if one is willing to modify the symplectic structure by a corner term. The resulting
algebra of Noether currents between two arbitrary cuts is center-less. The charge algebra at a
given cut has a residual field-dependent 2-cocycle, but time-independent and non-radiative. More
precisely, super-rotation fluxes act covariantly, but super-rotation charges act covariantly only on
global translations. The take home message is that in any situation where 2-cocycles appears in
the literature, covariance has likely been lost in the charge prescription, and that the criterium
of covariance is a powerful one to reduce ambiguities in the charges, and can be used also for
ambiguities in the charge aspects.
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1 Introduction

Boundaries play an important role in general relativity, turning part of the diffeomorphism gauge
redundancy into a physically relevant symmetry. This is particularly useful for the physics of gravita-
tional waves, to extract observables from the full theory that can be compared with the experiments.
The boundary in this context is future null infinity .#, and the symmetry described by the Bondi-van
der Burg-Metzner-Sachs (BMS) group. A unique set of charges and fluxes for this symmetry were
identified a long time ago [1l 2, B], but only much later they were given an interpretation in terms
of Noether charges and canonical generators for a space-like hypersurface intersecting .# [4], 5] [6], see
also [7, 8, 9, [T0L 111, 12, 13].

A correct definition of charges should include a realization of the symmetry algebra in terms
of a phase space bracket. For the BMS charges, this property was established in [7], but only for
special asymptotic frames corresponding to round spheres, also known as Bondi frames. For arbitrary
frames, a field-dependent 2-cocyle appears. This is an undesired limitation, because these frames are
physically undistinguishable from the Bondi frames, and there is nothing in the fall-off condition nor
in the universal structure that prefers round spheres to other frames. In this paper we show how this
issue is resolved. Following carefully the Wald-Zoupas prescription one finds charges that coincide
with those of [7] for round spheres, but have an extra term on general frames [12] [13]. This extra
term guarantees that the key Wald-Zoupas requirements of stationarity and covariance are satisfied
on arbitrary frames, and only with this extra term one matches the charges of [1l 2, [3]. Including this
extra term removes the 2-cocycle in every asymptotic frame, and the explicit calculation as well as a
general argument show that there is no residual central extension either.

We also take this opportunity to refine the Wald-Zoupas covariance prescription, and show that it
can be used to discuss covariance of the charge aspects, and not only the charges as surface integrals.
In particular, we propose a new super-momentum aspect alternative to Geroch’s, which gives the
same charges and conservation laws when integrated on cross-sections, but different transformation
properties when not integrated. Specifically, it is exactly background-independent, as opposed to up
to an exact 2-form. The analysis is based on the results of [14] on the relation between Wald-Zoupas
covariance and symmetry algebras, of which this paper provides a longer and more detailed version
including field-dependent diffeomorphisms and non-trivial corner terms, and which can be applied to
any analysis of boundary symmetries.

We also show that having the Barnich-Troessaert bracket realize the algebra without 2-cocycle
means in a precise sense background-independence of the charges. This provides a notion of covariance
that is simple to implement also in radiative spacetimes. In this interpretation and in much of the
analysis a central role is played by the anomaly operator [15, [16], 17, [13], which we advertise as a very
convenient tool to investigate background-independence and covariance in any situation.

En route to these results, we clarify a number of issues relating the covariant description of radi-
ation at ., and the Bondi coordinates language. Among them, the relation between the ‘connection
coordinate’ of [I8] and the ‘covariant shear’ of [I1]. This includes the relation between the Ashtekar-
Streubel phase space [2] and the super-translation field [11] (also known as super-translation Goldstone
mode). We point out that the latter can be endowed with the interpretation of a ‘bad cut’, and can be



used to enrich the radiative phase space using it as a coordinate for the late time stationary boundary
conditions. We review old results explaining why the news tensor is in general more complicated
than the time derivative of the shear, and why restricting to round spheres is possible but not al-
ways convenient. We clarify the origin of the complicated transformation laws for the shear, mass
and angular momentum in Bondi coordinates by relating them to the choice of a Lie dragged aux-
iliary vector, to Geroch’s super-momentum, and to the total divergences on the cross sections that
arise when ‘integrating the fluxes’ to obtain the charges. These transformation rules are apparently
sometimes misunderstood in the literature, prompting a discussion of “covariant” modifications. We
explain that there is nothing non-covariant about the transformation rules, and the inhomogeneous
terms that appear should not be removed but are crucial to ensure that the charges realize the algebra
covariantly and without cocycles.

We then turn attention to an extension of the BMS symmetry to non-globally defined conformal
Killing vectors that was also considered in [7]. This extended BMS symmetry (henceforth eBMS)
was proposed in [19] 20] Its additional symmetries are often referred to ‘super-rotations’, and plays
an important role in infra-red problems [2I], flat holography [?], and celestial holography [22]. The
situation for the eBMS charge algebra found in [7] is much worse, with the 2-cocycle being non-zero
and field-dependent on every frame. For example the algebra of super-rotations charges evaluated on
the Kerr solution has a 2-cocycle function of the angular momentum. We identify the problem in the
fact that the generalization of Geroch’s tensor to the eBMS symmetry transforms inhomogeneously.
Remarkably, we find that it is possible to remove this 2-cocycle also for eBMS, under the same
assumptions of [7] that the transformations preserve the background asymptotic metric and that
one can integrate by parts on the cross-sections neglecting boundary terms. The key mechanism is
the following: the “offending” field-dependent term in the 2-cocycle contains a triple derivative of a
symmetry parameter that fails to vanish in two distinct situations: if the frame is not a round sphere,
or if one allows non-globally defined vector fields. In the first case, covariance is restored by Geroch’s
tensor. In the latter, one needs a generalization of Geroch’s tensor that was not long ago identitified
in the stress-energy tensor of a conformal field theory [20] 10} 23] 24, 25| 26].

This is not the end of story however. The generalized Geroch tensor is enough to remove the
2-cocycle in the charges and flux algebras, but this is a manifestation of linearized covariance only,
and finite covariance is still broken. This is because covariance of the symplectic potential is now
satisfied only up to a total divergence on the cross sections, as opposed to exactly. This leads to a
breaking of finite covariance because the anomaly operator does not commute with derivatives on the
cross-sections. We then show that by including the super-translation field of [11] it is possible to find
a Wald-Zoupas symplectic potential for eBMS, at the price of modifying the symplectic 2-form by a
corner term. Our proposal is consistent with expression for the total flux proposed in [24] 27], and
generalizes it by providing a local expression for it valid on any region of .# and not only on the
whole of .. In spite of this remarkable situation, only the Noether current algebra is covariant. The
algebra of eBMS charges we identify still has a residual 2-cocyle, which is however time-independent.
In particular, it contains only the super-translation field and generalized Geroch tensor, and no longer
the shear.

We use mostly-plus spacetime signature. We denote future null infinity by .. Greek letters are
spacetime indices, lower case latin letters a, b, ... are .# indices, and upper case latin letters A, B, ... are
indices for 2d cross-sections of .#. In all cases, (,) denotes symmetrization, (,) trace-free symmetriza-
tion, and [,] antisymmetrization. An arrow under a p-form means pull-back, = means on-shell of the
field equations, and Z means an equality valid at .# only. For the phase space, we use conventions
w =dp ANdq and {q,p} = 1, and define the canonical generator via action of the vector field on the



second slot, namely —I;w = dF = { -, F'}, so to have p = ;. With these conventions a Lie symmetry
in a standard conservative system is realized as

I L, = {Qe, Qx} = 0,Q¢ = Qe

2 Radiation at .¢

In this Section we review some facts about the description of gravitational radiation at .# that would
be important in the following. There are excellent reviews in the literature (e.g. [28| [12]), however
we believe that some of the properties that we will use may not be well appreciated, can be scattered
across the literature and be hard to find. We refer in particular to: the non-trivial relation between the
news and the time derivative of the shear, why Geroch tensor is relevant to compute fluxes between
arbitrary cross-sections even if one starts from a round sphere frame, the identification between the
‘connection coordinate’ of [I§] (called ‘relative shear’ in [29]) and the ‘covariant shear’ of [I1], and
why care is needed when studying the behaviour of the shear under conformal transformations.

We present our results first in covariant language, and then specialized to the asymptotic expansion
in Bondi coordinates. We hope in this way to be able to communicate to both communities familiar
with each language. We also use of the Newman-Penrose (NP) formalism, for which we choose the
conventions of [30] where all spin coefficients have opposite signs in order to make up for the mostly-
plus signature and preserve the NP equations.

The covariant language is based on Penrose’s conformal completion, whereby .# is defined as the
boundary € = 0 of the auxiliary manifold with conformal (or ‘unphysical’) metric g,, = Q2g,w. See
[1, 28] for details. While the conformal factor can be chosen arbitrarily, it is very convenient to restrict
it so that .# becomes a non-expanding horizon in the conformal spacetime. This can be done looking
at the normal n, := 9, and requiring @uny Z0. Since by the conformal Einstein’s equation this
condition is equivalent to @“n“ éO, where n* = "9, is the tangent null vector field at .#, this
choice of conformal frames is referred to as divergence-free. It will be assumed in the rest of the paper,
together with completeness of .# and its topology R x S, where the cross-sections S (also known as
‘cuts’) are 2-spheres. Picking a divergence-free conformal compactification has the consequence that
n is an affine geodetic vector at ., that n? = g*'nyn, = O(92), and that .# is a non-expanding
horizon It follows that the pull-back of the conformal spacetime connection defines a unique 3d
connection, D, := V.. This connection defines the radiative phase space at & [I8] [2, ZS]E It also
follows that the induced metric qup := Jup is time-independent, £,q. = 0, a condition often referred
to as ‘Bondi condition’, and numerous manipulations simplify significantly. Since this restriction can
be done without loss of generality, all asymptotically flat solutions in Penrose’s sensd? share the same
universal structure given by

(qap, 1) ~ (WP qap,w™ %),  qun’ =0,  Lyw=0. (2.1)

In other words, there exists a coordinate system in which every solution induces the same metric
and normal vector up to a time-independent conformal transformation. It means that all asymptotic
diffeomorphisms that preserve this universal structure are symmetries, in the same way as isometries

"More precisely, a non-expanding horizon endowed with a canonical extremal weakly isolated horizon structure [29].
2More precisely, the radiative phase space is defined by an equivalence class of connections that removes the dependence
on conformal rescalings of the type Q' = (1 + Qu)Q2 which change the connection but not the background structure

(Qaln na)'
3 And also in the weaker sense in which peeling violations in 1/, are allowed for [ > 1[31].



of the background metric are symmetries for physics in Minkowski spacetime. These are the vector
fields & such that
LeGab Z 20 Gab, Len® Z _ agn®. (2.2)

The equations (Z2]) can also be understood as the requirement that the unphysical metric and normal
to £ are left invariant by the combined action of a diffeomorphism plus a conformal transformation
with infinitesimal conformal factor 1 — . The resulting symmetry group is the infinite-dimensional
BMS group SL(2,C) x R of Lorentz transformations and super-translations. The difference is that
super-translations can be uniquely identified, as £ = fn with £, f = 0, whereas to identify a Lorentz
transformation we need to choose a cross-section of .#, since there is no unique projector ‘orthogonal’
to n. This step is analogue to choosing an origin in Minkowski space in order to extract a Lorentz
subgroup from the Poincaré group, but with the added difficulty that there is a super-translations’
worth of cuts to choose from, as opposed to a translations’ worth only. The presence of an infinite
number of equivalent Poincaré subgroups of the BMS group can be made explicit if we pick coordinates
(u,z) on & such that n=9,, we can parametrize the solutions to 2:2) as & = f9, + Y44, with
f=T+3%2,Y4, where T = T(2) and Y4 = Y4(2P) are the symmetry parameters corresponding
respectively to super-translations and conformal Killing vectors (CKV) of the cross-sections, whose
covariant derivative is Z4, and which span the (double cover of the proper orthocronous) Lorentz group
SL(2,C). However while T is uniquely defined, Y4 refer explicitly to the leaves of the u-foliation. We
also recall that the group of super-translations contains a subgroup of global translations which is
also uniquely defined, however its ‘orthogonal’ complement is not, because there is no natural metric
in this space. Hence the notion of a ‘pure super-translation’, namely a super-translation without
any global translation component, is also not unique but foliation and frame dependent. Super-
translations and rotations of any Lorentz subgroup preserve the conformal frame, whereas boosts
change it. Translations and rotations preserve any given foliation, whereas super-translations and
boosts do not.

It is common in the literature to further restrict the conformal freedom and choose w so that
the induced metric on cross-sections is a unit round sphere. These special conformal completions
are called Bondi frames (not to be confused with the Bondi condition above). This can always be
done and would not change the symmetry group nor the physics in any way, but it may not be very
convenient in practice, because checking conformal invariance of the physical expressions becomes
more complicated: one cannot do arbitrary conformal transformations but has to take into account
the non-trivial functional dependence that conformal transformations relating round spheres must
have (namely, correspond to Lorentz boosts on the celestial sphere).

While the symmetry group is defined uniquely in terms of the available intrinsic structure at &,
the covariant phase space requires an embedding of .# in the conformal spacetime. It is always possible
to choose coordinates (u,Q,z4) of the embedding so that nZ8,. Thanks to the Bondi conditions,
these coordinates are affine, in the sense that u is an affine parameter for the null geodesics, and z4
are Lie dragged by n. This means that the whole metric at .# is universal, and not just its pull-back:

8Gy = 0. (2.3)

As a consequence, the first-order extension of the symmetry vector fields is fixed, and the arbitrariness
of their bulk extension starts at O(Q?) [12].

In the covariant description, the radiative content of the gravitational field is encoded in Sgp, the
pull-back to .# of the unphysical Schouten tensor S - However, this tensor depends on the conformal
completion chosen: changing it via © — w( does not affect the physics but changes Su. To extract



the information on the physical radiation one has to get rid of this dependence. The problem was
solved by Geroch [I], who found that there exists a unique kinematical tensor p,, whose behaviour
under conformal transformations matches exactly the one of the pull-back S.p. The fact that it is
unique and kinematical means that it can be subtracted off Sy, without affecting the physical content.
The resulting quantity is the news tensor

Nab = gab — Pab- (24)

It is conformally invariant, traceless, and describes the gravitational radiation in an unambiguous way.
Geroch’s tensor is defined on .# by four conditions,

Py =0, pan” =0,  Dipye =0,  ¢"psp=TR. (2.5)

Any tensor like py, whose contraction with n® gives zero (the second condition) is called ‘transverse’,
or ‘horizontal’. In the last equation, R is the 2d Ricci scalar, and the fact that pg, is transverse means
that one can use any ‘inverse’ in the equivalence class ¢® ~ ¢® 4+ n®X?. These equations imply

1
D’pap = 04 R, DPpiapy = 5aaR. (2.6)

Furthermore £,,p4, = 0 from the Bondi condition. From the behaviour of R under conformal trans-
formations (2.1)), it follows that

Phy = Pab — 2w Dy Dyw + 4w 2 DywDpw — w2 gapDwDew. (2.7)
We will denote p' — p = A, p, whose linearization for w =1+ W is
Awpay = —2D DyW 4+ O(W?). (2.8)

This conformal transformation matches precisely the one of Sy, hence (24)) is conformally invariant.
To prove that a solution to (2.5 exists, it is enough to choose a Bondi frame, which we denote by

[e]
gAB = EAB with R = R = 2, because then

Ro
pab = =5 dab (2.9)

is manifestly a solution. To prove that is unique is a bit more elaborate, and crucially relies on the
spherical topology of the cross-sections [I]. Once this is established, the solution in an arbitrary
frame is obtained from (7). Since pg, is uniquely determined by the background metric g, and the
latter is universal, it is also universal. This may look surprising at first, because BMS boosts induce
a conformal transformation of the frame, and pyp is not conformally invariant. However, the same
uniqueness arguments based on the topology of the sphere lead to [I]

£§pab = —2DanO£§. (210)

The key point is that this coincides with a linearized conformal transformation (28] with ag = W.
Hence combining (ZI0) with (28] so to keep ¢, invariant as by definition of the BMS symmetry
group, pgp remains also invariant. In other words d¢p,, = 0, consistently with being universal.
Geroch’s tensor plays a crucial role in turning many frame-dependent statements into conformally-
invariant ones. For instance, super-translations contain a unique subgroup of global translations, which



on a Bondi frame can be identified as the [ = 0,1 modes of T', namely as the solutions to DDy T = 0.
This equation is however not conformally invariant, and it is only valid on Bondi frames. In arbitrary
frames, it is replaced by

1
<D<an> + §p(ab>> T =0. (2.11)

Its conformal invariance can easily be checked using (2.7)) and the fact that 7" has conformal weight 1.

