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1. Introduction

The detection of gravitational waves with LIGO and VIRGO opened the new era
of gravitational wave astronomy [BKK22], which allows us to explore the physics
of Black Holes (BH) and Neutron Stars but also to perform high precision tests of
General Relativity (GR) and alternative theories. In the near future projects like LISA
[ABB™22] are expected to measure gravitational waves from supermassive BH mergers
and also of extreme mass-ratio inspirals (EMRIs). In order to describe theoretically such
inspirals we need to develop various perturbation techniques for near horizon phenomena

[BCNF19).
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Our main aim in this work is to set up a GR version of the Gaussian perturbation
equations for osculating elements using analytic solutions of the geodesic equations in
a certain space-time as reference. One motivation for that is to set up an efficient
description of near BH horizon orbits or for orbits in coalescing binary systems. Then
the perturbation might be an extra force due to the deformation of neutron stars or
BHs, the radiation reaction force, or forces related to modified gravity. In this work we
consider the simplest non-trivial case of bound Schwarzschild geodesics with additional
perturbation forces which act only within the orbital plane. For this case we derive
perturbation equations and solve these equations for several perturbation forces.

A full set of the Gaussian perturbation equations in Newtonian gravity usually
consists of equations for the following six orbital elements: semi-major axis a,
eccentricity e, inclination ¢, argument of pericenter w, longitude of the node 2 and
the starting point of the mean anomaly M. The condition that the orbital elements
do not change the unperturbed form of the formulae for the position as well as for
the velocity makes the orbital elements to osculating elements. That means that the
perturbation force does not induce any explicit time-dependence in the position and the
velocity. In the case when the perturbing force is restricted to be in the orbital plane, the
inclination ¢ and longitude of the node €) are constant, so that we have four osculating
elements only. In GR the set of osculating elements may consist of, for example, e,
semi-latus rectum p, the value of relativistic anomaly at pericenter xo, ¢, €2, the initial
values ® and T of azimuthal angle ¢ and coordinate time ¢, see, e.g., [WOEI17]. In the
special case of a motion not changing the orbital plane, one has e, p, xo, ®, and T, see
[PPO§|. In our approach we use several equivalent sets of osculating elements: either
the invariants of Weierstrass elliptic function g, and g3, the argument of pericenter ¢,
and GR "mean anomalies” M and M;, or constants of integration C; and C5 which
in non-relativistic limit are related to angular momentum and energy, ¢, M, and M,.
We use M, = %(s — 50) and M, = 241;(t — ,) instead of the initial values so and ty of

Cor2
the proper time s and the coordinate fime ¢. In the case of forces that do not depend

explicitly on the proper and the coordinate times, we can evaluate M, and M, by their
definitions instead of solving the corresponding equations, which are quite cumbersome.
This is in contrast to choosing ty and sg as osculating elements, where we cannot omit
solving the corresponding equations. Our choice of M, and M, over sy and ¢y has some
limitations, as we cannot easily extract effects of the external forces on the dynamics of
the coordinate time ¢ itself but only the difference t — ;.

The GR Gaussian perturbation equations are non-linear and coupled, so it is
possible to have analytical solutions only perturbatively in linear or higher order
approximations, which may be relevant for small forces. In contrast to [PP0§] and
similar approaches ([WOE17], [OWEI6], [IWAB™12]) where the perturbation equations
are solved numerically, we obtain analytical expressions for the osculating elements in
linear approximation and, in particular, for the secular perturbations. Furthermore,
we believe that due to the explicit connection between r and ¢ the use of Weierstrass
elliptic functions might be more convenient even for numerical computations compared
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to the Chandrasekhar y parametrisation. It is also very helpful that, using, e.g.,
Wolfram Mathematica, we can evaluate expressions written in terms of Weierstrass
elliptic functions with an arbitrary precision.

As an application of our new technique, we solve the perturbation equations for
the force induced by the presence of the cosmological constant in the Schwarzschild-de
Sitter metric, for the hybrid Schwarzschild/post-Newtonian 2.5 order self-force defined
in [PPO8| and for quantum gravitational correction to a Schwarzschild BH obtained in
[CK21]. In addition, we compare pericenter shifts in Schwarzschild-de Sitter space-
time obtained using our approach with the analytical solution from [HLO8bD]. This new
scheme can also be applied to space-times with multipole moments, either for testing
space-times solutions for modified gravitational theories or for applying this to satellite
orbits in the frame of GR geodesy in analogy to the discussion of perturbations of Kepler
orbits in the gravitational field of the real Earth [Kau66].

In comparison with post-Newtonian methods (see reviews [ISN20] or [FI07]) our
approach does not have TTQ as a small parameter, so that in principle it must work closer
to a BH horizon than the post-Newtonian methods based on Gaussian perturbation
equations. We compare our method with two different post-Newtonian results for
the pericenter shift in a Schwarzschild—de Sitter space-time: one obtained as a post-
Newtonian asymptotic of an exact solution [HLI2] and the second obtained from solving
a post-Newtonian version of Gaussian equations [KHMO03]. From this comparison, we
see that our method works better than the second approach and as well as the first
one for the situation when the body is close to the BH horizon. All three methods’
accuracy exceeds the current observational accuracy for the Solar System. Also, we can
use results from post-Newtonian calculations in order to build hybrid schemes (as in
[KWW?93]) from which we can define our perturbing forces (as in [PP0S]).

As in the non-relativistic case when there are two integrals of motion related to time
translation invariance and spatial rotation symmetry, there are no secular corrections
to the pericenter 7, and apocenter r, distances (or equivalently to eccentricity e and
semi-latus rectum p). Similarly, in the relativistic case if the metric is independent of the
coordinate time ¢ and the azimuthal angle ¢, then there are two conserved quantities,
which lead to the absence of secular corrections to the pericenter r, and apocenter r,
distances. Due to this, in the cases of quantum corrections and the cosmological constant
induced force discussed later, we have secular corrections only to the pericenter shift.

The paper is organised as follows. In section [2] we introduce solutions of the
Schwarzschild geodesic equations which play the role of the zeroth order solutions of
our perturbation technique. We also define constants of integration which in the next
sections will be treated as osculating elements. In section [3| we derive the GR Gaussian
perturbation equations for bound Schwarzschild geodesics and perturbation forces acting
within the orbital plane only. Then in section [4| we describe the strategy of solving our
equations with small perturbing forces. In sections [f [6] and [7] we solve our perturbation
equations for the force induced by the cosmological constant in the Schwarzschild—
de Sitter space-time, for quantum gravitational correction to a Schwarzschild space-
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time, and for hybrid Schwarzschild/post-Newtonian 2.5 order self-force. In addition,
in section [5) we compare the secular corrections with the analytically given motion in
a Schwarzschild—de Sitter space-time obtained in [HLOSD|]. In section [§ we discuss our
results. In we give some necessary definitions of elliptic functions, and in
we prove the equivalence of two different exact solutions of Schwarzschild
geodesics in terms of Weierstrass elliptic functions. gives useful integrals
which appear in calculations of sections [5] [6] and [7] Finally, in we present

some cumbersome explicit expressions for sections [3], B} [6] and [7]

2. Geodesic equations in a Schwarzschild space-time and their solutions in
terms of Weierstrass elliptic functions

The motion of a test particle in GR is defined by the geodesic equations:
d*x’ dx da!
. [ — 1
ds? Tl ds ds ’ (1)
where Tl = 29" (Oxgj + O19;x — O;gm) are Christoffel symbols, g;; is the space-time

metric with signature (4, —, —, —), ds = /g;;dzidz? is the proper time interval, and
the indices run from 0 to 3. The Schwarzschild metric is given by

T 1
-1-4 - _
goo - g1 l_r?gy

9222—7’27 9332—7’281H29- (2)

The velocity of light ¢ =1, and 7, is the Schwarzschild radius.
In this paper we restrict to forces which act within the orbital plane, so that for
convenience we can fix § = 7. The corresponding set of geodesic equations then is

