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Universidad de Sevilla

macarena@us.es

Keywords: Multi-rate methods, multi-scale problems, stiff ODE problems,
Runge-Kutta methods, ESDIRK methods

AMS Subject Classification: 65L04, 65L05, 65L07, 65M12, 65M20

1

ar
X

iv
:2

40
5.

02
13

9v
1 

 [
m

at
h.

N
A

] 
 3

 M
ay

 2
02

4



Abstract

We present an approach for the efficient implementation of self-
adjusting multi-rate Runge-Kutta methods and we extend the previ-
ously available stability analyses of these methods to the case of an
arbitrary number of sub-steps for the active components. We pro-
pose a physically motivated model problem that can be used to assess
the stability of different multi-rate versions of standard Runge-Kutta
methods and the impact of different interpolation methods for the la-
tent variables. Finally, we present the results of several numerical
experiments, performed with implementations of the proposed meth-
ods in the framework of the OpenModelica open-source modelling and
simulation software, which demonstrate the efficiency gains deriving
from the use of the proposed multi-rate approach for physical mod-
elling problems with multiple time scales.
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1 Introduction

We consider in this work numerical methods for systems of Ordinary
Differential Equations (ODEs) that can be partitioned into components
ys, yf with slow and fast dynamics, respectively, as

y′ =

[
y′s
y′f

]
=

[
fs(ys, yf , t)
ff (ys, yf , t)

]
= f(y, t) (1.1)

for t ∈ [0, T ]. For such systems, several methods have been proposed in
which different time steps are employed for the slow and fast compo-
nents. These are generically known as multi-rate methods, as opposed
to standard single-rate methods for ODEs. Variables ys, yf are also
known in the literature as latent and active variables, respectively.
Approaches based on this concept have been proposed over the last
60 years, see e.g. [1, 7, 19]. More recently, a number of methods have
been proposed that do not require a priori partitioning as in (1.1),
but rather allow to identify fast and slow variables at runtime by their
compliance, or lack of compliance, with a given error indicator, so that
the system has form (1.1) with a right-hand side partition that can
be different for each time discretization interval. A review of these
methods is presented in [5], where a variant of this more general, self-
adjusting multi-rate approach was introduced. The proposal in [5] was
tailored on the specific implicit TR-BDF2 method [4, 9], along with a
general stability analysis for one-step multi-rate methods.

The aim of the present work is a further generalization of the re-
sults in [5]. Firstly, we propose a simplified and improved version of the
self-adjusting multi-rate procedure introduced in [5], which allows to
obtain a more effective multi-rate implementation of a generic Runge-
Kutta (RK) method. The novel approach combines a self-adjusting
multi-rate technique with standard time step adaptation methods, by
marking as fast variables only a small percentage of the variables as-
sociated with the largest values of an error estimator. Whenever the
global time step is sufficient to guarantee a given error tolerance for
the slow variables, but not for the fast ones, the multi-rate procedure
is employed to achieve uniform accuracy at reduced computational
cost. This approach is similar to that used successfully in (spatially)
adaptive finite element techniques, see e.g. [2, 3, 15, 16], where a fixed
percentage of the simulation Degrees of Freedom (DOF) can be marked
for refinement if error indicator values exceed a given tolerance.

We then extend the stability analysis of [5] to the case of an ar-
bitrary number of sub-steps for the active components. This analysis
covers the case of Explicit RK methods (ERK), Diagonally Implicit RK
methods (DIRK) and Singly Diagonally Implicit Runge Kutta methods
with Explicit first stage (ESDIRK). In order to apply this methodol-
ogy to a case that is relevant for applications, we propose a physically
motivated model problem that can be used to assess the stability of
different multi-rate versions of standard RK methods and the impact
of different interpolation methods for the latent variables. We perform
the stability analysis of some sample methods, highlighting the fact
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that, in regimes of weak coupling between fast and slow variables and
in presence of some dissipation, multi-rate approaches generally main-
tain the stability properties of the corresponding single-rate methods.

Finally, we apply the proposed methods to a number of numerical
benchmark problems. For this purpose, we use an implementation of
the proposed approach in the framework of the OpenModelica soft-
ware [6]. Due to their computational advantages, we will focus in
particular on the application of multi-rate versions of higher order ES-
DIRK methods. A very comprehensive review of these methods was
presented in [11,12], where the properties and potential advantages of
this class of methods are discussed in detail. The results demonstrate
the efficiency gains deriving from the use of the proposed multi-rate
approach for problems with multiple time scales.

The outline of the paper is the following. In Section 2, the self-
adjusting multi-rate approach is presented. In Section 3, a linear
stability analysis of the proposed methods is performed, which con-
siders an arbitrary number of sub-steps for the active variables. In
Section 4, a specific model problem is considered, to which the previ-
ously introduced analysis template is applied. The resulting analysis
highlights the impact on multi-rate stability of the different choices for
the interpolation operator of the latent variables and of the number
of sub-steps for the active variables. In Section 5, numerical results
are shown, which demonstrate the good performance of the proposed
methods even against optimal implementations of single-rate solvers.
In Section 6, we summarize our results and discuss possible future
developments.

2 Effective implementation of multi-rate
methods

Multi-rate methods have been defined in a number of previous pa-
pers. Here, we follow the general outline of [5], but we introduce sev-
eral simplifications and extensions which allow to achieve a more effi-
cient implementation. We consider again the generic nonlinear system
y′ = f(y, t), where y : [0, T ] → RN is the solution of the continuous
first order ODE problem and f : RN × [0, T ] → RN the ODE right-
hand side, which is assumed to satisfy the usual regularity require-
ments to guarantee local existence and smoothness of the solutions.
Let then tn, n ∈ N denote a set of discrete time levels such that t0 = 0,
tn+1 = tn + hn and hn denotes a generic time step. At each time
level n, two approximations un+1 and ûn+1 of the solution y(tn+1)
are computed, with convergence orders p and p̂, respectively. We set
q = min(p, p̂). In the case of RK methods, approximation ûn+1 is usu-
ally obtained from an embedded method, see e.g. [8], to which we refer
for all the general concepts on ODE methods used in the following.
An error estimator for the less accurate approximation is then given
by ∥un+1 − ûn+1∥.

In standard single-rate implementations of RK methods, in order to
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comply with assigned error tolerances τ r, τa for relative and absolute
errors, respectively, one introduces for each time step i = 1, . . . , N the
quotient

ηn+1
i =

|un+1
i − ûn+1

i |
τ r|un+1

i |+ τa
(2.1)

and requires that the inequality

η = max
i=1,...,N

ηn+1
i ≤ 1

holds. An optimal choice of the new time step value for an adaptive
single-rate implementation is then given by

hnew = hnη
− 1

q+1 .

If η ≤ 1 is satisfied, the solution is advanced with un+1 and the new
step size is chosen as hn+1 = hnew. Notice that, in practice, some
user defined safety parameter β ∈ (0, 1) will be introduced so that the
condition to accept the new time step will be η ≤ β. Otherwise, the
step is rejected and the computation is repeated with hn = hnew. In
practice, the optimal step size is calculated using some safety factors,
so that

hnew = hn min{αmax,max{αmin, αη
− 1

q+1 }}. (2.2)

Reasonable default values of the safety factors can be selected as αmax =
1.2, αmin = 0.5, and α = 0.9. It is important to remark that, in the
application of these definitions in a multi-rate framework, the value of
αmin has an impact on the maximum number of sub-steps chosen for
the active components, so that it may have to be adjusted depending
on the time scales involved in the specific problem to be solved.

In order to define the multi-rate extension of a given RK method,
we denote by

un+1 = S(un, hn), S : RN × R+ → RN

the global step of the basic single-rate method. We will denote as
Vf
n ⊂ RN the linear subspace of fast variables at time level n. It is

implicitly assumed that dn = dim(Vf
n) << N. We also denote as P f

n :
RN → Rdn the projector on the linear subspace of fast variables, while
P s
n : RN → RN−dn denotes the projection on the linear subspace of

slow variables Vs
n. For brevity, we will also denote us

n = P s
nun and

uf
n = P f

nun. The operator

uf
n+1 = Sf (uf

n, w, hn) : Rdn × RN−dn → Rdn

will then denote the application of the basic method S to the subsys-
tem of y′ = f(y, t) obtained by projecting un onto Vf

n and assuming
that the remaining components of un belonging to Vs

n are given by the
given vector w. Furthermore, setting ζ = tn + τhn for each τ ∈ [0, 1],
we will denote as Q(τ) a generic operator that interpolates known val-
ues of slow variables at time level ζ. This operator is used to provide
intermediate values of the slow variables for the application of Sf and
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can be given, for example, by the dense output approximation associ-
ated to a given ODE method, see e.g. [8] for relevant examples. Given
these definitions, the general multi-rate approach we will implement
can be defined as in the following pseudo-code.

