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ELLIPTIC FOURTH-ORDER OPERATORS WITH WENTZELL
BOUNDARY CONDITIONS ON LIPSCHITZ DOMAINS

DAVID PLOSS

ABSTRACT. For bounded domains §2 with Lipschitz boundary I', we investigate
boundary value problems for elliptic operators with variable coefficients of
fourth order subject to Wentzell (or dynamic) boundary conditions. Using
form methods, we begin by showing general results for an even wider class of

operators of type
B*B 0
= (—%B 'v) ’

where B is associated to a quadratic form b and .4}, an abstractly defined co-
normal Neumann trace. Even in this general setting, we prove generation of
an analytic semigroup on the product space # := L2(Q2) x L?(T"). Using recent
results concerning weak co-normal traces, we apply our abstract theory to the
elliptic fourth-order case and are able to fully characterize the domain in terms
of Sobolev regularity for operators in divergence form B = —divQV with
Qe Cl’l(ﬁﬂRdXd) , also obtaining Hoélder-regularity of solutions. Finally, we
also discuss asymptotic behavior and (eventual) positivity.

1. INTRODUCTION

Wentzell, or dynamic boundary conditions, appear in a multitude of physical
applications and pose a mathematically challenging problem. Given a bounded
domain € with boundary I', they model the interchange of free energy of a physical
system between 2 and I'. The main issue with modeling this interchange is that
the energy flux is represented by an integral over the domain, which cannot “see”
the boundary as it is a set of Lebesgue measure zero. This is usually resolved by
considering functions in a product space, e.g., # := L*(Q) x L?(T'), and a related
operator A for which the action in the interior of the domain and on the boundary
is decoupled (cf. [AE96, [Eng03]). The connection between interior and
boundary is then encoded by a coupling condition in the definition of the domain
of 4.

A detailed discussion of a physical interpretation of these boundary conditions in
comparison to classical ones can be found in [Gol06] for the two most famous PDE,
the heat and the wave equation. Other instances where these boundary conditions
occur are the Stefan problem with surface tension (see [EPS03, Section 1]), and cli-
mate models including coupling between the deep ocean and the surface (see
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Section 2]) where they incorporate the external energy transported into the ocean
by the sun. Furthermore, they are used in the Cahn-Hilliard equation describing
spinodal decomposition of binary polymer mixtures (see [RZ03|, Section 1]) in or-
der to model effects close to the boundary, e.g., that one of the agents is more
attracted to the boundary than the other, which might lead to further separation
effects. Contrary to the first examples whose leading part is given by (variations
of) the Laplacian, the Cahn-Hilliard equation is based on the Bi-Laplacian, an
operator of order 4 which fits into the setting of the present work.

We are going to consider a general class of operators. As prototype and main
application, we study the following system of fourth order:

Ou+ B(aB)u=0 in (0,00) X €,
tr B(aB)u — 0% (aB)u — 6 tr(aB)u —ytru =0 on (0,00) x T,
O%u+dtru=0 on (0,00) x T,

Nl
2
3
ult=0 = ugp in Q. 4

—~ o~~~
—_ = =
~— — ~— ~—

Here B is given by B = —divQV, where Q € C11(Q,R4*?) is uniformly positive
definite and € is a Lipschitz domain. Let 09 denote its corresponding co-normal
derivative given by (v, QVu) (cf. (3:2)) below), and assume «, 5,7, to be bounded,
real-valued functions. The precise smoothness assumption of the coefficients will
be specified later on (cf. Hypotheses and B). In ([CI)—(T4), it is implicitly
assumed that the initial value wg is sufficiently smooth to have a trace on the
boundary and that this trace is used as an initial condition for u on the boundary.

Note that, as Equation ([I.)) is of fourth order with respect to = € Q, we have
to impose two boundary conditions. Here, we have chosen the Robin boundary
condition ([3)) in addition to the Wentzell boundary condition (L2)).

The main mathematical challenge in tackling Wentzell boundary conditions lies
in the fact that the elliptic operator that governs the equation in the interior itself
appears in the boundary condition, and the standard condition B(aB)u € L*(Q) is
not sufficient to guarantee existence of the trace. In order to decouple this system
and circumvent this issue, we rewrite the Wentzell boundary condition (2] as a
dynamic boundary condition using B(aB)u = —dsu from ([I). Then we rename
u to w1 and replace the time derivative J;u; in the boundary condition by the time
derivative dyus of an independent function us that lives on the boundary. Even
though ws is formally independent of u;, we think of uy as the trace of uj; this
condition will be incorporated into the domain of our operator D(A), later. We
thus obtain the following decoupled version of ([LIN)—(L4):

Owur + B(aB)u; =0 in (0,00) X £,
Orup + BOZ (aB)uy + Botr(aB)u; +yuz =0  on (0,00) x T,
O%u1 +dus =0 on (0,00) x T,

U1 li=0 = u1,0 in Q,

— = = = e
© 00 J O Ot

)
)
)
)
)

—~ o~ —~ —~

u2|t:0 = U2,0 On TI.

Note that, as us is independent of u;, we have to impose an additional initial
condition for wug. If, however, the initial value ug in (4] is smooth enough, we
can put uy,0 = up and ug,o = ug|p. However, this coupling condition for the initial
value is not mandatory. The Hilbert space theory established below will allow
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to prescribe non-continuous initial data, even the extreme case of u; 9 = 0 and
ug,0 € L?(T) arbitrary is allowed. This is especially useful to model situations where
in the beginning the entire energy only lives on the boundary and slowly dissipates
into the interior of the domain over time. Rewritten as a Cauchy problem, for
u = (u1,uz) € # we obtain

O+ Au=0 for u(t, ) in #, (1.10)
w|t=p = uo for ug € F, (1.11)
where A is given by
B(aB) 0
(5(39@3) +dtr(aB)) 7) (1.12)

on a suitable domain D(A) that incorporates (I7) and the coupling condition
us = truj. In order to construct a solution for (LH)—(TH), the main idea is to
obtain an analytic semigroup (generated by —A), whose smoothing effects will
allow us to recover the original system with Wentzell boundary conditions. Using
this decoupling idea and form methods to tackle Wentzell boundary conditions, has
proven to be a suitable approach for the second-order case, e.g., the Laplace oper-
ator subject to Wentzell boundary conditions. A series of papers starting in 2003
has shown generation results concerning an analytic semigroup for the decoupled
system on L?(Q) x L?(T"), using the classical Beurling-Deny criteria [AMPRO3].
These results were then extended to the LP-scale, and later also to general second-
order elliptic operators on Lipschitz domains, where also Holder continuity of the
solution was deduced, see |[Nitll] and [Warl3]. Under additional smoothness as-
sumptions also spaces of continuous functions were considered in [AMPRO3]; see
also [EF05] and [BE19] where generation of an analytic semigroup was shown in an
abstract perturbation framework. For higher order elliptic operators the extension
procedure to the LP-scale does not work, because the Beurling—Deny criteria are in
general not fulfilled (see also Proposition L14]). Less results are available and they
typically rely on being in a smooth setting. For fourth-order equations with suffi-
ciently smooth coefficients in C*-domains, it was shown in [FGGRO8, Theorem 2.1]
that the related operator in the product space is essentially self-adjoint. For the
Cahn—Hilliard equation, classical well-posedness was shown in [RZ03, Theorem 5.1]
in the L2-setting, and in [PRZ06, Theorem 2.1] in the LP-setting. Again the domain
and the coefficients were assumed to be (sufficiently) smooth, and the methods do
not carry over to Lipschitz domains.

In [DKP21], the Lipschitz-case was solved for the Bi-Laplacian using weak Green’s
formulae and the theory of quasi-boundary triples [BHdS20, Chapter 8]. In the
present paper, however, we choose a more abstract approach which deals with a
larger class of systems and does not depend on the theory of boundary triples.
It contains the results of [DKP21] as a special case, also giving a simpler proof
employing recent developments on co-normal derivatives in Lipschitz domains for
operators with variable coefficients [BGM22].

To that end, in Section 2.} we begin by addressing very general forms b whose
associated operators will take the role of B in (ILI2). To proceed, we start by
considering the Neumann case § = 0 and define an abstract Neumann trace .43 that
fits into the form approach and is connected to Green’s second formula. Afterwards,
in Section 2.2] we investigate the quadratic form a on the product space # =
L?(Q) x L*(T') to which the operator A is associated. Based on the analysis of that
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form, we can show that the operator A is self-adjoint and — A is the generator
of a strongly continuous and analytic semigroup (7 (¢))¢>0 (Theorem 212)). This
will also show that the operator A indeed governs a generalized version of (LH)—
(T3) with § = 0, given by (Z4)-(21). We will explain that we can also obtain
a solution of the Wentzell system in the original formulation generalizing ([I])—
([C3) with initial condition ([TAl). If wg o is not the trace of w; g, there are some
subtleties concerning the initial values, see Remark 2.14l In Section [3] we return to
the main application where B is a second-order elliptic operator in divergence form,
identifying the associated operator B and its minimal and maximal realization, as
well as the normal trace 44 (Section B2)). In Section B3l we finally collect our
results for the fourth-order system, which culminate in Corollary where we
precisely identify the operator A and its domain in terms of Sobolev regularity.
After extending our results to the Robin case § > 0, we obtain that the operator
A indeed governs the system precisely as formulated in (CH)—(T9).

In Section [ we briefly discuss higher regularity for smoother domains and co-
efficients (Section AI]) before undertaking further investigations of the operator A
in the original setting. One of the main results of this section is Theorem 7]
which states that for every element (u1,uz2) of D(A>°) the function w; is Holder
continuous and us is the trace of u;. As the semigroup J is analytic, it follows that
for positive time the solution of ([H)—(L3)) is Holder continuous and satisfies the
Wentzell boundary condition in a pointwise sense. Moreover, this result implies reg-
ularity of the eigenfunctions of the operator A and is used later on. In Section 3]
we show that the operator A has compact resolvent and thus a decomposition into
a basis consisting of eigenfunctions of A. This allows us to describe the semigroup
in terms of the eigenfunctions and to characterize the asymptotic behavior of the
semigroup. In particular, we study its positivity properties: It turns out that the
generated semigroup is neither positive nor L*°-contractive (Proposition .14 as
the operator does not satisfy the Beurling—Deny criteria. However, as shown for the
for the semigroup generated by the Bi-Laplacian in [DKP21], in the case vy =§ =0
our semigroup is again eventually positive in the sense of [DGKI6a] and [DGI18]
(Theorem [T7). We close the article by showing that the same abstract approach
can be used to obtain abstract results for higher-order operators, e.g., (—A)%.

2. THE ABSTRACT SETTING

Aim of this section is to establish a solution theory for Wentzell boundary condi-
tions for higher-order operators which can be represented by nested forms, i.e. two
quadratic forms where the operator associated to the first one is used to construct
the second. We fix the following setting:

Let Q C R? be a domain with Lipschitz boundary I'. We denote the inner
products in L?(Q) and L?(T) by

(f.g)a = /Q fgde and (f,g)r = /F f7ds,

respectively, and write || - ||q and || - ||r for the induced norms. We denote the
standard Sobolev spaces by H®(2) for s > 0. By slight abuse of notation, we will
also write

d
(Vu, Vu)g ::/Zaju%dx
Q5D
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whenever u,v € H*(£2). For fractional orders we may either use complex interpola-
tion, or, equivalently, restriction. For negative orders we employ duality. Addition-
ally for an elliptic operator of second-order B, we introduce the space H§ () for the
space of functions u € H*(£2) such that Bu belongs to L?(2) (cf. Definition B12).
We endow Hg () with the canonical norm

ullrs @) = lullfre) + 1Bullé, (€ Hp(9).

The Dirichlet-trace on C*°(§2), defined by u + up, and its extension to any Sobolev
space H*(Q) for s > 1 is denoted by tr.

Taking a brief look back to the Bi-Laplacian case (cf. [DKP21]), where the form
a(u,v) = (Anu, Anv) is considered on the domain

{ZL = (ul,u2) e dHt | uy € D(AN),UQ = trul},

we recall that its associated operator is given by

A2 0
A= (-a,,A o) :

In order to tackle the general system, in the form a, we are going to replace the
Neumann Laplacian A by a more general operator By. To that end, we introduce
a second form that somehow operates on a “lower level”. More precisely, Ay is
naturally associated to the form b(u,v) = (Vu, Vv), on L?(2) with form domain
D(b) = H*(Q), so we may generalize this form. In order to distinguish between a
and b terminologically, we will call a the primary form and b the subsidiary form.