In the literature the news is often presented in terms of (the time variation of) an asymptotic shear,
in order to give it a more intuitive geometric meaning. This relation however requires introducing
additional structure, because while the news is a unique covariant tensor, an asymptotic shear refers
to a foliation of .#. In Bondi coordinates there is a natural foliation given by the level sets of the
coordinate u, and we will come back to it. An alternative way to talk about shear without fixing a
specific foliation is to introduce an auxiliary null vector [ such that {-nZ< —1 (also known as ‘rigging’
vector). We require [ to be hypersurface orthogonal on .#, so that it is equivalent to a choice of
foliation. It then defines a projector on the space-like cross-sections (‘cuts’) of .#, which we denote
Vv = G + 20,0,y = 2m,my,). Notice that v45 = gap and that A =0 = ’yf} hence v#* has the same
content as 7%, and provides a choice of ‘inverse’ for the induced metric that annihilates the auxiliary
null form [. The shear and expansion of this arbitrary foliation associated with [ are

Ouy = ’Y(pu’}’;z@plg, 0:= "}/wj@ul,,. (2.12)

They are related to (the pull-back of) the gradient of [ by

- 0
Daly = YN g — lamp = ap + 5%ab — laTp, (2.13)
where
To = £nlg, T-n=7-1=0. (2.14)

The time-dependence of the connection can be computed using the fact that the conformal metric’s
Weyl tensor vanishes at .#, giving

. 1 1
[£n7Da]lb = Rapobnpla = 5 ab = §(Nab + pab)’ (215)
Then using the relation between the Schouten tensor and the normal n provided by the Einstein’s

equation, one can prove that
Nap = 2L504 — 2(D<a + T(a)Tb> - 2l(a£nTb) — Plab)s (216)

which is the general relation between the news and the shear.

The general formula (2.I6]) is not very common in the literature, because pq and 7, can be set
to zero choosing specific background structures, without affecting the physics nor the symmetries.
It is however instructive to appreciate the role of the various extra terms, as well as the logic that
goes behind the specific restrictions one may choose. The key point is that the shear depends on
two background structures: the conformal factor, and the choice of I. The freedom to change [ is an
internal Lorentz transformation belonging to n’s little group, which we’ll refer to as class-II following
[32):

I — 1 +am+ am + |a*n, m — m+an, seC. (2.17)



This is a 2-real-parameter family a priori, but we restrict it requiring [ to remain hypersurface or-
thogonal. Changing | within this class we change the foliation to which o,, makes reference, so the
first term in (2.I0) is not class-II invariant. But the 7, terms in (ZI6]) are also not invariant under
([2I7), and their transformation compensates the transformation of o4, so that the whole expression is
class-II invariant. Concerning the conformal factor, under (2I]) we have | — wl, so £,04 is invariant.
However 7, — 74 + O, Inw, hence the 7, terms are not invariant: their transformation compensates
the transformation of p), so that the whole expression is conformally invariant.

Having clarified this, let’s see what happens when these background terms are simplified. As
mentioned above, one could limit the conformal frames to be round spheres only, namely ‘Bondi
frames’. Then pp = 0, as ([2.9) shows. In other words, if we restrict the conformal transformations

to those that preserves round spheres, S<ab> is conformally invariant, and Geroch’s tensor is only
needed to remove the trace part. Alternatively, one could choose to work with Lie-dragged auxiliary
vectors only, then 7, = 0. To see what this means, let’s fix coordinates so that n Z 9,. Then the class
of hypersurface-orthogonal auxiliary vectors Lie-dragged by this n describes all foliations that differ
from the level sets of u by a super-translation only. With this choice, ([2I6]) reduces to [3]

Nap = 2£00ab — Plab)» (2.18)
or in terms of NP scalars, N = —¢ — %b, where 0 := —m®mbog, and b := m*mPpyy is the inscrutable
notation used in [3] for the spin-2 weighted projection of Geroch’s tensorl To check conformal
invariance of this expression, one has to be careful, because transforming [ — wl does not preserve
7, = 0. The solution is to add a a class-II transformation with ¢ = —w™'£,,%, where @ = wu:

1
I =1 =wl—dsude™ + 2—aAaaAa n. (2.19)
w
This rule for the conformal transformation preserves 7, = 0. Using it in the shear, we get
Oab = Oy = woap — (D Dypyw — 2wD, InwDyy Inw). (2.20)

The inhonomogeneous terms can be recognized as %uwAwpww, hence Geroch’s tensor in (2.18]) makes
the expression conformally invariant in the subset of Lie-dragged [I’s. Finally if one chooses both
Bondi frames and Lie dragged [, then N,, = 2£,0., or in terms of NP scalars, N = —&. Conformal
invariance of this expression requires one to transform [ homogeneously, hence a non-trivial 7, must be
included if the conformal factor does not preserve round spheres. This is for instance the set up used
in the review [12]. We prefer to use a set up in which we fix 7, = 0, because it provides a simplification
of many formulas that can be done without any loss of generality, at the small price that the news is
given by (2.I8]) and not just the time derivative of the shear. It is furthermore the set up that arises
naturally when working in Bondi coordinates, as we will review in the next Section.

As discussed above, restricting to 7, = 0 means considering only shears adapted to foliations
related by a super-translation, on a fixed conformal frame. This has an important consequence for
the flux-balance laws, because some of the charge aspects depend on the shear, and thus require a
choice of cross section in order to be defined. If the initial and final cross section considered belong
to the same wu foliation, then we can use the same Lie-dragged [ to describe them. But if they don’t,
namely they differ by a super-translation, then the foliation linking them is described by a non-Lie
dragged [. This problem can be dealt with in two different ways. The first is to stick with the non-Lie

1Possibly b for Bob?



dragged [, and explicitly map the symmetry parameters and charge aspects of the final cross-section
to those of the initial cross-section, which can be done using a BMS transformations. This is for
example what is done in [9, 33]. But there is a more elegant alternative, which is due to Dray [34]:
One can change frame so that the two cross sections belong now to the same u foliation. With this
trick, the symmetry parameters and charge aspects are the same on both cross sections, but one is in
general no longer working on a round sphere. See Appendix[A.T]for details. In summary, we have seen
two convenient reasons to not limit the conformal compactifications to be only round spheres: first,
checking conformal invariance is simpler; second, it is possible to write the flux between two arbitrary
cross-sections using charges described by a Lie dragged [.

The transformation (2.19) can be easily generalized to include an arbitrary super-translation of
the foliation that [ is orthogonal to. This is done replacing 4 = wu with

t=w(u+T), (2.21)
where T(z4) is the super-translation. The ensuing transformation of the shear is
Oap = Oy, = woap — (u+ T) (D Dpyw — 20D, InwDyy Inw) — wD g Dy T. (2.22)

The same transformation rule is also studied in [10], using the Newman-Penrose formalism. For later
purposes, we note here the linearization of (2.22]), with w = 1 + W and T assumed small and same
order of W,

Oap = Oab + Waay — Do Dy (T + uW). (2.23)

The formulas (ZI3) and (ZI5) make it clear that the connection D, = V, describes both the
news and the shear. To elaborate further on this relation, one can use the auxiliary rigging vector to
define a Newman-Penrose basis at .# (and there only, we do not require the vectors (I,n) to be null
everywhere). Taking [ hypersurface-orthogonal implies that the spin coefficient p is real, the Bondi
condition implies that the real part of the spin coefficient v vanishes and that the spin coefficient 7
describes the non-Lie dragging 7,. All the NP quantities refer to the conformal metric, but to simplify
the notation we don’t mark them with hats, and furthermore we will remove the traditional ° that
stands for leading order terms at .#, with the understanding that all NP symbols used here refer to
the leading order asymptotic quantities. In the Newman-Penrose basis

1 .
3 = §m“DbNab = 3N, g = —6. (2.24)

Here N = %m“mbNab is the spin-weighted projection of the news tensor, and 9 (‘eth’) is the 2d
covariant derivative on spin-weighted NP scalars. It appears because Ny n? = 0 hence the divergence
effectively reduces to a 2d covariant derivative on the cross-sections. ‘O-calculus’ is very convenient
for many manipulations, but can be freely traded for a tensorial notation via

5(m“mb1[)ab) = m®mPm® Vab (2.25)
where the 2d covariant derivative is
Dby =YV Detba = (Do + laLn)p,  han® = 0. (2.26)

This equation also shows that the 3d derivative D, acts universally on transverse (or ‘horizontal’) fields,
namely in a way independent of the radiation. The two derivatives coincide on time-independent fields,



as well as when pull-backs on cross-sections are involved. This is what happens in the first equality
of ([224)), where the divergence is taken with respect to ’y“bﬁ Since there is no constant tensor on %,
([2:24)) don’t have zero modes and we conclude that the news tensor is equivalent to knowing 13 and
Py

Concerning the shear, its two components can be split into an ‘electric’ and a ‘magnetic’ part, with
the latter super-translation invariant. The magnetic part is related to the news and Im() via [35]

_ . = b 1 1 1
Im(ypg) = Im (520 — 05) =Im <<52 + 5)0’ + O'N> = —Ze“b<(9a90 + Epac)acb + §Na006b>, (2.27)
where in the second equality we used (ZI8)), and in the third equality ¢ := —2imlembl. Tt is customary
to strengthen the non-radiative conditions requiring Im(t)2) = 0 on top of N = OE implying

1
€ <%@C + 5,%0) % =0, (2.28)

namely a ‘purely electric’ shear. The connections associated with non-radiative spacetimes are called
vacuum solutions in the radiative phase space. We conclude that in any given conformal frame, the
(equivalence class of the) connection determines the news and the shear, or equivalently Im(v), ¥3, 14
and the electric part of the shear, and that a vacuum connection depends only on the electric part of
the shear.

It is useful to make this dependence more explicit. If we specialize (2.13]) to a vacuum connection

D we find [£,,, D]l = % Pab, and since £, p. = 0, we conclude that for a Lie-dragged I,

o

o 1
D(alb) =0Oagb = §up<ab> — Cab- (2.29)

To determine the time-independent field ¢4, we impose the vacuum condition ([2.28)). The differential
operator annihilates Geroch’s tensor (it is ‘purely electric’), and the general solution is

Cab = (9([19@ + %P(aw) U, Lnug =0, (2.30)
or m®mPcq, = (8% + %b)uo in NP language. This is the same operator that appears in (2.I1), since T’
is time independent. It has a four-dimensional kernel, given on round spheres by the [ = 0, 1 spherical
harmonics. Since ¢y, is entirely determined by a free function on the sphere, it can be always set to
zero with a super-translations. Once it is set to zero, it remains so for the 4-parameter family of zero
modes, namely the global translations. This is the 4-parameter family of shear-free cross-sections,
namely the famous ‘good cuts’. The solution (2.29)) with ¢y given by (2.30]) determines any vacuum
shear as a function of a choice of origin in the radiative phase space, namely o = 0 for the chosen I,
and a choice of ‘bad cut’ uy = ug(z?).

5This is only true for first derivatives, for instance for second derivatives we have
DoDof = DaDypf + (Daly 4 2l (o Dyy + lalo £1) £ f

and
b b . ab
Do Do = Doy Dyo® + 0ap5®”.

5Non-radiative spacetimes so defined possess a unique preferred Poincaré subgroup of the BMS group [36].
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More in general, the split into electric and magnetic parts of an arbitrary shear can be parametrized
in terms of two time-dependent functions ® and ¥ of conformal weight 1, via

Tab — gﬂ<ab> = (%(a%y) + %P(aw)@ + €0 (DnyZe + %Pbx)‘lﬁ (2.31)

This formula reduces to the standard Helmholtz decomposition on round spheres (but which is not

conformally invariant, hence the need of Geroch’s tensor in the general formula). For vanishing news

the functions are time-independent. Then the purely-electric part ® is the one that can be set to

zero with a super-translation, and the purely-magnetic one VU is set to zero adding Im()2) = 0 to the
definition of non-radiative.

Given a general connection and a vacuum connection parametrized by ug, we define the relative

shear
(o]

o u 1
Sab = (Dig — Dia)lyy = Oab — Tab = Oap — o Pab + (-@<a-@b> + §p(ab)> ug. (2.32)

Applying ([2:22]) we see that it is invariant under super-translations, and it transforms homogeneously
with weight 1 under conformal transformations. Namely

Sap — Sl = wSap- (2.33)
The relative shear provides a potential for the news, since
Ny = 2£,80- (2.34)

The quantity S, is precisely the ‘covariant shear’ of [11], there obtained from a gBMS coordinate
transformation of Minkowski in Cartesian coordinates, here derived in a coordinate independent way
from the connection description of .# [18]. It is closely related to the ‘connection coordinate’ of [1§]

(denoted relative shear in [29]), where however & is taken as a choice of origin fixed once and for all,
as opposed to a variable choice of vacuum.

The relative shear is convenient to encode temporal boundary conditions on the radiation. We
require stationarity in the far future, which we impose asking that the connection goes to a vacuum
state:

. ) 1
uh_)n;o Nop = et uh_)n;o Im(epg) = el e > 0. (2.35)
If we now pick a specific vacuum state 8, and we use it in the definition of the relative shear, we can
rewrite the boundary conditions as

lim S, = 0. (2.36)

U—00

In other words, we enlarge the radiative phase space with a corner datum wug, which represents all
possible late times vacuum boundary conditions, and parametrize this enlarged phase space with the

relative shear ([232) satisfying (Z36) where now dug (equivalently #c) parametrizes the directions
corresponding to the different boundary conditions.

2.1 Bondi asymptotic expansion and anomalies

Let us now specialize the above covariant formulas to the Bondi expansion. One advantage of it is
that it makes computing the action of the BMS transformations on the asymptotic fields completely
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straightforward. We denote the Bondi coordinates (u,r,24) with r the area radius, and assume

standard BMS fall-off conditions. We then have

R oM 283

GJuu = —5—1——4—0(7‘_2), Gur 1——+O( 3, B = —EC’ABC’AB, (2.37a)
gua=~Ua+ o (JA +0af — —C'ABUB) Ug = —5@30,43, (2.37b)
ga =r’qap + TCAB +0(1). (2.37c)

We take Q@ = 1/r as conformal factor, then the only non-vanishing components of the unphysical
metric g, = ng,w at 7 are go, = 1 and gap = qap, namely

Gupdatdz” £ 2dudQ + qapda?da®. (2.38)

The background 2d metric gap is universal, dg4ap = 0, we denote %, its covariant derivative, and
Rap = 2qABR its RICCI tensor. The coordinates (u, mA) on . define a foliation associated with
retarded time, and n = 8 The volume form is €y = du A € where €g = i€, is the area 2-form of
the cross-sections. From the Bondi condition £,q., = 0, hence also £, = 0 and deg = 0. The
embedding makes u an affine parameter for ., and we have n? = RO + O(Q3).

The dynamical fields are M, Js and Cap. The first two are related to the mass and angular
momentum aspects, see below. They are determined by the asymptotic Einstein’s equations via

. 1. . 1 . 1
M = —§CABCAB + Z@A@BCAB + 5@272, (2.39)
Ja = DuM + %93.@[ 12cCp° + iCABQBR + %QB(C[BCCA}C) — %CBC%CBC. (2.40)

The definition of J4 corresponds to the choice (1,1) in the parametrization of [37], and it is related
to [7] and [9] respectively by

1
Ja = NET — 048 = NEN + 2048 + 5(JABUB, (2.41)
or equivalently
2 2 N
QUA:_UA+3_T(NA ——CABU ) —_UA+§(NA +38A5) (242)

The field Cap is related to the shear of the u foliation by
1
Oab = _§CAB 5404, (2.43)

and in terms of (2.12]) it corresponds to [ = —du, which is manifestly hypersurface-orthogonal and Lie
dragged by n. An explicit calculation of the unphysical Schouten tensor gives

. ) R
Sap = =625 Cap + Zqup

5 (2.44)

Recalling the properties of the Geroch tensor listed earlier, the only non-vanishing components of the
news tensor are

Nap = —CuB — piap), (2.45)
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in agreement with the general formula (2.10]).

The solutions to (Z2)) in the Bondi coordinates (u,z?) read & = f8, + Y404, where as before
=T+ %QAYA, and T = T(z4) and Y4 = Y4(2P) are the symmetry parameters corresponding
respectively to super-translations and conformal Killing vectors of the 2-sphere associated with the u
foliation. T" and u have conformal weight 1, and Y has conformal weight 0. Since we have fixed the
coordinate gauge freedom in the bulk, we can also fix the bulk extension of the symmetry vector fields,
asking that they preserve the Bondi coordinates. This includes preserving the affine embedding, hence
[23) is satisfied. The result is

: 1
€= f0, + Y294+ Q(foq — 0" fOa) — 592(92 foq — CABagfo) + O(03). (2.46)
Notice that £ is field-dependent starting at second order. It satisfies
20V 6y = V€7 1, (2.47)

where [, := —0y,u. It can be recognized as the Tamburino-Winicour condition for the extension [3§].

To write the action of the symmetries on the dynamical fields, we use the covariant phase space.
We follow the notation of [17] where § is the exterior derivative, I} the internal product with a vector
field V, and &y = Iy 0 + 01y the field-space Lie derivative. Together with their spacetime counterparts
(d,iy, £y), they define a bi-variational complex with [d,d] = 0 (the opposite sign convention is used
in [6]). The field-space vector field corresponding to a diffeomorphism is V; = [ d%fg(b% and we
use dy, = & for short. We also use the anomaly operator A¢ := &¢ — £¢ — Ise [15] 16, 17, 13]. Tt
measures the breaking of covariance, namely discrepancies between J¢ and the spacetime Lie derivative
£L¢ that can be introduced in the presence of background structures, gauge-fixing, and field-dependent
diffeomorphisms.