Multirate algorithm:

1) Compute a tentative global step un+1 = S(un, hn) and the additional
approximation ûn+1.

2) For each component un+1
i , i = 1, . . . , N, compute the error estimation

ηn+1
i as described in expression (2.1).

3) Let η̃n+1
i denote the components of a vector obtained sorting ηn+1 in

descending order and s = s(i), i = 1, . . . , N, the map that assigns
to each component of ηn+1 the index of its location in η̃n+1. Define
m ∈ {1, . . . , N} as the only integer such that m/N ≤ ϕ < (m+ 1)/N,
where ϕ ∈ (0, 1) is a user defined parameter determining the maximum
fraction of fast variables that will be allowed in the simulation. Define
also the index subset

Sn = {i ∈ {1, . . . , N} : s(i) > m}.

4) If
ηs = max

i∈Sn

ηn+1
i > β,

reject the global time step and recompute it using the time step given
by expression (2.2) with respect to ηs.

5) If
ηf = max

i∈S c
n

ηn+1
i ≤ β,

accept the global time step and compute the next using the time step
given by expression (2.2) with respect to ηs.

6) If ηs ≤ β and ηf > β, go multirate:

6.1) Define Vf
n as the subspace of RN whose coordinates have indices

i such that ηn+1
i > β and Vs

n = Vf
n

c
and Sf

n the corresponding
index subset. Notice that Sf

n ⊂ S c
n .

6.2) Partition the state space as RN = Vf
n ⊕ Vs

n, and set us
n+1 =

P s
nun+1;

6.3) Set uf
n,0 = uf

n. Compute uf
n,l+1 = Sf (uf

n,l, u
s
n,l, h

f
n) with local time

steps determined using time step control based on expression (2.2)
with respect to

η̂ = max
i∈Sf

n

ηn,l+1
i .

6.4) Proceed until the time of the global time step has been reached.
Apply the same logic for step rejection and acceptance (see 4)
and 5)) with respect to η̂. Compute necessary values of the slow
variables at intermediate time levels using the interpolation oper-
ator Q(.). Let Mn denote the number of local steps taken.

6.5) Set uf
n+1 = uf

n,Mn
and determine a new global time step based on

expression (2.2) with respect to ηs, then go to 1).
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As remarked previously, the value of αmin plays a role in deter-
mining the maximum number of sub-steps performed for the active
variables. Therefore, it may need to be adjusted depending on spe-
cific accuracy or stability features of the method or problem under
consideration. Furthermore, as discussed in Section 1, the set of ac-
tive variables is chosen here in a way that has already proven to be
successful in adaptive finite element techniques, see e.g. [2, 3, 15, 16].
This enables us to reduce or avoid conflicts between the global time
step adaptation and the multi-rate strategy, which is instead employed
to achieve the same level of accuracy as the corresponding single-rate
implementation at a reduced computational cost.

Last, but not least, an important remark is due for the case of
strongly non-linear ODEs and implicit Runge-Kutta multi-rate inte-
gration methods. The equations of implicit Runge-Kutta methods are
solved via iterative Newton-Raphson algorithms, with an initial guess
computed by extrapolation of the solution found at previous time steps.
In case the RHS f(y, t) of the ODEs is strongly non-linear, this may
cause convergence problems or even failure if the time step is too large,
because the initial guess will be too far from the solution.

This issue is much more critical for multi-rate integration, since the
global time step is chosen without considering the errors of the variables
belonging to the fast partition, so it is in general much larger than
in the case of single-rate methods. It therefore essential to limit the
maximum number of Newton iterations to a relatively low value such
as 20, after which a shorter time step should be attempted; otherwise,
a large amount of time and computational effort can end up being
wasted in the futile attempt to achieve convergence from an initial
guess which is too far from the solution. It is also advisable to choose
conservative values of αmax, such as αmax = 1.2, to avoid getting again
into convergence issues at the next global time step.

3 Stability analysis

Several stability analyses of multi-rate methods have been presented
in the literature, see e.g. [10,13,20]. These works however focus on the
complete analysis of systems with just two degrees of freedom, which
strongly limits the relevance of these analyses for more realistic appli-
cations. In [5], an approach was introduced that allows to build, at
least numerically, the stability function of a multi-rate method for an
arbitrary linear ODE system. Here, we revisit the stability analysis
presented in [5] and we generalize it to the case of a multi-rate proce-
dure with an arbitrary number of sub-steps based on a generic ERK,
DIRK or ESDIRK method.

We consider a generic linear homogeneous, constant coefficient ODE
system y′ = Ly with y ∈ RN , L ∈ MN,N (R) and σ(L) ⊂ R− ∪ {0}.
This assumption will allow to consider also systems with purely oscil-
latory behaviour, for which the application of multi-rate techniques is
of great practical interest. We assume that the state space is parti-
tioned a priori as RN = Vs ⊕ Vf , where Vs denotes the subspace of
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the slow or latent variables and Vf denotes the subspace of the fast
or active variables. We also set d = dim(Vf ). Introducing the identity
matrix Im ∈ Mm,m(R) and the zero matrix Om,n ∈ Mm,n(R), one can
represent the projections onto Vs,Vf by the matrices

Ps =
[
IN−d ON−d,d

]
Pf =

[
Od,N−d Id

]
(3.1)

and the corresponding embedding operators of Vs,Vf into RN by PT
s , PT

f ,
respectively, as often done in the literature on domain decomposition
methods, see e.g. [18]. As a consequence, PT

s Ps is the operator that
sets to zero all the components of a vector in RN corresponding to
the fast variables; PT

f Pf acts analogously on the slow variables and

PT
s Ps + PT

f Pf = IN . This entails that the model system y′ = Ly can
be written in terms of the partitioned matrix

L =

[
PsLP

T
s PsLP

T
f

PfLP
T
s PfLP

T
f

]
=

[
Lss Lsf

Lfs Lff

]
, (3.2)

or, equivalently, introducing the notation yf = Pfy, ys = Psy, as

y′s = PsLP
T
s ys + PsLP

T
f yf

y′f = PfLP
T
s ys + PfLP

T
f yf . (3.3)

We assume that at a given time level tn a time step h = hs is employed
for the slow variables and hf = hs/M for the l = 0, . . . ,M substeps of
the fast variables, corresponding to the time levels tn+l = tn + lhf .
If the multi-rate method is based on a generic one step time dis-
cretization method whose amplification function can be written as
R(z) = N(z)/D(z), where N,D are polynomials in z, the value of the
slow variables at the new time steps is given by us

n+1 = PsR(hsL)un.
As discussed in Section 2, values un+τ at intermediate time levels
ζ = tn + τhs ∈ [tn, tn+1], where τ ∈ [0, 1] denotes the fraction of
the global time step at which the interpolated value is required, can
be computed from the values of un, un+1 by appropriate interpolation
techniques, represented formally by a family of operators parameter-
ized by τ :

Q(τ) : RN → RN .

The simplest example of such operator is given by linear interpolation.
Since in this case

un+τ = (1− τ)un + τun+1 = (1− τ)un + τR(hsL)un,

interpolation can be represented in this case by the application of the
operator

Q(τ) = (1− τ)IN + τR(hsL) (3.4)

to un. The slow variables at intermediate substeps are then given by
us
n+τ = PsQ(τ)un. Another simple option is cubic Hermite interpo-

lation, which is easy to implement and convenient for methods up to
fourth order. In this case, also approximations of y′(tn+1), y

′(tn) are
needed, which are provided by Lun+1 and Lun. The interpolation op-
erator reads in this case:
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Q(τ) = (1 + 2τ)(1− τ)2IN + (3− 2τ)τ2R(hsL)

+ hsτ(1− τ)2L+ hs(τ − 1)τ2LR(hsL). (3.5)

It should be remarked, however, that the analysis presented in [13]
shows how Hermite interpolation may introduce instabilities in multi-
rate procedures. More accurate interpolation procedures are provided
by dense output versions of the approximation methods considered,
see e.g. [8] for a general discussion and [11] for the details of some
dense output DIRK and ESDIRK methods. The precise definition of
the Q(τ) operators associated to dense output interpolators will be
described in the following.