At first, we will establish our theory for quite general subsidiary quadratic forms
b whose associated operators are not necessarily differential operators in divergence
form or even of second order.

2.1. Abstract realizations of the lower-order operator. Recall, that if a form
b: D(b) x D(b) - C (D(b) C H) is densely-defined, semi-bounded by A\ € R,
closed, and continuous in the sense of [Ouh05, Chapter 1], its associated operator
A satisfies that A — A generates an analytic contraction semigroup on #. We call
such forms generating. Note that, in this terminology, b is semi-bounded by A if
the shifted form by(u,v) = b(u,v) + A (u,v) is accretive. Furthermore, A will be
self-adjoint if a is also symmetric.

Definition 2.1. Consider the Hilbert space H = L2?(2). We call a form b :
D(b) x D(b) — C admissible, if it is a generating, symmetric form on H such that
for some p € (0,1)
1
C(Q) € (D(b), || - [ls) € H>T7(Q) (2.1)
holds, where the latter embedding is continuous and dense.

Remark 2.2. The continuous embedding into the space H/2+7(Q) is assumed to
ensure existence of the Dirichlet trace. The space H'/ 2+°(Q) can be replaced by
any space on which the Dirichlet trace exists and is bounded, and its range embeds
densely into L?(T), as for example HZ/ ? or some variant of it, if such an embedding
of the form domain is known. However, in this abstract setting, we want to avoid
spaces depending on specific operators.

Next, we introduce two operators, connected to the subsidiary form b. We think
of them as realizations of a certain “general” operator B subject to Neumann or
Dirichlet boundary conditions. While this is indeed true in the setting of elliptic
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differential operators on domains (cf. Bumax in Definition B12), we point out that
in the abstract setting considered here, it is unclear which manner to define such
an operator would be the most sensible. Therefore, in this section the operator B
will be used as a suitable substitute for the formally undefined operator B, which
only appears terminologically in the following definition.

Definition 2.3. Let b: D(b) x D(b) — L?(2) be an admissible form.

(i) Denote by Ap the maximal semi-bound A € R such that Re b(u, u) > Al|ul|3,
i.e. we have ||ul|? = Reb(u,u) + (1 — Xp)||ul|3 for u € D(b).

(ii) The operator By associated to b on L?(1) is called the Neumann realization
of B.

(iii)  The Dirichlet realization of B is the associated operator to bp, the restric-
tion of b to {u € D(b) | tru = 0}.

Proposition 2.4. Ifb is an admissible form, then bp is generating and symmetric,
so Bp is well defined and self-adjoint. Furthermore, we have

D(By)ND(Bp) = {ue DBy) | tru=0}=D(By)NHY*™©Q) (2.2

and
Byu = Bpu for uw € D(Bp) N D(Bn).

Proof. The restricted form bp is clearly symmetric, and densely defined as the
test functions still lie in D(bp). By definition, we have || - s = || - [|op on
D(bp), from which continuity and semi-boundedness follow. In order to show
that (D(bp), ||.|lep) is complete as well, take a Cauchy-sequence u,, with respect
to |l - llep, = || - |le- As b is a closed form, u, converges to some u € D(b), and by
continuous embedding also in H'/ 2+¢(Q). By continuity of the Dirichlet trace, the
traces converge as well, whence tru = 0 and u € D(bp) as desired. Hence it is also
generating.

We verify the second part in ([2.2)) first: In Lipschitz domains we have the iden-
tity {u € H5(Q) | tru = 0} = H§(Q) for all s € (1/2,3/2) (cf. BGM22, Equa-
tion (3.7)]). So we directly obtain D(By) N Hé/2+p(ﬂ) ={u e D(By) | tru=0}
due to D(By) C D(b) C HY/?r(Q).

For the remaining identity assume v € D(By) with tru = 0. Hence there is
an fy € L*(Q) such that, for all v € D(b), (fn,v)q = b(u,v) holds. But now
u € D(bp) and in particular for all v € D(bp) C D(b), we have

(fn,v)g = b(u,v) = bp(u,v),

which shows u € D(Bp) and Bpu = fn = Byu. The converse is trivial. O
Remark 2.5.
(1) Note that bp itself is not admissible, as D(bp) cannot be embedded continu-

ously into H'/277(Q) due to the continuity of the trace, which is the reason
why pure Dirichlet-Wentzell boundary conditions (without Neumann term)
can not be handled via this method.

(ii) In the following, we are going to assume that D(Bp) N D(By) is dense
in L?(Q), which is useful to define realizations of B that are in a sense
minimal (or maximal) and still densely defined. We will see below, in
Proposition 211} that this is a very natural assumption for considering the
primary form a, as it will ensure that it will be densely defined as well. The
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simplest way to ensure this density will be to demand that D(Bp)N.D(By)
contains the test functions. However, this excludes the case of operators
of the form —divQV for @ only in L>®(2,R%*%). As we assume more
regularity on @ in this article, anyway, this will be no restriction for us,
though.

Next, we introduce two notions of generalized weak Neumann traces, the first of
which is connected to a generalization of Green’s first formula, while the second is
closer related to the abstract notion of the associated operator and Green’s second
formula.

Definition 2.6. Assume that D(Bp) N D(By) is dense in L?(Q2). Define By =
BN|p(Bp)nD(By)- Let N®: D(N®) C L?(2) — L?(T') be the linear operator defined
by

D(N®) :=={u € D(b) " D(B}) |
Jg € L*(I) Vv € D(b) : (Bju,v),, — b(u,v) = (g,trv)p}

and N°u := g. Let furthermore A#® : D(4) C L?(Q) — L%T) be the linear
operator defined by

D(A*) ={u e D(By) |
Jg € L*(1)Yv € D(Bn) : (Biu,v)g — (u, BNv)g = (g, trv)p}
and A u = g.

We want to point out a subtlety concerning the signs: In comparison to the
usual weak Neumann trace (cf. (8.2) below) N°® and .A#® generalize —0,, as B is
a generalized version of —A.

We begin with a very simple observation that will prove to be quite useful to
show equality of different traces.

Lemma 2.7. Consider two linear operators Sy : D(S1) CV — W, Sy : D(S3) C
V — W on a vector spaces V,W. If S1 C Sa, S1 is surjective, and ker(S2) C D(S1),
then S| = Ss.

Proof. Let u € D(S2). As S; is surjective there is is some v € D(S7) with Sev =
S1v = Sou. So u — v € ker(S3) C D(S7) whence also u = v + (u—v) € D(S7) and
Sou = Stu. This shows Sy C 57 and thus equality. O

We come to our first main result, which shows that the traces Ny, and 45 are
well defined.

Theorem 2.8. In the setting of Definition [2.0] we have the following.

(i) By is a densely defined, symmetric, and closed operator. Therefore, By and
Bg* are well defined and we have By C Bj as well as By* = By.

(ii) tr(D(By)) is dense in L*(T).

(iii) N and A° are well defined, linear operators. We have e/Vle(b)mD(K/Vh) =
N°® and ker N® = ker #'® = D(By), which also shows that N° and A°
are densely defined.

(iv)  If N°® is surjective, we have N® = 4°.
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Proof.

(i) The density follows by assumption, the closedness follows as both Bp and By
are closed by default (as b and bp are generating) and coincide on the intersection.
Furthermore, as a restriction of a self-adjoint operator, By has to be symmetric.

(ii) Let f € L*(T) and € > 0. As H*(T') is dense in L*(T'), we find a function
ur € HP(T) with [jur — f||2 < e. Because tr: HY/2t7(Q) — H*(T) is bounded
(denote its operator norm by M) and surjective (cf. [GMOS, Equation 2.7]), we find
a function uq € HY?*7(Q) with trug = ur. As b is admissible, the domain of the
subsidiary form D(b) is densely and continuously embedded in H'/2%7(Q). Hence,
there is a function 4o € D(b) satisfying

[da — uﬂ”%{l/%p(g) < M™%,

As for any generating form it is known that the domain of the associated operator
is a form core (cf. [Ouh05, Lemma 1.25]), one may further approximate and even
find a function @ € D(By) such that

g0 = dall 3 210 < Cllaa — aalls < M~ %.
Altogether, we have
[trag — flIE < 2| trua — fII} + 2| trug — trao?
< 26 + 2M?||uq — do + G — uol|Fr 21, q) < 10

as desired.

(iii) The linearity of the operators is obvious. Concerning the well-definedness,
assume there were two elements g1, g2 € L?(T) satisfying the defining conditions,
respectively. Then we have (g, trv) = (g, trv) in particular for all v € D(By),
and hence (g1 — go,trv) = 0. But as tr(D(By)) is dense in L?(T") due to (ii), this
implies g1 = g2. For u € D(b), v € D(By) we have b(u,v) = b(v,u) = (Byv,u), =
(u, BNv), . This shows N° C #°.

Concerning the restriction, we assume u € D(.4®) N D(b). Then, as before,
there is a g € L*(I") such that, for all v € D(Bn) C D(b), (Biu,v)q — (u, Byv)o =
(g,trv)p holds. As u € D(b) and v € D(By), this implies the L*(I")-function g
also satisfies

(Biu, v)g — b(u, v) = {g, tr )y (23
for all v € D(By). However, D(By) is a form core for b, so for any v € D(b)
there is a sequence (v,), € D(By) with v, — v with respect to | - ||s and due to

the admissibility of b also in H'/2*7 (), whence the trace converges as well. Using
this approximation, Formula (2.3]) can be extended to all v € D(b), which indeed
proves e/’/le(b)mD(K/Vb) = Nb.

Next we show N® (and thus .#®) is densely defined. As By C By and By is
self-adjoint, we have By = By C B{ which exists due to (i). Hence for u € D(By)
(which is a dense subset of L?(2)) we have (Bju,v)q — b(u,v) = (Bju,v)q —
(u, Bnv)g = (Bnu,v)g — (u, Byv)g = 0 for all v € D(By). So N°u = 0 for any
u € D(By). Furthermore, if u € D(A4®) and A4y = 0, then for all v € D(By)
we have (Bju,v), — (u, Bnv), = 0. This, however, is the definition of u € D(B})
and and shows Byu = Bju. As By is self-adjoint, this means v € D(By). Hence
D(By) C ker N® C ker #® C D(By), which shows equality, and in particular that
both operators are densely defined.

(iv) This is an immediate consequence of (iii) and Lemma 271 O
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2.2. The system on the product space. Next we introduce a primary form,
which will be connected to the generalized system of (LI)—(TL3), i.e

Oyur + Bi(aBy)u; =0 in (0,00) x €, (2.4)

Opug — BN (BN )uy +yuz =0  on (0,00) x T, (2.5)
Nu; =0 on (0,00) xT, (2.6)

U1li=0 = u1,0 in £, (2.7)

Uzt=0 = ug,0 on I (2.8)

Throughout, we assume the following.

Hypothesis 2.9. Let Q C R? be a bounded domain with Lipschitz boundary T
Consider o € L*°(,R) and 3,7, € L>®(T",R) such that there exists a constant
n > 0 with a > n almost everywhere on 2 and g8 > n almost everywhere on T'.
Furthermore, let § > 0.

Definition 2.10. Assume Hypothesis and recall Definition 2.3

(i) Let # == L?(2, \q) x L?(T", 371dS) be the Hilbert space, where \; denotes
the d-dimensional Lebesgue measure and dS the surface measure on T,
endowed with the canonical inner product

<u= v>3€ = <u17 U1>Q + <u27v2>1“,5 ) (2'9)

where « = (u1,us2),9 = (v1,v2) € # and

<u2uv2>1"75 = <ﬁilu2,v2>r = /Fﬁil(.%')UQ(ZC) -st.

(ii) Let D(Bp) N D(Bx) be dense in L?(Q2). Then, we define the primary form
a:D(a) x D(a) — C as

a(w, 0) = (aBnu1, Bnvi)g + (yuz, v2)p 4
for all , v € D(a) where
D(a) := {u = (u1,u2) € # | uy € D(Bn),u2 = truy}.