The action of a BMS transformation in the covariant phase space then corresponds to a transfor-
mation J¢ where § is a symmetry vector field. To compute it, we have to take into account the presence
of two background fields that are used in the asymptotic expansion: the conformal factor €2, and the
foliation of .# provided by the Bondi time u, and which is used to define the shear. If we see 2 and
w as part of a coordinate system, also the remaining z coordinates are part of the background, but
they are not needed to be included in the list of background fields because none of the quantities used
makes reference to a specific choice for them. Let us denote the background fields collectively with 7.
They are universal, hence én = 0 and d¢n = 0. For the dynamical fields, here just the metric, we have
by definition d¢g,, = £¢gu. It follows that for a generic scalar functional F'(g,,,n) that depends on
both dynamical and background fields, like M, J, C, q above, there is a discrepancy between the field
space and spacetime Lie derivatives:

oF
55F = F(g/u/ + £§g/u/777) - F(gumn) = ag £Eg;w = £§F + AgF, (2’48)
v
where
oF
AgF = (5& — f&)F = _8_’[7£§77 (249)

is the anomaly. It coincides with the definition in the previous paragraph because we are only acting
on field-space scalars hence Is is trivial regardless of whether 6§ = 0 or not. From the definition
(2:48), we see that the action of d¢ can be computed writing £:g4p = T2(5§qAB +716¢Cap + O(1) etc.,
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and using (2.37) and (2.46]) one finds (see e.g. [11], [39] [13])

¢ qap = (fou+ £y —2f)qaB =0, (2.50a)

0 Cap = (fOu+ £y — [)Can — 294 Dp) f (2.50b)
= —fNap+ (Ly — f)Cap — 2D (1 Dy + %P(AB))f,

5 M = (0, + £y +3f)M — %QANABQB i iau(cAB.@AgB ) (2.50¢)

¢ Ja = (104 + Ly +2f)Ja +3MOsf + %NBCCBC@A f- %CSNB(;@B f (2.50d)

3 1 1

+ 5949 Cric 2" f + 794 (CPC D8I f) + 5945, f Do CPC
1 1 1

+ ZCAB@Bng + ngCCBCQAf - 502,0(30)9]3]“-

The second equality in (2.50a)) follows from the Bondi condition and the restriction of the Y’s to
be CKVs, hence
-@<AYB> =0 (2.51)

for any 2d metric. It shows that the symmetry can be understood as the requirement that the
unphysical metric is left invariant by the combined action of a diffeomorphism plus a compensating
conformal transformation. Taking two derivatives of (Z51I) we find (2% + R)2Y = —£yR. If qap is
a round sphere, this equation reduces to (22 + 2)2Y = 0 implying that 2Y has | = 1 modes only.
This in turns implies that

DaPp) 7Y =0 (2.52)
on round spheres. Switching back to arbitrary frames, we conclude that
1
(-@<A9B> + §p<AB>)u.@0YC =0 (2.53)

for a globally defined CKV. Notice that u is needed here to make the equation conformally invariant.
This is the operator D, in Bondi coordinates, and we have thus seen that it annihilates both global
translations and boosts. The second line of (2.50D]) uses (2.45]), and allows us to see that only (non-
global) super-translations induce a inhomogeneous transformation on the shear. This also implies that
a BMS transformation cannot induce a magnetic shear, but only an electric one.

Let us now talk about the anomalies and their meaning. The background fields are 2 and w,
namely the choice of conformal compactification and of foliation of .#. The anomaly A = — fQ
measures the conformal weight 1 of Q, and Acu = —T — fu measures its conformal weight 1 as well
as its “super-translation weight” 1, namely the fact that the foliation is not invariant under super-
translations. Similarly for the conformal metric, the anomaly is Aggay, = —2 fdap and picks up its
conformal weight 2. The list of anomalies for the purely background fields is

A =—fQ, Aqu=-T— fu, (2.54)
A¢ny, = —fnu, A¢es = —2f63, Acey = —3f6y.

The minus signs in these expressions are conventional, and follow from the definition ([2.49]). What we
learn from this analysis is that the symmetry group is large enough to probe the background, making
the anomaly operator an effective tester of background independence. More precisely, boosts change
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the conformal frame hence test conformal invariance, and super-translations change the foliation hence
test foliation independence. The limitation of testing background independence in this way is that
the transformations of the background are limited to those generated by a symmetry, as opposed to
arbitrary change of conformal factor and of foliation. [The anomaly operator can be used to compute
the dependence of the fields on background structures in a convenient way. The restriction is that this
is done not by arbitrary changes of the background, but by those changes which are allowed by the
symmetry vector fields. It is therefore the presence of respectively boosts and super-translations in
the symmetry that allows the anomaly operator to be sensitive to the conformal and super-translation
weights. | This difference shows up if we look at the anomaly of the symmetry vector fields, which is
not zero even though from its definition (2.2]), we see that £ is manifestly conformally invariant and
foliation independent. To compute its anomaly, we first observe that it is a purely background field
at .#, hence 6,¢ Z0. Then

AxE = —£6+0(Q) = =[x, €] + 0(). (2.55)

The anomaly of the vector fields is nothing but their Lie algebra. This fact will play an important
role below, making the anomaly operator a convenient tool to study covariance of charges and fluxes.
It is also useful for later purposes to single out two sub-cases of (2Z.55]). The general expression for the
commutator in a given affine foliation is

[€x) = (Tefy + Yelfud = (€ 0 X))0u + [Ye, Vo] 0. (2.56)
For ¢ = &r :=T0, a pure super-translation,
Aér=[er.x] =&, T'= [T - Y 04T, (2.57)

which we can interpret as the conformal and super-translation weights of the vertical component of
the symmetry vector field (namely of 7" if seen as a vector component and not a scalar, otherwise only
the second term would be present). In particular, two super-translations commute. For { = &y =
ufd, + Y494 a (cross-section-dependent) Lorentz transformation,

Ady =y Xl =& +&p, Y =YY [ =Y0uf — [Ty —uY 0af. (2.58)
In particular for x = xr a pure super-translation
Arly = Ev.xr]l =&, T'=YA04T — T, (2.59)

which makes it manifest why the notion of Lorentz subgroup of the Lorentz group is cross-section
dependent: acting with a super-translation changes the cross-section and the Lorentz symmetry vector
is shifted by a super-momentum contribution. For the angular momentum piece f = 0 and the shift
is by YA04T only.

To extract the anomaly contribution in ([2.50]), we first observe that gap and C4p can be seen as
the only non-zero components of transverse tensors g, and Cy, on .#. This also explains why these
functionals do not depend on a specific choice of z# coordinates, and the only relevant background
fields are 2 and w. For transverse tensors, the Lie derivative reduces to £ = f0, + £y in Bondi
coordinates. Therefore from the definition (2.49]) we have

A¢qap = —2fqas, (2.60a)
A¢Cap = —fCap — 294 Dp) f- (2.60b)
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The first is again the anomaly of the conformal metric that we already know. More interesting is the
anomaly of the shear, which recalling that cap = —%C AB, can be rewritten as

Ag OAB = —fO'AB + @(Agg)f. (2.61)

Comparing (Z61)) to ([2:23) we see that the anomaly of C4p computes its behaviour under super-
translations and conformal transformations, including both its conformal weight and the inhomoge-
neous term, with the specification that conformal transformations are to act on [ as in ([2.I9) and
not homogeneously. The reason for this is that Cy;, is not any shear, but specifically the shear of the
u-foliation, hence its anomaly follows from the behaviour of v — %’ under conformal transformations
and changes of foliation, which is such that du — du’ is still Lie-dragged. In other words, both n®
and [, are background fields, hence A¢7, = —£¢7, preserves a vanishing 7,. We also notice for later
purposes that

A CAB =3fCAB —29AgP)f  A(CAPey) = 29D fe . (2.62)

Let us recover also the behaviour (2.33]), because it will be instructive about the transformation

[}
properties of the super-translation/bad-cut field uy. The transformation of a vacuum shear C' 4p can
be deduced from (2.50D]) setting the news to zero,

o . o 1
0¢Cap = (Ly = f)Can = AZaTp) + 5p(am))]- (2.63)

Using then (2:29)), (Z30) and the universality of both g4 and pap, we have that

o 1
0Cap = 22 a7B) + 50(48))d¢to- (2.64)

Comparing the two equations above we conclude that
55U0 = Lyug—T — u(]f = £Lyug — f|u0. (2.65)

Notice that it implies Agug = —f|y, in agreement with its conformal and super-translation weights.
Hence for the relative shear (2.32]) we have

0¢Sab = L£eSab — fSubs AeSap = — FSub, (2.66)

consistently with the geometric analysis of the previous section. The relative shear can also be written
as
Cap := Cap + (U — u0) prapy — 2P<a Dy>uo = —2Sap, (2.67)

to match the notation of [11].

The transformation (Z65]) was posited in [I1], in order to obtain the homogeneous transformation
of ([232)). Our derivation clarifies that (265 does not need to be posited, but follows from the fact
that ug parametrizes a vacuum shear, and that a vacuum shear is not a new degree of freedom, its
transformation follows from the symplectic structure on the radiative phase space of [18]. It thus also
clarifies that the super-translation/bad-cut field ug is not a new degree of freedom but rather part of
the initial (or final) conditions for the gravitational field.

16



We insisted that the transformation rule (2.50D)) is the appropriate one for a shear associated with
an affine foliation. In the covariant description recalled earlier one can use a general shear associated
with an arbitrary [. In this case the transformation law is [18] [29]

6¢oab = [£&, Digllyy + 2l Dy f - (2.68)

It is instructive to see how it reduces to (2.50b) when [ is Lie dragged. This was shown in [12], and
we report a slightly streamlined version of the proof in Appendix [Al ‘
Finally let’s look at the news tensor. First, from [0,,d¢] = 0 and [0y, A¢] = — fO,, we have

0¢ Cap = (fOu+ £y)Cap — 294Dy f,  DeCap=—294Dp)f. (2.69)

To understand the meaning of the anomaly of C4p, observe that it vanishes for a globally defined
CKYV on round spheres but not otherwise. This means that identifying non-radiative spacetimes as
constant shear, ¢ = 0, is not a conformally invariant notion in general, but only if the conformal
transformations are restricted to preserve round spheres. This can be confirmed looking at (2.20): the
trace-less part of Geroch tensor remains zero if the conformal transformation preserves round spheres.

Let us see how the anomaly of C on arbitrary frames is compensated by Geroch’s tensor. Since
Pab 18 transverse and time independent, it can be obtained as pull-back of a 2d tensor on a given
cross-section. In particular, in Bondi coordinates, the only non-vanishing components of p,; are pap,
and using the explicit parametrization (Z46]) we obtain o = f and (ZI0) becomes

Lepap = —29495f. (2.70)

It is also universal, namely dp,, = 0 and therefore d¢p,p = 0. It follows that

AgpAB = 29<A@B>f- (2.71)

Therefore .
AeNap = —Ae(Cap + p(AB)) =0. (2.72)

The news tensor is anomaly free, which is nothing but the statement that it is foliation independent
and conformally invariant, as we already know. Yet one should appreciate the facility with which
A¢ allows us to deduce these properties in a fixed coordinate system and in a fixed conformal frame.
It remains to discuss the meaning of the anomalies of M and J4. We postpone this discussion to
Section B.4] below, after we have explained their relation to the charges.

To summarize, the anomalies computed by A¢ in this Section measure the loss of covariance caused
by the background dependence on foliations or on the conformal factor, as induced by a diffeomorphism
thanks to the fact that we identified these background structures with coordinates. Lack of foliation-
independence and /or conformal invariance can of course be studied independently of A¢, but we would
like to advertise the anomaly operator as a very convenient tool to do it. First, it systematizes and
generalizes the analysis, making it an algebraic and straightforward operation, and equally adaptable to
whatever the background fields are, see e.g. the different (albeit related) case of arbitrary null surfaces
[40]. Second, the analysis of whether something is foliation independent and conformal invariant can
be done in a fized coordinate system. This should be quite a convenient advantage for that large part
of the community that prefers to do calculations in explicit coordinate systems, as opposed to using
only covariant and geometric quantities, and we will see it explicit examples of it in the next Sections.
There is also a third advantage. Notice that the structure of the anomalies is the same for BMS,
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eBMS, gBMS and BMSW: only the numerical value changes, given respectively by f = %QY with Y4
a CKV globally defined, non-globally defined, an arbitrary vector, and finally f = W (z4) an arbitrary
function on the sphere. Therefore quantities that anomaly-free under the BMSW group are foliation-
independent and invariant under arbitrary conformal transformations respecting the Bondi condition.
This offers a very convenient technical tool: instead of imposing BMS covariance only, which needs
to be supplemented by an independent test of conformal invariance if one is not restricting attention
to Bondi frames, one can get both BMS covariance and general conformal invariance at once using
the anomaly operator for the BMSW. This does not mean changing the symmetry group: we keep
the same universal structure, and the symmetry group is still BMS. The way we are using BMSW
transformations is not as symmetries but as canonical transformations, in order to test covariance
and conformal invariance in one go. In other words we study background independence under BMSW
transformations. A similar approach to BMSW transformations was considered also in [10], in the
broader context of also relaxing the Bondi condition.

2.2 Finite BMSW transformations and finite covariance

To operator A¢ measures the linearized anomalies. The finite version is obtained performing finite
conformal transformations and finite changes of foliation acting only on the background fields and not
on the physical metric, in agreement with (Z49). More precisely, inverse transformations, because
of the sign convention used in (2:49]). So for instance the finite anomaly of the conformal metric is
simply

G =W G- (2.73)

Because we have identified the background fields with coordinates n = (2 = 1/r, u), changing them in a
way compatible with the universal structure can be done computing a finite symmetry transformation
on the coordinates. As explained at the end of the previous Section, we can allow for arbitrary (time-
independent) conformal transformations if we use finite BMSW transformations, instead of BMS ones
alone. The subset of BMSW transformations made of arbitrary super-translations and conformal
transformations is

Q Q
Q— Q =w, u—u =1u— 2—8A118A11, 4 = 2 =2 — Z¢ABoga, (2.74)
w w
where
u:=w(u+T), Lnpw = 0. (2.75)

The remaining part of the BMSW group is arbitrary Diff(S) coordinate transformations on the cross
sections, and it is not needed since the functionals considered only depend on specific choices of 2 and
u but not of z4. For more details on finite BMSW transformations, see [41, 42]. The O(Q) in (Z74)
is fixed requiring preservation of the affine embedding, namely

2dudS) + Q2gABda;Ada;B — 2du/dY + Q/2gABda;'Ada;’B = w2(2dudQ + qABda;Ada;B), (2.76)

so that the full conformal metric is rescaled under a finite anomaly transformation, and not just
its induced part. The O(2) term is not needed to compute the anomalies of fields on .#, but it is
useful if one looks at spacetime embeddings, like (Z76]). Another example where it is useful is the
transformation of [ (Z.I9]), which can be obtained starting from | = —du and acting with (2.74]).
The part proportional to n can only be seen embedding [ in spacetime (which is done requiring it to
be null), and arises from the O(Q2) terms of ([2.74]). It is nice to include it because it allows us to
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understand (2.19]) as a class-II transformation of the tetrad. It is however irrelevant to compute the
finite anomaly of the shear, which is well defined without embedding. The transformation of the shear
of the u foliation under (2.74]) reproduces (2.22)), or equivalently in terms of Cyp,

cl, = w(Cab +2(u+T)(w ' Dy Dyw — 2D InwDyy Inw) + 2D<an>T). (2.77)

The finite anomaly is obtained with the inverse transformation, namely switching (w,T) — (w™!, =T)).
We can go back to the linearized anomaly taking w =1+ W with W <« 1 and T' < 1, and identifying
W = f we obtain .

AeCop = —fCab — 29Dy [+ (2.78)

namely (2.60D]) in arbitrary coordinates on .#. We have thus completed the proof that the anomaly
(2.60D) measures the dependence of Cyp on the background fields Q and u, by computing its change
under a change of u foliation and conformal factors as generated by a BMSW transformations, namely
change of foliations by a super-translation and arbitrary conformal transformations. We could have
restricted this analysis to BMS transformations only, it would have given the same class of foliation
changes, but a smaller class of conformal transformations, restricted to preserving round spheres.
With the same calculation one can show that (2.67)) has finite anomaly Cup — wCqp. It then follows
from (2.34)) that the news has vanishing finite anomaly, in agreement with being conformally invariant
and super-translation invariant.