The goal of the stability analysis will be to represent the dis-
crete time evolution as un+1 = Rmrun, where Rmr will depend on
hs,M, L, and on the specific properties of the time discretization
and interpolation method employed. Since us

n+1 = PsR(hsL)un and
PT
s Ps + PT

f Pf = IN , one has

us
n+1 = PsR(hsL)P

T
s us

n + PsR(hsL)P
T
f uf

n, (3.6)

so that the multi-rate amplification matrix will have the form

Rmr =

[
PsR(hsL)P

T
s PsR(hsL)P

T
f

Rfs Rff

]
, (3.7)

where the operators Rfs and Rff depend on the specific properties of
the basic single-rate method on which the multi-rate method is based
and of the interpolation operator.

We will outline the stability analysis for generic ERK, DIRK and
ESDIRK methods, identified as customary by their Butcher tableaux.
These consist of A ∈ Ms,s(R) and b, c ∈ Rs, where s is the number
of stages and the usual simplifying hypotheses are implicitly assumed,
see e.g. [8]. The single-rate method applied to problem y′ = f(y, t) can
therefore be written, following [12], as

U (i) = un + h

s∑
j=1

ai,jf(U
(j), tn + cjh) i = 1, . . . , s

un+1 = un + h

s∑
i=1

bif(U
(i), tn + cih). (3.8)

In the linear case y′ = Ly this yields

U (i) = un + h

s∑
j=1

ai,jLU
(j) i = 1, . . . , s

un+1 = un + h

s∑
i=1

biLU
(i). (3.9)
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A dense output approximation of y at time level ζ = tn + τhs, see
again [8, 11], can be written as

un+τ = un + h

s∑
i=1

b∗i (τ)LU
(i), i = 1, . . . , s

with b∗i (τ) =
∑p∗

j=1 b
∗
i,jτ

j for appropriate method specific values of p∗

and b∗i,j . For ERK methods

R(1) = I R(k) = I+ h

k−1∑
j=1

ak,jLR
(j), (3.10)

so that U (i) = R(i)un. As a consequence, the operator representation
of the dense output interpolator can be written as

Q(τ) = I+ h

s∑
i=1

b∗i (τ)LR
(i). (3.11)

For DIRK methods one defines instead

R(1) = (I− hak,kL)
−1

R(k) = (I− hak,kL)
−1

I+ h

k−1∑
j=1

ak,jLR
(j)

 , k ≥ 2, (3.12)

so that again the dense output interpolator can be represented by
formula (3.11), where this definition of the R(k) operator is employed.
By the same reasoning that allows to derive (3.11), one also has that

R(hL) = I+ h

s∑
i=1

biLR
(i). (3.13)

Notice that formulae (3.12) and (3.13) are actually valid also for the
ERK case, by simply assuming ai,i = 0, i = 1, . . . , s, and in the case of
ESDIRK methods, by assuming a1,1 = 0. This will allow to simplify
the following stability analysis, which will be carried out explicitly for
DIRK methods only, but whose results are also valid for ERK and
ESDIRK methods again with appropriate assumptions on the Butcher
tableaux.

For the corresponding multi-rate methods, denoting again by R the
amplification function of the single-rate method, for the linear problem
y′ = Ly the slow variables can be computed as discussed previously
by us

n+1 = PsR(hsL)P
T
s us

n + PsR(hsL)P
T
f uf

n. For the fast variables,
assuming that

U (i,l)
s ≈ PsQ((l + ci)/M)un

for i = 1, . . . , s, and l = 0, . . . ,M−1, and setting Q(i,l) = Q((l+ci)/M)
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for brevity, one has

U
(i,l)
f = uf

n,l + hf

s∑
j=1

ai,jLffU
(j,l)
f + hf

s∑
j=1

ai,jLfsPsQ
(j,l)un

uf
n,l+1 = uf

n,l + hf

s∑
i=1

biLffU
(i,l)
f + hf

s∑
i=1

biLfsPsQ
(i,l)un.(3.14)

In order to derive an explicit expression for the amplification matrix
of the multi-rate method, we will now consider the specific case of
DIRK methods, which as explained before allows to derive formulae
that are also valid for ERK and ESDIRK methods. From the basic
definitions it follows that

U
(1,l)
f = uf

n,l + hfa1,1LffU
(1,l)
f + hfa1,1LfsPsQ

(1,l)un

U
(2,l)
f = uf

n,l + hfa2,1LffU
(1,l)
f + hfa2,1LfsPsQ

(1,l)un

+ hfa2,2LffU
(2,l)
f + hfa2,2LfsPsQ

(2,l)un

. . .

U
(s,l)
f = uf

n,l + hf

s∑
j=1

as,jLffU
(j,l)
f + hf

s∑
j=1

as,jLfsPsQ
(j,l)un

uf
n,l+1 = uf

n,l + hf

s∑
i=1

biLffU
(i,l)
f + hf

s∑
i=1

biLfsPsQ
(i,l)un.(3.15)

This can be rewritten as

U
(1,l)
f = (Id − hfa1,1Lff )

−1
(
uf
n,l + hfa1,1LfsPsQ

(1,l)un

)
U

(2,l)
f = (Id − hfa2,2Lff )

−1 ×
[
uf
n,l + hfa2,1

(
LffU

(1,l)
f + LfsPsQ

(1,l)un

)
+ hfa2,2LfsPsQ

(2,l)un

]
. . .

U
(s,l)
f = (Id − hfas,sLff )

−1 ×

uf
n,l + hf

s−1∑
j=1

as,jLffU
(j,l)
f

+ hf

s∑
j=1

as,jLfsPsQ
(j,l)un


uf
n,l+1 = uf

n,l + hf

s∑
i=1

biLffU
(i,l)
f + hf

s∑
i=1

biLfsPsQ
(i,l)un. (3.16)

We then define

R
(k)
ff = (Id − hfak,kLff )

−1

Id + hf

k−1∑
j=1

ak,jLffR
(j)
ff

 k = 1, . . . , s

(3.17)
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B(1,l) = (Id − hfa1,1Lff )
−1

hfa1,1LfsPsQ
(1,l) and for k = 2, . . . , s

B(k,l) = (Id − hfak,kLff )
−1

hf

k∑
j=1

ak,jLfsPsQ
(j,l) + hf

k−1∑
j=1

ak,jLffB
(j,l)

 .

Notice that in the ERK and ESDIRK cases this yields B1,l = Od,N .
Equations (3.16) can then be rewritten as

U
(k,l)
f = R

(k)
ff u

f
n,l +B(k,l)un k = 1, . . . , s

uf
n,l+1 =

[
Id + hf

s∑
i=1

biLffR
(i)
ff

]
uf
n,l (3.18)

+ hf

s∑
i=1

biLffB
(i,l)un + hf

s∑
i=1

biLfsPsQ
(i,l)un

Setting then for l = 0, . . . ,M − 1

Cff = Id + hf

s∑
i=1

biLffR
(i)
ff

D(l) =

s∑
i=1

bi

[
LffB

(i,l) + LfsPsQ
(i,l)

]
(3.19)

and using the identity PT
s Ps+PT

f Pf = IN , one has for the generic step

uf
n+1 = CM

ffu
f
n + hf

M∑
k=1

CM−k
ff D(k−1)PT

f uf
n

+ hf

M∑
k=1

CM−k
ff D(k−1)PT

s us
n. (3.20)

As a consequence, the blocks Rff and Rfs of the multirate amplifica-
tion matrix Rmr in (3.7) have the form :

Rff = CM
ff + hf

M∑
k=1

CM−k
ff D(k−1)PT

f

Rfs = hf

M∑
k=1

CM−k
ff D(k−1)PT

s . (3.21)

4 Examples of stability analysis

While the previously described procedure can be applied to a general
linear ODE system, it may not always be possible to study analytically
the resulting amplification function. In previous works devoted to the
analysis of multi-rate methods [10, 13, 20], a simple system with two
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DOF has therefore been considered for this analytic study. This sys-
tem, however, does not have a clear physical interpretation and does
not allow, in our opinion, to define in a clear and physically based
way the strength of the coupling between different components of the
system.