Proposition 2.11. In the situation of Definition[Z10 (i), the primary form a is
densely defined.

Proof. We may assume without loss of generality that § = 1, otherwise switch
to an equivalent norm. Next we exploit the density of D(By) N D(Bp) in L?(Q).
As (D(Bn) N D(Bp)) x {0} € D(a), we have L*(Q) x {0} € D(a). In order to
show {0} x L?(T") C D(a), we use Theorem 28] (ii) which yields that tr D(By) is
dense in L?(2). Hence, given a function f € L*(T") and some number & > 0, there
is an element @; of D(By) such that | tra; — f||3 < e. Finally, we pick a function
w € D(By) N D(Bp) such that a1 — w3 < e and put « = (i — w, tr(a; —w)) =
(41 — w,truy). Then, by construction, we have

lee = (0, NI = @ — wlf, + [ traa — fIF < 2e.

As f was arbitrary, {0} x L?(T') C D(a). Since D(a) is a vector space, we may
combine our two results and obtain D(a) = #. O
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Theorem 2.12. Assume we are in the situation in Definition 210 - including the

density from part (ii). Then for By, Bx, N®, and .A® defined as in Definition 2.0,

we have the following:

(i) a is a generating, symmetric form. Hence the operator A associated to a
on # is self-adjoint and — A generates an analytic semigroup I on F.

(ii) A is given by
o ( Bj(aBy) 0>
“\-BA(aBN) v
on
D(A)={u€# | uy € D(Bx),aBnui € D(A "), uy = tru; }.
(iil)  In particular, for ug = (uig,u20) € # the Cauchy problem (2.4])-2.3)
possesses a unique solution, which is given by w(t) = T (t)(u1,0,u2,0) for
t > 0. If N® is additionally surjective, we may replace A° by N° in (ii)
and 2.4)-2.3).
Proof.

(i) We begin by showing that a is a generating, symmetric form. As b is admissi-
ble, we have D(b) C H'/2+7(Q), hence also D(By) € H'/?t7(2) and the condition
tru; = ug makes sense. The density of D(a) has been shown in Proposition 2111
Because of v € L*°(TI") the form is semi-bounded due to

a(u,u) = <\/aBNu1,\/aBNu1>Q + <7u2,uQ>F1ﬁ > —1Vllool2t]|%-

The symmetry is trivial as «, 3,7 are real-valued. Next we consider the induced
norm |ul|? = a(w,u) + (1 + ||7]leo)|le||%. With respect to this norm the form is
continuous as

la(w, 0)| < [[VaByuillallVaByvilla + [17llsclluzllr.sllvallr s < 2leflallolla-
Note that by definition we have ||aByuil* < [lull3, as well as ||7]|lcolluz|? 5 <
|lu||?. Finally, we show the closedness of the form. Let (uy), € D(a) be a || - ||q-
Cauchy sequence, where u,, = (u},u). We have to prove that this sequence
converges with respect to || - ||a. Let us first note that because « is bounded from
below by 1 > 0, for a certain constant C', we have

1
luall < EII\/EBNMII% + |G < Cllall

whenever « = (u1,uz) € D(a). It follows that (ul), is a Cauchy sequence with
respect to || - ||g. As By is closed, we find some v € D(By) such that u} — u in
L?(Q2) and Byu} — Byu in L?(2). Next observe that for uw € D(By) C D(b), by
definition of the associated operator and Young’s inequality, we have

[ullFr1 /2400y < Cllully = Cb(u, ) + (1 = Xo)[[ulld) = C((1 = Ao)l|ull + (Byu, u)g)
< C(IBullé, + [ully) = Cllull

for some constant C' > 1. Combining this with the above, we observe that «7 is
also convergent in H'/?*7(Q) whence, by the continuity of the trace, uy = trul —
tru in L(T). Setting « = (u, tru), we see that « € D(a) and u,, — « with respect
to ||-|la- This proves closedness of the form. Hence a is a generating, symmetric form
with a corresponding associated self-adjoint operator A such that — A generates
an analytic semigroup on #.
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(ii) At first we define

= (e %)

on
D(C) ={u € # | uy € D(Bx),aBnu; € D(A "), ug = tru; }.
We want to show C = A. We begin by showing C C A. So let « € D(C) C D(a),
i.e. u1 € D(By), aByuy € D(A°) and tru; = us. Then we have for all v € D(a)
a(u,v) = <O¢BN’U,1, BN’L)1>Q + <’}/U2, U2>F>B

= (Bj(aByu1),v1) — <JVb(aBNu1),trv1>F + (yu2,v2)r 5

= (Bj(aBnu1),v1)q + <—ﬂ</Vb(OfBNu1) + yus, v2>P,B = (Cu,0) g
For the reverse direction let w € D(A) and Au = f. Then u € D(a) and for any
0 € D(a) we have a(u,0) = (f,0),. In particular, for all v € D(By) x {0} (and thus
for all v; € D(By)) we have

<f1,’U1>Q = <f,v>% = Cl(ll,()) = <aBNU1,BNU1> = <CYBNU1,B()’U1>Q.
This shows that aBywuy is in D(Bg) and f; = Bj(aBnuy) by definition of the
adjoint. So for all v1 € D(By) we have
(fastrvr)p g = alu,0) — (f1,01)q
= (aBnu1, Byvi)g — (B (aByu1), v1)g + (yuz, tron)p 4

or
(B~(f2— Yug), trvr) . = (aByu1, BNvi)g — (Bg(aByui),v1)q
for all v; € D(By), which shows aByu; € D(A?) (and « € D(%)) as well as
—A*(aByur) = B (f2 — yuz)
or, equivalently, fo = —B.4"°(aBnu1) + Yua, which shows Cu = f = Au.

(iii) This follows from (i) and (ii) by standard semigroup theory. For the last part
we use Theorem 2°§ (iv) O

Remark 2.13. Theorem 212 (iii) states that the semigroup J governs the sys-
tem (24)-(Z8). We observe that u; also solves the corresponding non-decoupled
problem with Wentzell boundary conditions

0w+ By(aBy)u =0 in (0,00) x £, (2.10)

tr Bi(aBy)u + A (aBy)u —ytru =0 on (0,00) x T, (2.11)
N ®u=0 on (0,00) xT, (2.12)

ult=p = ug in €. (2.13)

As the semigroup is analytic, the solution is C'*° in time so that («(t))i>0 =
(T (t)(u1,0, u2,0)) >0 satisfies Equations ([2.4) and (23] in a classical (in time) sense.
Concerning the initial system 2I0)—(2I3]), we immediately see that u = u; solves

Equation (ZI0), 2I2) and @2I3).

The question remains in which way the Wentzell boundary condition ZII)) is
satisfied. But as « € C((0,00), D(A)?) due to the analyticity of the semigroup,
naturally for all ¢+ > 0 the functions «(t,-) are in D(A?) and thus we have

tr By (aBy)u = tr(Au); = (Au)y = —N(aBn)u +ytru,

which shows (2.I1]). In fact, the analyticity even yields «(¢t,-) € D(A) for ¢t > 0.
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Remark 2.14. We point out that the system (ZI0)-(2I3) has to be interpreted in
such a way that wug is sufficiently smooth to have a trace, say ug € H1/2+p(Q); in
this setting, the solutions of [ZI0)—(2ZI3)) are in a one-to-one correspondence with
the solutions of (ZA4)-(28)) with w10 = uola and uz,0 = wo|r. In our semigroup
approach, however, us ¢ can be chosen independently of u; ¢ and, by the above,
all of these solutions are (distinct!) solutions of (ZI0)-(2I3). In a way, choosing
ug,o different from tru; ¢ corresponds precisely to having some free energy on the
boundary, which was a main motivation to consider Wentzell boundary conditions
in the first place.

3. APPLICATION TO STRONGLY ELLIPTIC OPERATORS IN DIVERGENCE FORM

In this section, we will specify the operator B to be a strongly elliptic second-
order operator in divergence form and return to the investigation of the system
(CI)—([TC4). We consider § = 0 at first and deal with the Robin case at the end of
Section We begin by settling the precise regularity assumptions on the matrix
@ and recalling some facts concerning different realizations of co-normal traces.

3.1. Co-normal traces.

Hypothesis 3.1. Assume Q € C11 (2, R?*?) to be symmetric and uniformly pos-
itive definite, which means there is some open superset @ C R? containing © such
that Q € CT1(Q,R4*?) is symmetric and satisfies for some kg > 0

(Q(2)&,8)ca > rolé? (x € Q€ €T (3.1)

Remark 3.2. The regularity @ € C11(, R?*9) is not necessary for all the subse-
quent steps, part of the theory can be done using only W *-regularity. However
C11 is the regularity from [BGM22, Chapter 11], and thus used when we estab-
lish higher regularity and a precise identification of the occurring traces and the
domain of our operator. For a finer distinction in regularity, we refer to [Plo24,
Hypothesis 2.5 and Section 3.1].

Definition 3.3. Let Q C R? be a Lipschitz domain with outward normal v. We

consider the following notions of strong traces:

(i) For a real-valued matrix Q € WH°(Q),R?*4 we denote the co-normal
Neumann trace of a function u € C>(Q) by Tf\?u = v - tr QVu, where we
read the operator tr component-wise.

(ii) For any function 6 € L>(Q), we will call 75° = TJC\;; + 0tr the (co-normal)
Robin trace.

It is known, that the Dirichlet trace extends by continuity to a bounded linear
surjective operator

13
tr: H5(Q) — H*"Y2(T) for all s € <§, 5)

(cf. [GMO8, Equation (2.7)]). In fact, this operator is even a retraction, i.e. there
exists a continuous right-inverse. Even for smooth domains, however, the continuity
of tr: H*(Q) — H* '/2(T') does not hold for the endpoint case s = 2, see [LM72),
Theorem 1.9.5]. However, one can include the cases s = % and s = % by replacing
H*(Q) by HX(Q). In particular, it was shown in [GMO8, Lemma 2.3] that the

smooth trace extends to a retraction tr: HZ/Q (Q) — HY(T).



ELLIPTIC 4TH-ORDER OPERATORS WITH WENTZELL BOUNDARY CONDITIONS 13

Next we consider the weak definition of the (co-normal) Neumann trace.

D((?l?) ::{u € H&iVQV(Q) | there exists a g € LQ(I‘) such that (3.2)
(divQVu,v)q + (QVu, Vv)q = (g, tro)r for all v € H'(Q)},

where we set 09u = g. Naturally, one wants to know whether 99 coincides with
an extension of Tf\?. For @Q = id one has 9, = 7n: Hiﬂ(Q) — L*(T), see [GMOS,
Lemma 2.4]. For @ # id the properties of such a possible extension were much less
clear for some time. In the recent preprint [BGM22], those issues were resolved.
We recall their central result for our case ([BGM22, Corollary 11.28]) adapted to
the notation we are going to use.

Lemma 3.4. Let Q C R? be a Lipschitz domain. Let % be a formal second-order
differential operator acting on elements in L*(Q) in a distributional sense via

d
PBu = Z &-qij(a:)(?ju,

ij=1

where the matriz Q = (q;;) is given as in Hypothesis[31l Let B denote its L*(£2)-
realization (cf. Definition [313). Then, the co-normal Neumann trace defined by
u v tr(QVu) for smooth functions extends uniquely to

vt Hy(Q) — H*3/2(I) (3.3)

for all s € [%, %], forming a compatible family in s. Furthermore, for all s € [%, %],
we have the following:
(i) The generalized Neumann traces in B3) are surjective. In fact, there are
bounded linear operators
Y& HA(T) — Hy(Q), (3.4)

which are also compatible with each other for different s, and right inverses
to the Neumann trace, meaning for all 1 € H*=3/%(T") we have 1o(YHY) =

.
(ii) For any f € Hy(Q) and h € Hy *(Q) the following Green’s formula holds:

<tr h’a’Yéf>H3/2—s(p)X([{S/Q—s(p))/ - <Fyéh’trf>HS*1/2(F)><(H1/2*S(F))’
= (h, Bf>sz — (Bh, f>sz :

(iii)  ker(vgy) C H3/2(Q), ker(tr) C H3/2(Q), and for any u € H,lg/z(ﬂ) with
either yHu =0 or tru = 0, there is some C > 0 such that

ullZs/2gey < Clul + | Bul
Proof. This is [BGM22| Corollary 11.25 and 11.28]. O

We are going to verify the compatibility to the weak formulation 09 in Theo-

rem [3.14] later.
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3.2. On the second-order operator. With the trace results from the last section,
we are going to be able to identify the operator A for the case B = — div@QV, and
to fully describe its domain in precise terms of Sobolev regularity. The underlying
subsidiary form is given as follows.