T'g

. (r—rg)ry; T'g . ;
0=7+ s ? — 5 —r0) Tg)r2 —(r—r,)¢* (4)
0=d+ 2dr, o

where an overdot denotes a derivative with respect to the proper time s.
The first integration of and gives

: 1
=0y )
. T

t*CZT_rga (7)

where €'} and C5 are constants of motion which we are going to treat as osculating
elements in the next section. Instead of solving equation (4)) for r(s) it is more convenient
to find r(¢). For the connection between r and ¢ we have an equation as an algebraic
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curve of genus one, which can be parametrised in terms of the Weierstrass elliptic

function p [Hag31| [Hacl0)]
"y

r= (8)

0(3(0 + o) +w3) + 3

where ¢y is a further constant of integration (which we also will treat as an osculating

element in the next section) and where ws is an imaginary half-period of ¢ which is
necessary in order for o to be a real-valued function. The invariants of @, g and g3,
play the role of geometrical characteristics of the trajectory and are related to C; and

1

4 <2 (3C2 —2) @) |

$=3\9 2

For more information about Weierstrass functions see or consult classic
textbooks like [WW21]. This is not the only way to write a solution of the equations
of motion — in terms of the Weierstrass elliptic function, see [Schll], for example.
However, we have shown in that these two approaches are equivalent.

It is convenient to introduce a “semi-latus rectum” p and an “eccentricity” e from

C5 according to

(10)

the definitions of the pericenter r, and apocenter r, distances

p
= 11
A +e (11)
p
0= , 12
" 1—e (12)
which are related to the roots e; and es of the Weierstrass gp-function
rg 1
=== 13
€2 v, 3 (13)
rg 1
=== 14
€3 T 3 ) ( )
that is,
e+1 1
= - = 15
€2 D 3 ) ( )
l—-e 1
= ——. 16
€3 p 3 (16)

From @ and we can define a proper time mean anomaly and a coordinate time

MSZE(S—SO)Z/W, (17)

Mﬁzq@—m:/( ? : (18)

mean anomaly as

and
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where sy and tg are constants of integration and where v = @ + w3 is defined as the
true anomaly. Integration of yields

2 ey W
Mo ==0r) (SM’ ) ) 2 3)> ’ (1)
where we denoted y = p~!(—3) and &;(6, p) = &(¢, p) — &;(0, p) and
&i1(¢,p) = C(v—2) + ¢ (z+v) + 2p(x)v (20)
B o(v—ux)
6a(00) = 2¢(o)o -+ 1o (T2 ). @)

where here and in the following z = p~1(p), ¢ and o are the Weierstrass zeta and sigma
functions. A prime denotes a derivative with respect to the argument. Analogously,

for (|18]) we obtain

2 _
My = M+ —&(6, —3) —
o' () ’
where z = p‘l(g). We notice that, while &; are complex-valued functions, the
differences f_j are real-valued.

2 - 2
S5, (22)

3. Perturbation equations in GR

The motion of a test particle in GR exposed to an additional force f? is defined by the
equations of motion

d*a s ,
—_— y———=f 23
752 TR e I (23)
where the orthogonality condition
flai =0, (24)

is satisfied automatically for arbitrary forces provided that the normalisation
condition #;@° = 1 holds true. For the Schwarzschild metric together with the
perturbation force the equations of motion are

T'g

t+ e Tg)ﬁ = f! (25)
il _277:;’) oz ZT(;"_ )= (26)
bt 2di=re. (27)

In order to write perturbation equations for the osculating elements C4, Cy
(or g2, g3), v (or ¢y) we use the technique inspired by the method of variation of
constants which is widely used in Newtonian celestial mechanics, see, e.g., [KIil6]. First,
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we postulate that the following relations (which satisfy the geodesic equations —)
hold even in the case of the presence of a perturbation force

b=y (28)
t’:OQT_TTg, (29)
= (U§9+ T (30)
g ), (31)

where now the orbital elements are functions of s for which we will obtain equations.
The orbital elements fulfilling — are called osculating elements.

It is necessary to choose an independent set of osculating elements. Such a set can
be Ci(s), Ca(s) (or equivalently go(s), gs(s)) and the true anomaly

o(s) = w + ws(s) (32)

(or equivalently the argument of pericenter ¢o(s)). In order to obtain equations for
these osculating elements we take the derivative of and with respect to s and
eliminate all second order derivatives using and

Cils) = r2f°, (33)
Co(s) = (1-22) 1", (34)
or, using orthogonality condition (24)), we rewrite the latter in terms of f¢ and f"
. r Ol @,(U)Cl
C :(1——9>—¢——T. 35
()= (1-72) e = G (3)
Using connection between go, g3 and C7, Cy — @, we rewrite and as
Gols) = A%, (36)
gs(s) = AP "+ AP f°, (37)

where we denoted

AR =" (‘—l - 92)3/2, (38)

Tg \ 3
1/2
A2 =2/0) (5-m) (39
r3 (2793 — r2(r—r, 1/2
(o) = B SERE Zn)) (0 ) (40
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In order to obtain an equation for the true anomaly v we take a derivative
of r(¢) 1) with respect to s, and replace the derivatives 7, @2, §s, a—i and 2

using (31)), (36} ., and also -, - from |[Appendix A| and finally get after

some simplification (mvolvmg some properties of o and )
0(s) = = + AL + AL f2, (41)

where we also denoted

A¥(s) = <4 )1/2 (=692 (C(v)' (v) + 20(v)?) + 292 + 993 (ve' (v) + 20(v))) (42)

- — 02 )
3 (95 —2743)

1/2
A6) = T2 B T (§ - 92) g
x(—B%C@w—lhm@f+4wMO—4«@—6MWQ@ﬂU
+3¢3 — 263 (20 + 3p(v))
~ 692 (C(v) (305 + 24p(0)° — 8p(v)) +4 (Bp(v)* = 1) p(v)) ). (43)

In the case when the force does not depend on the proper time explicitly instead of
proper time parametrisation it is convenient to use ¢ as a parameter of motion, so we
rewrite our perturbations equations and in terms of ¢ as

et
Ci(e) = 1 (44
1
T\ T2 r?¢ (v)
!/ — 1 .9 1) _ r 4
o =(1-2) g -5t (45)
or, analogously, and as
rt (4 2
/ . [ =Z_ ¢ 4
(o)== (5 - ) 7 (46)
: r*p'(v) (4 "
93(0) = Ty (g - 2) f
r(r*(27gs — 8) + 108r2(r — 1)) (4 5
— - — 4
o (5-0) (47)
and as
1
V(9) =5+ B+ Byf°, (48)
where prime denotes a derivative with respect to ¢, and
2 2
BY(¢) = A® BY(¢) = A° 4

A full set of perturbation equations for osculating parameters must also contain
equations for M, and M;. But due to their cumbersomeness and the fact that in the
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case when the force does not depend explicitly on the proper and coordinate times we
can find My and M, directly via their definitions and , we will omit writing
these equations.

The perturbation equations for osculating elements derived above , and
(41]) are equivalent to equations obtained in [PP0S]

0z% . 0z%
=0
or, ol

Ia= [, (50)

where z = (¢, 7, ¢) and I are five osculating elements. We decided to write our equations
in a manner closer to the standard approach in classical celestial mechanics (see [KIi16])
because, instead of using the Chandrasekhar x parametrisation, we used the more direct
connection between r and ¢ which allowed us to omit solving a system of linear
algebraic equations for Ia . It is easy to show that solutions I4 of are equivalent

to our system of equations , and .