We therefore consider a system with four DOF that has a clear
physical interpretation and allows to study explicitly the dependence
of the multi-rate stability on the intensity of the coupling of fast and
slow variables and on the separation of their time scales. This system
is an extension of a similar system considered in [5], in which however
only a partial coupling of the slow and fast variables was considered.
More specifically, consider the second order system

m1u
′′
1 = −k1u1 − k2(u1 − u2)− c1u

′
1

m2u
′′
2 = k2(u1 − u2)− c2u

′
2. (4.1)

It is easy to see that the system describes the dynamics of two point
masses m1,m2, the first of which is subject to elastic forces due to
two springs of elastic constants k1, k2, respectively, the first of which is
attached to a wall, while the second ties the two masses. Both masses
are also subject to frictional forces defined by the coefficients c1, c2.
Assuming that y1 = u1, y2 = u′

1, y3 = u2, y4 = u′
2, one can rewrite the

system in first order form as

y′1 = y2

y′2 = − k1
m1

y1 −
k2
m1

(y1 − y3)−
c1
m1

y2

y′3 = y4

y′4 =
k2
m2

(y1 − y3)−
c2
m2

y4. (4.2)

The system can be further rewritten to highlight the intensity of the
coupling and the time scale separation between the slow and fast vari-
ables. For i = 1, 2 we define the natural periods of the two masses as
ωi =

√
ki/mi and the quantities γi = ci/mi and we set

α =
ω2

ω1
β =

γ2
γ1

κ =
m2

m1
. (4.3)

Notice that α, β determine the ratios of the proper periods of the two
(decoupled) masses and of the effective frictional forces, so that in
order for y1, y2 to represent slow variables either α, or β, or both must
be significantly larger than one. On the other hand, κ represents the
intensity of the coupling, so that for κ → 0 the slow dynamics tends
to be decoupled from the fast dynamics, while stronger coupling arises
if κ is of order 1 or larger. With these definitions, the system can be
rewritten as
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y′1 = y2

y′2 = −ω2
1(1 + α2κ)y1 − γ1y2 + κα2ω2

1y3

y′3 = y4

y′4 = α2ω2
1y1 − α2ω2

1y3 − βγ1y4. (4.4)

In matrix form, the system can be written as y′ = Ly with system
matrix given by

L =

[
Lss Lsf

Lfs Lff

]
=


0 1 0 0
−ω2

1(1 + α2κ) −γ1 κα2ω2
1 0

0 0 0 1
α2ω2

1 0 −α2ω2
1 −βγ1

 .

In the following, we will fix for simplicity ω1 = 1 and consider the
fast time scales as determined by the values of α and β. Since it is
not possible to present the results of stability analyses for a whole
class of methods, we will only discuss some examples of explicit and
an implicit RK methods, noting that conceptually similar results have
been obtained when performing the same analysis on other methods.
The main goal of the analysis is to assess the impact of the multi-rate
procedure on the stability properties of the original single-rate method.
For this purpose, we will introduce as in [5] the parameter C = hsΛ,
where Λ = max(|λi|) and λi, i = 1, . . . , 4 denote the eigenvalues of L.
This parameter, which in a PDE context would be interpreted as an
analog of the Courant number, must satisfy an O(1) A-stability bound
for single-rate explicit methods, while essentially all useful single-rate
implicit methods are A-stable for arbitrarily large values of C. As a
consequence, increased values of C for explicit multi-rate methods will
demonstrate their potential increase in efficiency with respect to their
single-rate counterparts, while conditional stability for implicit multi-
rate methods will demonstrate the robustness limits of the multi-rate
approach. We will perform this stability analysis considering time scale
ratios α, β of order 10 and 100. For each value of α, β, we will consider
a range of values of κ ∈ [0, 1] and a range of values of the number of
sub-steps for the fast variables. It should be remarked that the range
for which the application of multi-rate methods is meaningful is κ < 1.
Indeed, for values κ ≈ 1 both degrees of freedom exhibit fast dynamics,
so that no actual time scale separation exists and the application of
multi-rate methods would not be advantageous. Furthermore, it is of
interest to assess how the time resolution used for the fast variables
affects the overall stability of the multi-rate method.

As examples of explicit RK method, we consider the fourth order
RK method with optimal continuous output introduced in [17] and the
classical fourth order RK method, for which Hermite interpolation is
used in the multi-rate procedure. The Butcher tableaux of the methods
and the coefficients required to build the associated continuous output
interpolation are defined in Appendix A. In the purely oscillatory case
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γ1 = 0, the multi-rate procedure does not increase the maximum value
of C for which stability is achieved, independently of the number of
substeps employed for the fast variables and of the value of the pa-
rameters α, κ. Indeed, for the classical fourth order RK method, the
multi-rate method for α = 10 is only stable for C ≤ 0.1, while the cor-
responding single-rate method is stable for C ≤ 2.9. The same result
is obtained for α = 100 and for the fourth order ERK method with
continuous output interpolator.

If instead the imaginary part of the system eigenvalues is non zero,
the multi-rate extension of the RK method has a significantly wider
stability range. For example, in Table 1 we report the behaviour of
the parameter C as a function of the coupling coefficient κ and of the
number of substeps M employed by the multi-rate method in the case
of the fourth order ERK method with continuous output interpolator
for γ1 = 0.01, α = 10 and β = 1. It can be observed that stability
is achieved for much larger values of the parameter C than those of
the single-rate method, which is approximately 0.4. The correspond-
ing results are reported in Table 2 for the classical fourth order ERK
method, whose single-rate variant is stable for C ≤ 2.9. For both meth-
ods, the stability is improved as expected in the weak coupling limit
and if a larger number of substeps is employed. It can be observed
that the maximum value of C for which stability is maintained does
not grow monotonically as a function of the number of substeps. Sim-
ilar results are also obtained for the smaller value γ1 = 0.001 and for
parameters α = 10, β = 10. Also for a wider scale separation with
respect to the oscillatory component, i.e. for α = 100, β = 1, similar
gains can be observed with respect to stability, as shown in tables 3,
4, respectively, if sufficiently many substeps are employed for the fast
components and/or in the weaker coupling limit. Similar results, not
shown, hold for the α = 100, β = 10 and α = 100, β = 100 cases. When
the time scale separation is only due to the real part of the eigenvalues,
instead, such as for example in the cases γ1 = 0.01, α = 1 and β = 10
or β = 100, both the explicit RK method considered before have for
their multi-rate versions the same range of stable C values as their
single-rate counterparts.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 0.7 1.3 2.5 5 9.2 9.7 9.8

κ = 10−4 0.7 1.3 2.6 4.7 7.0 7.0 7.0

κ = 10−3 0.7 1.3 3.6 4.3 4.5 4.5 4.5

κ = 10−2 0.7 4.2 4.2 4.3 4.3 4.3 4.3

κ = 10−1 0.6 0.8 4.0 4.0 4.0 4.0 4.0

κ = 1 0.4 0.4 0.4 0.4 0.4 0.4 0.4

Table 1: Maximum value of C for stability of fourth order ERK method
with continuous output interpolator, γ1 = 0.01, α = 10, β = 1.
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M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 5.7 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10

κ = 10−4 5.7 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10

κ = 10−3 5.7 9.6 6.3 5.9 5.9 5.9 5.9

κ = 10−2 4.7 5.9 5.8 5.7 5.7 5.7 5.7

κ = 10−1 3.7 4.5 4.5 4.5 4.5 4.5 4.5

κ = 1 3.5 3.5 3.5 3.5 3.5 3.5 3.5

Table 2: Maximum value of C for stability of the classical fourth order ERK
method with Hermite interpolator, γ1 = 0.01, α = 10, β = 1.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 0.3 0.6 1.2 2.4 4.4 9.1 9.2

κ = 10−4 0.3 0.6 1.2 3.1 4.3 4.5 4.5

κ = 10−3 0.3 0.6 1.2 4.1 4.2 4.3 4.3

κ = 10−2 0.3 0.5 0.8 4.2 4.2 4.2 4.2

κ = 10−1 0.3 0.4 0.4 0.4 0.4 0.4 0.4

κ = 1 0.2 0.2 0.2 0.2 0.2 0.2 0.2

Table 3: Maximum value of C for stability of fourth order ERK method
with continuous output interpolator, γ1 = 0.01, α = 100, β = 1.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 5.7 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10 ≥ 10