3 BMS flux and charge algebra

We start by recalling the results of [4, 5, [6 [7]. The covariant phase space is constructed equipping the
solution space of a field theory at given boundary conditions with a symplectic 2-form current w = §6,
where the symplectic potential current 6 is read from the on-shell variation of the Lagrangian 4-form,
via 0L =df. By Noether theorem, j¢ := I¢0 —i¢ L = dg¢ is on-shell exact in a general covariant theory,
for any diffeomorphism £. As a consequence, the Hamiltonian 1-form is also exact,

—lew =d(dge — gse — ich). (3.1)

We restrict attention to vacuum general relativity in metric variables. We can take for 6 the standard
Einstein-Hilbert symplectic potential, in which case g¢ is the Komar 2-form,

1
]

in units G = ¢ = 1. We then have

_1
87

1

0 =
321

0" €mpe dz” A dxP A da?, o+ gPlosTH] ge =

e €ppoVHE AP A da®,  (3.2)

1
—JTew= — 3o, Cuveo [(0In/=g)VPE7 + 6gP* Vo7 + &P (Vadg® +2V761n/—g)
— & VP69 dat A da . (3.3)

For the application of this formula to BMS symmetries, we consider a hyperbolic space-like hyper-
surface ¥ with a single boundary at future null infinity ., denoted S, with the sphere topology.
Integrating Qy := fz w endows X with a phase space of partial Cauchy data, which include radiation
as well as the ‘Coulombic data’, like M and J4 in Bondi coordinates. Integrating Qps := || W on are-
gion N of .# between to partial Cauchy slices endows N with the radiative phase space of connections
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(namely news and shear) that we reviewed in the previous Section, and does not contain Coulombic
data. The result of [7] in Bondi coordinates is

—IeQy = 0QE" : (3.4)
Whereﬁ
1 1
Q" = = jé(sz +Y A e, FET = ~ 5 7{ fCapdCABeg (3.5)
and we used
ices = fes. (3.6)

The notation follows the previous Sec. 21 and coincides with [7] except for the Lorentz aspect
(which includes angular momentum and center of mass), which is related to the N used in [7]
by Ja = N3"+ 3%8A(CBCCBC). The reason for the change becomes clear once we express the aspect
in the Newman-Penrose notation described in the previous Section (see also [41]). We have in fact

1
mAJy = — <¢1 + 005 + 56(05)) , (3.7)
which coincides with the integrand of the Dray-Streubel formula [3]. We also point out that
1 1
mA NG = m? <JA + ZCm_u;DcoBC + 1—68A(C’BCC’BC)> = —1, (3.8)

which is the angular momentum aspect denoted N4 in [9] and used in [43]. The Newman-Penrose
expression for M is

M=- <1/12 + o0+ % (0% — cc)) = —Re(yy + 00), (3.9)

and coincides with the integrand of Geroch’s supermomentum [I] (see expression in [3]), but only
on round spheres. This discrepancy will be crucial below to understand the origin of the 2-cocycle.
We remark that it concerns only the mass aspect, whereas (3.7) matches [3] on any frame. For
completeness we also report the non-integrable term in coordinate-independent form,

r__ L ?é fLnoapdo®eg = —— j{ fRe(cda)e (3.10)
8w S

The right-hand side of ([8.4]) contains a field-space exact (“integrable”) piece, and a non-exact
(“non-integrable”) piece. This split is clearly arbitrary, as integrable terms can be freely moved to the
non-integrable piece. Once a split —I:{s; = 0Q¢ — F¢ is chosen, the integrable piece provides a surface
charge ()¢ that acts as canonical generator on the subset of the phase space where the non-integrable
piece F¢ vanishes. The split also determines the flux-balance law dge = F satisfied by the charges.
This makes it clear that a useful requirement for the split is that both F¢ and F¢ vanish around
solutions satisfying some notion of stationarity, otherwise it would be hard to relate the generator to
physical observables. For the charges (3.0 one finds the following flux,

Sy ,
QE[Sa] — QET[S1] = FE™ = _% /S (C’ABQC’AB + 0YRIAS + C’AB.@A.@BQY> er,  (311)
1

"The calculation [7] is done using the expression of [6] for the Hamiltonian 1-form, which differs from 31]) and (B3]
by a term ew,pgg”o‘dgagv("fﬁ), but this extra term vanishes in the limit.
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with 6:C4® given in (2.50D). Accordingly, the charges are conserved if the time derivative of the shear
vanishes and if we restrict attention to Bondi frames, since then R is constant and (2.52]) holds for
globally defined CKVs. These conditions are met by all non-radiative asymptotically flat spacetimes
in Bondi frames [I]. They are however not met by non-radiative spacetimes in arbitrary frames in
which gap is not a round sphere. In this case none of the three terms vanishes: the news is not
the time derivative of the shear, 94R # 0, and (2.52]) does not hold. We thus have a failure of the
stationarity condition, namely a non-zero flux in spite of the absence of radiation.

Another important requirement for the split is that the prescribed charges should realize the
symmetry algebra. This is a non-trivial property, because dw =0 guarantees that the symplectic two-
form is independent of ¥ only in the absence of radiation, and the symmetries moving the corners of
> don’t correspond to Hamiltonian vector fields. In general, two symmetries £ and x give

11,0y = 5,Qc — L Fe # 5,Qc. (3.12)
It was then proposed in [7] to define a bracket with the non-integrable term subtracted off,
{Qe, Qxbr = 0xQe — IeFy = I [ Qs + L Fe — Ie Ty (3.13)

The second equality shows that {, }. reduces to a Poisson bracket for the subspace with vanishing
non-integrable term F¢. Applying this definition to ([3.3]) one finds [7]

Q7 QY )= Qfgxﬂ + K(BETX)’ (3.14)
where
1
Ky = ji e ke = 337 e (CPP42890Y + 0 [ OaR) = (€ = )] €5, (3.15)

and [&, x] := [£,x] — dex + 04§ is the modified Lie bracket needed to describe the algebra of field-
dependent diffeomorphisms [7], here due to the choice of Tamborino-Winicour extension (2.46) (the
standard bracket is enough if one restricts attention to the vector fields on .# only). The algebra is
thus realized, but only up to the 2-cocycle K®T. It is field-dependent, hence not a central extension.
This is problematic, because it hinders the interpretation of the charges as canonical generators even
when F¢ vanishes, and also makes it hard to find representations for quantization. It motivates the
search for a different split, whose charge prescription gives an algebra free of field-dependent cocycles.
A partial answer to this question was given in [44] in the more general context of the generalised BMS
symmetry [45 [11], where a split was found so that the cocycle vanishes at least in the limit u — —oo,
but not for arbitrary cross sections of .#. We now show that it is possible to remove the cocycle for
arbitrary cross-sections of .#.

As shown in [16, 17, 89] [46], a 2-cocycle signals the presence of non-covariant terms in the charge
prescription. To understand the origin of this loss of covariance, we begin by observing that the
cocycle (310) vanishes on Bondi frames, since then R is constant and (Z52]) holds. These are the
same conditions that give a vanishing flux in non-radiative spacetimes, hence the presence of the
cocycle is related to the failure of the stationarity condition. The fact that the cocycle vanishes on
Bondi frames but not otherwise is a first hint that it is unphysical, because there is nothing that
distinguishes these frames in the BMS fall-off conditions (one should not confuse the fact that BMS
transformations preserve round spheres with preferring them). A second hint comes from the results of
[17], where it was shown that the lack of covariance, or anomaly, in the choice of symplectic potential
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contributes to the cocycle of Noether charges, and of [39], where (B.I5]) was indeed reproduced as a
purely anomaly contribution. We are now going to show that this cocycle is in fact a consequence
of having selected a symplectic potential which satisfies the Wald-Zoupas requirements of covariance
and stationarity only on round spheres. In other words, the split is not invariant under arbitrary
(time-independent) conformal transformations. Replacing it with the correct potential that satisfies
these requirements on arbitrary frames produces a modification of the charges whose algebra has no
cocycle.

The split ([B.5]) can be associated to a specific choice of symplectic potential. To see which one, we
take the limit to .# of (B.2]). This gives for the pull-back

§ = 0" —6b"", (3.16)
where
BT _ _%CABécAB€j7 BT _ L( M }@AQBCAB _ ECWABCAB>EJ' (3.17)
us 167 2 8
Using (3.6)), we see that
Fo = }é 0P (3.18)

The calculation of the charges is slightly more subtle, because of the term gs¢ [13, 29]. This was
absent in the original derivation [5], where it was assumed that 6§ = 0. This assumption is supported
by the fact that the BMS algebra is a universal property of asymptotically flat metrics. And indeed,
the vector fields on .# are field-independent. The problem though is that the limit to .# of the Komar
2-form depends on the second and even third order of the extension, as remarked already in [47].
This brings in the field-dependence of the Tamburino-Winicour extension (2.46]), which thanks to its
property of preserving bulk Bondi coordinates is the customary choice in a large part of the literature,
e.g. [48 45, O, 11, 37, 24, 39} 46], 27, 49, [50]. The term gs¢ is thus crucial to remove the spurious
contribution to dg¢ introduced by the field dependence of the extension. Explicitly, the pull-back at
& of the Komar 2-form gives

1

%= Tor

1 1.
[ f <2M + Z@AQBCAB + gcABcAB> + 2YAJA] €s, (3.19)
up to a total divergence that vanishes upon integration on the cross-section. The latter includes

divergent terms that while not contributing to the chargesﬁ make the limit sensitive to the subleading
terms of . Indeed, gs¢ is non-zero in spite of 6¢ = O(0?), and given by [13]

1
qse = 0s¢, s¢ 1= —%CABQA@B fes, (3.20)

up to a total divergence. Adding up according to ([B.1]) we recover the result (34]), and in the process
we learn that

1
Q¢ = 7{ G 4 = ae g™ —se = (2fM Y4 a)es, (3.21)
S

8The divergent terms are no longer total divergences for the weaker fall-off conditions relevant for the gBMS [T 24) 4],
BMSW [39] and RBS [51] extensions of the asymptotic symmetries, and make renormalization of the symplectic potential
necessary.
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up to a total divergence. The spurious contribution (3.20) has the structure of a soft term, hence
missing it would change the behaviour of the charges, for instance spoiling basic properties such as
vanishing in Minkowski for any symmetry parameter. The care required in dealing with the extra
term gs¢ is of course not needed if one starts directly from the expression ([B.3)), where it is already
subtracted out[l However (B3)) hides the role of the symplectic potential, and it is important to our
considerations below to have identified that the BT charges are associated to the choice of symplectic
potential (BI7]).

Furthermore, (32I]) allows us to derive the flux of the charges using Noether’s theorem. That
requires though the extra step of identifying (3:2I]) as an improved Noether charge. This can be done
observing that

1
se = Agc, c= _8_775657 (3.22)

from which it follows that
q?T = Qe + Z‘§€BT — [556, (323)

up to a closed 2-form. Here (°" = b°T + dc and s¢ = dgdc — I¢dc [I3]. Then the Noether current
formula [I7, 46] dgf™ = I0®" — A¢lPT leads to (B.II).

3.1 Wald-Zoupas prescription and covariance of the current algebras

In this Section we review some aspects of the Wald-Zoupas prescription that we’ll need below: first,
how ambiguities in the charges are dealt with, and its extension to non-trivial corner shifts. We
then present the new results of [14] relating the Wald-Zoupas covariance and the cocycle, and finally
propose a refinement of the Wald-Zoupas procedure to fix residual ambiguities.

Changes in the split can be controlled by shifts of the symplectic potential § — 8 = 6 + 6¢ — do.
The Wald-Zoupas prescription aims at selecting a possibly unique, preferred 6 imposing basically two
physical requirements The first is ‘stationarity’, namely 8 = 0 on special solutions. One could take
this to mean existence of a translational time-like Killing vector, but general relativity admits solutions
without it and with gravitational waves, so this is too restrictive. While it is not known how to identify
gravitational radiation in general (meaning in a background independent and gauge invariant way),
the situation simplifies in the presence of physical boundary, where one can posit boundary conditions
that allow an unambiguous identification of gravitational radiation. In the context of this paper
the boundary is .#. The chosen boundary conditions are those that define the universal structure
associated with the BMS group, and these allow one to identify non-radiative asymptotically flat
spacetimes as solutions with vanishing news, as discussed in the previous Section In the following
we will often refer to these non-radiative spacetimes as the ‘stationary’ solutions, meant in this general
sense and not in the sense of admitting a time translation Killing vector. As a consequence, one looks
for the preferred  only for the pull-back at the physical boundary,

§=0—050+dd. (3.24)

Tt is also not needed if one constructs the charges ‘integrating’ the fluxes as opposed to bootstrapping them from
the Komar formula, see discussion in [29].

00n top of more technical requirements such as local and analytical behaviour on the fields, which we take for granted.

" Other examples of boundaries at which one can successfully apply the Wald-Zoupas prescription include arbitrary
null hypersurfaces [52, 40} 53] and non-expanding horizons [54], and some extensions of the BMS symmetry [5I]. See
[13] for a study of the most general circumstances under which the prescription is applicable.
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Choosing the split after pull-back may introduce a dependence on the background structures used
to define the boundary conditions, and this would spoil the physical applications. To avoid this, the
second crucial requirement is covariance, namely 6 should be independent of any background structure.
This can be stated as ¢*0%V%[p, dp;n] = 6V%[p* @, 0(¢*@);n] for a diffcomorphism ¢ that corresponds
to an asymptotic symmetry, and reduces to

50 = £¢0 (3.25)

at the linearized level. This property can be equivalently interpreted as stating that the symplectic
potential should be invariant when the transformation acts on the background fields only. In the case of
the BMS group this property includes limited conformal transformations that preserve round spheres.
If one wants to allow for arbitrary (time-independent) conformal transformations, it should be added
as an additional requirement on top of ([B:25]) (see e.g. [12]). However as we have explained in the
previous Section, arbitrary conformal invariance can be studied computing the anomalies associated
with the BMSW group. In doing so we are not changing the universal structure, and the symmetry
group remains the BMS group. We are merely using BMSW as an auxiliary group to test arbitrary
conformal transformations.

The original Wald-Zoupas prescription made the additional requirement that no corner term
was needed, so that we can actually write

9 =0 —ob. (3.26)

This guarantees that the symplectic 2-form current defined on .# by 6 is the same as the one defined
by 6 given by [B.2). It was listed as ‘condition 0’ in [I3] (with covariance and stationarity being
conditions 1 and 2). The inclusion of ¥ is compatible with the field equations and with the Wald-
Zoupas prescription, but introduces various additional subtleties, especially in the way ambiguities
are dealt with. Let us first discuss the consequences of covariance assuming (3.26]). If a 6 satisfying
(3.:29)) is found in the class ([3.26), one can define charge aspects ¢ via

5dq§ == Ig&) + digé = 5I§é (327)
From this it follows that B
dge = Jg := I¢b, (3.28)

up to a field-space constant. This can be removed requiring that the Noether current 7¢ vanishes on a
reference solution amongst the stationary ones, for instance Minkowski spacetime. The idea is that this
be enough for it to vanish on every stationary solution. Otherwise, the stationary condition satisfied
by the symplectic potential would not guarantee charge conservation. Then, integrating ([B.28]) on a
region A.# delimited by two cross sections S; and S3, we obtain the flux-balance laws

QelSe) - Qelsi) = Fe = [ 1. (3.20)

AS

Given the right-hand side of (3.:29]), the charges can be explicitly computed ‘integrating the fluxes’
using the Einstein’s equations. This is the procedure used for BMS charges in [2], 34, 29]. The charges
so defined are not unique, but ambiguous up to a constant in time,

Qe & Qe +Xe,  £,Xe=0. (3.30)
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This ambiguity was resolved in [2,[34, 29] first arguing that the only time-independent and background-
independent quantities that can be constructed out of the radiative phase space are also universal,
and then requiring that all charges vanish on the reference solution. The Wald-Zoupas paper used a
different way to fix the same ambiguity. If condition 0 holds, replacing (3:26]) in (31) gives

_[SQZ = % (5(q5 + igb - Sg) - igé. (331)
S

Here we assumed that all field dependence in £ comes from the extension of the symmetry vectors
fields, as is the case for BMS, so that iseb = 0 and gs¢ = 0s¢, see ([3.20). Then dw =0 implies

So
Qe[Sa] — Q¢[S1] = }1{ qe +i¢b — s¢, (3.32)

S1

up to a field-space constant. The idea is then to fix (8:30]) requiring

Qg = %g(k +igb — sg, (3.33)

and the field space constant as before via the reference solution. If all background fields are time
independent, (3.33)) fixes both ambiguities at once. The relation ([B.33]) can be understood as an
instance of the improved Noether charge formula [55] [56]

Qc = 7{ e = 7{ ge + igl — Ic, (3.34)
S S

where the boundary Lagrangian is £ = b+ dc and s¢ = i¢dc — I¢oc [13]. In other words, one can use a
corner improvement of the type allowed by condition 0 to get rid of the extension dependence of the
Komar 2-form. From this perspective, satisfying (3.28)) requires A¢¢ = 0.

This procedure shows via ([B.31)) that the charges can be also interpreted as canonical generators
for the phase space on 3, albeit in the following weak sense: They are proper canonical generators
for a symmetry £ € T'S, whereas for a symmetry £ that moves the corner it is a canonical generator
only (for arbitrary perturbations) around the non-radiative solutions. On the other hand, the fluxes
(B:29) provide canonical generators for all symmetries on the radiative phase space on A.# [29]. For
BMS, this procedure gives the same unique set of charges that are found with the ‘integrating the
fluxes’ procedure. A practical convenience of the Wald-Zoupas procedure is that one can determine
the charges starting from knowledge of the Komar 2-form and its limit to .7.

We have discussed the charge ambiguity ([3.30) and how it can be fixed. There is a considerably
larger ambiguity in the charge aspects. As we see from ([B.28]), the aspects G¢ are defined up to the
addition of a closed 2-form on .#,

Qe — Q¢ + X¢, dX5 = 0. (335)

Since the cohomology is not trivial, x¢ needs not be exact, and this is what gives rise to the charge
ambiguity ([3.30), with X¢ = 355 X¢. More precisely, since the charges are integrals on the cross-sections,
is only the non-exact part of x¢ after pull-back on the cross-sections that is relevant to the charge
ambiguity. Its time independence follows fro

Lrxe = dinXe = Lnxe = .@AX?Es. (3.36)

12 And we assume £y, fs Xe = §S £nx¢ which should be guaranteed by smoothness of the fields and S.
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The larger ambiguity in the aspects includes a non-trivial time dependence, provided it reduces to a
total divergence on the cross sections. Since the charges are defined as integrals on cross-sections, it
is tempting to assume that their aspect 2-forms does not have time components, namely that we can
write

g = gges, (3.37)

for some scalar quantity qg. In this case the ambiguity reduces to £,x¢ = 0, since £pe5 = L6 = 0.
Not all aspects are of this type, however. It is also important to add that the aspect ambiguity
cannot be fixed a la Wald-Zoupas using the symplectic structure on 3 and the ‘Komar bootstrap’.
The reason for this is that one needs to integrate dw =0 in order to obtain a relation between the
charges. In other words, removing the integral in (3.33]) gives an equivalence only up to an arbitrary
total divergence on the cross sections. It follows that even if the charges are uniquely fixed at the end
of the procedure, there is still freedom to add time-dependent closed 2-forms to the aspects, provided
their time variation is an exact 2-form.