4. Solving strategy

In general, for the forces which do not depend on proper time explicitly we can

symbolically write the perturbation equations , and as

0(s) = F*(92(5), 9s(s), v(s)), (53)

where the F7(go, g3,v) are the RHSs of , and . This is a set of nonlinear

first order differential equations which cannot be solved analytically for arbitrary forces.
In the case when the forces are small we can solve equations — in linear
approximation

92(8) = F(ga, g3, v), (54)
93(s) = F%(ga, g3, v), (55)
U(S) = FU(927937 U)a (56)

where ¢o, g3, and also ¢ and ws in the true anomaly v on the RHSs are now constants.
Thus, the RHSs depend only on ¢(s) which allows us to reparametrise them in terms

of ¢

9§(¢) = o (92, 93,v), (57)
gé(ﬁb) = (92,93, ), (58)
v'(¢) = F*(g2,93,v), (59)

so that it is in principle possible to integrate these equations.
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4.1. Secular corrections

In order to obtain secular perturbations, we expand the RHSs of — in a proper
time Fourier series

Go(s) = F* + ) Fre™™, (60)
k#0
g3(s) = F® + Z FethMs (61)
k#0
0(s) = Fy + Z FpeMs (62)
k#0
where k = Mf&’zjl) and n € N. M,(4w,) is given in |[Appendix D.1 We can integrate
these equations neglecting all oscillatory terms as
g2(8) = g2 + (s — s0) F§?, (63)
g3(s) = g3 + (s — s0) F”, (64)
v(s) = wvg + (s — s0) Fyy, (65)

where the zeroth harmonics are given by

1
FgQ:—/ F92(s)d M, 66
= M Jp, Y 00
1
[ R — / F9()dM,, 67
P = i L P (67)
1
o= —— | Fv(s)dM., 68
S = S / (s) (68)

where [, is an integral over a period P, = M(4w).
The same we can do for the coordinate time. We first define the coordinate time
linearised perturbation equations according to

92(t) = G* (g2, g3, v), (69)
93(t) = G* (g2, g3, v), (70)
o(t) = G"(g2, g3, ), (71)

and then write the coordinate time Fourier series

ga(t) = G + ) GPe™™, (72)
E#0

g3(t) = G + Y Ge™™, (73)
k#£0

o(t) = Gy + > Gre*M, (74)

k40
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where the zeroth harmonics are given by

1
G92:—/ G2 (t)dM,, 75
F = i [, O, (75)

1
G93:—/ G (£)dM,, 76
Mt(4w1> Pt () t ( )

1
Gy = ——— G*(t)dM;, 77
= it L 6w (77)

and | p, 18 an integral over a period P, = M;(4w,) which is also given in |Appendix D.1|.
Thus, we have the secular perturbations

92(t) = g2 + (t — o) G, (78)
93(t) = g3 + (t — t0) G, (79)
o(E) = 1o + (F — to)GL. (80)

In addition, there is a connection between the proper and coordinate times secular
perturbations

GJO _ MS (40)1)
Mt(4u}1)02
Using the same approach we can analogously write the secular perturbations for

Fl. (81)

C1(s) and Cy(s) instead of ga(s) and g3(s). We wrote our general perturbation scheme
for v(s) but for calculations with specific forces it is more convenient to use ¢o(s) or
do(s) = do(s) + 2ws(s) instead. When F§'* and FS> are vanishing there are no secular
perturbations of e, p, 74, 7. Then the only non-zero secular correction Fod>  gives an
additional pericenter shift per revolution

M, (4wy) 72 ;
A= %%Reﬂfﬁ (82)

5. Perturbation force from a Schwarzschild—de Sitter metric

Though there is an analytical solution for the geodesic equations in the Schwarzschild—
de Sitter space-time [HLOSal [HLO8b] we treat here the influence of the cosmological
constant as perturbation and apply our perturbation scheme in order to discuss the
performance of the new ansatz.

The non-vanishing metric elements for the Schwarzschild-de Sitter space-time are

1

1 —Te _ AZ2’
T 3

T'g

2
T .
goo=1- o A§7 gu = — go2 = —17, gsz = —r’sin’f,  (83)

where A is the cosmological constant. Performing a series expansion for small Arg of
the geodesic equations we obtain the corresponding perturbation force for an underlying
Schwarzschild metric

fo=0, (84)

(85)
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where we do not show the explicit expression for f” which is quite cumbersome. Using
the orthogonality condition f'&; = 0, we can express f" through f! and avoid using
it completely. In the following subsections we integrate the linearised perturbation

equations for C}(¢), Ca(¢) and v( with this force.

5.1. Solutions for the osculating elements Cy and Cy

As postulated in section [3| we use £ and 7 as in the homogenous case and .
Insertion into f* yields

AC,Cyr ¢’ (v)(2 — STTQ)

ft=— 86
by ()" Y
Equations for Cy(¢) and Cy(¢) — and with this force are
Ci(¢) =0, (87)
2
/ _ ot
Cy(0) = (1-"2) & 1" (88)
from which we can see that C'(¢) = const, so we have only one equation
ArCy (2 - 32)
Co(¢) = — L 89
e el (59)
We solve in linear approximation by Arz
e
Ca(¢) = Cay + Arg—a(9), (90)

76

where here and throughout the text C; and other osculating elements without the
argument are constants. Solving then the equation for a(¢)

/ r3 (2 - Sr_g) /
a'(¢) = —5—"5¢'(v), (91)
Ty (1)
we have
a(¢) = 2 (a(¢) — a(0)), (92)
where 5 1 1

a(¢) =

- + .
(14+3p(v))?2  14+3p(v) 2-—3pv)
5.2. Solution for argument of pericenter
Next we integrate the equation for v writing it in terms of f*:

Vo) = 5= (1= ) G B (94)
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We rewrite this as an equation for ¢o(d) = ¢o(¢) + 2ws instead of v(¢)
: 3 (182 + 27g5 — 32)
/ — A 2
¢0(¢) rg gg _ 279:)2)
o (1=39) (692 (C9" + 20%) — 93 (v9' + 29) — 293)
(2= 3p)*(1 +3p)° ’

as it is more convenient to solve. Here we omitted the arguments of p(v), ©'(v)

(95)

and ((v) for simplicity. We integrate equation in linear approximation, using

formulas (C-11)-(C17) from as

- - 3 (18¢g2 + 2793 — 32)
= By + A2
e R T

b(¢), (96)

where
b(¢) = 2(B(¢) — 5(0)), (97)
and ((¢) is defined in [Appendix D.2|

5.3. Secular perturbations and comparison with other results

For the proper time secular perturbations we have

1

1 4w1 ’]"2

02 - - 02 _ 02 r? _

Fy = M) /pF (s)dM, Ms(4w1)/0 F (¢)T§d¢ 0 (98)
and
Ff = ;/ Fo(s)dM, = ;/4"” Foo () g —
" w) Jy, O gy f, gt
2 C13(18gs + 2795 — 32)
= Ar? “ o) |

L) 2 g2t ) =50 (99)

We do not show the explicit expression for Fg’ ® because it is too complicated. However,
it can be easily calculated from the definition of 5(¢). Also for the coordinate time
secular perturbations we can use the relation between the proper time and coordinate
time secular corrections . Due to vanishing of F{'' and F? there are no secular
perturbations of e, p, r,, ,. The only non-zero secular correction Fg’ ? gives an additional
pericenter shift per revolution (82)

18gs + 2795 — 32)
g5 — 2793

Ay = A2 (B(dwr) — B(0)) (100)

We compare this with the pericenter shift from the exact solution of the geodesic
equations in a Schwarzschild—de Sitter space-time obtained in [HLOSD]

ASIS — 97 2/% udu (101)
2 PS(U)7
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where we rewrite Ps(u) in terms of our g and g3 as

1
Ps(u) = u® —u* + muz (36A72 4+ 990 — 2795 — 4)
1 Ar2 4 — 3¢,
- -9 Sy 9 vJe
+ 108 (36 — 27g9) u” + 3 13

and z; are the zeros of P;(u). Since Ar is small and for A = 0, A% = AY = 27 — 4wy

(where A® is pure Schwarzschild pericenter shift), we can define the part of the pericenter
shift AL which arises when A # 0 as

(102)

2/%“ xdx
2, V PS(I)

For the Sun—Mercury system we have r, = 2953.25008 m, the initial conditions r, =
6.981708938652731-10'% m, r, = 4.600126052898539 - 10'° m and taking A = 10~°'m 2,
using numerical integration of we have AHE = 4.04333923643109 - 10722 and from
our secular correction ((100)) we have A, = 4.0433392020640 - 10722, This demonstrates
the good accuracy of our method. As we can see from Table[I]for initial conditions nearer

= 4w + AYE. (103)

to the BH horizon, our method also gives good accuracy compared to the analytical
results.