κ = 10−4 5.7 ≥ 10 ≥ 10 6.1 5.9 5.9 5.9

κ = 10−3 5.7 ≥ 10 6.3 5.8 5.7 5.7 5.7

κ = 10−2 5.8 5.9 5.8 5.7 5.7 5.7 5.7

κ = 10−1 4.1 4.4 4.5 4.5 4.5 4.5 4.5

κ = 1 3.5 3.5 3.5 3.5 3.5 3.5 3.5

Table 4: Maximum value of C for stability of the classical fourth order ERK
method with Hermite interpolator, γ1 = 0.01, α = 100, β = 1.
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As example of implicit RK method, we consider the fourth or-
der ESDIRK method denoted as ESDIRK4(3)6L[2]SA in [11], Section
7.1.1, for which the associated continuous output interpolator was used
in the multi-rate procedure. Again, the Butcher tableaux of the me-
thod and the coefficients required to build the associated continuous
output interpolation are defined in Appendix A. In the purely oscil-
latory case γ1 = 0, also for this implicit RK method the multi-rate
procedure generally decreases significantly the maximum value of C
for which stability is achieved, as it can be seen from tables 5, 6 inde-
pendently of the number of substeps employed for the fast variables.
Unless the coupling is extremely weak, unconditional stability is lost
and values of C = 1 are obtained. As for explicit methods, if the
imaginary part of the system eigenvalues is non zero, the multi-rate
extension of the ESIDRK method maintains unconditional stability
for a wider range of values for the coupling parameter κ, as it can
be seen from tables 7, 8 for the cases γ1 = 0.01, α = 10, β = 1 and
γ1 = 0.01, α = 100, β = 1, respectively. On the other hand, values of
C = O(1) are again retrieved for κ ≤ 10−3 in the α = 10 case and for
κ ≤ 10−2 in the α = 100 case. It is also to be remarked that, when
stability is lost, the number of sub-steps does not have a clear impact
on the maximum value of C for which stability is guaranteed. If in-
stead γ1 = 0.01, α = 1, β = 10 or γ1 = 0.01, α = 1, β = 100, so that
time scale separation only depends on the real part of the eigenvalues,
unconditional stability is maintained for all values of κ < 1.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 ≥ 100 ≥ 100 1.0 1.0 1.0 1.0 1.0

κ = 10−4 ≥ 100 ≥ 100 1.0 1.0 1.0 1.0 1.0

κ = 10−3 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−2 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−1 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 1 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 5: Maximum value of C for stability of fourth order ESDIRK method
with continuous output interpolator, γ1 = 0, α = 10.
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M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−4 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−3 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−2 1.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 10−1 3.0 1.0 1.0 1.0 1.0 1.0 1.0

κ = 1 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 6: Maximum value of C for stability of fourth order ESDIRK method
with continuous output interpolator, γ1 = 0, α = 100.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100

κ = 10−4 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100

κ = 10−3 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100

κ = 10−2 ≥ 100 5.0 5.0 5.0 5.0 5.0 5.0

κ = 10−1 3.0 3.0 3.0 3.0 3.0 3.0 3.0

κ = 1 2.0 2.0 2.0 2.0 2.0 2.0 2.0

Table 7: Maximum value of C for stability of fourth order ESDIRK method
with continuous output interpolator, γ1 = 0.01, α = 10, β = 1.

M = 2 M = 4 M = 8 M = 16 M = 32 M = 64 M = 128

κ = 10−5 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100

κ = 10−4 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100 ≥ 100

κ = 10−3 ≥ 100 5.0 5.0 5.0 5.0 5.0 5.0

κ = 10−2 3.0 3.0 3.0 3.0 3.0 3.0 3.0

κ = 10−1 2.0 2.0 2.0 2.0 2.0 2.0 2.0

κ = 1 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 8: Maximum value of C for stability of fourth order ESDIRK method
with continuous output interpolator, γ1 = 0.01, α = 100, β = 1.

The previously introduced expression for the multi-rate amplifica-
tion matrix also allows to assess the accuracy gain achieved by the use
of smaller time steps on the fast components. For example, we consider
the case of a system with γ = 0.01, α = 50, β = 1 and weak coupling
κ = 10−3. We compute the exact evolution matrix exp(Lt) of problem
y′ = Ly and compare it to appropriate powers of the single-rate and
multi-rate amplification matrix for different values of the time step.
For the multi-rate methods, M = 10 substeps were employed. The rel-
ative errors in the l2 operator norm of the approximations of exp(Lt)
obtained by the explicit fourth order RK method and fourth order ES-
DIRK method considered before are reported in Figure 1, for values
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Figure 1: Errors with respect of exact solution at increasing values of C for
a) explicit fourth order RK method, b) ESDIRK fourth order method.

of the time step corresponding to increasing values of the parameter
C. It can be observed that significant improvements in the accuracy of
the approximation obtained with a given time step can be achieved.

5 Numerical results

The multi-rate Runge-Kutta methods presented in the previous Sec-
tions were implemented in the GBODE solver of the open-source Open-
Modelica simulation environment [6]. OpenModelica allows to model
and simulate dynamical systems described by differential-algebraic equa-
tions using the high-level, equation-based, object-oriented modelling
language Modelica [14]. OpenModelica applies structural analysis,
symbolic manipulation and numerical solvers to reduce the (possibly
high-index) differential-algebraic formulation to a set of explicit ordi-
nary differential equations, producing efficient C code to compute the
right-hand-side of Equation (1.1), which is then linked to the numerical
solver GBDODE.

The implementation of the multi-rate method in GBODE is quite
efficient from a computational point of view, as it was written using the
C language and sparse linear algebra solvers for the implicit methods.
It also supports dense output to provide the solution on a regular time
grid, which was actually used to produce the numerical results shown
in this Section, as well as to compute accurate high-order interpolation
of slow variables during refinement steps.

Unfortunately, OpenModelica is presently not yet capable to pro-
duce code that selectively computes only the sub-set of fast variable
right hand sides ff (ys, yf , t) in Equation (1.1). As a consequence, it
will always compute the entire vector f(y, t) also when performing the
refinement steps, thus losing one of the main advantages of multi-rate
methods. Hence, it is currently not possible to demonstrate a signifi-
cant CPU time speed-up of the multi-rate methods, compared to the
single-rate ones.

However, it is still possible to show that the number of right hand
side computations actually needed by the multi-rate method is substan-
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tially reduced, compared to the standard single-rate method, while still
providing an accurate solution. This demonstrates the soundness and
applicability of the proposed multi-rate methods to real-life problems
and gives a strong indication that the actual computational time will
also be substantially reduced, once the selective computation feature
is also implemented.

In the next sub-sections, three numerical test cases are presented,
reporting results with the multi-rate versions of the methods fully de-
scribed in Appendix A. The numerical results demonstrate how the
proposed multi-rate method works when simulating non-trivial sys-
tems. Although OpenModelica is capable of handling extremely com-
plex dynamical system models, for this paper we have selected test
cases whose model equations can be written explicitly, so that the re-
sults are in principle reproducible with other implementations of the
multi-rate method or different numerical approaches.

5.1 Inverter Chain

The first test case consists of the model of an inverter chain, which is
an important test problem for electrical circuits that has already been
considered in the literature on multi-rate methods, e.g., in [21,22]. The
system of equations is given by

y′1(t) = Uop − y1(t)− Γg(u(t), y1(t)) (5.1)

y′j(t) = Uop − yj(t)− Γg(yj−1(t), yj(t)), j = 2, 3, ..., N, (5.2)

where yj is the output voltage of the j-th inverter, u(t) is the input
voltage of the first inverter, Uop is the operating voltage corresponding
to the logical value 1, and Γ is a stiffness parameter. The function g
is defined as

g(y, z) = max(y − Uτ , 0)
2 −max(y − z − Uτ )

2, (5.3)

where Uτ is a switching threshold. The system has a stable equilibrium
if the input is zero, the odd-numbered inverters have output zero and
the even-numbered inverters have output one. If the input is increased
up to Uop, the first inverter output switches from zero to one, trigger-
ing a switching cascade that propagates through the entire chain at
finite speed. If the first inverter input is then switched back to zero,
a second switching cascade will propagate again through the system,
bringing it back to the original equilibrium. This problem is obvi-
ously a good candidate for adaptive multi-rate integration, since only
a small fraction of inverter outputs are changing at any given time.
It is also representative of the simulation of real-life electronic digital
circuit models, where only a small fraction of gates is active at any
given point in time, while most other gates sit idle in a stable state.

The model was set up with N = 1000 inverters, Uop = 5, Uτ = 1,
and Γ = 500. The integration interval is t ∈ [0, 200], with initial con-
ditions yj(0) = 6.247× 10−3 for even j and yj(0) = 1 for odd j; u(t) is
a continuous piecewise-linear function which is zero until t = 5, then
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increases to 5 until t = 10, remains constant until t = 15, decreases to
zero until t = 20 and then remains zero for t > 20. We have used the
third order ESDIRK method denoted as ESDIRK3(2)4L[2]SA in [11]
to compute a reference single-rate solution with relative and absolute
tolerance 10−9, a single-rate solution with relative and absolute toler-
ance 10−5 and multi-rate solution with relative and absolute tolerance
10−5. For the multi-rate algorithms, the parameter values αmax = 1.2,
αmin = 0.5, α = 0.9, ϕ = 0.05, and β = 1 were used; the associated
dense output reconstruction was used for the interpolation operator
Q(τ), both in the multi-rate procedure to interpolate the slow vari-
ables when integrating the fast variables, and when re-sampling the
solution over a regular time grid with 0.01 s intervals.