At the end of the day, stationarity and covariance of the symplectic potential have secured two
important properties for the charges: they are conserved on non-radiative spacetimes, and are related
to canonical generators (in the weak sense for the phase space on X, and their fluxes in the general
sense for the phase space on A.#). Notice also that this prescription for the charges corresponds to
a ‘split” in which the same quantity 6 determines both the non-integrable term and the charge flux,
a property which is not true for a generic split. A comparison of properties for a generic split and a
Wald-Zoupas one is summarized in Table [

A new result relevant for us is that the covariance ([B.25]) of the preferred symplectic potential also
guarantees that the Noether currents ([B.28]) realize the symmetry algebra free of any field-dependent
2-cocycle [14]. We now review it, providing more details than it was possible in the letter. The
first step to prove this is to use the commutator [6, — £y, l¢] = I¢ ], which together with (3.23])
immediately implies

(5 — £:07 = Tieat- (3.38)

This equation is interesting in its own right: It means that the only background-dependent part of
the current comes from the symmetry vector fields, see (2.55]), hence it has an intuitive meaning of
covariance.

The second step is to define a current bracket similar to the Barnich-Troessaert bracket (B.13]),

{Je: It = el + d(ig 1,0 — iy Ie0) = (6, — £3)Je = e (3.39)

The last equality follows from (B:38]), and shows that the algebra is realized covariantly and without
any field-dependent 2-cocycle. There is no central extension either, but this is (obviously) not a
consequence of covariance, but rather of the fact that we assumed that the Noether currents satisfy
the stationarity condition. If this is violated, namely we admit a non-vanishing field-independent term
—ag on the right-hand side of ([3.28]), it would result in a central extension —af, ¢ on the right-hand
side of ([B:39). It follows from (B39]) that the algebra of fluxes between any two cross sections is also
covariant, namely free of 2-cocycles, and furthermore center-less,
Sa
{F&Fx}* = 6XF§ — %9 ixj§ = F[[&X]]. (340)

1

This equation also shows that the flux algebra is sensitive to the dissipation at the initial and final
cuts.
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There are also strong implications for the charge algebra. Integrating (8:39) on A.# we obtain
the difference of two Barnich-Troessaert brackets (8.13]) associated with the two cuts, and from the
right-hand side we learn that this difference gives a center-less realization of the algebra. It follows
that the only 2-cocycle allowed by the Wald-Zoupas split is time-independent:

{Q& Qx}* = 5><Q5 - Iﬁﬁx = IﬁfoE + Ixfi - Iﬁﬁx ﬁQ[[&X]] + K(E,x)v "E"K(&X) =0. (3.41)

In this result we assumed that the charge ambiguity (8.30) has been fixed a la Wald-Zoupas matching
the canonical generators on X, so to match the definition of the Barnich-Troessaert bracket. While
this result still allows in principle for a field-dependent 2-cocycle, it is severely constrained. It cannot
for instance depend on the shear, unlike (B15]).

Whether the residual 2-cocycle can also be removed is not controlled by the covariance of the
symplectic potential, but may be granted by the boundary conditions. For instance, if all time-
independent and background-independent admissible terms are also universal, then the cocycle is
reduced to a central extension. And if there are none, it vanishes. This is what will see below happens
for the BMS charges. For the sake of a general discussion, let us suppose that a cocycle is present, and
ask whether there are ambiguities left that can be used to try to remove it. Being time-independent,
it can be directly affected by the charge ambiguity ([B.30). If this ambiguity has been fixed as above
and the Wald-Zoupas potential is unique, this possibility is ruled out. The only option left in this
case would be to to relax condition 0 and allow corner improvements in the symplectic 2-form. The
bottom line is that Wald-Zoupas covariance guarantees a covariant realization of the current algebra,
and reduces the allowed cocycle in the charge algebra to be time-independent. Additional conditions
are needed to remove the residual charge cocycle.

We remark that the matching of flux and non-integrable term is crucial for the correct interpretation
of the Barnich-Troessaert bracket, because it is only in this case that it correctly reproduces the
standard action on non-radiative spacetimes, namely

{ny QX}* = 5)(@5- (3.42)
The Barnich-Troessaert bracket can also be interpreted as a precise definition of charge anomaly, since
AX©5 = %gquﬁ = {Q§7 Qx}* (3.43)

This allows us to say that covariance of the charge algebra, namely §K (¢,x) = 0, really means that the
only background dependence of the charges is through the symmetry vector fields. Our analysis shows
that this is a meaningful and unambiguous statement also for radiative solutions, hence it generalizes
[B42) to the full phase space.

In the BMS case, the background fields are &, €2 and the foliation u, or equivalently the Lie-dragged
[. These fields are affected by a BMS transformation, and the anomaly operator computes this action
without touching the physical fields. This is why we can use it to test background-independence. On
the other hand, notice that in (3.43)) we are not changing the cross section: £, acts on the integrand
only. Accordingly, the choice of cross section is taken to be a physical input, and not part of the
background whose dependence is measured by the anomaly operator. It should be indeed clear that
two different cross sections S and S’ contain different information about the physics, since there can
be radiation between S and S’. The distinction can be made clearer if we write the full functional
dependency of the charges as Q¢[S;g,,1]. Then the meaning of the covariance (3.43)) is (linearized)
independence from 2 and [, but not from S or &:

Qer[S;9, 1] ~ Qe[S; 9.1 + A\ Qe[S 9,0 1] = Qe[S5 9.2, 1] + Qe y[S: 9, 2, 1]. (3.44)
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Since a decomposition of £ into super-translations and Lorentz makes necessarily reference to a choice
of cross-section, this formula (and more precisely its finite version) allows one to map the charges on
a given cross-section to the charge expression one would use for a different cross section.

A second important remark is that knowledge of the charges is not enough in order to compute
the bracket and check their covariance: one needs to know the Noether current j: = dge as a 3-form.
In fact, terms in the Noether currents which are total divergences on the cross sections drop out of
the charges (and the fluxes), but contribute to their transformation laws because in general

[£¢,P4] # 0, (3.45)

even if it is true that [£¢,d] = 0. This is because the pullback operator does not commute with £¢
if € is not tangent to the cross section. We find that such terms typically vanish in the non-radiative
case, hence this subtlety is not present in the simpler notion of non-radiative covariance (3.42]).

A related implication is that in general also

[A¢, D4] # 0. (3.46)

This means that it is crucial to require covariance of the symplectic potential as a 3-form as in
(B:25]), and not only up to total divergences on cross-sections. Otherwise linearized covariance would
not imply full covariance, since the successive action of A¢ needed to study finite covariance would
produce anomalies which are not total divergences.
Finally, let us discuss the covariance of the charge aspects. Covariance of the currents (3.38])
implies that
Ox = £3)8 = Gle.q + e deex) =0 (3.47)

If we integrate over a cross-section we recover the Barnich-Troessart bracket (3.41]), and identify the
time-independent cocycle with K(va) = fS C(e,x)- Notice though that ¢y is not necessarily anti-
symmetric: We are only guaranteed that its integral is, thanks to the relation between the bracket
and the symplectic 2-form. From this perspective, the necessary condition for covariant charges is
that the pull-back of ¢(¢ ) on the cross-sections is a total divergence, up to a field-space constant

L) = 2aces+Ceyyy 6Cy) = 0. (3.48)

One can then ask whether it is possible to obtain an even stronger property, namely covariance of
the charge aspects. It is natural to define covariance of the aspects as the requirement that éc(¢ )y = 0,
or the even stronger

(6x = £3)e = Qe - (3.49)

In situations in which there is a residual ambiguity of adding closed 2-forms to the charge aspects,
requiring their covariance offers a finer way to fix it. In the notation used above, one can use any
residual freedom in ¢ to attempt setting ¢ ,) to zero, up to a field-space constant (Assuming that
it is already a total divergences on the cross-sections so that covariance of the charges is obtained,
otherwise this would be a pointless exercise). This goes a step beyond what can be achieved with the
standard Ashtekar-Streubel or Wald-Zoupas prescriptions, that only deal with the charges and not
the aspects. This is a very strong requirement, and there is little guarantee that it can be achieved.

3 Therefore, as for the current, we allow the existence of central charges, thus we want a charge satisfying §(6, —
£4)Q¢ = §Q[[§7X]]. By doing this, the covariance condition is set on one form in the field space, similarly to the conditon
(0¢ — £¢)0 necessary for ensuring the covariance of the currents.
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Already achieving (8.43]) with vanishing cocycle or field-space constant is to be considered a non-
trivial success. A word of caution is also due. While (3.47)) is a natural definition since it captures
the intuitive notion of covariance as background-independence, it does not translate to a realization
of the algebra in terms of a bracket & la Barnich-Troessaert, because it is not antisymmetric.

3.2 Corner improvements

Let us see what happens if we relax condition 0, and allow a non-field-space exact corner term ¢ as in
(324)). This is motivated for instance by systems in which a @ satisfying stationarity and covariance,
or even finiteness, cannot be found otherwise [57, 55| 24] [58] [46] 13, 27]. The main technical difference
in dealing with this case is that we cannot work with the original symplectic 2-form, since now
© =00 = w — 0dY. The symplectic current @ is only defined at .#, but we can define a symplectic
2-form associated with @ on any space-like ¥ as long as it has a single boundary at .#. To do so, we
need first to fix the ambiguity in ¢, which follows from its definition (3.24]) and is given by

Y — 9+ 9°, dy© = 0. (3.50)

We fix this ambiguity prescribing 9¢. It amounts to define the preferred symplectic potential via
0Z6 — 50+ do. (3.51)
That is, (8.24) without the pull-back. Once we have done this, we take an arbitrary extension of 9 in

the bulk, and define
Oy = / (w—déY) = Qx — f{ 59. (3.52)
% S

This expression is independent of the choice of extension of ¢. On the other hand, it is affected by
the ambiguity (3.50): Changing ¥¢ changes (s, by a constant in time.

Having a new symplectic 2-form affects the Wald-Zoupas procedure as follows. The charge defini-
tion is now

5dq§ == Ig@ + digé = 5I§é (353)

The Noether currents (3.28) and flux-balance laws ([B.29]) are still the same, but the relation to the
canonical generators at ¥ is changed to

—IgQg = —10s + j{ 0¢ — 01 = 7{ 0(qe +igl — s¢ — Ig¥) — i§§+ (0 — £¢)0. (3.54)
S S
The corner anomaly that appears here is restricted by the covariance and stationarity to be constant
in time. To prove this, we use first diwo =0 and (3.53]) to deduce that
Sa So _
(5(q5 + Z‘gg — 8¢ — Igl?) + (55 — £5)79 =9 Qe = 1) [59. (355)
S! S1 AI

Then (3.28]) and the improved Noether charge formula (3.34)) (applied with ¢/ = £+ dc and ¢ = ¥+ d¢)
imply that

£y, j{(ag — £ =0 = L0 — L&)V = DaCfles, (3.56)

for some C’g‘.

29



Even if time-independent, such a corner anomaly is problematic. It cannot be field-space exact,
otherwise we would still satisfy condition 0. Therefore it cannot be reabsorbed in the charge. We can
still fix the charge ambiguity requiring as before

Qg = % qe + Z‘gg — 8¢ — [519, (3.57)
S

but now the relation of the charges to the canonical generators is spoiled, since
_[SQE = % (5qu — igé—l— ((55 — £5)19 (358)
S

This problem can be avoided if the covariant § corresponds to a ¥ that is also covariant, at least up
to a total divergence. This is where the ambiguity ¥¢ can turn out to be useful. The discrepancy is
in fact guaranteed to be time-independent, see ([B.56), therefore it may be possible to remove it using
the ambiguity in the charges, or equivalently in adding ¥¢. Once this is done (if it can be done), the
only residual ambiguity is that the final covariant ¢ may not be unique. If this happens, it cannot
be fixed using ([3.58]), and an independent prescription would be required. One way to do so is to look
at the cocycle, which may still be present even if (8.56]) holds. If this is the case, then we have the
additional freedom to play with ¥¢ ambiguity within the anomaly free class to try to remove it If
there is no cocycle, it may be possible to restrict this remaining ambiguity requiring covariance of the
aspects, and not only of the charges.

The relation ([B43) between the charge anomalies and the Barnich-Troessaert bracket requires
(BES)). If there is an anomalous corner term as in (3]), then the bracket has to be modified (in order
to be anti-symmetric) to

{va QX}* = IﬁleE + Ix]:—f - Iﬁ]:—x = 5XQ§ - IEJ:—X + jiIXAﬁﬁﬁ Q[[ﬁ,x}] + K(&x)’ (3.59)

with a cocycle that is still time-independent thanks to the covariance of the symplectic potential. We
thus see that an anomalous 1} is responsible for both spoiling the relation to the canonical generators
and introducing a cocycle.

We remark that all results of this Section are valid also for field-dependent diffeomorphisms. One
should however distinguish two very different situations in which these can arise. First, as field-
dependence of the arbitrary bulk extension of a boundary symmetry. This is for instance the case
of the BMS and eBMS symmetries, see (2.46]). In this context Is¢ matters for the bulk 6, but has
trivial action on quantities defined intrinsically at .# such as 6. It may still be useful to keep [£, x]
so to be able to use 4d Lie brackets, but field-dependence can be forgotten altogether if one restricts
attention to the boundary, and writes only the 3d boundary Lie bracket. This is what was done in
[14], to keep the presentation as focused as possible. A very different situation occurs if there is an
actual field-dependence of the symmetry parameters, for instance if the boundary conditions are not
universal but field-dependent. The technical difference is that §¢ is not a symmetry vector field in
the first situation, whereas it is in the second. One may then consider two inequivalent definitions of
covariance: (6 — £¢)0 = 0 as before, or A¢f = (6 — £ — I5¢)0 = 0. This second option is weaker, and
does not guarantee that (8.53]) is exact: that has to be an additional requirement, and its minimal

40One could also do this within condition 0, namely if the charges related to 1¢Qs are not covariant, one can consider
modifications adding a 9¢ satisfying dd¢ = 0, which would only act on the ambiguity (??) while preserving the matching
to the canonical generators.
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Quantity Generic split Wald-Zoupas split
Symplectic flux 0" =0+t —dv' 0=0+0d0—di
Non-integrable term | F¢ = §ic0 + Ael + I5e0' | Fe = $ic0
Noether current Je =1c0" — Al Je =10

Charge flux Fe:= [ je Fe:= [
Current 2-Cocycle arbitrary absent

Charge 2-Cocycle arbitrary time-independent

Table 1: Comparing an arbitrary split with a Wald-Zoupas split, defined both by B.24)) where 0 is the standard
EH potential, but the second additionally satisfies (B.285) and the stationary condition. The 2-cocycles refer to

the brackets (B:39) and BI3).

form is L;gé =dZ for some Z, see discussion in [40]. Then covariance of the symmetry algebra can also
be obtained, but one has to define the bracket subtracting two additional terms,

(e, Yo = Te L@ + d(ig 10 — i\ Ic0) + 15, 0 — 5,0 = (65 — £4)7c — Jsex = e (3.60)

This definition is however less satisfactory in our opinion, because there is no guarantee that the
fluxes are canonical generators in the dense subset of the radiative phase space with vanishing news
at the initial and final cross-sections. For these reasons it seems to us that even in the case of field-
dependent symmetries (which is not relevant for the rest of this paper), one should insist on ([B:25]) as
the definition of covariance, and not Agé =0.

If (B:43)) is satisfied the resulting charges satisfy all the properties that one may look for: they
are conserved on solutions satisfying the stationarity condition, coincide with canonical generators
for arbitrary perturbation around the stationary solutions, and provide an anomaly-free realization
of the symmetry algebra, namely no cocycle in the Barnich-Troessaert bracket. If furthermore one
proves that the prescription is unique, then the problem of associating charges to a given spacetime
symmetry is completely solved. This turns out to be the case for the BMS charges, for which a unique
prescription satisfying all these properties exists. We now show how this viewpoint improves on the
split (B.3) and leads to a prescription in which both current algebra and charge algebra are free of
cocycles. We then discuss how one can go one step beyond and select charge aspects with covariant
properties.