JAVN

HL PN,HL
AA AA

PN,KHM
AT

Sun—Mercury

4.04333 - 10722

4.04333 - 10722

4.04333 - 10722

4.04333 - 10722

Sun—Neptune

1.94306 - 10716

1.94306 - 1016

1.94306 - 1016

1.94306 - 10716

re =60, 7, =40 | 7.9971-107% | 8.0257-107%¢ | 8.0095-107*6 | 7.6952-10~4°
re = 60, r, =30 | 5.64630-107%¢ | 5.6686 - 1071¢ | 5.6530- 1076 | 5.3981-1074¢
re =60, r, =20 | 3.6855-107% | 3.7019-1071° | 3.6856- 1076 | 3.4824-1071¢
re =60, 7, =10 | 2.0609 - 10746 | 2.0714-107% | 2.0491 1076 | 1.8853 10
re =60, 7, =5 | 1.3429-107% | 1.3504-107¢ | 1.3093-107% | 1.1495.1074¢

Table 1: Pericenter shifts per one revolution from our approach A 1} exact solution
from [HLOSD] AX% (103) and post-Newtonian results from [HLI2] (104) and from
[KHMO3] (103]) for different initial conditions and fixed ry = 1, A = 107", ¢y = 2w.

In addition, in Table [1| we compare our result with the post-Newtonian pericenter

shift per revolution obtained as an asymptotic of the exact analytical solution given in
[HL12|

A 4Ar(2—e?)d?
AiN,HL :27Td3 /1—62—+MA7 (104)
T'g

V1—e?
where d = ™2 is the semi-major axis, and with the result obtained in [KHMO03] from
solving the post-Newtonian analogue of Gaussian perturbation equations

A
AR = omdT =,
g

(105)
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Ax AfN,HL 1— ﬁ
o =0 | 7.995120968946 - 10~16 0.001798199365
o = %wl 7.995349480728 - 1016 0.001769669356
Yo = %wl 7.995872474588 - 10746 | 8.009523689361 - 10746 | 0.001704372856
Do = %wl 7.996805572986 - 1046 0.001587874244
do = 2wy | 7.997107022468 - 1046 0.001550237863

Table 2: Pericenter shifts per one revolution from our approach Ajx 1) and from the
post-Newtonian approach (104 for different values of the argument of pericenter ¢y,
and r, =1, A = 107", r, = 60, r, = 40.

Ay AfN,HL 1— ﬁ

b0 =0 |1.293073798734 - 10~46 0.012463253843
¢o = swy | 1.328221084176 - 10~ 0.0143791707235
¢o = 3wy | 1.340122721108 - 1076 | 1.309393097286 - 10*¢ | 0.023468600747
¢o = sw; | 1.342725722866 - 10~ 0.025456545974
b0 = 2wy | 1.342944505857 - 1046 0.0256236333005

Table 3: Pericenter shifts per one revolution from our approach A 1' and from the
post-Newtonian approach (104) for different values of the argument of pericenter ¢y,
and r, =1, A =10, r, = 60, r, = 5.

which is equal to the first term in (104)). From Table[l] we see that for the Solar System
initial data the post-Newtonian approaches work perfectly and our method agrees with
them. From Table [I] Fig. [I] and Fig. [2] we see that for initial data which is closer to a
BH horizon our method gives at least one order advantage to post-Newtonian results
obtained from solving perturbations equations and has approximately the same
accuracy as the post-Newtonian asymptotic of the analytical solution for small
eccentricity and is getting closer to the exact analytical shift for high eccentricity.
The pericenter shift per revolution depends on ¢, in contrast to the post-
Newtonian ones and , which is a limitation of accuracy of our method. In
Tables [2| and |3| we compare pericenter shift per revolution from our method and
the post-Newtonian asymptotics of the exact solution for several initial values of
the argument of pericenter ¢y. We can see that although this dependence is quite weak
for a small eccentricity (in Table [2| the difference is only 0.02% for different ¢y), it is
stronger for a larger eccentricity (in Table [3| the difference is 1.5% for different ¢y).
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A x 10 Ax10%
13¢ 1.0
12}
11} 0.8
10
of 0.6
8t 0.4
7 ,
: : : . 020y
35 40 45 50 55 6 8 10 12 14 16 18 20
(a) 7 = 60 (b) rq = 30

Figure 1: Pericenter shifts per one revolution from our approach Ay 1} — black dots
and from two post-Newtonian approaches: AL — yellow line and AKHM -
blue line, as functions of pericenter distance r, for fixed r, =1, A = 107°', ¢y = 0 and
for two different values of apocenter distance r,.

A x 10% A x10%
4 0.4
3 0.3
2 0.2
1 0.1
8;‘,_&@&;”.“&.:‘»:0:7 08 09 ° 004 05 06 07 08 09 °
(a) p=20 (b) p =10

Figure 2: Pericenter shifts per one revolution from our approach A, 1) — black dots
and from two post-Newtonian approaches: AL — yellow line and AKHM —
blue line, as functions of eccentricity e for fixed r, =1, A = 107!, ¢g = 0 and for two
different values of semi-latus rectum p.

6. Quantum gravitational correction to a Schwarzschild black hole

In the effective field theory approach to quantum gravity (see [Donl2]) we need to
consider additional terms in Einstein—Hilbert action like

1 174
S = /d‘{wg (A +t ool a1 R? + o R, R*™ + ) : (106)

where R is the scalar curvature, R, is the Ricci curvature tensor and c¢; are parameters
of the theory which in principle can be experimentally measured. Here we neglect A.
As is shown in [Call8] and [CEMI17] at second order in curvature, quantum corrections
do not contribute to the Schwarzschild metric. But at third order in the curvature, as
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it was obtained in [CK21], we can write the quantum corrected Schwarzschild metric

3
r
goo =1 — by bep' L, (107)
r r
1
gu=——— -~ — (108)
1— 2 4 eptit (27— 4922)
a2 = =17, (109)
g33 = —r?sin® 6, (110)

where we introduced a constant p which has the dimension of a distance and a
dimensionless parameter € as ep* = 128G?ncg. The dimensionless parameter cg is the
coefficient of the terms in the gravitational Lagrangian cubic in the curvature [CK21].
In order for the terms with ¢4 in goo and g1; to be small compared to the Schwarzschild

42

terms, cg must be much less than Aﬁof
4
T

as p! = £ so that ¢ < 1 for all ¢ < A{;SEQ

parameter for our calculations in this section. As in the previous section, one gets

It is convenient to define the constant p

, which allows us to use € as a small

from the expansion of the geodesic equations with respect to the small parameter € the
corresponding perturbation force for the Schwarzschild metric

=0 (1)
5p47f7'“r§’(7 — 6%)

-2

fh= (112)
In analogy to the previous section, we express f” through f! and use only f!. In the
following subsections we integrate the linearised perturbation equations for C}(¢), Ca(¢)

and v(¢) [45] with this force.

6.1. Solutions for the osculating elements C and Cy

After insertion of ¢ and 7 from and into f* (112)) one gets

5pt ,CyC¢ (v r
o _ei%rjé_l—f_g()g (7 - 679> . (113)

T

Equs. and for C1(¢) and Cy(¢) with this force give

Ci(¢) =0, (114)

7"2

Cy(0) = (1-"2) &I (115)

r

Clearly, C1(¢) = const, so that we have only one equation

S 5pt L Gl) (o
Cg((ﬁ) = —Egﬁrgm (7 — 6?9) . (116)

T
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We solve ((116)) in linear approximation by e

Cy(¢) = Cy + ea(9),

which gives

, 50t , Cag'
=St 1-).