Figure 2: Reference solution for selected even inverter outputs.

Figure 2 shows the output of the even inverters y200, y400, y600, y800,
y1000 in the reference solution, which follow the rising and falling edges
of the first even inverter output y2 with increasing delay, corresponding
to about 150 time units for the last inverter output y1000. Figure 3
shows a detail of the falling edge of the last inverter output y1000,
comparing the reference, single-rate, and multi-rate solutions: it is
apparent how the multi-rate solution is virtually identical to the single-
rate one, and that both are shifted in time with respect to the reference
one by about 0.0015 time units, a relative error of 10−5, which is
compatible with the tolerances employed.

Figure 4 shows the activity diagram of the multi-rate algorithm
between t = 25 and t = 35. Here, the rows correspond to the variables
in vector y, while the columns correspond to time steps; blue points
correspond to variables that are active in a given time step. The full
blue vertical lines correspond to global time steps, where all variables
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Figure 3: Comparison of reference, single-rate, and multi-rate ES-
DIRK3(2)4L[2]SA solutions in the inverter test case.

Figure 4: Activity diagram of the ESDIRK3(2)4L[2]SA multi-rate solution
in the inverter test case.
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Single-Rate Multi-Rate

Total steps 77322 87803

Accepted global steps 65263 3201

Rejected global steps 12059 820

Accepted fast steps // 73161

Rejected fast steps // 10621

Total # of DOF 7.73× 107 4.30× 106

Table 9: Performance of single- and multi-rate ESDIRK3(2)4L[2]SA meth-
ods in the inverter test case.

are involved in the computation of the time step, while the slightly
slanted pairs of horizontal blue segments correspond to the rising and
falling inverter output waves, slowly moving along the inverter chain.
Only the inverters currently undergoing the transition are automati-
cally selected as active variables during refinement steps. The activity
plots clearly highlights the ability of the self-adjusting multi-rate ap-
proach to identify automatically the set fast evolving variables, which
is essential if this set is time-varying.

In this specific example, the activity of fast states is quite localized:
the typical size of the fast variable subspace is about 5, i.e., 1/200 of
the global system size N. This means that, as long as ϕ is significantly
less than one (otherwise most steps would be chosen as global ones),
and larger than 1/200, the same number of fast states will be selected.
This was experimentally confirmed by running the simulations with
different values of ϕ in the range 0.4 < ϕ < 0.01, which led to very
similar results in terms of number of global and refinement steps. In
general, the performance of the proposed multi-rate algorithm will not
be too sensitive to the specific value of ϕ for those cases where the
multi-rate strategy is more advantageous, i.e., when there is strongly
localized activity most of the time, so that only a tiny fraction of
variables shows significant integration errors for most of the time steps.

Finally, Table 9 shows the comparison of some performance indi-
cators of the single and multi-rate algorithms. The multi-rate method
needs a total number of steps which is comparable to that of the single-
rate method, but it requires one order of magnitude less global steps,
while most of fast multi-rate steps involve a very small number of
variables. As a consequence, the total number of DOF involved in
all the steps of the multi-rate method is also one order of magnitude
smaller, leading to a correspondingly lower computational workload
for the computation of the elements in the right-hand-side of Equation
(1.1).
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5.2 Finite difference discretization of the Burgers
equation

The second test case consists of an application to a PDE problem. We
consider the viscous Burgers equation

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2
(5.4)

as a simple model of computational fluid dynamics applications. The
equation is considered on the domain [0, 25] and time interval [0, 5].
We assume ν = 10−2 and an initial datum given by

u0(x) = exp

{
−
(
x− L/2

L/50

)2
}
. (5.5)

Equation (5.4) is semi-discretized in space by a standard centered finite
difference approximation on a uniform mesh on [0, 25] with N = 1000
nodes. We used the third order ESDIRK method denoted as ES-
DIRK3(2)4L[2]SA in [11] to compute a reference single-rate solution
with relative and absolute tolerance 10−8, a single-rate solution with
relative and absolute tolerance 10−5, two multi-rate solutions with rel-
ative and absolute tolerance 10−5, one with ϕ = 0.2 and one with
ϕ = 0.04, and another two multi-rate solutions with relative and ab-
solute tolerance 10−6, one with ϕ = 0.2 and one with ϕ = 0.04. The
associated dense output reconstruction was used for the interpolation
operator Q(τ), both in the multi-rate procedure to interpolate the slow
variables when integrating the fast variables, and when re-sampling
the solution over a regular time grid with 0.1 s time intervals. For the
multi-rate algorithms, the parameter values αmax = 1.2, αmin = 0.5,
α = 0.9, and β = 1 were used.

Fig. 5 shows the reference solution u(x, t) along the spatial axis at
five subsequent time instants. As time progresses, a sharp shock wave
is formed on the right boundary of the active region, only slightly
smoothed by the diffusion term, moving to the right at finite speed,
followed by a trailing region where the values of u slowly get back to
zero. After t = 1, for each time instant the variable vector can be
partitioned in three subsets. One, involving a few percent of the node
variables, corresponds to the fast-changing shock wave. The second,
involving about 15% of the node variables, corresponds to the slow
trailing wave, while the remaining part of the node vector contains
values very close to zero.

The activity diagram in the case ϕ = 0.2 is shown in the left half
of Fig. 6. For this computation, relative and absolute tolerance values
were set to 10−5. The fast variable subsets Vf

n encompass the first two
above-mentioned subsets, where basically all the action takes place in
the solution, corresponding to the central blue part of the diagram.
After t = 1, only a very few global steps, about one every 80 fast
refinement steps, are taken to compute the components of the solution
belonging to the third subset.
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Figure 5: Reference solution for Burgers equation test case.

Figure 6: Activity diagram of Burgers’ equation test case, tolerance 10−5,
left ϕ = 0.2, right ϕ = 0.04.
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If a smaller value ϕ = 0.04 is chosen, the activity diagram shown
in the right half of Fig. 6 is obtained. In this case, the sets Vf

n are too
small to encompass the second subset. Instead, they only cover the
much narrower subset of variables corresponding to the shock tran-
sition, moving from left to right, while the degrees of freedom corre-
sponding to the trailing region and to the essentially constant part of
the solution constitute the subset of slow variables. Therefore, com-
pared to the previous solution, there are more global steps, but on the
other hand the fast steps involve a much smaller set of variables.

10 11 12 13 14 15 16
x
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10-4

10-2

ab
s(

u er
r(t

))

SR 1e-5
MR =0.2 1e-5
MR =0.04 1e-5
MR =0.2 1e-6
MR =0.04 1e-6

Figure 7: Absolute error for the solution of Burgers equation.

Fig. 7 shows the spatial distribution of the absolute error over the
spatial domain at t = 5. The error is computed considering the differ-
ence between the single-rate and multi-rate solutions and the reference
solution computed with the single rate method employed with toler-
ance 10−8. It is to be remarked that, in this way, only an estimate of
the time discretization error is obtained, since all methods use the same
spatial discretization. The interaction of time and space discretization
errors is an extremely important point for application to PDE solvers,
which is however beyond the scope of this work. For the single-rate
solution with tolerance 10−5, the maximum error is about 1.5 · 10−5,
which is consistent with the selected tolerance. The multi-rate so-
lutions with tolerance 10−5 show a significantly larger error around
x = 14.8, where the steepest region of the shock wave is located, with
maximum errors of about 3 · 10−4 for ϕ = 0.04 and 10−3 for ϕ = 0.02.
Maximum errors around 10−5 can also be obtained with the multi-rate
algorithms by reducing the tolerance to 10−6.

Finally, Table 10 compares the performance of the single- and multi-
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SR MR MR MR MR
ϕ = 0.2 ϕ = 0.2 ϕ = 0.04 ϕ = 0.04

tol = 10−5 tol = 10−6 tol = 10−5 tol = 10−6

Total steps 383 457 937 515 1142

Accepted global steps 383 49 56 67 112

Rejected global steps 0 0 0 0 0

Accepted fast steps // 408 881 448 1030

Rejected fast steps // 0 0 0 0

Total # of DOF 383000 85996 150542 76865 134453

Table 10: Performance of single- and multi-rate ESDIRK3(2)4L[2]SA meth-
ods on Burgers’ equation test case.

rate simulations. For this test case, the number of total degrees of
freedom involved in the computation is reduced by a about a factor
four if the same tolerance is kept, or by about a factor three if the
same accuracy is kept.