3.3 Covariant BMS charges

Let us now go back to the Barnich-Troessaert split (8:4). As we have seen, it corresponds to a
symplectic potential 65T that is covariant and stationary on round spheres. Hence the Barnich-
Troessaert charges (B3.4) are valid Wald-Zoupas charges, provided one restricts attention to Bondi
frames. It follows that if we want to remove the cocycle in general, all we need is to do is to pick
a symplectic potential that is covariant and stationary on arbitrary frames, and not only on round
spheres. As pointed out in [13], this is achieved adding and subtracting the term 32Lﬁé(pABC““B ) in
(B10), so that C4p is replaced with Np as in (Z45). Namely, we write

Q: HBT _ 5bBT — HBMS _ 5bBMS, (361)

31



where now

1 1
HBMS . BT + §0G = %NAB(SCABEJ, pBMS ._ BT + EG’ (S .= ——,OABCABEJ, (3.62)
and

q]ng = q?T + gl (3.63)

up to a closed 2-form. The new symplectic potential is manifestly stationary for non-radiative space-
times on arbitrary frames, and its covariance and conformal invariance follow from (2Z72]) and (2.62]),
so that (6¢ — £¢)0"™° = 0. It is also easy to check that it matches the one given by Wald and Zoupas
[5], here specialized to Bondi coordinates and for a shear associated with the u-foliation. To see that,
recall that in their expression, Wald and Zoupas use Ashtekar’s ‘connection coordinate’ [I8], which as
explained in the previous Section is a relative shear with the vacuum fixed once and for all; in other
words, with 8o = 0. Therefore 5C 4B = 0Cap, and the equivalence follows.
The associated charge split is

1 1
QM = o jés(2fMp +Y A )es, FEMS = ?)Q—ngfNAB(SCABES, (3.64)

where now

1
M,:=M — gpABC’AB = —Re(1y — oN) (3.65)

coincides with (the pull-back of) Geroch’s super-momentum (B.65]) on arbitrary frames and not only
on round spheres. The Lorentz charge (8.7)) picks up a similar shift through the boost dependence
in f. The charges ([3.64]) are defined up to a field-space constant, which is fixed uniquely to zero by
the requirement that all charges vanish in Minkowski spacetime The expression in NP language
is useful in the sense that it does not make reference to explicit coordinates for ., and we can also
rewrite in the same way the non-integrable piece,

1 1
FBMS __jq{ Ngpdoeg = —7§ Re(N6o)es. 3.66
¢ 6 sf pdoes = sf e(Ndo)es (3.66)

The flux of the charges can be computed from ([B.28)), giving

QP[S:] ~ QIS = FPY = o [ Nueo™es. (3.67)
The charge flux F®™® and the non-integrable term F"M® have the same functional dependence in
any frame, in agreement with the Wald-Zoupas prescription described earlier, and unlike for the split
[B.5). Furthermore FM® with 5¢0® given by (2.50D) matches the Ashtekar-Streubel flux [2] with
0% the shear of the u-foliation. We conclude that imposing covariance and stationarity on every
frame modifies the split used in [7] and leads to the result of [5], namely charges given by Geroch and
Dray-Streubel’s expressions, with flux given by the Ashtekar-Streubel expression.

Let us now see how the modification in the split also removes the cocycle. To that end, we insert
the relations (3.62]) and (3:63)) in the Barnich-Troessaert bracket (313)),

QU QU™ = 0,08 — PP = Qi+ Kl + it — i A, (369)

15 This is not manifest for the Lorentz part. It relies on integration by parts, and the properties @28) of a vacuum
shear and (Z51)) of the symmetry vector fields.
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where we used the fact that ise¢“ = 0. The anomaly of £¢ is given by [13]

Agl€ = —%(CABQA.@B@(;Y&C +2p*8 94 D) fe)es. (3.69)
It can be computed with the formulas in Sec. 1], and relies crucially on (ZI0). The term with C4B
cancels the one coming from the cocycle ([B.15). The second term in (3.69) can be integrated by parts,
and using 227 paBy = 0AR we see that it cancels the second term of the cocycle. In other words, the
contribution from the anomaly of ¢¢ in (B.68]) matches precisely the cocycle (3.13]) up to an integration
by parts, and therefore

AQE™ = {QP, QU = QR (3.70)

It implies from the definition of the Barnich-Troessaert bracket that in non-radiative spacetimes we

recover that standard coadjoint orbits 6, Q™ = ng;ﬂ'

We conclude that adding the boundary Lagrangian ¢¢ makes the symplectic potential covariant
and stationary on arbitrary frames, and removes the 2-cocycle. Furthermore, the calculation shows
that there is no central extension either, since every term of the original cocycle (B.I5)) is removed,
including the field-independent ones. The absence of central extensions can also be argued for on more
general grounds. In fact the only allowed central extension by the covariance requirement would be a
universal quantity that must furthermore be foliation independent and conformal invariant, a linear
and anti-symmetric function of £ and x, and not a total divergence. Inspection of the quantities at
disposal should convince the reader that there isn’t any such term. It also follows that the Ashtekar-
Streubel flux provides a covariant realization of the algebra between any two cross-sections of ., in
agreement with the general results of the previous section:

Sa
5XFEBMS = [EN;S]] + %91 i L™ & {FgBMS,FfMS}* = [El\gﬁ] (3.71)

In the above calculation we used the anomaly operator A, which is a very convenient tool for the
covariant phase space. But the removal of the cocycle is just a consequence of covariance, and can be
proved without any reference to the anomaly operator. For completeness, we do so in Appendix[Blwith
a calculation along the lines of [7]. In the same Appendix we also explain the cocyle’s removal from the
perspective of the improved Noether charge construction and anomalies of its boundary Lagrangian,
along the lines of [39].

The charges and fluxes can be conveniently split in super-momentum and Lorentz using the
(foliation-dependent) parametrization (2.46]) of the symmetry vector fields. Specializing £ = {p := T'0,,
with obtain the super-momentum charge

/ 1 1
Q= 7@ ThMyes = = 7@ TRe(s — oN)es, (3.72)
with flux
1 1
Q78] — QF[S1] = — oo <TNABNAB +2NY2(2495 + §PAB)T> €7, (3.73)

and whose transformation under a BMS symmetry x can be read from (B.70) to be:

QB Q). = QRIS = QB T = feT - Vi[T) (3.74)
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For § =&y == §9Y 0, + Y40, we have the Lorentz charge

1

QP = o 74 YA(T4 — udaM,)es = —4i }[ Re (Y <¢1 } 000 + %6(00)) + ust,,> . @75)
T Js T Js

with flux

QY°[S2] — QY [S1] = (u2Y N*BN g+ NB(2Y Cap — 2£yCup)) s, (3.76)

- 64r

and transformation law

{Q]}?}MS7 QiMS}* _ QEI;ES,X} _ Q]}?;/I\//IS + Q?}\IS7 Yy — [Y, Yx]a (3.77)

fr=Y[f]- %QYTX — gYX[QY].

In writing the Newman-Penrose version of ([3.75) we defined Y := m4Y 4 and used XY 4 = 2Re(XY).
The Newman-Penrose expressions require a choice of auxiliary vector [, which is here | = —du. The
fluxes split into ‘hard’ and ‘soft’ contributions, defined respectively as the part quadratic and linear
in the news. The super-momentum flux ([B.73]) has the additional property of being purely ‘hard’
for global translations, and in particular strictly negative for the energy (7' = 1) in the presence of
radiation, which is Bondi’s famous result. Notice the role played by Geroch’s tensor in order to make
the last two statements valid in arbitrary frames.

The covariance property guarantees that the charges inherit the specific properties of the BMS
algebra consistently. For instance, a generic BMS transformation acts homogeneously on the super-
momentum as in (3.74]), but inhomogeneously on the Lorentz charges, with a shift by a super-
momentum term determined by the parameter T¢ of the transformation, as in (B.77). This is the
well-known ‘super-translation ambiguity’ of angular momentum. It is a direct consequence of the
BMS algebra, specifically the fact that there is no preferred Lorentz subgroup of the BMS group in
radiative spacetimes, and the Dray-Streubel charge ([B.75]) correctly captures this feature. Another fea-
ture that stands out is that any two super-translation charges commute. This brings to the forefront
that the [-dependence of the charges leads to different behaviour under super-translations: invariance
for the super-momentum, and a shift by a super-momentum for the Lorentz charge.

In concluding this Section, we remark that integrating by parts was crucial to remove the cocycle.
This suggests that even though the Wald-Zoupas split ([8.64]) has achieved covariance of both Noether
currents and charges, the question is still open for the aspects. This is what we would like to address
next. To do so, let us first review some properties of the charges, which will also be useful to understand
the role of total divergences and to explain the anomalies of M and J4.

3.4 Understanding the anomalies of M and J,

We have identified a covariant Noether current for the BMS symmetries, given by

1
-BMS __ b ~ g, BMS
Je = T Nabéga“ €y = dq€ . (3.78)
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Let us analyse separately its T and Y components. Using (245) and (2.50b) for a pure super-
translation we can rewrite the T-current as

1 1 . .

BMS __ AB, _ _ AB (AB) -

T 327TNAB(5TC €y 3271'(0 +p )(TCAB 29A93T)6V¢
1

T 32r
+ 294 (CABHRT — TDCAB + pAB) 9T — %T@AR)} €y

!

CArw

T(—CABCAB + QQAQBCAB + @2'R) — TpABC'AB

. 1
(TM, ~ ZaVir)es = =0 <TMP + DaVbup)) €5 (3.79)

In the second equality we integrated by parts, and in the third we used the Einstein equation
(240) and the short-hand notation

Vig = %(FMB) Ppf — fIRFAB)), (3.80)
This calculation shows explicitly how one can obtaining the charges ‘integrating the fluxes’ as advo-
cated in [2], there performed in arbitrary coordinates and here specialized to Bondi coordinates. That
is, we are able to rewrite the current as an exact 3-form using the Einstein’s equations, and in the
process we introduce ‘Coulombic’ degrees of freedom such as M that are not present in the flux. The
result can be written as

. L1 1
JoMs = EDGP$EJ = EdPT’ (3.81)
where .
P = (TMP, Z(T@BNAB - NAB@BT)> : (3.82)
This quantity coincides with Geroch’s super-momentum [I], in Bondi coordinates and with [ = —du.

Its Hodge dual defines the 2-form Pr := %Pﬁe sabedz? A dz€, whose pull-back on the cross sections
gives Ppeg = T'Meg, confirming what previously stated for (3.9) and (3.65). Accordingly,

qp"™® = Pr + x¢, (3.83)

where the integration constant xr leads to the ambiguities (3.30) and ([B.33]), and if we restrict it to be
a total divergence it will affect only the aspects. Let us fix xp = 0 for now, which is consistent with
the BMS charges (3.72]), and come back to this point and the uniqueness of charges and aspects later.
This analysis shows that M is a component of a vector, and this observation allows us to understand
the reason for the complicated inhomogeneous terms in its transformation law (2.50c]). These terms
have a structure similar to the angular components of Pr, therefore they capture the mixing of u
and A components of this vector when we change reference system by a BMS transformation. The
statement can be made precise if we compute the anomaly of Pr. For the time component we find

AXP:}“L = (5x - £X)PTU = T(Spr - Xaaa(TMp) + PO X"

. . 1
=3, TM, + (T fy — Y20uT)M, — Z%(TJ\IAB.@B £ (3.84)

The first term will compensate the anomaly of the volume form, see ([2.54]), and the second term can
be recognized as the covariant transformation law PY

e S€e 257).
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For the angular components, which we remark match P2 = —V(‘]“V’T), we find

1 . 1
A PP = 10— £ )T ZeNP — N BgpT) =3/, Pt + PL 1+ Zau(TNAB@B o). (3.85)

Adding up gives
1
AyPr = Py +dives,  vi= TN f,04. (3.86)

If we integrate on the cross-sections we find the covariant transformation law (B.74]). Since Pp
provides a good aspects for the BMS charges, this is a consistency check of the charge algebra. It
further shows that there is nothing ‘non-covariant’ with the transformation law of M, it is precisely
what one needs in order for M to be the time component of a covariant BMS super-momentum
vector. Hence there is no need to change the definition of mass aspect, as sometimes considered in
the literature['9

Geroch’s super-momentum satisfies a covariance property that is actually stronger than (B.74]).
It transforms covariantly not only when integrated on cross-sections, but on every two-dimensional
compact region of .+, thanks to the fact that the anomaly of its aspect is an exact form. Covariance
of Geroch’s super-momentum means that its background dependence comes only from the symmetry
vector field, and it is conformally invariant and l-independent, precisely as proved in [I]. Conformal
invariance is actually easy to show simply counting conformal weights, but /-independence (namely
foliation independence when [ is restricted to be hypersurface orthogonal) is not. Our calculation
based on the anomaly operator provides an independent proof of it, albeit in the restricted setting in
which [ is changed not arbitrarily but as the effect of a BMS(W) transformation, namely within the
hypersurface-orthogonal and Lie-dragged class. The exact 2-form anomaly in (3:86) means that only
the charge is [-independent, and not the aspect, again in agreement with [I].

The formula (3:86]) allows us to comment also on the covariance properties of Pr as an aspect.
First, we see that the anomaly is not anti-symmetric, hence we cannot interpret the aspect anomaly
as a bracket. Second, it is field-dependent, and vanishes on non-radiative spacetimes. Hence Geroch’s
aspect satisfies our definition of aspect covariance ([3.49) on non-radiative spacetimes. In general
spacetimes it is covariant only under rotations, and not under super-translations and boosts. The
reason for this can actually be can be understood since the latter change the foliation hence the
Lie-dragged 1.

The fact that the super-momentum is independent of [ has an important consequence. It makes it
possible to capture its covariance without making explicit reference to its angular components. The
key for this trick is the last equality of (879). The angular components are total time derivatives,
hence they can be reabsorbed in the time component. This allows us to define the super-momentum
charge aspect

BMS .__ i

& g

It gives the same super-momentum charges as Pr. As aspects, they are related by the ambiguity
B38) with X¢ =0 and

xp=ig,ves —DaVies,  VA=Vii,m,  dPp=dmdgt™. (3.88)

(TMp + DAV pr) + X1)es,  Ouxr =0. (3.87)

The formula ([B.87) is given for constant u cross-sections, but since any cross-section of .# can be
written as constant u in some BMS coordinate system, it leads to covariant charges. As an aspect

18For instance the alternative charge prescription of taking Re(1)2) alone as mass aspect will fail to be covariant beyond
non-radiative spacetimes.
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though, it has different covariance properties than Pr. Let us compute its anomaly explicitly, since it
will also offer a complementary understanding of the anomaly of M. First, from (2.50c) we have

. 1 1
Ay M, =3f M, — §9ANABQB fro— ZNAB@A% Fr- (3.89)

The eye-catching factor of 3 occurs simply because the area 2-form and the symmetry parameter T
also have non-trivial conformal weights, see (Z54]) and (2.57). Including them to obtain (a piece of)
the actual aspect, we find

. 1 1
A (TMyes) = (A T)Myes + T ( FM, — §9ANABQB fr— ZNf“B.@A@B fX> €s
1 1
= [er,X]"Myes — T <§@ANAB@B Fro+ ZNAB%@B fX> €s. (3.90)

These steps are quite straightforward, but we believe it is instructive to see how the pieces add
up together towards the expected covariant transformation law. The remaining step concerns the
inhomogeneous terms. Comparing (3.89) to ([Z.50c]) we see that the shift from M to M, eliminates the
inhomogeneous terms that would not vanish for non-radiative spacetimes in arbitrary frames. What
remains is still not a total divergence. This may look surprising since the other terms in (3.87]) are total
divergences. The answer is in the non-commutativity (3.45]) and (3.46]), which means that we need
non-total divergences in order to be able to remove the anomaly contribution of the total divergences
in (B.87]).

Explicitly, we have

[AX7 QA]V = V-@Af)o (391)
Ay, ZAlVA =VADuf, —2VADaf,, (3.92)
A, DalVAB = VAB g, f —4aVAB g, f, . (3.93)

The rest of the calculation confirms this mechanism, and we obtain

Aygr™ = q[[BEI\;S,X}] + Cerx)- (3.94)
Here ]
A A
ern) = 5= 24 (T28D,PT, — D)PT\ DBT) es, (3.95)
and we used the shorthand notation
1
D, = 7%9® 4 5p<ab>. (3.96)

Since it is a total divergence, it vanishes upon integration on the cross sections and we recover
(B74): The charges satisfy a covariant symmetry algebra, without central extension. As an aspect on
the other hand it is still non covariant, but with a different anomaly than Pp. It is field-independent,
and vanishes for global translations.

Coming back to d¢M, its inhomogeneous terms guarantee (3.43)), which requires computing i, dge
and terms that are total divergences are no longer so after the interior product. In the non radiative
case the Noether current vanishes, hence this issue is no longer relevant. Indeed the transformation of
the mass boils down to the simple 6, M, = £y, M, + 3 fXM p, or equivalently the manifestly covariant
5x(TMp€S) = £YX (TMpES) + [gT,X]uMpES-
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Conversely, ([3.87) provides a definition of ‘super-translation-covariant’ mass aspect, in the sense
of (3.94), and as opposed to M or M, alone Notice that the required total divergences can only be
deduced using the procedure of integrating the fluxes, and not through the ‘Komar bootstrap’. This
is because as explained in Section [3.1] there is no relation between the total divergence found in (3.87)
and the one that is obtained keeping track of total divergences in the Komar 2-form and the shifts i¢¢
and s¢.

Any hope that the two match through some unforeseen mechanism appears to be ruled out by an
explicit calculation, which we do not report here.