T

After integration we have

() = " (a(9) - a(0)).
where
0(9) = ) + 3pP(w) + ) I 9w
181p(v) 1
s -7

6.2. Solution for for argument of pericenter

Next we integrate the equation for the true anomaly v depending on f*:

1 r,\ Co 2r
/ _ - _ 1 R Tt g Bv t‘
v(9) 2 ( r ) Ch ¢'(v) nf
We rewrite this as an equation for ¢o(¢) = ¢o(¢) + 2ws instead of v(¢)
- 50t T r
/ . 2 g - v
¢O(¢)_4EC2 r8 (1_7"?5;)2 (7 6T>Br7

as it is more convenient to solve. Then in linear approximation

do(9) = ¢0(0) + eb(¢),

using formulas (C.1[)-(C.17) from |Appendix C| we integrate (122 and obtain
g pp g

_ 2/)_4 20(3g2 — 4)

= Tt gy (B0~ 00,

b(¢)

where (¢) is defined in [Appendix D.3|

6.3. Secular perturbations

For proper time secular perturbations we have

Fy? = !

1 /Zwl 5,04 OQClp/(U)
—_— 6_——
M (4wy) J g, 276 (1- V_g)Q

T

2w1

Ca(g _ 1 2 o
Ms<4w1>/ FRAM. = 500 /F (@)

(7—67;—9)d¢:0

18

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)
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and
Fo—— [ pagang = — L [ ) s
o - M (4wy) /ps (s)dM, = M (4w) /—2w1 ((b)T_g ¢=
4 _
— 30, L 2000 =) L0 p(-2w)). (126)

783 (g5 — 2793) M,(4wy)

We also give an explicit expression for F(ji) % in |Appendix D.SL Also for the coordinate time

secular perturbations we can use the relation between the proper time and coordinate
time secular corrections .

Due to vanishing of FOC ! and FOC * there are no secular perturbations of e, p, r4, 7, SO
that there are no inspirals induced by quantum corrections in linear approximation. The
only non-zero secular correction F(‘f ? gives an additional pericenter shift per revolution
that in principle may be observed for supermassive BH as in [AAB™20|, which
could allow us to estimate parameter cg. As an example, for initial conditions r, = 1,
rq = 60, 1, = 50, g9 = ¥ and ep* = 0.1 we have Age = 1.176835 - 107 and for different
rp = 10 we have A, = 0.000227034. Comparison with the pure Schwarzschild shifts
Ag = —0.180262 and Ag = —0.6376871 shows that the additional pericenter shifts are
very small, even for such initial conditions when the test particle is quite close to the
BH horizon.

7. Hybrid Schwarzschild/post-Newtonian 2.5 self-force

There are a lot of approaches to the two-body problem in GR. One of them is the
self-force technique (see [BP1§|) which can be used for the case when the two bodies
have very different masses. In this approach, the smaller body moves in the metric
of the larger one, but with an additional perturbation force which take into account
the gravitational field of both masses. This additional so-called self-force depends on
the mass ratio. In [PP08] the authors developed a version of a self-force calculation,
considering a binary non-spinning system of two bodies of masses m; and my governed
by the hybrid Schwarzschild /post-Newtonian 2.5 order equations of motion proposed in
[KWW93]. Here “hybrid” means that the post-Newtonian series has two types of terms:
one type depends on the mass ratio Z—; and the other type is independent of it and equals
to the first terms of the post-Newtonian expansion for the Schwarzschild metric. In the
hybrid approach, we take the full post-Newtonian series for the Schwarzschild metric in
place of the mass ratio independent part of the post-Newtonian expansion. In [PP0S] the
hybrid Schwarzschild/post-Newtonian 2.5 equations of motion have been rewritten as a

self-force problem for Schwarzschild geodesics. If the mass ratio is small, we can define

1%
mi1+ma

also use r, = 2(my + my) (where we set G = 1) and p =

, where pp = ™2 ig the reduced mass. We
mi+ma

<. The perturbative force is

a small dimensionless parameter ¢ =
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given by
=5 (A B, (127)
o _ _Hpi
fr=-3B9 (128)
where
{2 .
A= g A (129)
-7
{4 1 “ r N
= A - 2)B 1
(028
and
A=A+ Ay + Ay, (131)
B = By + By + By, (132)
with the definitions for A;
T 3 (dr\?
A= —2—2— 43— = — 133
! 2r—7"g+ b 2(dt) ’ (133)
87 re L, 13y, 9, (dr)?
= — 3 —_— _ = _—
S (2r —1ry)? " 2 2r —rgu 2" \at
15 /dr\* T dr\?
— | — ] =25 J — 134
* 8 (dt> 2r — g <dt) ’ (134)
8 r dr (17 r
Apr = ———9 — [ Z_9 3u? 135
20 52r—7’gdt(32r—7’g+ u), (135)
and for B;
dr
B =2— 136
T (136)
1dr T dr\?
By=—— [15u* —41—2— —9( — 1
2 2dt<5u 2r —r, 9<dt) )7 (137)
8 r 3r
Bys = -~ . 7). 138
25 52r —r, <2r—rg+u) (138)

s 2 , o .
Here u? = §;; dd? dc% = (% —r)? (%) + (%)2 is the square of the velocity in harmonic

coordinates z; which we rewrote in Schwarzchild coordinates.

7.1. Solutions for the osculating elements go, g3, v

We solve perturbation equation for g, in linear approximation in € using formulas
(C.1)-(C.17)) from [Appendix C}

C? C
16 = 02+ 5 (1000) ~ qrggan@) + g leus@)), 030)
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where
a;(¢) = a;(¢) — a;(0), (140)
and the o are given in [Appendix D.4] Analogously, for gs from (47) we have
C? 81C,
00) = 00+ o3 (—B(0) ~ bah(6) + G hele)) ()
where
bj(¢) = 5;(¢) — B;(0), (142)

and the (; are given in[Appendix D.4] Also, rewriting equation for v as an equation
for ¢y we have a formal solution

_ — er
$o(¢) = ¢o + 79(01@5) + c2(9) + c25(9))- (143)
Owing to the presence of terms 11;{;;;()31) and & - +3p ) the ¢j(¢) cannot be integrated

analytically but, instead, have to be calculated numerlcally

7.2. Secular perturbations

For the proper time secular perturbations of g, and g3 we have

1 €e1C?
92 __
0~ M(dw )2rg 02a2 5(4wr), (144)
1 1 C?
F = 1O (dwn), (145)

O M(4wy) 27y Cy

where due to periodicity of ai(¢), ax(¢) and bi(¢), ba(¢p) there are only order 2.5
corrections. For ¢ we have
do 1 er

0 = M(4w1)017g(01(4w1) + c2(4wr) + co5(4w)). (146)

Also for coordinate time secular perturbations, we can use the relation between proper
time and coordinate time secular corrections .

Due to non-vanishing of Fy* and Fjy® we have non-zero secular corrections to e,
D, Ta, Tp Which lead to inspirals as we can see in Figs. where we plot the secular
evolution of the apocenter and pericenter distances and also the eccentricity for various
initial conditions. The secular perturbation for ¢, contributes only to an additional
pericenter shift per revolution A . Fixing the parameters and initial conditions
W= %, $o =%, 179 =1,714 =60, 1, = 55 we have A,y = —1.7866, for r, = 40 we have
Agp = —0.0239023, and for r, = 10 we have A,y = 0.0784699. Comparison with the
pure Schwarzschild shifts Ag = —0.170952, Ag = —0.206085 and Ag = —0.6376871,
respectively, one gets that these additional pericenter shifts are close or even larger than
the pure shifts for such extreme initial conditions. For more realistic mass ratios the
additional pericenter shifts will be much smaller.



Gaussian orbital perturbation theory for Schwarzschild geodesics 22

ra Ip

I’g’ I’g

60— oo -oo0o o e
59F 0.04348%
58t 0.04346¢
57t 0.04344¢
56 0.04342}
55} M, 0.04340¢
54 '

0 1 2 3 4 5 6 M (4 w1)

Figure 3: Secular evolution of apocenter (blue line), pericenter (yellow line) distances (a)

and eccentricity (b) with parameters p = ry = 1 and initial conditions ¢y = £,

1
10°
rq = 60, r, = 55. Dashed lines are the corresponding initial conditions. The time is
given in terms of the proper time mean anomaly M, in units of M (4w ).
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Figure 4: Secular evolution of apocenter (blue line), pericenter (yellow line) distances (a)
1

10°
rq = 60, r, = 40. Dashed lines are the corresponding initial conditions. The time is

and eccentricity (b) with parameters p = ry = 1 and initial conditions ¢y = %,

given in terms of the proper time mean anomaly M, in units of M(4wy).