5.3 Thermal model of a large building heating sys-
tem

The third test case consists of an idealized model of the thermal be-
haviour of a large building with N = 100 heated units. For simplicity,
it is assumed that each unit, with temperature Tu,j , is well-insulated
from the others and only interacts with a central heating system with
supply temperature Ts and with the external environment at temper-
ature Te, which is assumed to vary sinusoidally during the day with
a peak at 14:00. The thermal supply system has a temperature Ts,
which is regulated by a proportional controller with fixed set point T 0

s ,
that acts on the heat input Qs. The total energy consumption of the
thermal supply system is tracked by the variable E.

Each unit has a proportional temperature controller with variable
set point Tu,j , acting on the command signal uj of a heating unit
with thermal conductance Gh (e.g., a fan coil with variable fan speed),
which responds to the command as a first-order linear system with time
constant th. The heating unit then enables the heat transfer between
the heating fluid of the supply system and the room, with thermal
power Qh,j . Each unit also exchanges a thermal power Qe,j with the
external environment.

The model is described by the following system of differential-
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algebraic equations:

Te = 278.15 + 8 cos

(
2π

t− 14× 3600

24× 3600

)
(5.6)

Qs = sat(KpsQmax(T
0
s − Ts), 0, Qmax) (5.7)

Qht =

N∑
1

Qh,j (5.8)

Cs
dTs

dt
= Qs −Qht (5.9)

th
dGh,j

dt
= ujGhn −Gh,j , j = 1, ..., N (5.10)

Qh,j = Gh,j(Ts − Tu,j), j = 1, ..., N (5.11)

Qe,j = Gu(Tu,j − Te), j = 1, ..., N (5.12)

Cu,j
dTu,j

dt
= Qh,j −Qe,j , j = 1, ..., N (5.13)

uj = sat(Kpu(T
0
u,j − Tu,j), 0, 1), j = 1, ..., N (5.14)

T 0
u,j = fj(t), j = 1, ..., N (5.15)

dE

dt
= Qs (5.16)

which can be easily reformulated by substitution as a system of 2N+2
ordinary differential equations in the variables Ts, Gh,j , Tu,j , and E.

We assume the following values for the system parameters: Kps =
0.2, Th = 293.15, Tl = 288.15, T 0

s = 343.15, Ghn = 200, Gu = 150,
Qmax = 0.7NGhn(T

0
s − Th), Cs = 2 · 106N , th = 20, Cu,j = (1 +

0.348j/N)× 107, Kpu = 1. All the values of physical constants are in
SI units.

The functions fj(t) are periodic with a period of one day, i.e., 86400
s. They start at Tl at midnight, get increased from Tl to Th at a
pseudo-random time between 6 and 12 am, and switch back to Tl at
a pseudo-random time between 15 and 22 pm. The transitions are
smooth, using the smoothStep(·, ·, ·) function defined as

smoothStep(t, ts,∆t) =
1

2

(
tanh

(
t− ts
∆t

)
+ 1

)
, (5.17)

with ∆t = 1 s, while the function sat(·, ·, ·) is a smooth saturation
function defined as

sat(x, xmin, xmax) =
xmax + xmin

2
(5.18)

+
xmax − xmin

2
tanh

(
2

x− xmin

xmax − xmin
− 1

)
.

The initial conditions of the system at t = 0 (corresponding to 00:00,
midnight) are Ts = T 0

s , Gh,j = 0, Tu,j = 288.15, E = 0. The integra-
tion interval is two days, i.e t ∈ [0, 172800].

We have used the fourth order ESDIRK method denoted as ES-
DIRK4(3)6L[2]SA in [11] to compute a reference single-rate solution
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with relative and absolute tolerance 10−9, a single-rate solution with
relative and absolute tolerance 10−5 and multi-rate solution with rel-
ative and absolute tolerance 10−5. For the multi-rate algorithms, the
parameter values αmax = 1.2, αmin = 0.5, α = 0.9, ϕ = 0.05, and
β = 1 were used; the associated dense output reconstruction was used
for the interpolation operator Q(τ), both in the multi-rate procedure
to interpolate the slow variables when integrating the fast variables,
and when re-sampling the solution over a regular time grid with 10 s
intervals.
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Figure 8: Temperatures and set points for units 1 and 2.

Figure 8 shows the temperatures and the respective set points for
units 1 and 2. The set point for the first unit T 0

u,1 is raised around
6:00 and reduced around 14:00, while the set point for the second
unit T 0

u,1 is raised around 10:00 and reduced around 20:00. The unit
temperatures Tu,1 and Tu,2 follow with some delay. Falling temperature
transients are slower because they are only driven by the heat losses
to the ambient.

Figure 9 shows the fan-coil conductances Gh,1 and Gh,2. Initially,
they are quite low, to keep the night temperature around Tl. Subse-
quently, they very quickly reach the maximum value when the set point
is raised, remain at the maximum for a while and then decrease once
the unit temperatures approach the new set point value Th, and drop
sharply to zero when the set point is reduced to Tl in the afternoon, in-
creasing again during the night once the temperature has fallen below
the set point. The dynamics of Gh,1 is much faster than the dynamics
of the temperatures, see the detail of the first rising front of Gh,1 shown
in Figure 10.

Figure 11 shows the thermal power input of the supply system Qs
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Figure 9: Conductance of fan-coils of units 1 and 2.
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Figure 10: Detail of the first rising front of fan-coil 1.
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Figure 11: Input and output thermal power of the supply system.
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Figure 12: Zoom-in of the total output thermal power of the supply system
between 7:45 and 12:15 on day 1.

31



0 10 20 30 40 50
Time [hr]

66

67

68

69

70

71

72

73
T

(t
) 

[°
C

]
Ts

Figure 13: Heating supply temperature.

and the total thermal power output to the unit fan coils Qht, with a
zoom-in of Qht between 7:45 and 12:15 shown in Figure 12. The supply
temperature Ts is shown in Figure 13.

The reason why this system can benefit from multi-rate integra-
tion is twofold: the various occupants change their unit set points
asynchronously, and the changes applied to one unit are very weakly
coupled to the other units through the large thermal inertia of the sup-
ply system. Every time an occupant gets to its unit and raises the set
point in the morning, or reduces it in the evening, a local fast transient
is triggered on the unit’s temperature control system output uj , which
requires relatively short time steps to simulate the transient of Gh,j .
However, this action does not influence the other units directly, be-
cause they are insulated from each other, but rather only through the
increased or decreased power consumption Qht, shown in Figure 11.
Even though Qht shows fast changes, see Fig. 12, corresponding to the
individual unit heating systems being turned on or off, the large inertia
of the supply system causes the supply temperature Ts to remain quite
smooth, as shown in Figure 13, so that the influence of these events
on the heat exchanged by the other units becomes relevant only over
much larger time intervals, even more so as N grows.

Hence, every set point switching transient can be handled by a set
of fast variables that only includes the local heater conductance Gh,j ,
the unit temperature Tu,j , the supply temperature Ts, and the con-
sumed energy E, using interpolated values for the other unit variables,
Gh,k, Tu,k, k ̸= j, which only start getting influenced by the conse-
quences of switching in other units after hundreds of seconds. This
brings down the number of DOF required to manage these transients
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from 2N + 2 to O(1).
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Figure 14: Activity diagrams of the multi-rate solution.

Figure 14 shows three portions of the activity diagram, with rows
corresponding to variables and columns to time steps. The top diagram
corresponds to the beginning of the simulation, from 00:00 to 07:30.
The first 145 steps to the left of the diagram correspond to the night
transient from 00:00 to 06:00. During this period, no set points are
changed, so there are no fast local transients taking place in the system,
only the response of all the system variables to the slow sinusoidal
variation of the external ambient temperature, which is handled by
global time steps up to 1200 s long.

After 06:00, the unit temperature set points start being increased
from Tl to Th, in a pseudo-random fashion, triggering many local fast
transient. As a consequence, the average step length is dramatically
reduced, and the remaining portion of the topmost activity diagram,
spanning until 07:30, shows a very sparse pattern, where the two bor-
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dering lines at the top and bottom correspond to Tu and E, which are
always active, while the other shorter horizontal segments correspond
to the transients of Gh,j and Tu,j , which are handled by fast refine-
ment steps; only a few global steps are necessary, shown in the figure
as vertical blue bands).

This pattern continues until 12:00, e.g., see the the middle diagram
of Figure 14, covering the time interval from 8:45 to 10:00.

The bottom diagram of Figure 14, which covers the interval from
11:30 to 15:30, shows the sparse patterns ending at 12:00, when set
points stop being changed, followed by a pattern composed of mostly
global steps until between 12:00 and 15:00, when the room tempera-
tures mostly react to the slowly changing external temperature, after
which set points start changing again, bringing the sparse pattern in
again, and so on.