Definition 3.5. Assume Hypothesis Bl Set D(b) :== H(2), and let b : D(b) x
D(b) — C be given by

b(u,v) = (QVu, Vo), (3.5)
for u,v € D(b). Also, set bp(u,v) == b(u,v) for u,v € D(bp) = HI(Q).

Lemma 3.6. The subsidiary form b defined as above is admissible in the sense of
Definition [Z. Furthermore, we have C°(Q2) C D(By) N D(Bp). Hence, we are
in the situation of Definition and Theorem [Z.8.

Proof. We choose p = 1/2 in Equation (1) and have C°(Q) C D(b) = H(Q),
whence the form b is also densely defined. It is accretive, as @) is uniformly positive
definite. As @ is also bounded, we have

[ullfn < b(u,u) + [lulld < Cllullm.

So b is closed and continuous, and therefore b is generating. It is symmetric,
as @ is symmetric and real-valued. Hence the Neumann realization By, as the
associated operator to b, and the Dirichlet realization, as the associated operator
to bp = b[ 1 (o), are well defined and we have D(Bn) N Hq () = D(Bp) N D(By)
(cf. Proposition 24). As C°(Q) € H(Q) we only need to show that C°(2) C
D(By). Solet ¢ € C(£2), which implies that QVp € (H*(Q)9) as C11(Q, R¥*9) C
Whee(Q,R4*4). Now, we may use the following version of Green’s formula taken
from [BGM22, Corollary 4.5], which holds for their case of ¢ = 1/2, as A maps
from H*(Q) to H=1(Q2). For all v € D(b) = H*(2) we have that

(QVe,Vu)g + (divQVe,v)g = (V- trQVe,tru)p =0
as Vy = 0 close to the boundary, which shows

b(p,v) = (—divQVep,v)q
for all v € D(b) and thus ¢ € D(By) and Byy = —divQVe. O

So we may define By, B, N® and .#® as stated in Theorem 2.8 Furthermore,
the next Lemma shows that we are in the situation where N® = 4% holds.

Lemma 3.7. The operator N° is surjective.

Proof. The surjectivity of N® is a special case of [Nitll, Lemma 3.8]. There it is
shown that for any g € L?*(T) there is a u € H'(Q) and a A € R such that for
all v € C1(Q) we have b(u,v) + (A\u,v)q = (g,trv)p. Approximation in H'(1)
yields this result for all v € H(2). Hence u € D(Bg) as for v € D(By) we have
— (Au,v)g = b(u,v) = (u, Byv)g = (u, Bov)g and Biu = —Au, so uw € D(N") and
—Nbu=g. O

Next we show that the operator Bf is in some sense the maximal L2-realization
of —divQV, and —N° coincides with the usual co-normal derivative 8,, which
extends v - tr QV. So we begin by verifying that both operators act as desired on
smooth functions.
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Proposition 3.8. If ¢ € C®(Q), we have Bip = —divQVey and N°¢ = —v
tr QVo.

Proof. For any function ¢ € C°°(Q), so as seen above QV¢ is an element of
(H'(2))?. So again by [BGM22, Corollary 4.5], for all v € H'(£2), we have

(QV, V) + (divQVe,v) = (V- tr QVe, tro)
This means, for all functions v € D(By) C D(By), that

(= divQep, v)q = (QVe, Vv)g = b(p,v) = (¢, Bov)q,
which shows ¢ € D(B{) and Bjy = — divQVep. Furthermore, we even have ¢ €
D(N®) and N°p = —v - tr QV . O

We point out that div @V does not map test functions onto test functions. Hence,
there is no distributional realization of that operator and the largest space we can
work on is H~2(f2), the dual of HZ(£2), whence we use the L?({2)-realization of that
version. To that end, we establish an elliptic regularity result on R%” on the level
of test functions.

Lemma 3.9. Let @ satzsfy HypotheszsIﬂ Then there is a symmetric, uniformly
positive definite extension Q € BUC'(RY,R¥*?) of Q. Furthermore, for all s €
[0,2], there is a Ao > 1 such that for any A > \g there exists Cx > 0 for which

H(p|‘HS(Rd) < C)\H()\ —div QV)QDHHsfz(Rd)
holds for all p € C(Q).

Proof. We first construct the extension. As @ is uniformly positive definite in some
open superset Q which contains Q, there is a C*>-domain Q' with Q C Q' C Q
which can be constructed by approximation with mollified functions in the supre-
mum norm. As Q' is smooth with smooth boundary I", there is a small tubular
neighborhood
I = {z e R?| dist(z,T’) < &}

of TV, which can be parameterized by the normal vector, i.e. there is a smooth
bijective map

v:(—e,e) x TV = TL; (hya') = y(h,2") = 2" + h-0,(2).

Choosing ¢ > 0 small enough, it is possible to guarantee I'. € Q \ Q, so Q is
defined on ' UT. For the extension, let ¢ € C*°(R, [0, 1]) be a strictly decreasing
function satisfying ¢» = 1 on (—oo0, 5F) and ¢ = 0 on (5,00). Then, we obtain
@ € C(RY) by setting ¢ = 1 on Q' \ T, ¢ =0 on R\ (TLUQ’), and p(z) = ¥(h)
for z = y(h,2’) € T'.. Hence, we can define Q(z) = (1 — p(x ))Q( *) + o(2)Q(z)
for an arbitrary but fixed z* € 2, and the new matrix Q € BUC (R4, R¥*4) gtill
satisfies (B) as the set of uniform positive definite matrices is convex.

For the ellipticity estimate, we use parabolic theory from [DPRS23|]. The con-
structed extension @ satisfies their assumption ($2) (its entries are BUC!(R4)-
functions which are constant for large |z|), and a simple calculation shows that
due to the uniform positive definiteness, the resulting operator A — div QV is also
parameter-elliptic. Hence the assumptions of [DPRS23| Lemma 3.14] are satisfied
for o0 = 0 and r = [|s — 1|]] = 1 and, we obtain the estimate in the A-dependent
spaces by [DPRS23, Lemma 3.14]. As the constant is allowed to depend on A, this
finishes the proof as we switch to A-independent spaces. (|
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Remark 3.10. A thorough comparison of regularities will show that a strict ap-
plication of [DPRS23, Lemma 3.14] would need ¢;; € BUC?*(Q2). However, as our
operator is in divergence form, the coefficients do not need to be multipliers in
H*=2(R%) but only in H*~'(R?), whence one can deduce that BUC'(Q) is actually
sufficient as |s — 1] < 1 in our case. For details (cf. [Plo24, Section 7.2.1]).

Now we can show that the minimal realization of — div V(@ is well defined and
its domain is given by HZ ().

Proposition 3.11. Let By, the minimal realization of —div@QV, be the closure
of
BN|C§°(Q) = BOng"(Q) = (—div vQ)ngO(Q)'
Then the following holds.
(i) Buin is well defined.
(i) On the space C°(2) the graph norm |ullq + || Bjulla s equivalent to the
full H?(Q2)-norm, whence D(Bmin) = H3(Q).
(iti)  We have (—div QV)|H§<Q) = Bumin = Boluz(0)-

Proof.

(i) The operators By |CS°(Q) and B0|Cg°(Q) are closable due to the self-adjointness
of By. Thus B, is well defined.

(ii) Let p € C°(Q) be an arbitrary test function. Then Bip = —divQVe by
Proposition B8 and thus ||¢||3, + | Biell3 < ¢l 2 (). For the reverse inequality
we use the matrix @ from Lemma 3.9 To that end, we extend ¢ by zero to the
whole space and write €% for this extension. Choose any fixed A > Ao where \g is
taken from Lemma 391 Then we have (A — div QV)e?p = —e%(div QV ) + €°(\p),
as supp(div@QVy) C supp ¢ C Q. Now Lemma 3.9 with s = 2 yields there is some
Cy > 0 such that

lellze(9) = le®lla2@ay < COx(l1€°(divQVe)|[ra + Alle®@|lga)
< ACA([Boelle + llelle),

with C) independent of the choice of ¢. Thus we have

(@) — OF 0 O~ ()
(iii) As Bmin is closed, the first equality follows straight-forward. Now let u €

HZ(Q2) = D(Bmin) € D(bp). Then there is a sequence of test functions such that
¢n — u with respect to the H?(Q)-norm. For ¢,, we have for all v € H'(Q)

(QVn, V), = (=divQVe,,v) .

Due to H?-convergence this also holds for u, and div QV,, converges to divQVu €
L3(). So by definition v € D(Byx) N D(Bp) = D(By) and Bou = Byu =
— div QVu = Bpinu, which shows Bpin C By. O

Now we use duality to define Byay. Recall that for a function u € L?(Q2), the
induced regular distribution [u] acts on a function ¢ via [u](¢) = (u, ).

Definition 3.12. Let % : L*(Q) — (HZ(2))’ be defined by
Bulp) = (u, ~ divQVep)
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for all p € HZ(Q), and define Byay as its L?(Q)-realization, i.e. we let
D(Bumax) = {u € L*(Q) | Bu € (L*(Q))'},

and identify Bpacu with g € L2(Q), where g is the unique element for which
(%u)(?) = [9](p) holds.

It can also be verified that this definition is compatible with the representa-
tions Zu = — 3, ;0;q;;0;u = — divQVu, where each derivative is considered as
weak derivative, and the multiplication with the coefficients in H () (cf. [Plo24,
Lemma 3.17]). Now we can characterize Bpax by duality as follows:

Proposition 3.13. We have Bpax = (BO|H3(Q))* = B .., as well as B}

min’ max Biin-
In particular, this shows that Bmax s closed.

Proof. Let uw € D(Bmax). This, equivalently, means u € L?*(2) and there is an
f € L*(Q) such that (f,p), = Bulp) = (u,—divQVey), = (u, Bop)q for all
¢ € H3(Q). By definition this means u € D((BO|H§(Q))*) and f = (B0|HS(Q))*u.
The second assertion follows directly as By is closed and the restriction of the
self-adjoint operator By, and therefore symmetric. ([

In a final step we remove the restriction to HZ by showing that the smooth
functions are actually a core of Bax.

To that end, we restate the definition of the spaces Hg () from (cf. Section [3.1])
in a more precise manner by setting H5(Q) = {u € H*(Q) | Bu € L*(Q)} for
s > 0 equipped with the norm |u gs() + ||Bmaxt|lo, and in particular we have
D(Buax) = Hj(€2). We will also write || - || g instead of || - || p(p,,..) or || - | £9,(0)- It
might be more accurate to call those spaces Hg _ (£2), but we refrain from doing
so for sake of readability, also emphasizing the fact that By,.x actually takes the
role of the abstract operator B that remained undefined in Section

Furthermore, we even may explicitly characterize D(N®) and N° as we are in
the setting of [BGM22, Chapter 11.4], whence we have Lemma [B4] at our disposal
and existence, continuity, and surjectivity of ¢ : Hy(Q) — H*=3/2(T) is assured

for all s € [, 2]. All those Neumann traces are continuous extensions of v - tr QV

on C*°(Q) to H3(2) by the density which we also ascertain below.

Theorem 3.14.

(1) For all s > 0, the space C™=(Q) is dense in H(9).

(ii) We have By = Bmin (i.e. D(Bp) = HZ(Q2) and C°(Q) is a core of By) and
BS = Bmax-

(i)  We have N* = —99 = —72/%, s0 in particular D(N*®) = D(0%) = H}/*(%).

(iv)  D(Bp) € HY*(©), D(By) € Hy*(@).

Proof.