8. Summary, discussion, and outlook

A new perturbation technique for osculating elements in a Schwarzschild space-time in
terms of Weierstrass elliptic functions has been developed. The osculating elements
are defined as usual. Then, restricting to the case of perturbation forces within
the orbital plane, the general relativistic Gaussian perturbation equations for the
osculating elements go, g3, @9 have been set up. These equations have been solved for
several perturbation forces in linear approximation, leading to secular corrections of the
osculating elements. The equations for the osculating elements M, and M, representing
the mean proper and coordinate time anomalies are very complicated. However, in
the case when the disturbing force does not depend on the proper and coordinate times
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Figure 5: Secular evolution of apocenter (blue line), pericenter (yellow line) distances (a)

and eccentricity (b) with parameters p = ry = 1 and initial conditions ¢y = £,

1
10°
rq = 60, r, = 10. Dashed lines are the corresponding initial conditions. The time is
given in terms of the proper time mean anomaly M, in units of M (4w ).

explicitly, the procedure considerably simplifies and one can evaluate M, and M, directly
by their definitions.

As a test model, the perturbation related to the additional influence due to the
cosmological constant defined by geodesic motion in a Schwarzschild-de Sitter space-
time has been considered. The linearised perturbation equations in that case have been
solved. From these solutions, one obtains an additional pericenter shift. This result
has been compared with two known post-Newtonian results: an asymptotics of an exact
solution of the geodesic equations [HLI2] and a solution of the post-Newtonian Gaussian
equations [KHMO3|. This comparison shows that the new method works better than
the post-Newtonian Gaussian equations approach and gives approximately the same
accuracy as the post-Newtonian approximation of the exact solution.

As an example of possible applications of the new method, the quantum correction
to the Schwarzschild metric obtained in [CK21] has been considered. This correction
leads to a particular perturbation force. As another practical application for modelling
the inspiral of binary systems, the self-force within a hybrid Schwarzschild/post-
Newtonian 2.5 order formalism as introduced in [PP0§| has been considered. For the
corresponding perturbation force, the linearised solutions lead to secular corrections,
which in principle can be observed.

Despite the fact that in the weak field regime of, e.g., in planetary systems the
post-Newtonian approach works perfectly and also is considerably simple to handle,
for extreme mass-ratio inspirals and for near to BH horizon physics it is inevitable to
use approaches like the new parturbation scheme presented here, or higher order post-
Newtonian approximations, or the scheme presented in [PP08]. The advantage of the
scheme presented in this paper is that one very quickly arrives at high precision result,
however, at the cost of first doing calculations involving elliptic functions.

Our technique could be modified for the application to the problem of motion
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of photons in strong gravity regime. This then would easily include the multiple
orbiting of light around a BH. A further possible future direction of applications is to
investigate modified GR and alternatives to GR, and their impact on geodesic motion.
Also, it is interesting to consider the influence of quantum gravitational effects, non-flat
asymptotics etc. on motion. One may also consider perturbation forces not restricted
to the orbital plane as they may appear for neutron stars, with additional multipole
moments originating in the rotation of the stars. In order to do so, we need to expand
our GR Gaussian perturbation scheme to include equations for the other osculating
elements, namely the inclination 7 and the ascending node 2. And finally, since also
all geodesics around a Kerr BH are known |[Hacl0] which are all also given in terms of
Weierstrass elliptic functions, one may think about a perturbation theory based on the
solutions of Kerr geodesics.
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Appendix A. Elliptic functions

In this appendix a short introduction to elliptic functions is given which consists of the
formulas that are widely used in this manuscript. For a broader view in this topic, see
for example [WW21], [Law13|] or other classical textbooks on elliptic functions.

The Weierstrass elliptic p-function is a doubly periodic meromorphic function which
can be defined as parametrisation of the elliptic curve

9™ (v) = 49" (v) — g20(v) — g5 = Ap(v) — e1)(p(v) — e2)(p(v) — €3), (A1)

where ¢, g3 are the so-called invariants of this elliptic curve, and e, ey, es are the
zeros of ¢ given by e; = p(w;), where w; are half-periods of p(v). It is useful to define
Weierstrass zeta function ((v)

d
=—— A2
o(0) =~ (v), (A2)
and Weierstrass sigma function o(v)
() = L logo(v) (A.3)
= - logo(v). .

We widely use the quasi-periodic property of the ((v) function with quasi-periods 2w;

C(v+2w;) = ((v) + 21, (A.4)
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where 7; = ((w;). For o(v) there is also a simple formula for the 2w; shifts
o(v+ 2w;) = —eX1E g (y), (A.5)

In order to use the Weierstrass p-function for physics, we need to introduce the
region of v where p(v) is a real-valued function. As is shown in [Lawl3], p(v) is a
real-valued function if and only if the half-period w; is real and the other half-period ws
is imaginary. The domains where p(v) is a real-valued function are then v € (iz + wy),
(x 4+ ws3), (x), (iz) where z € R. Following [Hag31], in this paper the imaginary half-
period shift p(z + ws) is taken.

In addition, the derivatives of p(v;go, g3) with respect to its invariants g and g3
are used in section 3| [WR],

0p(v; 92, 93) _ 2939 — 36930° + ¢ (950 — 18g5C) + 6gsgo (A6)
0g» 4 (g3 — 27g3) ’ '

0p(vig2.93) _ 12009° — 18g5p + ' (692C — 9g3v) — 293 (A7)
0gs 2(g5 — 27g3) ' '

Here, for simplicity, the arguments of p(v; g2, g3), ¢ (v; g2, g93), (v;gs,gs) on the RHS
have been omitted.

Appendix B. Comparison of Hagihara’s and Sharf’s solutions

We prove the equivalence of Hagihara’s [Hag31] and Sharf’s [Schil] solutions of the
geodesic equations in a Schwarzschild space-time. Let’s consider Hagihara’s solution
Ty

r=—2—— (B.1)
% + (5 + ws)

where @3 is a half-period of p(u, 16g2, 64g3). Using the homogeneity of o [WW21]

@()\U: )\74927 )‘7693) - )‘72p<u7 92, gS)? (BQ)
we have "
© (57 16go, 6493) = 4p(u, g2, g3), (B.3)
and for r 31,

_ , B.4
T T 120(u + wy) (B-4)

where wjs is a half-period of p(u, g2, g3). In order to transform expression for r into
the corresponding expression from [Sch11] we can use the half-period addition formula
[WW21]

(e3 —e1)(e3 — €2)
p(u) —es
where the zeros ey, e; and ez can be expressed through the pericenter and apocenter

coordinates as defined in [Sch1l]

o(u+ws) = es + : (B.5)

3ry 3ry

_ _ 3y B.6
12e5+1 27 12e,+1 (B.6)

1
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This leads to

37’1 (7’1 — 7"'2) (—27"27“!] — 7'17’g + 7'17”2)

- — . B.7
ren —3rir, — 3rariry + 3riry 4+ 3rard — 2riry + 12rirp(u) (B.7)

After defining r3 according to [Schll]
ry = T1T2Tg , (BS)

—Tolg —T1Tg + 1172
we finally can write
3 _ _

r=ri— r(n =) (= rs) (B.9)

4o(u)(3rory + 3rary + 3rors) + 3r3 — 2rory — 2137y + 1or3”
which is exactly the expression from [Schii].