The most important result of this simulation is the final value of
the energy consumption E, reported in Table 11 for the three solutions.
The multi-rate result is affected by a larger error than the single-rate
one, but it still has 5 correct significant digits, which is in agreement
with the set relative and absolute tolerances 10−5.

Total Consumption [MWh]

Reference 10.16868431299

Single-Rate 10.16868431246

Multi-Rate 10.16803623248

Table 11: Total energy consumption computed by the ESDIRK4(3)6L[2]SA
method.

Single-Rate Multi-Rate

Total steps 33575 37824

Accepted global steps 27644 1107

Rejected global steps 5931 79

Accepted fast steps // 30970

Rejected fast steps // 5668

Total # of DOF 6.78× 106 0.47× 106

Table 12: Performance of single- and multi-rate ESDIRK4(3)6L[2]SA me-
thod.

The performance comparison between the single-rate and the multi-
rate ESDIRK4(3)6L[2]SA method is shown in Table 12. As in the
previous case, the number of total time steps required by the multi-rate
method is similar to that of the single-rate method, but the number
of global steps is more than one order of magnitude smaller, and so is
the total number of active variables at each time step.
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6 Conclusions and future work

We have presented a more general and effective version of the self-
adjusting multi-rate procedure already introduced in [5]. The novel
approach allows to obtain a more effective multi-rate implementation
of a generic Runge-Kutta (RK) method by combining a self-adjusting
multi-rate technique with standard time step adaptation methods.
Only a small percentage of the variables, associated with the largest
values of an error estimator are marked as fast variables. When the
global step is sufficient to guarantee a given error tolerance for the
slow variables, but not for the fast ones, the multi-rate procedure is
employed to achieve uniform accuracy at reduced computational cost.

We have also provided a general stability analysis, valid for explicit
RK, DIRK and ESDIRK multi-rate method with an arbitrary number
of sub-steps for the active components. We have proposed a physically
motivated model problem that can be used to assess the stability of
different multi-rate versions of standard RK methods and the impact of
different interpolation methods for the latent variables. The stability
analysis has been performed on some examples of ERK and ESDIRK
methods, highlighting the potential gains in efficiency and accuracy
that can be achieved by the multi-rate approach in the regime of weak
coupling between fast and slow variables.

The proposed multi-rate methods have then been applied to three
numerical benchmarks, representing two idealized engineering systems
and a basic discretization of a nonlinear PDE typical of Computational
Fluid Dynamics applications. The simulations have been performed
using an implementation of the proposed multi-rate approach in the
framework of the OpenModelica software [6]. The results demonstrate
the efficiency gains deriving from the use of the proposed multi-rate
approach for problems with multiple time scales.

In future work, we will further pursue the application of this kind
of multi-rate methods to the time discretization of partial differential
equations, already started in [5], along with a more effective Open-
Modelica implementation that will allow to reap the full benefit of the
multi-rate approach by avoiding unnecessary computation of the slow
components during fast steps.
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Table 13: Butcher tableaux of the classical fourth order ERK method.

A Butcher tableaux of RK methods

For completeness, we report in this Appendix the Butcher tableaux
of the methods considered in the stability analysis, along with the
coefficients of their corresponding dense output interpolators. Table
13 contains the coefficients defining the classical fourth order explicit
RK method. Table 14 contains the coefficients defining the fourth
order RK method with optimal continuous output introduced in [17].
The matrix B∗ containing the coefficients for the dense output formula
(3.10) associated to this method are given in Table 15. Setting then

γ = 0.43586652150845899941601945,

c3 =
3

5
, ā = 1− 6γ + 6γ2

a32 = c3
c3 − 2γ

4γ
a31 = c3 − a32 − γ (A.1)

b2 =
−2 + 3c3 + 6γ(1− c3)

12γ(c3 − 2γ)
b3 =

ā

3c3(c3 − 2γ)

b1 = 1− b2− b3− γ,

we report in Table 16 the coefficients of the third order ESDIRK me-
thod denoted as ESDIRK3(2)4L[2]SA in [11]. The corresponding ma-
trix B∗ containing the coefficients for the dense output formula (3.10)
are given in Table 17.
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0 0 0 0 0 0 0

1
6

1
6 0 0 0 0 0

11
37

44
1369

363
1369 0 0 0 0

11
17

3388
4913 −8349

4913 −8140
4913 0 0

13
15 − 36764

408375
767
1125 − 32708

136125
210392
408375 0 0

1 1697
18876 0 50653

116160
299693
1626240

3375
11648 0

101
363 0 − 1369

14520
11849
14520 0 0

Table 14: Butcher tableaux of optimal explicit RK method with continuous
output.

b∗ij j = 1 j = 2 j = 3 j = 4

i = 1 1 −104217
37466

1806901
618189 −866577

824252

i = 2 0 0 0 0

i = 3 0 861101
230560 −2178079

380424
12308679
5072320

i = 4 0 − 63869
293440

6244423
5325936 − 7816583

10144640

i = 5 0 −1522125
762944

982125
190736 −624375

217984

i = 6 0 165
131 −461

131
296
131

Table 15: Matrix of continuous output coefficients b∗ij for explicit RK method
of [17].
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0 0 0 0 0

2γ γ γ 0 0

3
5 a31 a32 γ 0

1 b1 b2 b3 γ

b1 b2 b3 γ

Table 16: Butcher tableaux of the ESDIRK3(2)4L[2]SA method.

b∗ij j = 1 j = 2 j = 3

i = 1 6071615849858
5506968783323 −9135504192562

5563158936341
5884850621193
8091909798020

i = 2 24823866123060
14064067831369 −184358657789355

34679930461469
40093531604824
13565043189019

i = 3 −4639021340861
5641321412596 −36951656213070

8103384546449 −9445293799577
3414897167914

i = 4 −4782987747279
4575882152666

22547150295437
9402010570133 −8621837051676

9402290144509

Table 17: Matrix of continuous output coefficients b∗ij for the ES-
DIRK3(2)4L[2]SA method.
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0 0 0 0 0 0 0

2γ γ γ 0 0 0 0

c3 a31 a32 γ 0 0 0

c4 a41 a42 a43 γ 0 0

c5 a51 a52 a53 a54 γ 0

1 b1 b2 b3 b4 b5 γ

b1 b2 b3 b4 b5 γ

Table 18: Butcher tableaux of the ESDIRK4(3)6L[2]SA method.

Table 18 contains instead the coefficients defining the fourth
order ESDIRK method denoted as ESDIRK4(3)6L[2]SA in [11],
where we have set instead

γ = 1/4c3 =
2−

√
2

4
c4 =

5

8
c5 =

26

25

a32 =
1−

√
2

8
a31 = c3 − a32 − γ

a42 =
5− 7

√
2

64
a43 = 7

1 +
√
2

32
a41 = c4 − a42 − a43 − γ

a52 =
−13796− 54539

√
2

125000
a53 =

506605 + 132109
√
2

437500
(A.2)

a54 = 166
−97 + 376

√
2

109375
a51 = c5 − a52 − a53 − a54 − γ

b2 =
1181− 987

√
2

13782
b3 = 47

(−267 + 1783
√
2

273343

b4 = −16
−22922 + 3525

√
2

571953
b5 = −15625

97 + 376
√
2

90749876
b1 = 1− b2 − b3 − b4 − b5 − γ.

The corresponding matrix B∗ containing the coefficients for
the dense output formula (3.10) are given in Table 19.
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b∗ij j = 1 j = 2 j = 3 j = 4

i = 1 11963910384665
12483345430363 −69996760330788

18526599551455
32473635429419
7030701510665 −14668528638623

8083464301755

i = 2 11963910384665
12483345430363 −69996760330788

18526599551455
32473635429419
7030701510665 −14668528638623

8083464301755

i = 3 − 28603264624
1970169629981

102610171905103
26266659717953 −38866317253841

6249835826165
21103455885091
7774428730952

i = 4 −3524425447183
2683177070205

74957623907620
12279805097313 −26705717223886

4265677133337
30155591475533
15293695940061

i = 5 −17173522440186
10195024317061

113853199235633
9983266320290 −121105382143155

6658412667527
119853375102088
14336240079991

i = 6 27308879169709
13030500014233 −84229392543950

6077740599399
1102028547503824
51424476870755 −63602213973224

6753880425717

Table 19: Matrix of continous output coefficients b∗ij for the ES-
DIRK4(3)6L[2]SA method.
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