(i) In the case s > 2 the space Hg () coincides with H*(€2). The cases s € [0,2)
will follow by adapting the proof of [BGM22) Lemma 2.13], where this density was
shown for B = A. Consider H*(Q) = {u € H*(RY) | suppu € Q} (cf. [BGM22,
Section 2.3]) and the map

L Hy(Q) — H5(Q) x L3(Q), u+ t(u) = (u, Buaxtt),

which is an isometric isomorphism from HE(£2) to the closed subspace ¢(H%(2))
as Buax is a closed operator. Let A be any functional in (H%(€2))’, then Ao/~ 1 is
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a linear, bounded functional on «(H%(€2)), which can be extended to a functional
A € (H*(Q) x L2(Q)) = H~*(€) x L2(2) using Hahn-Banach’s theorem. Hence, by
[BGM22| p.27-29], there are representatives hy € H~*(Q), hy € L?*(R2) such that,
given any u € H(R), for any F € H*(RY), G € L?(RY) satisfying F|q = u and
G|q = Bmaxu we have

Au) = (ha, F>H*S(]Rd)><HS(]Rd) + <60h27 G>]Rd :

Note that for s = 0, we may replace H°(Q) with the zero extension of L?(Q)-
functions and the dual pairing with the standard inner product on L2(£2). In
particular, if we take u = ¢|q, for any ¢ € C°(R%), we obtain

A(pla) = (h1,0) -« utyw e ety + (€ha, = div@Vep) |

due to (—divQVe)|g = (- divQVe)|q = Bpla = Bmaxp|a by Proposition B.8]

~

where () once more denotes the extended matrix from Lemma

In order to show the desired density, we assume that for any ¢ € C*°(Q) we had
A(p) = 0, and deduce that this implies A = 0. By definition, however, A(¢) = 0
means that we have

(s ) b1 iy e ) = <eoh2, div QV¢>Rd = (divQVehy)(p)

for all € C*(RY) and by density for all p € H?*(R?). At first we consider
—divQVehy = (—div omg o V)(eohs) as an element of H~2(RY) consisting of the
separate mappings V : L?(RY) — (H~1(R%))4, mg (H~Y(RY))? — (H~1(RY))4,
and div: (H~'(R?))* - H?(R?) where mg denotes the multiplication with Q in
H~1(R%). With the usual identification of dual spaces, we obtain

(divQVehz, ) = (div QVe®ha)(9) = (h1,9) - (matys e (et -

H—2(Rd)x H2(R)
So hy; = div @Veohz S HiQ(Rd), or for some large A > Ao also —h1 + Aelhy =
(A — divQV)e’hy. Now by Lemma B9 applied with 2 — s € (0, 2], we have

1€ ha | ra—s(ray < CallAeohs — ha || gr-s (ray,

which shows that e®hy € H?>~*(R?) and as supp e®hy € Q, also e®hy € H>~5(9).

However the space of zero extensions of C2°(f2) lies dense in H27%(2) (cf.
[BGM22, (2.82)]), and there is a sequence of functions (¢,,), € C°(£2) such that
%1, converges to ehy in H?~%(R?), which shows that div @Ve%ﬁn converges to
divQVehy = hy in H*(R%). But then, for any u € H%(Q) and F € H*(RY) such
that F|q = u, we obtain

A(u) = (h, F) g gayx gre (zey + (€°h2, €° Biaxtt) o
= nlgrgo <le QVeO@/Jm F>H*S(]Rd)><HS (Rd) + <¢n7 Bmaxu>Q
= hm — <Bmin1/}n7 u>Q + <wna B:ninu>ﬂ = 0

n—r oo

Hence, A already vanishes on Hj(€2); and we have shown that Afoe @) = 0 implies
A = 0, which yields the desired density by a standard corollary to Hahn-Banach.



ELLIPTIC 4TH-ORDER OPERATORS WITH WENTZELL BOUNDARY CONDITIONS 19

(ii) Let v € D(Bp) and u € D(Bmax) be arbitrary. Because of (i) there is a
sequence of functions ¢, in C*(Q) such that Biy, — Bmaxu and ¢, — u in
L?(2). Hence for all v € D(By) we have

0 <—Nb<pn,trv>1,
<—Jng0n,trv>F = (v, Byn)q — (Bov, ¢n)q = (U, Bmaxt)q — (Bov, u)g,

S0

(v, Bmaxu)g — (Bov,u) =0
for all u € D(Bmax). This shows v € D(B ) and Bov = B}, v = Bninv, which
together with Propositions[BI1 (iii) and BI3lshows that By = By and B = Bax
as claimed.

(iii) N* = —99 follows from B = Bpax and the definition of the weak co-
normal ([3:2). We show 722/2 C —N® C 4} first. So let u € H¥?(Q). By (i)
there is a sequence (¢,), C C°°(Q) that converges to u in Hg/Q(Q). As in the
proof of Proposition B8 we have (Bmax@n, V) — b(¢n,v) = (—v - tr QVep,, trv)p =
<—*yg/2<pn,trv>p for all v € H'(Q2). Hence, as the sequence (), in particular

converges in H} (), we may take the limit and obtain for all v € H(Q)
<Bmaxu7 U>Q - b(”a U) = nlgr;o <Bmax§0nu U>Q - b((pna 'U)

= lim <—72,/2<pn,trv>r = <—7g/2u,trv>r

n—oo

As ’yému € L2(T), by definition we have u € D(N®) and N°u = —”yému. For the

second inclusion let u € D(N"), then for all v € H(£2) we have

(Bmax, V) — b(u,v) = <N[’u,‘crv>F = <Nbu,trU>H71/2(F)XH1/2(F)

as v € H'(Q) and the Dirichlet trace maps continuously from H'(Q) to H'/?(T)
(see Definition B.3]).

Next, recall that D(N®) C H5(Q) by definition. Using the density of C*°(Q) in
HE(2), we find a sequence (p,,), € C*(Q) that converges in Hp(2) towards u.
So continuity of ”y};) from H'(Q) to H~/?(T) yields

(Bmaxt, V), — b(u,v) = lIm (Bmax®n,vV)q — b(¢n,v) = nll)rrgo <—7écpn,tr v>F

n—oo
L 1
= Jim (=900 ) o ey ey
1
= <—7Qu, tr U>H71/2(F)><H1/2(F) :
Hence we have

b _ 1
<N U, trv>H—1/2(F)XH1/2(F) - <_7Qu5 trv>H*1/2(F)><H1/2(F)

for all v € H' (). As the Dirichlet trace is surjective onto H'/?(T'), we obtain

b 1
<N U, w>H71/2(F)XH1/2(F) = <_7Quu w>H*1/2(I‘)><H1/2(F)
for all » € H'/?(I') by taking any solution of trv = 1. Thus —y4u = N®u on
H~Y2(T), which in particular yields ker 722/2 C ker N® C kerv},. By Lemma B4
we have ker g, C Hgm = D(,ng) for all s € [£,3]. As 72’2/2 is also surjective onto
L?(T'), we have N° = 722/2 by Proposition 211
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(iv) This follows from Lemma[34] once more. We have that v € H5(f2) and either
tru =0 or y,u=0 for any s € [2,3] implies u € H]?;,/2(Q). O
3.3. On the fourth-order system. Applying the above results to the primary
form a and its associated operator we obtain the following solution theorems for

fourth-order system with Wentzell boundary conditions. We are able to solve the
following system, as N is surjective by Lemma [B.7

Theorem 3.15. Assume Hypotheses and 3. Let B = —divVQ. Then for
wo = (u1,0,u2,0) € # the Cauchy problem

Oru1 + B(aB)u; =0 in (0,00) X €, (3.6)

Orug + BOZ (aB)uy +yug =0  on (0,00) x T, (3.7)
d%u; =0 on (0,00) x T, (3.8)

U1 |e=0 = u1,0 in £, (3.9)

uzlt—o = ugp on I’ (3.10)

possesses a unique solution, which is given by u(t) = T (t)(u1,0,u2,0) fort > 0 where
T (t) is the analytic semigroup generated by —A. Furthermore we have

DA)={ueH |u € H]33/2(Q),adiVQVu1 € H%/Q(Q),trul = Ug,’}/g/Q’ul = 0}.

Proof. This is a direct consequence of Theorems 2.8 and 2.12] whose assumptions
are validated by Lemmata and B7 The identification of the operators and
characterization of the domain follow from Theorem B.14 O

Remark 3.16. As in Remark [Z.13] we observe that u; also solves the corresponding
non-decoupled problem with Wentzell boundary conditions

Owu+ B(aB)u =0 in (0,00) x €, (3.11)

tr B(aBV)u — 80%(aB)u — ytru =0 on (0,00) x T, (3.12)
0%u =0 on (0,00) x T, (3.13)

ult=0 = up in Q. (3.14)

Finally, we also want to add the case § > 0. The main idea is to compare the
machinery of the form b with that of bs defined by

bs(u,v) = (QVu, Vu)g + (du,v)p
for 0 < § € L>®(Q) on D(bs) = H*(Q).

Proposition 3.17. Under Hypotheses and [T}, the subsidiary form bs is ad-
missible. We denote its associated operator by By s.

Proof. As 0 < § € L*>(T"), the calculations are similar to the proof of Lemma
Note that the norm || - ||p, is also equivalent to the full H'(€)-norm as the trace is
continuous from H*(Q) to L?(T). O

Under the given smoothness conditions we have C°(2) C D(By,s) similar as
in Lemma due to the fact that b = bs for test functions. Naturally, one can
consider the restriction of the form to H}(€) once more, but there the form also
coincides with the previous form bp, so the Dirichlet realization is independent of
§. This also shows that also D(By )N D(Bp s) is dense in L?(2) and Theorem 2.8
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is applicable to bs, as well. The versions of all appearing operators N®, 4%, By,
etc., associated to bs will be denoted by N®s, 4% By s, etc.

Theorem 3.18. In the above setting we have the following results.
(1) N s surjective.
ii Bos = By, and (Bg.s)* = Bmax.s = Bmax = B = —divQV considered as
( ) > ’ > , 0

L2-realization of a map from L*(Q)) to H=2(Q).
iii Nb = —73/2 — 6 - tr, and the operator associated to as on # is given by

Q
< div QV(a divQV) o)
As =

—Byy? +str)(adivQV) (3.15)

on
D(As) ={u € # | uy € HY*(Q),adivQVu, € HY?(Q),
tru; = u2,722/2u1 + dtru; =0}

Proof.

(i) The surjectivity of N follows from [Nitll, Lemma 3.7/3.8], just as in the
Neumann case, because the theory there also contains the Robin case (cf. [Nit11]
Equation (2.3)]). So N% = 4%,

(ii) For u € H} and f € L*(T) we have (f,v)p = (QVu, Vv), for all v € H'(2)
if and only if we have (f,v)p = (QVu, Vv), + (d tru, trv) for all v € H(Q) due
to tru = 0. Thus D(By) N H} = D(By,s) N H and the operators By and By s
coincide there, which shows By = By 5. Taking adjoints, this carries over to Bj. As
Bys = By = (—div QV)|H§ we also have Bu = HBsu, so also their L2-realizations
Brax and Bax,s must coincide.

(iii) Due to the surjectivity shown in (i) we have 4% = N® by Theorem 2§ (iv).
Next we show N% = N°® — §tru. Assume u € D(N®). Hence u € H'(2) and
for all v € H'(Q) we have (N'u,trv), = (Bju,v)q — b(u,v). So, equivalently,
(N® = étru,trv). = ((Bos)*u,v)g — bs(u,v), which shows D(N®) = D(N®) and
Nb% = Nb — §tr = —72/2 — 0tr by Theorem BI4 (iii). Furthermore, by Theo-
rem [2.12] the associated operator Ay is given by

ﬂ& _ ( (3075)*(0431\7)5) 0)
—ﬂJVb5 (aBnys)
on
D(As) ={u € | uy € D(By.s),aBysu; € D(A ), ug = truy}.
Using (i), (ii) and Theorem 314 (iii) and (iv) yields the result. Note that ker N =
D(Bn,s) because of Theorem 22§ (iii) applied to bs. O

Remark 3.19. After having verified H%/2(Q)—regularity for the trace N°, it can be
deduced that (L%(9),tr, N%) actually is a quasi-boundary triple for the operator
Brax| p(nvy in the sense of [BM14], which generalizes the results from their Section
4.2 to Lipschitz domains. A detailed proof can be found in [Plo24] Section 3.4].