Appendix C. Table of integrals

In this appendix, we show some integrals that appear when we solve perturbation
equations with different forces. For integrals of ™ (v) we use the formulas from [PBM90]

‘/‘(mdv::—CWL ©)

/ PA(v)dv = 22+ p/é”), (C.2)
[ o = o) + 2+ pLIote) (©3)
[ = s + S [ oran

+ % / "3 (0)do. (C.4)

For integrals of vp™(v)p'(v) we use integration by parts

For integrals of {(v)p™(v)g'(v) we also use integration by parts
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The same method works for integrals of the form ™ (v)v

[ eotorto = —uc)+ [ gorto = —og(o) +logav) (C.10)
In addition, we have integrals of = p((;))))n and (i ”?pp(v()))n. For n = 2 and n = 3 we get
v (v) Y v 1 y
/(p—p(v))Qd = p(v) +/p—@(v)d ’ (1
v (v) B v 1 1 ”
e e R e (€12
') o eyt plv) o
/ (p— p(v))zd ¢ )P — p(v) - / p— @(U)d ’ (613)
)

W) ey L1 R Y S R
/(p—p(v))?’d “l )2(/)—@(0))2 2/p—p(v)d +2/(p_p(v))2d- (C.14)

n [PBM90] there are a few typos in integrals of m. We use their correct versions
1 £2<¢7 p)
= dv=— C.
/@(“)—P T VAR —gw—gs (C.15)
1 ~1 &2(0, p) (6% — 2)
dv = — C.
[ ow @“ww—%<&w”) Vio—gr—a ) O
/ LA o4 ) 1 B
(p(v) = p)" (p(v) = p)"= ((n = 1) (g2p + g3 — 4p%))
_((2n=3) (g2 —12p%) / 1 o
2(n = 1) (g2p+ 93— 40°) J (p(v) —p)" "
(12(n — 2)p) 1
d
* (n—1) (g2p + g3 — 4p°) / (p(v) — p)”_2 !

)
52( —2) ! dv. (C.17)

(n—1) (920 + g5 — 4p°) / (p(v) — p)"~°
Appendix D. Exact expressions

In this part of the appendix, we present some exact expressions and definitions that we
used in the main sections.

Appendiz D.1. Ezact expressions for Mg(dwy) and M (4w,)

For proper time mean anomaly, using the 2w; shift properties (A.4), (A.5) of o(v)
and ((v) functions we can calculate

(4771 39" (y) (dym + 2im) + 4w (9 (y) + 39" ()¢ (y))) (D.1)

Milden) = 3¢/ (y)

—2
()
and also for coordinate time mean anomaly

wiC(y) —my  wil(z) —m=
¢'(y) Tom (D:2)

M, (4wy) = M,(4w;) + 8
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Appendiz D.2. Exact expression for B(¢) for the Schwarzschild—de Sitter metric
After integration of and simplification, we obtain for the 5 introduced in (97)
B(9) = Buv + BeC + Bog’ + Br&a(¢, —1/3) +

+ B36a(d, —1/3) + 5161 (9, 2/3) + B362(0, 2/3), (D.3)
where
4(392 (392 —5) +4 4
B, = 98 (2002095 +4) 4 (D.4)
27TP +9p+2 | 81(9gs — 2795 — 4) | 81
292
= D.5
& 8103 + 270+ 6’ (D-5)
2 (g2 (392 — 2) — 9g3)
pu— 9 D.6
% = 5000, — 2705 1) (3 + 17 (D.6)
g = 29793 — 6 (27g3 + 28) g2 + (64 — 702g3) g2 + 993 (56 — 351g3) (D7)
re 27 (—9gy + 2793 + 4) 2 ’ '
999y — 54g5 — 116) (g3 — 27¢2
621: ( 2 3 )( 2 ; 3)7 (Dg)
23 (99> — 27gs — 4) 5/
2 392 — 8) + 18
82 = (92 (392 — 8) + 93)7 (D.9)
27 (1892 + 2793 - 32)
3 _ 2 2
gy =— % = 2195 : (D.10)
V3 (—18gy — 27gs + 32) 3/2
where we omitted the argument of p(v), ¢'(v) and ((v) for simplicity.
Appendiz D.3. Exact expression for B(¢) for the quantum correction
After integration of (122)) and simplification we obtain § introduced in (124]) as
B(d) = Bov + Bl + Bo' + B161(9,3/2) + Ba&a(6,3/2), (D.11)
where
9 1
By =3 o 5@(3@(@(9@(3@(@ +3)+13) + 113) + 87) + 181)
2_
1 I
— g5 (692 + 260 2320 — 392 (135 452) — 2896) — 15552
+ 55992 (6993 + 2609, + )+259293(92(92( g2 + 452) ) )
9 1
— =05 — 593 (279, +113), (D.12)
6 2 395 29
=— — 99(3 3 13 113) + 87) + 181 _— - —
B¢ é_p+27@(3@(@( p(3p(p +3) +13) +113) + 87) + )+<16 18)92
351 181 1 21 1392
L 0aB8Le T8 | L g 4 s6s) — kg 1392 (D.13)

99 180 16072 "8
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2 27
By = 3g20" +9 (92 - %) o'+ <g—2 +13g; — —gg> o’

2 4 2
392 3 113 39
4 992 99392 g2 9903 o
4 8 9 2
+ 7_9:2)) 1395 2995 99392 9 5, 113gs
80 12 3 8 573 6

595  113g5 18lgs 1 , 2993 27gi 13gags

. _ _ D.14

16 108 97 32RBT A g (D.14)
18 (3¢2 — 8¢y + 18

B8, = (395 — 8g2 + 93)’ (D.15)
1895 + 2795 — 32
27 (g8 — 2742

By = (95 93) (D.16)

(18g> + 2795 — 32) ¢'(y)’
where we omitted the argument of p(v), ¢'(v) and ((v) for simplicity.

For the proper time secular perturbation ((126)) we have an explicit expression
ot 20(3g, —4) 1

F§" = eC20, =
0 TSR (g — 27g2) M.(dwn)

R . . 452 | 116 . 724¢é
X (7]1 (126392 + 366292 + 526392 + —eggQ + —6392 + 292

9 3 27

1 16 1 13g3  21g8
36 - — g3 (621g3 + 565) — —22
+309 (3@2 2 18y + 27gs — 32) + 59298 (62195 +565) = == — =5
3¢5 216 20\ 2 5332
2
293 ~ 22 1 24 (351 181
+92(8 " Res 1 2795 - 32 9)+993( 9 180y 1 27y — 32 )>

2
+wy (—§é2 (362 (€2 (9€2 (3é2 (2 +3) +13) +113) + 87) + 181) g3

5493 108¢(y) (g5 — 2793) 595 113¢5  181g3

2 -3¢, (18ga+27gs—32)¢/ (y) = 16 = 108 81

18¢3

1 1
+@ <92 (69g2 + 260) + 2320) 9392 — 12g2 - g (2792 + 113) g32) -

16 (993 — 60g, +64) 32) | 108(g8 = 27g3) 9~ (5) m
18gs + 27g3 — 32 (18g2 + 2793 — 32) ¢/ (y) |’

(D.17)
where é; = (£ + ws).