The complicated transformation law ([2.50d) of J4 can be explained in a similar manner. The YV
part of the Noether current is

1
SBMS Napd CAB )
Jy —327T ABOY €y

_ —%(OAB + o ABY (wfCap + (£y +3F)Cap — 204 D fles. (3.97)
The procedure to obtain the charge integrating the flux is considerably more complicated than the
one for the super-momentum. One has to first integrate by parts to turn the C4gC4% term into the
Einstein equation (2:39]) for M, just like we did above. Then, one has to integrate by parts a large
number of times in order to reconstruct the Einstein equation (Z40) for Ja, and in the process take
into account the CKV identity (2.51]) and related identities for higher order derivatives. The result
will be of the form

1 1
PMS = D Jle , = —d .
Jy o Jy€g . Jy, (3.98)
where
i =YA(Ja —uPaM,). (3.99)

The angular components of this covariant vector are the raison d’etre for the inhomogeneous terms in
the transformation law of J4. We did not attempt to compute them, and we content ourselves with
the indirect proof obtained from the removal of the Barnich-Troessaert cocycle in (B77). The long
calculation proving (3.98)) was successfully completed in [34], using the Newmann-Penrose formalism.
Unfortunately total divergences were discarded, and therefore only (3.99) was obtained. This is
sufficient to prove that the fluxes integrated to the Dray-Streubel’s charges. To know also the angular
components Jgﬁ‘, one has to redo the calculation of [34] keeping track of all total divergences (As
explained above, it is not possible to shortcut this calculation by deducing the total divergences from
the limit of the Komar 2-form). For the (brave!) reader interested in determining them, let us point
out that one should not expect them to be total time derivatives. This special property made sense
for the super-momentum because it is related to its covariant transformation law ([B.74]), and to the
l-independence of Geroch’s super-momentum. But any Lorentz charge necessarily refers to a cross
section since the notion of Lorentz subgroup does. Consistently, the covariant transformation law

17As a side comment, notice that if we restrict to round spheres and to global translations,

s — Lo (M — 1_@,4_@30“3) €s.
a7 4

It was suggested in [59] [60] to take this expression as super-momentum aspect for any T, because it has the interesting

feature of a ‘purely hard’ flux. This option would however violate covariance, which as we see from (B.87) requires

additional terms. Remarkably, it turns out that if one improves the Ashtekar-Streubel symplectic form by a corner term,

then there exists a related expression that is covariant, and maintains its ‘hard-flux’ property [61].

38



(B77) means that when we change cross section, a super-momentum shift is required. The shift would
be unnecessary if it were possible to capture the covariant transformation law simply adding a total
divergence to the u component.

3.5 A new covariant super-momentum aspect

Let us come back to the question of uniqueness of the charges and their aspects, starting with the
former. The Wald-Zoupas procedure of matching the Qy calculation gave us directly (3.64) up to
a field-space constant which is removing by the requirement that all charges vanish in Minkowski.
Therefore the charges are unique (but not the aspects). With the procedure of integrating the fluxes,
one can use the fact that all time-independent quantities in the radiative phase space are also universal.
Therefore the ambiguity (3.30) can be removed by the same requirement that the charges all vanish
in Minkowski, and this singles out (8.64]) again. Notice that the property is only valid for the charges
and not for the aspects, see footnote [I5] which are therefore left ambiguous at this stage. If one does
not want to use the reference solution, or if there isn’t any obvious one standing out, then it is possible
to address the ambiguity requiring covariance of the charges. In the BMS case at hand this argument
gives the same answer (3.64]). In fact, the only quantities that can be added to it without spoiling
covariance are conformal invariant and foliation-independent, and in order to be time independent
they can only be built out of the universal fields (gqup, n%, pap) (plus £* which can enter via I¢ since
[£n,Ie] = 0), e.g. § Z2YReg. A moment of reflection shows that this is not possible, hence the charges
are unique.

A separate discussion is necessary for the vacuum shear, and more precisely for the bad cut mode
ug. This is not well defined in the whole phase space, but only in the non-radiative subset of vacua.
Therefore it does not change the above argument about universality in the radiative phase space. On
the other hand, we have introduced in Section 2lan enlarged radiative phase space, adding precisely ug
as corner datum, representing the (late) time boundary condition. The enlarged phase space contains
a non-universal and time-independent quantity, hence the above argument no longer applies, and ug
can be used to construct new charges. We can now distinguish two different situations, depending on
whether we impose condition 0 or not. If we allow for non-trivial corner terms it is indeed possible to
find alternative covariant charges. This investigation will be reported elsewhere [61]. For this paper
we maintain the original Wald-Zoupas prescription at least for BMS, hence condition 0. Then the
only allowed ambiguity comes from a 9 with dJ = 0, hence x¢ = Feg with F = 0, meaning that
F = F(qap,n%, pap, up). But ug here is the only quantity which is not super-translation invariant,
hence it necessarily breaks covariance. The only way to use this ambiguity and preserve covariance of
the charges is thus to restrict F' to be a total divergence. It follows that the charges are untouched, and
their uniqueness is preserved also in the enlarged phase space with the Ashtekar-Streubel symplectic
structure. On the other hand, we can use the ambiguity in F' to change the aspects. Since the aspects
were not covariant to begin with, it is interesting to ask whether there exists a 1 that improves their
covariance. The answer is affirmative for the super-momentum aspect.

To that end, we consider the following corner improvement:

1
9 = = Zal(Z8D, uo)duo — Dy uoZduoles,  dv =0. (3.100)

with 1
(0 = £e)V = = Pa [6uo 28D, PT; — DIPT: Zpbug) es. (3.101)
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It satisfies condition 0, and does not change the charges nor the Noether currents, so their covariance
is preserved. It only changes the aspects, which now read

. 1 1 A A
q%kls = q%kls + EXTGS - E(TMP + QA‘/[C,T])ES7 XT = _2‘@AVY[ApuO,T]ES - —47TI£TQ9 (3102)
In other words, the role of the corner improvement is to fix the integration constant in the potential
of the news to be given by the bad cut boundary condition, hence turning the shear appearing in the
aspect ([B.87) into the relative (or ‘covariant’) shear (2.67). Computing the algebra we find

AR = g, (3.103)

for any BMS symmetry £&. We find it quite remarkable that this is possible. We refer to this new
aspect as Goldstone-improved super-momentum aspect.

Of course, l’appetito vien mangiando and one may wonder whether it is possible to similarly improve
the Lorentz aspect. We did not succeed in doing so, and we believe it is not possible because of the
usual argument that cross-section dependence of any Lorentz subgroup is an unavoidable property of
any covariant charge, hence its aspect needs to carry this background-dependence.

4 Extended BMS flux and charge algebra

We turn now to examine whether it is possible to satisfy the Wald-Zoupas conditions on charges
and fluxes for the extended BMS (eBMS) symmetry. The fall-off conditions on the metric are the
same as in the BMS case, but one allows non-globally defined CKVs. The non-globally defined CKVs
are referred to collectively as ‘super-rotations’, even though they include both ‘rotation-like’ and
‘boost-like’ components. The presence of singularities in the vector fields changes the topology of the
cross sections, allowing punctures on the sphere. This in turns allows one to pick a conformal frame
corresponding to cross sections with a flat metric, and R = 0 (everywhere except at isolated points
corresponding to the punctures). Being of constant curvature, this frame can be thought of as a special
case of ‘Bondi frame’. Since the symmetry vector fields are still CKVs, (2.51)) is valid, and we can
still assume that dg,, = 0 namely that the background metric is universal. However, ([2.52]) does not
hold for non-globally defined conformal vector fields. Therefore the charge prescription ([B.17)) fails to
satisfy the stationarity and covariance conditions in every frame, whether of constant curvature or
not, and this manifests itself in the field-dependent 2-cocyle ([B.15]).

To address these issues, we can still follow Geroch’s lead and observe that the Schouten tensor,
or equivalently the (time derivative of the) shear of a Lie-dragged [, are not conformally invariant,
hence we should improve the symplectic potential introducing the news tensor (2.4]). But recall that
the sphere topology is crucial to prove that pg is unique. If the topology is not that of a sphere, it is
easy to see that for each given conformal completion there are infinitely many solutions to Geroch’s
conditions. This is the main novelty of eBMS, see Appendix [C] for details. The new degrees of
freedom in Geroch’s tensor can be interpreted in terms of a conformal field theory for which pg is
the stress-energy tensor [20} 23] [10) 11 24, 26] 27] As pgp is now neither unique nor universal, its
behaviour under diffeomorphisms and conformal transformations is decoupled, leading to a non-trivial
transformation rule under the eBMS symmetry group,

S¢pap = Lepap + 29495 f # 0. (4.1)

vac

1811 these references, this generalization of Geroch’s tensor is sometimes denoted still pap as in here, sometimes N:°,
sometimes Ty in reference to the conformal field theory.
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This is the expression in Bondi coordinates, for an arbitrary gap. If we specialize to the flat metric,
whose components can be taken to be ¢,, = 0 and ¢, = 1 in complex coordinates, then Y~* is
meromorphic and Y? anti-meromorphic, and (4I]) reads O¢pzz = Lepzz + 8§’YZ. The right-hand
side vanishes for super-translations, but not for super-rotations. If the latter are restricted to be
globally defined CKVs, then we expect it to vanish as well as to recover the BMS result. To see this,
we distinguish two cases. If we make the restriction to globally defined CKVs assuming the sphere
topology, then p 4p is unique and the result follows from the original Geroch’s analysis. If we do it with
the punctured sphere topology, then pap is no longer unique, but there is a choice that guarantees
that the right-hand side vanishes in every frame, and this is given by the special solution pap = 0 on
the flat frame, see App. for a proof. In other words, there is always a preferred pap for globally
defined CKVs, given by Gerch’s tensor on the sphere topology, and by a conformal transformation of
the trivial tensor on the punctured sphere.

Concerning the transformation rules of the background and dynamical fields, we can still use (250,
with the proviso that we allow for non-globally defined CKVs. An implication of this is that super-
rotations create magnetic shear (because (2.52) does not hold), hence extending the Christodoulou-
Klainerman conditions [62]. Remarkably, the anomaly of the non-universal version of Geroch tensor
pap is still the same expression (2.71]) that we had for BMS[ As a consequence, (2.72)) still holds: the
news tensor is conformally invariant in eBMS just as it was in BMS, in spite of different transformation
rules for d¢pqp and 0¢Ngp.

This observation suggests to look for a Wald-Zoupas charge prescription following the same idea
we used in the BMS case, namely we add and subtract the term z1-6(papC*P) to (BI0) in order
to turn C 'Ap into Nyp. This leads to he same charges ([B.64)), but there is a catch: The symplectic
potential picks up an additional contribution due to the non-universality of pg,

s — L (N L6CAB — 0ABspL e . (4.2)
327
The new contribution can also be read from the Noether current associated with the same charges. In
fact dquMS contains a term L¢pap, which goes into reconstructing the flux Ny BégC'AB. Except that
in the eBMS case in order to do so we have to use (@Il and this leads precisely to the extra piece
C’ABégpAB, in agreement with (4.2)).

The first term of (£.2) is perfectly covariant, but the second one only up to a total divergence on

the cross sections:

1
(0 — Le)0™M = m—ﬂ-@A(CSPAB@Bf)Eﬂ- (4.3)

This follows from (Z71]) and
PP5pap =06Z4R =0, (4.4)

which still holds in spite of the non-universality of py,. The linearized non-covariance (4.3]) vanishes
upon integration (One may question the validity of this statement in a context in which singularities
in the vector fields are allowed, but it is the assumption taken in [7] and which we follow here).
Therefore the flux satisfies the linearized covariance condition, but the symplectic potential 3-form
and the Noether current do not. and this is enough to have a cocycle-free flux algebra: (2] satisfies
BI). In fact, even the charge algebra is center-less: on can follow the same steps of ([B.68]), and even
though (2] has an extra piece and 0¢pqp # 0, the fact that the anomaly is still given by (2.71)) is

9There is an analogy to what happens to gap in going from BMS to more general symmetries such as gBMS or
BMSW: the rule é¢gap changes, but the background dependence is still the same, and so is A¢gas.
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enough to achieve (B.70). In other words, the BMS charges satisfy a covariant algebra even if pgy, is
not universal!

We are now in a position to clarify the origin of the 2-cocycle found in [7] for the e BMS symmetry.
It comes from having neglected the contribution of Geroch’s tensor, which as in the BMS case, it
removes both terms of ([B.I5). One may have thought that choosing a flat metric and assuming
an initial pg, = 0, Geroch’s contribution would be irrelevant to the charge algebra, similarly to what
happens in the BMS case if we stick to Bondi frames. The reason why this is not the case is that eBMS
transformation (4.1 is not homogeneous. Hence keeping pgp = 0 is not consistent when computing the
algebra, and this is why a breaking of covariance appears, in the form of the 2-cocycle of [7]. Having
clarified this and exhibited an eBMS charge algebra free of cocycles, it may come as a disappointment
the fact that (A2 is actually not a valid Wald-Zoupas potential for eBMS. The reason is that we have
a non-trivial commutator (B.40]), hence the property (43]) is not sufficient to have covariance under
finite conformal transformations. This can be explicitly checked using the finite transformation rules
211) and (C4) for the shear and Geroch tensors.

The non-covariant term C4B8§p 45 also spoils the stationarity condition. However, since it depends
on time only through the shear, stationarity can be restored up to a corner term:

_L AB _ _L _ AB
327TC 0pABEys = 397 (u UO)NAB5p €y +dv, (45)
where 1
_ B AB | U, (AB)
Y = 397 ((u ug)C7 + 2(u 2ug)p ) O0pPABES, (4.6)

and ug = ug(z?) is a constant of integration. We are thus led to relax condition 0 and consider the

new symplectic potential

GBS = 9PMS _ ) = ?QLW(NABaoAB — (u — ug)NapdpBles. (4.7)
It is manifestly stationary. How about its covariance? A term like uN4gdp22 depends on the foliation,
hence it cannot be covariant. This is where the integration constant ug plays a key role. We take it to
be charged under conformal transformations and super-translations like u, hence Agug = — f|y,. This
means that it transforms precisely like (Z.65]), hence we can identify it as the super-translation field
(aka super-translation Goldstone aka bad-cut field) corresponding to the boundary condition defined
by the relative shear (232), and A¢(u—ug) = — f(u—1up). One can then easily verify that [{7) is fully
covariant, at both linearized and finite level. In other words, allowing for an integration constant in
([£5) and endowing it with the interpretation of a vacuum connection at late times, we have made the
expression independent of the foliation. We have thus been able to identify a Wald-Zoupas potential
for eBMS! Before discussing its uniqueness, let us add a few remarks.

Finding a Wald-Zoupas potential for eBMS has required two new ingredients with respect to
the BMS case: (i) enrich the radiative phase space to include a vacuum connection as corner data
representing late time boundary conditions, and (ii) relax what we referred to as condition 0 of the
Wald-Zoupas paper and allow a change of symplectic structure by a corner term. The new symplectic
current is

1
WBMS = () — d5) = %(MABMAB —0[(u — u)Napl6pB)e.,. (4.8)

It is not defined in the spacetime bulk but only at .#, since it depends on the ‘edge modes’ py, and
ug. Its integral over X is however well-defined. Therefore while the symplectic current is not defined
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on the phase space X, the symplectic 2-form is. The fact that covariance may be restored using fields
defined only at the boundary is consistent with the Wald-Zoupas philosophy, and very much at the
root of the edge modes approach to gauge symmetries in the presence of boundaries [63].

The corresponding Noether currents are

1 B
jEBMS = ISHCBMS = —32ﬂ_ (NAB(5§CA — (u — UO)NAgégpAB) €g = dquMS, (49)
with
1
G = gf"® — I = ¢ + 35 <(u — ug)CAB + —;L (u— 2u0)p<AB>> 55pABeg, (4.10)

up to a closed 2-form. This gives the same super-translation charges and fluxes ([3.72)), the only
modification occurs for super-rotations. It follows from the results of [I4] recalled above that these
Noether currents provide a center-less realization of the eBMS symmetry algebra via (3.39). It can be
verified explicitly with a calculation similar to the one of (B.GS]).

In order to integrate the current over all of .#, one needs the fall-off conditions

1
lim Ny =

u—00 u2te’

(4.11)

which are stronger than the Ashtekar-Streubel ones (2.35]). In other words, the eBMS symmetry can
be made covariant locally or over all of .#, but in the latter case only with respect to a smaller set of
solutions than the BMS symmetry. Integrating (£.9) over all of .# and assuming (4.I1]) gives a result
consistent with [24] 27]. Our analysis thus strengthens the proposal of these papers, by showing that
their total flux satisfies the Wald-Zoupas conditions, and furthermore that it can be obtained from
a local 3-form which also satisfies the Wald-Zoupas conditions. As a consequence not only the total
flux on ., but also the flux between two arbitrary cuts of .# provides a center-less realization of the
eBMS algebra.

Finally, let us talk about the uniqueness of (£7]). The question is whether there exist exact forms
in field space or in (the boundary of) spacetime that can be added without spoiling covariance and
stationarity requirements. These requirements eliminate most terms that one can write down. Some
options remain, for instance §[(u — o) NapN4Be;] or d[(u — ug)NapdC4Beg]. These however contain
second derivatives in time, hence they are ruled out for the same reason they are ruled out in the
standard BMS analysis, namely the analyticity requirement that the equivalence class of symplectic
potentials should be compatible with the second-order nature of the field equations. The only allowed
second-order derivatives on a null boundary are then purely spatial or mixed time-space, but not
purely temporal. This argument eliminates the examples above, and barring unforeseen terms, we
believe that the eBMS Wald-Zoupas symplectic potential we have found is unique.

4.1 Uniqueness of the eBMS charges

Let us now look at the charges (£I0]). Since they come from a covariant flux, the only possible cocyle
in their Barnich-Troessaert bracket is time-independent. An explicit calculation gives

1 1
eBMS _ _ (AgB) | Z ,(AB) (£ &
KNS =~ 1o 7{7 <u0(5§pAB(.@ D7+ 5 ) Tes — (€ x)> €s. (4.12)

It is time-independent and furthermore non-radiative, depending only on the background metric and
on the edge modes. Since the edge modes are not universal however, it is not a simple central extension,
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hence it signals a lack of covariance of the charges. If we look more closely, we see that the cocyle
vanishes for globally defined CKV, but also for super-rotations if we consider global translations. We
thus have a covariant charge algebra of super-rotations with global translations, but not between
arbitrary eBMS transformations.