We may finally collect the main result for our original system ([H)—(T9). The

3/2

notations N°® and Yo~ were useful in context with the general theory. In the

following, however, we will write 0, again, which is closer to classical notation.

3/2 Nb

v

Note that due to our results we have 9% = ala) — A4 anyway.
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Theorem 3.20. Assume Hypotheses[Z.9 and[31. Write B = — div QV and 0% as
the unique extension of v -tr QV to H3/2(Q). Then for ug = (u1,0,u2,0) € H the
Cauchy problem

Ou1 + B(aB)u; =0 in (0,00) x £, (3.16)

Orug + BOZ (aB)uy + Botr(aB)u; +yuz =0  on (0,00) x T, (3.17)
O%u; +dus =0  on (0,00) x T, (3.18)

U1li=0 = u1,0 in £, (3.19)

Uzlt=0 = ug,0 on I’ (3.20)

possesses a unique solution, which is given by u(t) = T (t)(u1,0,u2,0) where T (t)
is the analytic semigroup generated by —As given as in BI3). For t > 0, we
have u(t) € D(AF°), whence uy solves the original system with Wentzell boundary
conditions given by

Owu+ B(aB)u =0 in (0,00) x Q,
tr B(aB)u — BO% (aB)u — 6 tr(aB)u —ytru =0 on (0,00) x T,
O%u +dtru =0 on (0,00) x T,

ult=0 = up in .

4. FURTHER PROPERTIES OF THE SOLUTION IN THE FOURTH-ORDER CASE

In this section, we present results concerning regularity and long-time behavior
of our solution. We begin with a regularity result in a smoother situation. Then
we return to our situation with Lipschitz domains and rougher coefficients.

4.1. Higher regularity for smoother cases. Even with smooth coefficients and
boundary, we cannot expect that for « € D(A) the first component u; belongs
to H*(Q). However, using the theory of [DPRS23], we can deduce u; € H™/2(Q).
Recall that any solution of the system ([H)—(9) satisfies u € D(A), which shows
B(aB)u; € L*(Q), oL (aB)uy € L2, and 0%u; + §tru; = 0. Thus the first
component of any solution of (LH)-(L9) in particular satisfies

Ay + B(aB)uy = f = Ay + B(aB)u; in (0,00) x £, (4.1)
—B0%(aB)u; = g = —0%(aB)u;  on (0,00) x T, (4.2)
O%uy + dtruy =0 on (0,00) x T (4.3)

with (f,g) € # = L?*(Q)) x L?(I'). We prove that the assumptions of [DPRS23,
Corollary 4.10] are satisfied for this system, where 7 = m; + 1/p and thus [|7'|] =
LB || + 1 = 1,[|ks]] + 1 = 3. To that end, we assume Q € BUC*(Q,R%¥*?), a €
BUC?*(Q), B € BUCHT), and § € BUC*(I') to ensure a, € BUCY(), bis €
BUCH(T'), and bas € BUC?*(T), as needed. Furthermore, we assume € to have C°-
boundary. The last assumption to check is that the system is parameter-elliptic,
for which we briefly recall the definition. Therein, we use the standard form (’\EA)
for parameter-elliptic boundary value problems for a moment, which is not to be
confused with our operators A and B.
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Definition 4.1. Let A C C be a closed sector in the complex plane with vertex at
the origin. Using the standard convention D := —¢V for parabolic boundary value
problems, let A and B = (Bj, ..., By,) be formally given by

A(z,D) := Z aq(z)D* and Bj(z,D) := Z bg(z)tr D° (j=1,...,m),

la|<2m |B]<m;
where m; < 2m

(i) We define the principal symbols of A and B; as
ap(z, &) = Z aq ()¢ and b j(x,€): Z bjlg ()% (j=1,...,m),

lor|=2m 1Bl=

respectively.
(ii) We call the family A\ — A(x, D) parameter-elliptic in A if the principal symbol
ap(z, £) satisfies

A= ao(z, ) > C(IAl +[€"™) (2 €Q, A€ E€RY, (§X) #£0) (4.4)

for some constant C' > 0.

(iii) The boundary value problem (AEA) is called parameter-elliptic in A if \ —
A(z, D) is parameter-elliptic in A, and the following Shapiro—Lopatinskii condition
holds:

Let xp € 012 be an arbitrary point of the boundary; rewrite the boundary value
problem (A—ag(xo, D), bo1(z0, D), ..., bom(xo, D)) in the coordinate system asso-
ciated with xg obtained from the original one by a rotation after which the positive
rg4-axis has the direction of the interior normal to 92 at 2o. Then, for all ¢’ € R9~!
and A € A with (£/,\) # 0, the trivial solution w = 0 is the only stable solution of
the ordinary differential equation on the half-line

(A = ao(@0,¢', Da))w(za) =0 (24 € (0,00)),
bo_’j(xo,fl,Dd)w(O) :O (j: 1,...,m).
A+ BaB

Lemma 4.2. The system | —B0%(aB) | is parameter-elliptic in Xq for 6 € (0, 7).
OF +dtr

Proof. The parameter-ellipticity for the family A + BaB is simple as we have

ag(x,€) = symby[BaB](x,8) = Y (&g5(@)&k) (@) Y (& qjm (2)6w) > 0
J.k g’ k!

for all |£] # 0 as the matrix @ = (g;x);x is symmetric and uniformly positive
definite. Note for the first line that all the terms where the derivative hits the
coefficient are of lower order. Hence, we can exploit homogeneity and boundedness
of the domain, which shows parameter-ellipticity in any closed sector that does not
contain the negative real line.

A similar calculation shows

a'(x,€) = symbg[B Z & ik ()€

bo,1 (2, &) = symby[—B97 (aB)](, &) —w qukska a(x,),
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bo,2(x, &) = symbg[0%](x, &) = —i Z qar (7).

k

In order to verify the Shapiro—Lopatinskii condition, we need to show that the ODE
below only has the trivial solution. For this, the operators are locally transformed
into the half-space at every fixed point xg € I'. It is a known fact that this coordi-
nate transformation leaves the coefficients of the main symbol invariant (cf. [Wlo87,
Satz 10.3]). Furthermore, we would like to note that, as we only consider a fixed
xo, the coefficients commute with all derivatives and we can simply pass from di-
vergence to non-divergence form, which shows we may investigate the system (4.5)
below. We write = = (j,ad), where & = (¢/,&4) € R? as usual, and interpret the
first components as multiplication, so Zw = (§w, ..., 41w, —id4w). Then, for
x4 € (0,00), and X € 3y, ¢’ € R4~ satisfying (), &) # 0, we assume

()\ + CLQ(Io, E))w(Id) = 0,
bo)l(xo, E)w(O) = 0, (45)
bo)g(l‘o, E)w(O) =0.

Note that integration by parts yields

<Z =ju, v> = <u, ZEJ"U> — iug(0) - vg(0).
i L2(0,00) J L2(0,00)

Multiplying the first line with w in L2((0,00)) and using integration by parts and

[&3), we obtain

0= A0l 0,00 + 3 (E550 (20) Exar(wo)a (20, E)w, ) 2o o)
7,k

= Al a0.00y + 3 (@50 (x0)Zra(2o)a’ (@0, D), Zy10) 12 g o)
.k

— B~ (@o)bo,1(z0, Z)w(0) - w(0)
= [M[1wllF20,00) + D, (Ercr(wo)d’ (o, E)w, 5k (20)Z5W) 120, 00)

gk

= Alwlfago00) + <a<xo>a’<xo,z>w,Zajqkj<xo>akw>
L2(0,00)

k.j
— a(zg)a' (zo, 2)w(0) - b 2(z0, Z)w(0)
= [M[wlF2(0,00) + |V a(@0)d’ (z0, E)wll72 (g oc)-
Note that we used that the matrix @ = (g;) is symmetric and real-valued and that
a>0,8>0. If A # 0, this implies that w = 0 as desired, since ¥y C C\ (—00,0).

If A =0, and thus by assumption & # 0, we have o’ (29, Z)w = 0.
Multiplying with w in L2(0,00) once more, we obtain

0= Z <Ej’Qj’k’ (xo)Ek/w,w>L2(O)oo)
J'sk

= {gjw (20)Eww, Ejw) 12(0.00) + b0,2(20, E)w(0) - w(0)
jl7k;/
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=D {agw (@0)Zw w, Zjw) 2o
j/7k/

= /00 (Q(Ew)(xq), (Bw)(xa))ca dza > K@ /OO |(Ew)(zq)]*dzq
0 0

= kQ(I€ 1wl F2(0,00) + 19a10]|7 20,009 )-

In the last step we used that @ is uniformly positive definite (cf. BI])). As & # 0,
we also have w = 0 in this case. Hence altogether the system is parameter-elliptic
in every sector smaller than . (I

This shows H7/?-regularity of any solution:

Corollary 4.3. Let Q) be a bounded domain with CS-boundary.
Let Q € BUCHQ,R¥9), a € BUC?(Q), B € BUC'(Q), § € BUC*(Q). Then,

we have

D(A) = {u € #|uy € H'*(Q), B(aB)uy € L*(), 92 + §tru; =0, ug = tru }.
Proof. By the above all assumptions of [DPRS23| Corollary 4.10] are satisfied,
hence we obtain

luill 72y < Ifllz2@) + lgllBg, () < o0

22,2

due to BY, ,(T) = I2(T") = L(T). O

4.2. Holder regularity. We show next that on Lipschitz domains and with co-
efficients as in Hypotheses and BI the solution w(t,-) = (ui(t,-),us2(t,-)) of
([CI)—(T7) satisfies that ui(¢,-) is Holder continuous for every ¢ > 0. This implies
that truq(t,-) = ua(t,-) also holds in a classical sense.

Recall that 7 (t) maps # into D(A°) for any ¢ > 0 as it is analytic. It is
not to be expected, however, that «(t,-) € D(A$°) implies uy(t,-) € H3/?T5(Q)
for any € > 0, as such a gain in differentiability does not even necessarily hold
for the much simpler Neumann Laplacian due to possible non-convex corners (cf.
[Kon67]). So Holder-continuity cannot be derived by Sobolev embedding directly
in high dimensions. However, we can use a bootstrapping idea on the integrability.

To that end we use the regular spaces LP(§2) and LP(T") where the coefficient S
is not included, and write || - |, and || - || p for the occurring norms, respectively.
In the case p = 2, the index is dropped. Note that the LP-spaces are nested as
our domain € is bounded. Furthermore, recall that C%?(Q) refers to the space of
Y-Holder continuous functions on 2, and note that every function u € C%?(€2) can
be extended uniquely to a (Holder) continuous function on Q.

As a preparation, we establish some further results concerning weak solutions of
the inhomogeneous Neumann problem

A =divQV)u= f inQ,

4.6
O%u=3g onT. (46)

Proposition 4.4. Let f € L?(Q2), g € L*(T).
(1) For A >0, [8) has a unique weak solution, by which we mean a function
u € HY(Q) such that

0™ (u,v) = (QVu, Vo)g + (\u, v)p = (f,v)a + (g, tro)r (4.7)
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for all v € HY(Q). Furthermore, u € Hgm(ﬂ), and we have the estimate

ll3/2qy < CUFIR + 13113

(ii) Let f € L%?t2(Q), g € LYH5(T) for some € > 0. Then, for any A € R,
any weak solution of [@G) satisfies u € C*?(Q) for some ¥ € (0,1) and
the estimate

ullcooay < C(llulla + ||f||sz,g+s + 19llr,d—1+4¢)- (4.8)

If X >0, we can drop the |[ullo-term on the right-hand side.
(iii)  Let f € LP(Q), g € LP(T") for some p > 2. Then, for X > 0, the unique
solution u of [@8) satisfies (u,tru) € L¥P)(Q) x L¥P)N(T) and

Fee(p) < Co(llfllsz,p + ||§||r,p) (4.9)

[ullop) + | trul

where

d—2 ~
)&= ifpe(2,d),
o) = {oop if p € [d, 00).

Proof.