Appendiz D.4. Ezact expressions for aj(v) and 5;(v) for the self-force

For the functions «; defined in (140 we have: for o
() 16 (1892 4+ 27g3 — 32) ~ 2(18g2 +27g3 — 32) ~ (153g2 + 35193 + 988)
a1\v) =
p—2/3 (9 —2/3)? p—>5/3

4 (18gq + 2793 — 32) 9
- + 1125 — 81p% — 540p (D.18)
(p —5/3)

2/3 —
+ 261 (292 + 3g3) log 5?3 L (i log(2 — 3p) + 2224 1og(5 — 3p),
-
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for a
12 5 4
as(v) = 5 (3g2 —964) (5 — 3p)° — 4 (3692 — 27g5 — 4441) (5 — 3p)
+ 4 (261gy — 70295 — 26168) (5 — 3p)?
3
+3 (992 (9g2 — 296) + 4 (515795 + 82268)) (5 — 3p)?
+9(27g5 (392 + 1893 + 728) + 4 (78393 — 66484)) (5 — 3p)
36 (18g2 + 27gs — 32) (10359, + 41045 + 24620)
+
(5 —3p)?
N 3 (813483¢5 + 18 (12573995 — 480476) g + 27g3 (5813195 — 465032) + 13333424)
5—3p
6264 (18g, + 2793 — 32)* | 3132 (189, + 2795 — 32)% 783 (18¢, + 27g5 — 32)”
(5—3p)? 2-3p (2 —3p)?
— 2(18g, + 27g3 — 32) (28962¢, + 4344393 — 50786) log(2 — 3p)
— (1060371g5 + 1656 (1917g3 — 463) g2 + 27g3 (87453g3 — 57392) — 4664464) log(5 — 3p)
1 88
+ 5(5 — 3p)® +216(5 — 3p)° — 7(5 —3p)", (D.19)
for a9 5
a5(v) = ag5v + Oé.5€ +ab 59’ + a%‘sgl (v,2/3) + 0‘3.552@’ 2/3)
+ 561 (0,5/3) + ay36(v,5/3), (D.20)
where

v

6912 (39, — 100) (52 — 3g5) > 64

@25 (45g> + 27g5 —500)2 225 (39 + 2680) g5
32 (3¢2 (17919, — 392392) + 23475536)
a 8505
256 (3g — 52) (1599, — 7802) D.21)
15 (455 + 27g3 — 500) '
RO (8193 + 736209, — 2139200)  18688¢s D22)

2025 105 7
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32 22400 512 (38795 — 4468) 1024 (3gs — 100)
o= 22 (9gy — 940) p — -
s = 75 992 )9~ 3 45(3p — 5)° 3(3p — 5)?
64639 +38924)  384g5(57p — 127)
45(3p — 5)? 5(3p — 5)3

31104 (27¢3 — 183643 + 39312g, — 270400)
(4595 4 27g3 — 500) 2(3p — 5)2
384 (143120 — 95832¢2 — 141392 + 1260244, 4 1231152 — 1759888)
a 5 (45g5 + 27gs — 500) (3p — 5)3

114569, 128¢°  512¢° 168448
315 15 7 81
Lo 2048 1024¢s
=" (9g, — 16 D.24
4096 A736g; 96 (6992 — 1776845 + 382480)
2,2 2
2= 2 (9g, + 116 -
025 = o5 (%92 T 116) + —5 5 (4595 + 27g3 — 500)
576 (14313 — 16945292 + 5324112, — 48825920)
5 (4595 + 2795 — 500) 2
46656 (3194 — 8208g3 + 30153693 — 47424004, + 27040000) (D.25)
(4592 + 27g3 — 500) 3 ! '
15 _ 12802/ ~T8g, —2Tg; 732 | 20489,/ ~T8g, — 275 + 32
2.5 \/g 15\/3
145408,/—18g — 27g5 + 32
_ V—18g> g3+ 7 (D.26)
405+/3
2,5 16 < 5
a2l = — 109149124059
2 405v/3 (—45gs — 27gs + 500)7/? ?

+ 26244 (146874695 — 24867475) g3

+ 729 (74323737g3 — 242627443293 + 22294720480) g5

+ 78732 (484056g; — 2294765143 + 40482918495 — 2597071200) g5

+ 72 (184410027g3 — 1157332843843 + 29482160117445 — 35249125536003
+18327095780000) g5

+ 32 (57395628¢; — 43976742755 + 1589787643144

—2403878449158g3 + 25048687752000g3 — 107232297500000)), (D.27)

where we omitted the argument of p(v), ¢'(v) and ((v) for simplicity.
Regarding the functions ; defined in (142) we have for £,

~ 16(18g2 +27g3 — 32) | 2(18g2 + 27g3 — 32)

Bi(v)
1 p—2/3 (p —2/3)?
(45gs + 189gs + 1180) 4 (18gs + 27g3 — 32) ,
+ - — 81p% — 540p + 1125
p—5/3 (9 —5/3)?
2/3—p

+ 261 (292 + 3g3) log

— 7661log(2 — 3p) + 2224 1log(5 — 3 D.28
53— 0g(2 — 3p) + 0g(5—3gp), (D.28)
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and for (3,

Ba(v) = ; (7242 + 13593 + 5624) (5 — 3p)° — (8829, + 1647gs + 15940) (5 — 3p)*
+2(6012g, + 11205g3 + 40720) (5 — 3p)*
+ g (81gy (7ga + 12 (g5 — 70)) — 4 (31239g3 + 51356)) (5 — 3p)*
6264 (18gs + 27g3 — 32)° | 3182 (18gs + 2795 — 32)* 783 (18¢, + 27¢g3 — 32) 2

(3p —5)* 3p —2 (2 - 3p)?
+ 3 (7371g5 + 18 (7833 — 9868) go + 1083 (2795 — 3055) — 399728) (3p — 5)
N 2113857g5 + 54 (109053g5 — 443852) g2 + 81g3 (50517g3 — 430136) + 37516560
3p—9
126 (1892 + 2793 — 32) (612g, + 164793 + 6472)
N (5 — 3p)2
+ 2 (18gy + 27g3 — 32) (28962g, + 4344393 — 50786) log(2 — 3p)
+ (113618795 + 36 (92313g3 — 59242) g + 2775 (89397g5 — 128096) — 2475664)
88

1
x log(h — 3p) — §(5 —3p)° + 7(5 —3p)" —216(5 — 3p)°, (D.29)

and finally for S5 5

Bas(v) = Bysv + B5 5 + BSs0 + By s&i(v,2/3) + B3 562(v,2/3)
+ Bys6i(v,5/3) + Bye&a(v,5/3), (D.30)

with the coefficients

32

25 = 525 (452 + 273 — 500)?
x (2478600095 + 132860259595 — 700530120095 — 7381125¢395 — 7143529320933
+29348198640093 — 1791153939, — 153273708045 g5 + 253449861840g39>
—4001472294400g, + 1240029¢; + 22816533645 + 5467599144043
—1837155075840g3 + 17815770560000) , (D.31)
¢ 16(1134g3 + 63 (81g; — 25016) g + 42174093 + 59024000)
B35 =— (D.32)

42525 ’
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o 3293 (27p" + 1350 — 112507 4 41350 — 3720) 64

Prs = 25(3p — 53 T 125530 — 577

x (5103g20" — 307395g2° + 1451925¢20” — 3342195g2¢0 + 3581109, + 1020600°
+3645000° + 1246104p" + 75697200° — 873045000 + 2879440200 — 236745040)

| B12(2538¢30 — 1402569, — 301593 + 1916409, + 16685765 — 2415020)
5 (452 + 27g5 — 500) (3p — 5)3
51840 (2793 — 183642 + 393129, — 270400)

D.33

(4592 + 27g3 — 500) 2(3p — 5)2 (D-33)

25 = — IE , (D.34)
L5 32 4 3
B2 =~ o1z (Bgs 279 —500) (1969612209, 4 729 (132324395 + 678040) g;

+486 (264116795 — 3592355495 — 446818960) g5
+9 (8127110745 — 2499601032¢3 — 1634351774495 + 293768080000) g
+2 (6430436195 — 5370900210g; — 44464404384
4393527656800g5 — 5409999200000)) , (D.35)
g1z _ 128 (11664g3 + 18 (159395 — 3136) go + 16767g5 — 7344095 + 63488)
255 = 1215,/—54g, — 81gs + 96 ’
2.5 16

_ 1688919498045
25 1215v/3 (—45g, — 27g5 + 500) /2 < 92

+ 6561 (8629443g3 — 161903960) g5
+ 1458 (525455915 — 1844441712g; + 19415365120) g
+ 243 (217280637g3 — 1065548390443 + 2159313059525 — 1522357408000) g3
+ 18 (998577639g; — 63667497852g; + 189267294513645
—23511911558400g3 + 139034680000000) go
+4 (61700300195 — 4243343808645 + 2238153693804

—27834792540480g3 + 358914076920000g5 — 1680572600000000)), (D.37)

(D.36)

where we omitted the argument of p(v), ¢'(v) and ((v) for simplicity.
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