The cocycle is proportional to ug, so it vanishes for the boundary condition ug = 0. But there
is nothing physical nor covariant about this value, which depends on an arbitrary choice of origin in
the vacuum sector of the radiative phase space. Since the initial charges had no cocycle, (£12]) comes
entirely from the corner improvement, which is in fact anomalous,

1 1 . 1
(¢ — £e)0 = E[u@< A Dpy Teop™B + §u29< 4Dy fe6p™P —ug(D(a Dy + 5 ap))Tedp™Ples. (4.13)

Integration on the cross section removes the time dependence, in agreement with the general argument

([B.56]), and we obtain

Kigy = jili(‘sx — £,)0 = L (¢ — £¢)0. (4.14)

Next, we ask if the charges are unique, and if not, whether there is an alternative free of cocycle. The
ambiguity in the charges is the usual freedom of adding a time-independent function, which can be
parametrized by the freedom of adding a time-independent corner term,

9 =9+ 9° ﬁzo, 92%92—5?{196. (4.15)
S

In this way, the new charge is automatically consistent with the canonical generator on X.. For instance,
one could try to remove the relative factor 1/2 in (£I0) which prevents replacing the shear C'4p with
the covariant shear C4p. However this factor is necessary for the integration by parts in time (.5]).
A simple example would be adding

e_ L o ap)
¢ = —e-uop " dpanes, (4.16)
leading to the new corner potential
e 1 aB | 1 (AB)
=0+ = ——327T(u—u0) C —|—§(u—u0)p dpABES. (4.17)

It gives rise to the same Wald-Zoupas symplectic potential (7)), and the new charges

1 1
qZBMS = q}ng — I = q?MS + 32—7T(u — up) <CAB + g(u - ’LL(])pAB> 55,0‘4365. (4.18)

They may appeal aesthetically more than (£I0). But the extra shift actually worsen the covariance.
The cocycle becomes

e 1 A U0 (A )B) j
Kiex)' = 162 yi w (0epan(2I T+ ZIUGP ) — (€ 0 0) € (4.19)
and we have lost the property that global translations act covariantly on super-rotations in every
frame. We were not able to find a choice of ¥¢ that removes the cocycle, and the attempts we made

suggest that (4.06) is uniquely selected in that it minimizes the non-covariance of the charges. In spite
of its limited success, this example is useful to show explicitly the importance of requiring covariance
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in order to restrict the charge ambiguity, in situations like this where the reference solution is not
enough or not relevant.

As a closing remark, we point out that despite not being able to construct a covariant local corner
charge algebra, a covariant charge algebra can on the other hand be achieved if one defines the surface
charges only as relative quantities with respect to a given reference solution in the distance future.
For instance if we assume that spacetime settles down to Minkowski spacetime at u — +o00, then we
can define the charge at a cross section S of .# as the integral of the current between fjf and S.
By doing this, the charge vanishes automatically at any cross section S in Minkowski spacetime, since
the current vanishes in this case, and the charge algebra is free of cocycles.

5 Conclusions

We wrote this paper with two goals in mind. First, to bring to the forefront some aspects of the physics
and geometry of . that although well explained in the existing reviews, may not have received the
attention they deserve in order to explain and relate different results in the literature. Notably the fact
that the covariant shear constructed in [11] can be derived in a coordinate-independent way from the
radiative phase space of [2, 64], hence explaining that the super-translation field aka super-translation
Goldstone field is not a new degree of freedom, and it is present in Ashtekar-Streubel phase space. It
can be thought of as a bad cut (final) temporal condition acquire a status like an edge mode when
it is used as a temporal boundary condition to enlarge the radiative phase space with a temporal
boundary condition. We also explained that the seemingly contradictory statements that the time
derivative of the shear is not conformally invariant [3, 10, II], and that it is [I2], are due to the
alternative options of preserving or not a shear associated to a Lie-dragged auxiliary vector field. The
first option results in simpler transformations laws and simpler flux formulas, and that are actually
the ones used by the community working in Bondi coordinates. We provided a general formula for the
news tensor that is not often found, and resurfaced Dray’s argument explaining why it is convenient
not to restrict attention to only Bondi frames when studying flux-balance laws between arbitrary cross
sections. By presenting all results both in covariant language as well as in Bondi coordinates, we hope
to have contributed in helping communication between the two communities. A further technical
result of our paper is to show that covariance and conformal invariance can be studied in a practical
and economical way studying finite BMSW transformations, similarly to what done in [10], seen as an
auxiliary transformations and not as an extension of the symmetry. We also hope to have convinced
the reader that the anomaly operator is a very convenient tool, that makes checking covariance as
well as conformal invariance straightforward and simultaneous, and most practically, doable in a fixed
coordinate system.

The second goal of the paper was to present the details of the results announced in [14]. We
have shown that the 2-cocycle found in [7] is a result of a non-covariant split in the definition of the
charges, and that it is possible to find a Wald-Zoupas potential that removes it. For BMS the right
potential was already known, and we have checked that both currents and charges realize the algebra
under the Barnich-Troessaert bracket without central extensions. For eBMS it is a new result, and
generalizes previous formulas appeared in [24, 27]. There is an interesting similarity between the two
constructions, in the sense that in both cases the key role is played by Geroch tensor, with the crucial
difference that it is universal in the first case, non-universal and rather an edge mode in the second.
The similarities however stop here. In the eBMS case, covariance requires to modify the symplectic
2-form by a corner term, and can only be achieved for the fluxes and a subset of the charges. The full
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charge algebra presents a time-independent cocycle determined by the boundary fields ug and p,p and
independent of radiative degrees of freedom such as the shear.

Having found a covariant symplectic potential for e BMS was quite a surprise to us. It follows from
(7) the subtle role that the generalization of Geroch’s tensor plays in restoring covariance even if it is no
longer universal, in fact precisely because it is no longer universal and it transforms inhomogeneously,
and (i7) using an appropriate symplectic 2-form with the corner improvement 6 (ugN. AB)épAB €y. Our
results suggest that case studies in which field-dependent cocycles appear in the literature (see e.g.
[65] 66, 67, [41), [44] [68]) are probably afflicted by loss of covariance in their construction, at one level
or another.

The fact that the charge covariance requires additional input than flux covariance is in line with
the results of [2, 69, 29] showing that the fluxes have also a more consistent interpretation as canonical
generators on the radiative phase space, than the charges on the partial Cauchy slice phase space.

Applications of our method to the generalizations of the BMS symmetry to larger groups will
appear elsewhere [5I]. Our results are likely to be relevant also relevant for the current ongoing
research on w0 |70, [T} [72] [73, [74]. For other recent work on asymptotic gravitational symmetries,
see e.g. [75] 76l [7'7, [78), (79, [80}, [R1], [82].
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A Shear transformation

In this Appendix we review how (2.68]) reduces to (2.50D) for a Lie dragged [. We start from the
identity X
[£¢, Dially = 1°(6" Ragaye — DiaDiy&c)- (A1)

For the vertical part of the symmetry vector field, £ = fn, we have
c N 1,
D Ryjapye = 35ab) (A.2)
because the conformal Weyl tensor vanishes at ., and
—1°DuDyy(fne) = DiuDyy f = P00 Ziy f + anf + 2l Dyy f (A.3)

where we used the divergence-free frame condition and the first identity in footnote Bl For the hori-
zontal part, we have

Y “Raarye = Y[De, Diallyy = YDeogp — YD 0y, (A.4)
where we already set 7, = 0, and

—1°DyDyY, = Lyog — Y D.og + YCD<an>C. (A5)
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Adding up and using (2.44]), we recover
. 1
0c0ap = (fOu+ Ly — [)ow + Ly f = —5550@. (A.6)

A.1 On the flux-balance laws

In this appendix we investigate two different methods for computing the flux of the BMS charges
between two arbitrary cross sections of .# T using the covariance properties that we studied in the
main text. Imagine for example that we want to compute the flux between the cross section S; defined
at u; = 0 and Sy defined at uy = a(:EA). The two cross sections are related to a supertranslation
uy = u1 + «, and so the coordinates v = u — o, 24 = z# define a nother Bondi coordinate system
where Sy is located at ' = 0. If we adapt the background structure to the first coordinate system
(u,xA) by usiong an auxiliary vector | = —du tangent to the foliation induced by the first Bondi
coordinate system, we can compute the charges at « = 0 which are given by

1
A 74 (AM,T +2Y A Ja)es (A7)
167 S1
where M and J# are computed using | = —du. However, on the cross section S, the charge is not
given in general by
QP¥S[Sy) = 74 (AM,T + 2V A Ta)es (A.8)
167 S

since M and J4 are not adapted to the foliation to which Sy belongs to. However, we can compute
the BMS charge on Sy by adapting the background structure made of [ and £ to the cross section S5,

such that 1

QBI\IS [ ] ﬁ

(AMT' + 2V Ty Jes (A.9)
where the coordinate system A’ labels the cross section Sy, M ; and J/, are computed by trans-
forming | = —du into I’ = —d(u — «) adapted to the foliations of supertranslated Bondi coordinate
system, which corresponds to the application of the (finite) anomaly operator associated to the super-
translation «. Furthermore, we have to adapt the vector field £ to the new coordinate system, such
that

E=Td, + Y9, =T'9, +Y'40,, (A.10)

and 9y being tangent to S, and which components (7”,Y” A) are obtained by computing the bracket
[a, €]. Tt is how the charges have been computed in [9],33] for instance, without referring to the anomaly
operator. Furthermore, we know that the relation between (A.8]) and (A.9) is given by the integration
of the infinitesimal relation (877) to a finite supe-rtranslation parameter a. Indeed, this relation tells
us that at linearized order the anomaly of the charge is equivalent to computing the anomaly of the
vector fields, i.e their bracket. In particular, for any super-translation 7', since [a, T| = 0, (B77)) can
easily be integrated and we have that

1 1

QulS) = 3= [TV, + 2aVE pyles = 3 [T+ F4ViE y)es (A1)

which outlines the invariance of the super-momentum with respect to the choice of . Nevertheless, the
super-momentum can be written as the integral of 7'M, on S only if [ is adapted to the cross section
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S, since Y4 depends on the choice of . However, the angular momentum does not commute with an
arbitrary super-translation «, and so the angular momentum is dependent on the choice of [, but in a
covariant manner, since (A.8) and (A.9) are related by ([B.77). Therefore, if we want to compute the
angular momentum charge using an auxiliary vector [ which is not adapted to the cross-section, we
have to integrate (3.77)) to a finite super-translation parameter a.

However, translating between two different Bondi coordinate systems can be painful and so we
outline here another elegant way of computing the flux of angular momentum which has been worked
out by Dray [34]. The Dray-Straubel angular momentum charge is computed using an auxiliary vector
I that is tangent to the cross section .S on which we evaluate the angular momentum charge. However
in the example above we do not have an auxiliary vector [ that is tangent to both cross sections at
the same time, for the same reason as the vector £ cannot be tangent to both cross sections, since for
a general « it will have a vertical component on S5 if it does not have one on S;. Nevertheless, the
Ashtekar-Streubel flux is conformally invariant, so we can compute the flux and the charges in any
conformal frame. Under conformal transformations (followed by a super-translation 7"), we remind
that the affine coordinate u transforms into

u—=u =wu+T)+0(Q) (A.12)

which is another affine coordinate. If we choose now w = uzim and T = —uzu_lm, then the cross
sections S and Sy belong the same foliation, and are located respectively at v/ = 0 and v’ = 1. In
other words, for any pair of cross sections (57, .52) there exists a privileged conformal frame in which
the auxiliary field I’ = —du’ adapted to Sy is also adapted to Sy. Therefore in this conformal frame
the two cross sections belong to the same foliation and we can compute the flux and the charges by
neglecting the contribution of the total divergences 24 X 4¢ s all along (where the two dimensional

derivative operator 7'y is associated with I’ = —du’).

B Explicit calculation of the 2-cocycle’s removal

In this Appendix we prove that the Wald-Zoupas charges satisfy the algebra without 2-cocycle with
an explicit calculation and without reference to the anomaly operator. The cocycle is removed if

5{(%]? - %]?MS) — iy (07" — 0°%) = _K(?x) N (qf?x] B q?icsl) (B.1)
where
1 1
06 = ——papCPey, 6% — 6" = —51° = ——ppéCAPc,, (B-2)
2 327
. f .
%]?T - %]?MS = —iyl® = 32>;PABC'ABES, ix€s = fyes- (B-3)

From the latter we have

flex AB 1 ; AB
Gl ~ G = 3o, PABC es = oo (fﬁfx +Ye[f] - (€« X)> papC*7es, (B.4)

hence the right-hand side of (B.I)) is equal to
1 . :
5 (@ FOAR + 202 20T f) + (fef + Yel fDpanCP = (€ &) es, (B5)
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where we used (B.I5). On the left hand side we have

5§(q§T o qiMS) o iglx(eBT o HBMS) — ?)J;—Xﬂ.pAB 55CAB €g — (f o X)

1 .
= 32—7_‘_fXPAB <(£y§ + 3f§)CAB — 2@<A@B>f§> es — (£ < x), (B.6)
where we used (2.62]). In the first term we integrate by parts:
prAB"EYgCABES = —C'AB‘,EY5 (prABGS) = —CAB(I()ABY%[]CX] + fX"EngAB + 2fprBf§)€S, (B?)

using deg = 0 and d(z'y5 €s) = DYeeg =2 fges. The crucial ingredient at this point is the transformation
law (2.I0) of Geroch’s tensor, which allows us to rewrite (B.6]) as
1
327

The first three terms match the first three terms of (B.3)), including the anti-symmetrization. The
last term we integrate by parts, finding

(CABYg[fX] — fxpapfeCAP +2f, (Cap 2 2P fe + p<AB>@A@Bf5)) es— (< x). (B8)

1
—fxpapy 24 2P fe = 3 P OARI fe + prapy Daf P fe. (B.9)

The second term vanishes from the anti-symmetrization, and the derivation of (B.)) is complete.

This derivation can be applied to the eBMS case if we replace ([2.10) by (AI). In this case we
also have an extra contribution —32%0,4355,0’43 esfx — (€ < x) to deqp™® — i [,0®° and thus we
understand that it is in fact the combination £¢pap — d¢pap = —A¢pap that appears in the more
general derivation. However this quantity is the same for both BMS and eBMS symmetries, and the
rest of the proof follows the same steps.

C Conformal stress-energy tensor and super-rotations

The equivalent of Geroch’s tensor in the context or eBMS is still defined by (2.35]), but one can now
look for a reference solution on a flat conformal frame, with R = 0. This means that it is trace-
less and divergence-free, like the stress energy tensor of a conformal field theory. If we use complex
coordinates (z, Z), the only non-vanishing component of the flat metric is ¢,z = 1, and the trace-free
and divergence-free conditions read

p2z =0, 0zp.. =0 0.pzz = 0. (C~1)

The solution to these equations is p,, = p..(z) an arbitrary meromorphic function while pzz =
pzz(Z) is an arbitrary anti-meromorphic function. We thus have an infinite number of solutions,
parametrizable in terms of conformal field theories 2 Therefore the generalization of Geroch’s tensor
is not unique nor universal, which was to be expected since the sphere’s topology was crucial to
establish those properties. Let us now look at its transformation rules. Under a (meromorphic)
coordinate transformation, both the induced metric and py; transform as a tensor, hence in complex
coordinates,

;|02

Qrz = w

(92N
) Pzz = @ pZZ(Z ) (CZ)

200ne can in fact show that being divergence-free and trace-less implies the third condition in (ZH).
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The first equation coincides with a conformal transformation of the metric. Therefore just like for

BMS vector fields, preservation of the background metric is achieved if we perform simultaneously an

.. . . . -1
asymptotic diffeomorphism and a conformal transformation with factor w = % ,

2 -2

0z
4zz = Qzz- (03)

a2

0z

0z

A
zZz

This establishes invariance of the background metric for finite eBMS transformations, namely d¢g,, = 0
at the infinitesimal level. On the other hand, the behaviour of p,, under conformal transformation is
still given by (2.7)), consistently with the defining conditions. As a consequence, the combined action
of cross-section meromorphism plus (inverse) conformal rescaling defining a eBMS symmetry gives

2
Pz = <%> p==(2') +Schw(z'), (C.4)

" 1" 2
where Schw(f) := ]}—,—% (J}—,) is the Schwarzian derivative. The infinitesimal version of this combined

transformation is .
d¢epaB = £epap +2DaDpf. (C.5)

The remarkable property (ZI0) is now lost, because it was due to the topological properties of the
sphere, and it is replaced by (C.5)). The inhomogeneous term means that an eBMS transformation
can introduce a non-trivial py, even if one initially has p,, = 0, and this plays a key role in the study
of eBMS covariance.

C.1 Recovering the universality of Geroch’s tensor

In this Appendix we prove that without assuming sphere topology for the cross sections, it is still
possible to show that there is a choice of Geroch tensor such that d¢pap = 0 for globally defined
CKVs, in any frame. To do so, we consider first the flat metric. There ;40p) f =0, which in complex
coordinates is the statement that 93Y* = 0 for the Mobius transformations Y?(z) = a + bz + cz2.
Then d¢pap = £Lepap = 0 is solved trivially by pap = 0. Starting from this special solution on the

plane, the correspondent one in an arbitrary frame gap = w?d4p is
AR = —2w ' DU Dpw + 4w 2 DywPpw — w 2ga 2w Pcw. (C.6)

The right-hand side is manifestly universal, hence this solution satisfies d¢pap = 0 in any frame.
Conversely, had we started from a different solution than the trivial one, the resulting transformation
law d¢pap may not be zero for globally defined CKVs.
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