(i) We construct a solution candidate by collecting properties of a weak solution.
At first we observe that for any such weak solution v € H*(2) we have, given any
v e D(By) C D(By),

(u, Bov)g, = b(u,v) = b*(u,v) — X (u,v),, = <f— )\u,v>Q

Hence u € D(B:) and f = (A + B&)u. By Theorem BI4 (ii), we also have (X +
Buax)u = (A4 Biu) = f by , so the first line of ([@B) holds in L2(Q), where
—divQV is seen as L?({2)-realization of an object in H~2({)). Furthermore, for all
v € HY(Q) we obtain

(—Bju,v)q, + b(u,v) = <—f,v>ﬂ + b’\(u,v) = (g, trv)p,

which shows u € D(N®) and —N%u = §. However, Theorem 314 (iii) yields
D(N®) = Hg/z(Q) and 72’2/21; = 0%u = —N°u = §. So when we subtract v = T}O’V/2§
where T%Q is the continuous right-inverse of 7%/ ? from Lemmal[34] (1), the difference
u — v solves the Neumann problem

(A —divQV)(u —v) = f+divQVv — \v in Q,

72/2(11—1}):0 onT.

Thus u — v € D(By), as well as (A — divQV)(u —v) = (A + By)(u —v). In
conclusion, we have shown that any weak solution of (.6l satisfies (A + By)(u —
v) = f + div@QVwv — Av. Hence, a suitable solution candidate is given by 4 =
(A + By)"L(f + divQV Y25 — AY3/%5) + 137G, which is well defined due to
(=00,0) € p(Bn)-

Finally, we verify 4 indeed is a solution and satisfies the regularity estimate. By
Lemma B4 (iii), we have

2= 0115720 < Ol = vl + | By (@ = v)lln) = Clla— vl

= CllOv+ By) H(F+ divQVe = M)l < C(LFIR + 01,2 )

(4.10)
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(where the constant C'is generic) and thus by the above and the continuity of Ti,ﬂ
82020y < COFIE +0ls2,0,) < COLTIE +1112).

Now, naturally, @ solves (6] in a strong sense by construction. By definition of
—N® = 99 it also satisfies (7)) and is in particular a weak solution with all the
desired properties.

The uniqueness is straightforward: If we had two weak solutions u,w € H(Q)
satisfying (@) for all v € H(Q), we would have b*(u — w,v) = 0 for all v €
H(Q). Now A+ By is the associated operator to by, whence u —w in D(By) and
(A + Bn)(u —w) = 0. Again, by (—00,0) C p(Bn), we have u —w = 0.

(ii) This is [Nit10, Theorem 3.1.6] applied to A(z,u,p) = Q - p, a(z,u,p) = Au.
Note that their Assumption 2.9.1 is satisfied, and we are in the situation of [Nit10,
Remark 3.1.7]. If A > 0, we can estimate

lulle < flull yrzq) < CULNG + 119118) < CUFI e q + 191E-14c0)-
(iii) Let A > 0. By (i) and (ii) the unique solution satisfies the two estimates
[ullo,2 +  trullr2 < Cllull /2 q) < C(lIfllaz+ ||§||r,2), (4.11)

as well as

oo < lullcos ) < C(Hf”ﬂ,d + 19llr,a)- (4.12)

More precisely, the solution operator Ry that maps ( 1 J) to (u,tru) is well defined
and continuous from X := L?(Q) x L*(T') to Yy = L?(Q) x L*(Q) as well as from
X1 = L4YQ) x LYT) to Yy = L=(Q) x L>=(Q). By complex interpolation, we
obtain that Ry is also continuous from [Xg, X1]g to [Yp, Y1]p for all 8 € (0,1). To
identify the interpolation spaces, recall from [Tri95, Theorem 1.18.1] that complex
interpolation of tuples of LP-spaces yields the tuple of interpolated spaces in the
sense of

[LPo(§2) x LE(T), L7 (2) x LT (T)]p = [LP°(2), LP* (2)]g > [L4(T') x L (T)]g

for all po,p1,q0,q1 € [1,00]. Moreover, we have the equality [LP°(Q), LP*(Q)]s =
LP(Q) (and a similar equality for T') for % = 11);09 + pil in the sense of equivalent
norms, see [Iri95, Theorem 1.18.6/2]. From this, we obtain for all § € (0,1) the
continuity of Ry : Xy — Yp where Xy = LP(Q) x LP(T') and Yy = L¥P)(Q) x

L#P)(T) with p and ¢(p) being defined by % = % + g and ﬁ = 1;29. For
d(p—2)

p € (2,d), the first equation yields § = (d(72)p’ and the second equation gives

) = 2 d-2
) =T =T,

[ell,0 + [ trul

This proves the assertion for p € (2,d). For p > d the statement follows directly

from ([@I2)). O

However, the estimate we actually would like to make use of would be of type

(#9) for solutions of the inhomogeneous Robin problem with A = 0, i.e.
—divQVu = f in Q,

4.13

O%u+dtru=g onT, (4.13)

because in order to obtain higher regularity for the Wentzell problem we decouple
it into two underlying Robin problems of precisely that form. Though Hoélder
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continuity for the Robin case is also established in [Nit10, Example 4.2.7], this is
not helpful in our situation, since an explicit estimate of type (&38) is not given there
due to the complexity of the bootstrapping argument, and we cannot deduce (@9,
as before. To avoid this obstacle, we rewrite the Robin problem into a Neumann
problem, to which we apply Proposition[£4l The price we pay is that the solution u
appears on the right-hand side and we have to assume a priori that its integrability
is as high as the data’s.

Lemma 4.5. Let d > 2, p € (2,00). Then, there is a constant Cy > 0 such that
whenever u € Hg/z(ﬂ) is a weak solution of [EI) with f,u € LP(Q), as well as
g,tru € LP(T), we have (u,tru) € L¥®)(Q) x L¥P)(T) and

lullo oy + 1l el gy < Co (Il + 1l + gl +  er el )

where

_ =2y ifpe(2,4d),

Proof. Let u € H(Q) be a weak solution of I3)). Then, given any v € D(By) C
D(Bn),
(u, Bov)g, = b(u,v) = bs(u,v) = (f,v)p.
Hence, u € D(B§), f = B{u = (Bo,s)*u by Theorem [BI8 (ii). Once more, we have
Bumaxt = Biu = f by Theorem [B.I4] (i), so the first line of ([@I3) holds in L?(12),
where — div QV is seen as L?(Q)-realization of an object in H ~2(Q). Furthermore,
for all v € H'(Q2) we obtain
<_(BO75)*U7U>Q + b5(uvv) = <g,t1‘U>F

for all v € H'(Q), which shows u € D(N%) and (by Theorem B.I8) —N®%uy =
09u + dtru = g. Therefore, u also solves [@B) with A =1, f = f4+u € L2(2), and
g=g—dtru € L?(T'), whence it must coincide with this problem’s unique solution.
Hence, Proposition 4] is applicable and as, due to the extra assumption, (u,tru)
is also an element of LP(Q) x LP(T), so is (f, §). Then, by Proposition &4 we have

lullooiy + 1l ol o < C (1o + 311,

< Co(llullap + 1 fllep + llglle + Il trullr.p )
as desired. ([

We obtain the following corollary about the integrability of elements of D(As),
where o(r) is defined as in (£14).

Corollary 4.6. Let r > 2. Ifu € D(As) N (L"(2) x L™(T")), Asu € L™(2)
L"(T) and (adivQVuy,tradivQVu,) € L7(Q) x L(T), then u € L¥"(Q)
LONT) and (adivQVuy, tradivQVu,) € L¥M(Q) x L#0)(T).

Proof. By Theorem B.I8 we have for « € D(As)
(Asu)r = divQVa(div QVuy),
(Asu)y = —B(0Y + 5 tr)(a div QVuy) + yug.

X
X
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Thus, if « satisfies the assumption of this corollary, then w = —a div QVu; solves
the inhomogeneous Robin problem

—divQVw = (Asu), € L™(Q)

(09 4 trd)w = B (Asu)y — B yug € L7(T).
As (adiv@QVuy, tradivQVuy) € L™(Q) x L™(T') by assumption, so is (w, trw).
Hence, by LemmalH, (w, trw) € L") (Q)x L#")(T'), which also implies div QVu; €
L#(Q) as the functions a, ™! are bounded. Naturally L#(")(Q) C L"(Q). Since
u € D(As)N(L7(Q) x L"(T)), we also know that (09 + §tr)u; = 0 and (u, tru) =
(u1,u2) € L™(Q) x L"(T"), whence uy solves the homogeneous Robin problem
—divQVu; = —divQVu; € L"(Q),
(09 4 6tr)u; =0 € L™(T).

Applying Lemma B5 once more yields u; € L#)/(T) and up = tru; € L((T), as
claimed. g

We can now prove the main result of this section.

Theorem 4.7. Let « € D(AZ). Then u; € C%?(Q) for some ¥ € (0,1). In
particular, this shows Hélder continuity of ui(t,-) for t > 0 due to the analyticity
of the semigroup I .

Proof. Let w € D(As). Then ui,adivQVuy € Hi/Q(Q) C HY(Q). Furthermore,
truq, tr(adivQVuy) € HY(T'). By Sobolev embedding (see [AF03, Theorem 4.12]),
we obtain H! C Ld%. Hence, for d < 4, we have H' C Ld, which shows

D(As) € {u € LYQ) x LYT) | (adivQVuy, tr(adivQVuy)) € L4Q) x LYI)}.

If d > 5, we have uj, adivQVuy € L%(Q) and trus, tr(adiv@QVu;) € L%(F).
This shows
D(As) C{u € L™(Q) x L™(T) | (adiv QVuy, tr(adiv@Vuy)) € L™ () x L™(I)}

for r; = d2—d2. Inductively, we obtain

D(ﬂ(?) Clue L™ (Q)xL™(T) | (a div QVuq, tr(adiv QVul)) € L™ (Q)x L™ (")},

where 7, = p(rg_1) = ¢*7! (d2—_d2). Indeed, assume this statement is true for some k

and consider « € D(AL). Then « € D(AF) C D(As) and Asu € D(AY). By in-
duction hypothesis, «, Asu € L™ () x L™ (T'), and (a div QVuq, tr(adiv QVul)) €
L™ (Q)x L™ (T"). Hence, Corollary@Blyields u € L#) (Q)x L#()(T') = L#+1 () x
L™++1(T") as well as

(adivQVuy, tr(adivQVuy)) € LPU) (Q) x LP)(T) = LT+ (Q) x L™+1(T).

From the structure of the map ¢ it is clear that (rg)gen is an increasing sequence
that tends to co. Hence for all d € N we have found a kg € N such that

D(A) C {u € LYQ) x LYUT) | (adiv@Vuy, tr(adiv@Vu,)) € LY(Q) x LYD)}.
For any such « € D(AL°), we have —divQVu; = —divQVu; = f € LY(Q) as
well as 0%u; = —dtru; = § € L4T) due to a € L>(Q), 6 € L>=(T'). Thus u; is a

weak solution of (6] for A = 0, and Proposition {4 (ii) implies u; € C%? () as
claimed. g
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Remark 4.8. The proof of Theorem 7] actually yields a number k¢ € N, depending
only on the dimension d, such that u € D(ﬂ?o) implies u; € C%?(Q2). The number
ko we calculated there is not sharp, but the embedding certainly does not hold for
dimensions that are too large.

For example, for the case of Neumann boundary conditions, i.e. § = 0, we can
verify D(A) C C%?(Q) for d < 6, simply as ardivQVuy € H¥2(Q) C LT3(Q) C
L/2%2(Q) from which the assertions follows from Proposition B4 (ii) for A = 0 (cf.
[AF03, Theorem 7.34]).

But, at least for constant @) and « it is quite simple to construct functions in
D(A) which are not Holder continuous for d > 8. As Sobolev embeddings are
sharp, we know that for d > 8 the Sobolev space H*(f2) is not contained in L>((2).
Now, let ' be a smooth domain contained in . Let v be a function that lives in
H*(Q') but not in L>()'). As ' is smooth there exists an extension of v (denoted
by v again) to H*(R?), which still cannot be in L>(R?). Now let ¢ € C°(2) such
that ¢ = 1 on . Then the function u = ¢ -v € H*(Q) \ L>=(Q). Moreover, it
satisfies the Neumann boundary condition d,u = 0 as it is compactly supported on
Q. Hence (u,tru) € D(A) (as all the other regularity conditions are implied by
H*-regularity because Q and « are constant). However, (u, tru) & L () x L°°(T),
so u cannot be Holder continuous.

4.3. Asymptotic behavior and eventual positivity. In this section, we derive
asymptotic properties of our solution. We are going to skip the proofs whenever
neither variable coefficients nor extra Robin-term are relevant and the ideas can
be carried over directly from [DKP21] Chapter 6], as is the case for the next two
results.

Lemma 4.9. The operator As has compact resolvent.

Corollary 4.10. There exists an orthonormal basis (ey,)n of # consisting of eigen-
functions of As, say Asen, = Anen, where the sequence A\, is increasing to oo,
allowing the representation

o0
Asf =D M {fren) g en
k=1
for all f € D(As5). Moreover, as e, € D(AS), it has a Hoélder continuous
representative in the sense that there ewists a function e, € C%V(Q) such that

en = (en|Qaen|F)-
Finally, for oll f € #, the semigroup I can be represented as

w(t) = (ur(t),ua(t)) = T(O)f = > _ e " (f,ex) 5 en. (4.15)

k=1
Lemma 4.11.

(i) If v = 0 almost everywhere, then we have ker(As) C span(lg,lr) and
Jpoltruy[?dS = 0.

(ii) Ify =0, § = 0 almost everywhere, then A1 = 0 and ker(A) = span(lq, Ir).

(iii)  Ifv,6 > 0 and either v > 0 or 6 > 0 on a set of positive surface measure,
then A1 > 0 and we have ker(As) = {0}.

(iv)  If [pydS <0, then Ay <O0.
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Proof. In cases (i)—(iii), we have 7,0 > 0. Hence, as is accretive, so we have A; > 0.
Thus, whether A; = 0 or A\; > 0 depends only on ker(As).

(i) Suppose v = 0 almost everywhere, then « € ker(As) implies u; € ker(Bn ).
More precisely, let « € ker(As) C D(As) C D(as). Then

0= (Asu,u),, =as(u,u) = / a|By su1|*de.
Q

It follows that By su1|?> = 0 and hence, since a(x) > 7, u; € ker(Bn,s). This
means

0= (QVu1, Vur)g + (dus, ur)p = |/ QVur |3 + [|[V3 trus ||

and shows Vu; = 0, whence u; is constant (and, therefore, also us = truy).
Moreover, [i.d]tru;[?dS = 0.
(ii) If § = 0, naturally also the converse holds as Bylg = —divQVI1g = 0

and the constant functions satisfy the Neumann boundary condition, which shows
A =0.

(ili) If vy = 0, > 0 on a set of positive surface measure Iy, due to (i), uq is
still constant. But now, we also find a set of positive measure I'. C I" where § > ¢.
However, if we had u = ¢ # 0 by (i), this would yield

0= / S|trug|PdS > [ & trug[2dS > ec?S(T.) > 0.
F FE
Analogously, if ¥ > 0 on a set of positive measure and « € ker(Ajs), we calculate

0= (Asu,u),, = a(u,u) = / ol Auy [2dz + / B y|ug|?dS
Q T

> / B 1ye?dS > ||Bll e’ S(T:) > 0,
Fs

another contradiction.
(iv) Plugging (1q, 1r) € D(as) into the usual Rayleigh quotient, we obtain a
negative value as [, 7'y dS < 0, and thus A\; < 0. O

This yields the following asymptotic behavior of the semigroup 7.

Theorem 4.12.

(i) If y =0, § = 0 almost everywhere, then ||T(t)f — fllze < e=*2||f|l7 for all
f € #H, where

f= /\d(Q)—Ffpﬁ*ldS (/Q Jid —I—/Fﬂ f2dS) (1, 1r),

and Ao > 0 is the second eigenvalue of A.

(i) Ify,6 > 0 andy > 0 ord > 0 on a set of positive measure, then ||T (t)f||z <
e~ |f|lz holds for all f € #. Thus, in this case, the semigroup T is
exponentially stable.

(ii)  If [pvdS <O, then ||T (t)|| = e " — 0o as t — oo.

Proof. For (i) observe that in this case \; = 0 and f = e *1*(f,e1)ze; in view of
Lemma ATT] Thus [@I5) and Parseval’s identity yield

1T @)f = Fl7 =D e vemael® < D7 e ({f endal® < e Il

k=2 k=2
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This proves (i). In case (ii), we have A > 0 (see again Lemmal[L.TT]), and (ii) follows
by a similar computation. (iii) follows by considering an eigenvalue corresponding
to the eigenvalue A;. (I

Remark 4.13. For our following positivity investigations, we consider the Hilbert
lattice H = L*(QUT, u), where p is given by u(A) = [, o L1d\+ [, 87'dS,
with positivity cone

H" :={u€ H | u(z) >0 p-ae}. (4.16)

Once can easily show that H can be identified with our Hilbert space # = L?(2) x
L3(T', ~1dS) from Definition (i), and u with @ = (u1,ug).

Proposition 4.14. Let v > 0, then the semigroup I generated by — A 1is real, but
neither positive nor L°°-contractive.

Proof. The same arguments as in [DKP21] Lemma 3.5] work as Robin and Neumann
boundary conditions are equal for test functions. O

Again however, we may show that the semigroup 7 is eventually positive in the
sense of [DGK16a], [DGK16b] and [DG18], as the critical ingredient is the Holder
continuity established in the previous section also for the variable coefficient case.
We recall a simplified version of the definition from [DGIS8| Section 1] and the used
criterion.

Definition 4.15. Let (£, 1) be a o-finite measure space and T a real Cyp-semigroup
on the space H = L?(2, u) with positivity cone HT given in the sense of ([ZI0).
Then, T is called eventually positive if there is some time ty > 0 such that for all
f e Hy \ {0} and t > ¢o there is some ¢ > 0 for which T'(¢)f > € holds p-almost
everywhere.

Theorem 4.16. Let (2, u) be a o-finite measure space and T a real Co-semigroup
generated by a self-adjoint operator A on H = L*(Q,pu). If D(A>®) C L*°(Q, ),
then the following assertions are equivalent:

(i) T is eventually positive.
(i) ker(s(A) — A) is one-dimensional and contains a vector v such that v > €
holds p-almost everywhere for some € > 0.

Theorem 4.17. Let v = § = 0. Then the semigroup I is eventually positive in
the sense of Definition[{.15]

Proof. We apply Theorem for H defined as in Remark and A = —A.
As 8,371 are bounded, L= (QUT, u) can be identified with L>(Q) x L>(T'). T is
real as a consequence of Proposition 14l and the operator A is self-adjoint due
to the symmetry of the form (see Theorem Z12). Finally, we have that D(A>°)
embeds into L>(§2) x L>(T") by Theorem 7l Now, to deduce eventual positivity,
we only have to verify assertion (ii) of Theorem .16 But this a direct consequence
of Lemma [L.TT] (ii) that yields s(—A) = A\ =0asvy=0,0 =0, and (Lo, 1r) €
ker(A). O

For a counterexample for eventual positivity in the case v > 0, § =0, Q = Iq
we refer the reader to [DKP21], Section 7].
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5. APPLICATION TO SYSTEMS OF HIGHER ORDER

In this short excursion, we point out that the abstract theory established in
Chapter @ is not necessarily restricted to problems of order 4, though identification
of the abstract operators and regularity characterizations can be more difficult.

Proposition 5.1. Let Q@ C R? be a bounded Lipschitz domain, H = L*(Q),
and let Ay denote the Neumann Laplacian. For k € N consider the form by =
(AFu, A*v) o on D(by) = D(AK). Then by is admissible and By = AFf, whence
also C(QY) € D(By) N D(Bp) is satisfied, and we are in the situation of Theo-
rem [2.19 and Remark[213.

Proof. The form by, is symmetric and accretive by default. We have ||ul|g = [lul/g+
|AFu||2,. As A% is a closed operator. D(AK) is a Hilbert space with respect to
the graph norm and hence the form is closed. The continuity follows from Cauchy—
Schwarz’s inequality. Thus by is generating and its associated operator By is self-
adjoint. We have C2°(Q) C D(AK) C D(Ax) € H'(2) and may choose p = 1/2
in ZJ). For the last embedding we calculate ||u||§11(9) = (Au,u)g < C(JJulll +
|Aul|3). That D(AK;) is continuously embedded in D(AY) follows by the closed
graph theorem applied to the identity id: D(AY) — D(Ay). D(AX) is also dense
in H(Q) due to [Ouh05, Proof of Lemma 1.25] and the analyticity of the semigroup.
We begin by showing that By coincides with A2* distributionally. Let v € D(By)
and v € C°(Q) C D(A%¥), then (f,¢) = (Aku, AR ) = ((AK)*u, Ak p) =
<u, A2k<p> as AFp € D(AK). Hence f = A%*yu as Ay and thus Ak, is self-adjoint.
So D(Bx) C {u € D(A%,) | A%¥u € L*(Q)}. On the other hand D(A2%¥) c D(By)
as for the same reason for u € D(A%) the relation (A%¥u,v) = (Aku, A% v) holds
for all v € D(AX). So A%¥ ¢ By = By, C (A%)* = A% O

Now we obtain D(By) = D(Bp)ND(By) = D(Byx)NHE(Q) by Proposition 2.4l
Thus D(By) = {u € D(A%¥) | tru = 0}. Now for u € D(B}), there is a f € L*(Q)
such that for all v € D(By) we have (u, Bov) = (u, A%*v) = (f,v)q, so B} is a
restriction of the maximal L?-realization of the distribution A%*.

Hence (taking « = 8 = 1,7 = § = 0 in Remark 213) we can find a solution of
the system

du+ A*u =0 in (0,00) x Q, (5.1)

tr A%y + 4 (A%)u =0 on (0,00) x T, (5.2)
NPu=0 on (0,00) xT, (5.3)

ult=0 = ug in £, (5.4)

where Ny is given by the abstract definition
D(ANP) ={ue D(B}) |
Jg € L*(I)Vo € D(A%) : <A2ku,v>Q — (u, A2k0>ﬂ = (g, tro)p}
and A% = ¢g. The identification of .4 is more difficult here, but some progress
can be made using the theory of quasi-boundary triples (cf. [BM14], [BHdS20,

Chapter 8.6]).
For all u € HX () and v € D(Ay) we have

(Au,v), — (u, Av)g, = (%Nu,trv>gé (5.5)

Xga’
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where 7y is the extension of the Neumann trace from HQ () to the space G}
introduce there, which is the dual space of tr D(Ay) equipped with a Hilbert space
structure. For this version of Green’s formula also see [DKP21l, Proposition 2.4].
This allows us to characterize .#° at least on a subset of D(Bg). Let

V ={uec L*Q) | A%u, A%y e L*(Q), Alu € ker 7y, for j =0,...,2k — 2}.

Lemma 5.2. Let u € D(A°)NV, then Alu € Hz/z(ﬂ) forj=0,..,2k -1 and
Ny = 9,A%F 1y,

Proof. As we have Alu € L?(Q) for j = 0,...,2k and D(By) C D(By) = D(A%)
for u € D(A,) NV and v € D(A%¥) we have
2k—1
(g, trv) = <A2ku,v>Q — <u,A2kv>Q = Z <7~'NAju,trA2k717jv> ,

GoxGo
Jj=0

— <7-NA2k—1u, tr v>(o,x(go .
GoXG

Now as D(A2¥) is dense in H'(Q), tr D(A%) is dense in L?(T'). Thus we have

g =NAZ"1y € L3(T) and

<A2ku,v>ﬂ _ <A2k-1u, A’U>Q — <%NA2k_lu7trU>Q6><Qo = <g,tI"U>F

for all v € D(A%), and by approximation also for all v € D(Ay) (as D(A%F) is
a core of Ay). Finally, we obtain A%~1y € HY?(Q) and Mpu = 0,A%* 1y for
u € D(A) NV by [DKP21], Proposition 2.4 (ii)] and similarly Adu € H2/2(Q) for
all 7 =0,...,2k - 1. (]
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