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We introduce a class of sigma models in two spacetime dimensions which are parameterized by
an interaction function of one real variable. In addition to the physical group-valued field g, these
models include an auxiliary vector field v, which mediates interactions in a prescribed way. We
prove that every model in this family is weakly integrable, in the sense that the classical equations
of motion are equivalent to flatness of a Lax connection for any value of a spectral parameter. We
also show that these models are strongly integrable, in the sense that the Poisson bracket of the
Lax connection takes the Maillet form, which guarantees the existence of an infinite set of conserved
charges in involution. This class of theories includes the principal chiral model (PCM) and all
deformations of the PCM by functions of the energy-momentum tensor, such as 7T and root-TT.

I. INTRODUCTION

Integrable models in two dimensions offer rare exam-
ples of interacting field theories which can nonetheless
be analyzed exactly, both at the classical and quantum
levels. The dynamics of such models are tightly con-
strained by the presence of hidden symmetries, which
can sometimes be leveraged to “solve” the theories. It
is therefore useful to identify many examples of such in-
tegrable models, which has been a topic of great recent
interest. These integrable 2d theories find applications in
many areas of physics, such as in studies of classical and
quantum strings at finite tension ﬂﬁ] and in condensed
matter descriptions of spin chains (see e.g. [4-6]).

A fruitful method for generating new integrable theo-
ries is to deform existing ones in a way which preserves in-
tegrability. One popular starting point for this enterprise
is the principal chiral model (PCM) [7, [§], which is an
integrable 2d model that shares certain properties with
4d Yang-Mills theory ﬂg@] The PCM admits many
integrable deformations, some of which are reviewed in
E%]; for instance, one can add a Wess-Zumino term

|, perform a Yang-Baxter deformation [22, 23], im-
plement a A-deformation [24], and so on.

In this letter, we introduce a new, infinite class of in-
tegrable sigma models by deforming the PCM via the
activation of specific interactions that preserve integra-
bility. The key technical ingredient in our construction is
the coupling of the physical field in the PCM to an aux-
iliary field with algebraic equations of motion. There are
many examples in field theory where the introduction of
auxiliary fields can impose a desirable constraint, such as
in the Pasti-Sorokin-Tonin formalism [25-27] which uses
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an auxiliary vector to implement a chirality condition
on a tensor field in 6d, or the Ivanov-Zupnik auxiliary
field formalism @, ] which imposes electric-magnetic
duality invariance in theories of 4d electrodynamics. In
our case, the inclusion of an auxiliary field imposes that
the model remain integrable in a particularly simple way,
while nonetheless allowing for quite general interactions.

An important step in the analysis of a classically inte-
grable field theory is the construction of an infinite set
of Poisson-commuting conserved charges. For the PCM
and many of its deformations, this procedure can be per-
formed in two steps. The first step is to establish what is
called “weak integrability,” which means that the equa-
tions of motion for the model can be encoded in the flat-
ness of a one-form called the Lax connection. The sec-
ond step is to show “strong integrability” by computing
a particular Poisson bracket involving the spatial com-
ponent of the Lax connection and demonstrating that it
takes a special form considered by Maillet @, é] This
Maillet form of the Poisson bracket is parameterized by
an r-matrix r12(z, z’), which in many cases takes a stan-
dard form in terms of a “twist function” ¢(z). Integrable
deformations of the PCM often modify the form of this
twist function ¢(z); see [32] for examples.

In this work, we perform the two steps mentioned
above for our new family of models. We find that, unlike
some other integrable deformations of the PCM, the twist
function is not modified for theories within our class,
although the dependence of the Lax connection on the
fields is changed. This behavior is similar to that of ho-
mogeneous Yang-Baxter deformations |, which can
be interpreted via twisted boundary conditions (it would
be interesting to explore whether a similar interpretation
applies to our models). As we will see, the proofs of weak
and strong integrability for our models are nearly as sim-
ple as those for the PCM, even though a generic model
in this family exhibits highly non-linear interactions.

The structure of this letter is as follows. In Section
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[ we introduce the family of sigma models of interest
in this work and derive the equations of motion for these
theories. In Section [Tl we establish weak integrability
by proving that the equations of motion are equivalent to
flatness of a Lax connection. Section [Vl proves strong in-
tegrability by computing the Poisson bracket of the spa-
tial component of this Lax connection with itself, and
showing that it takes the Maillet form. In Section [V] we
show that our family of models includes all deformations
of the PCM by functions of the stress tensor, such as
TT and root-TT. Finally, Section [VI] summarizes and
presents directions for future research.

II. AUXILIARY FIELD SIGMA MODELS

We now describe the class of models which are of inter-
est in the present work. The physical degree of freedom
is a group-valued field g : ¥ — G which maps a flat two-
dimensional spacetime ¥ with coordinates c® = (7,0)
into a Lie group G. We write g to denote the Lie algebra
of G. The left-invariant Maurer-Cartan form is defined
by j = g~ 'dg, and the pullback of this form to ¥ is

Ja :g_laag- (1)

It will be convenient to use light-cone coordinates on 3,

1
Ui:§(7':|:0'), (2)
where light-cone indices are lowered or raised with the
metric ;. =n_, = —2 or inverse metric nt~ =y~ =
—%. The field j, satisfies the Maurer-Cartan identity,
which is written in light-cone coordinates as

O1j- — 0—jy + [j+,5-] =0. (3)

In our notation, the Lagrangian of the PCM is written

1 . 1, ...
Loom = 50" tr(jajs) = —5tr(ri-) . (4)
We now introduce an additional Lie algebra valued field
Va, Which is not a physical degree of freedom, but merely
an auxiliary field with algebraic equations of motion. One
can take traces to build scalars from v, such as

v = tr(vpvy)tr(v_v_). (5)

The family of models which we wish to study are de-
scribed by Lagrangians of the form

£= 5ir(iyd ) + trlosv) +i(Gio + i) + B
(6)

which are parameterized by an arbitrary interaction func-
tion E(v) that depends on the single variable v. The
structure of this family of Lagrangians is inspired by
the Ivanov-Zupnik formulation of theories of duality-
invariant electrodynamics in four dimensions m, @i,

which also involves an interaction function that depends
on a single variable constructed from auxiliary fields.

Let us first consider the equations of motion associated
with the Lagrangian ([@). Varying the auxiliary field v,
gives rise to the Euler-Lagrange equation

J+ = —vg — 2F vgtr(vevy), (7)

where we write £/ = d—f for the derivative of F.

On the other hand, varying the group-valued field g as
d0g = €g, under which the Maurer-Cartan form varies as
dj+ = Oye+ [j+,€], gives the g-field equation of motion

O1j—+0-j+ =2([v—, j4] + [v4, -] — Opv- — 3442 -)
8

The interpretations of the two Euler-Lagrange equations
[@ and () are rather different. While (®)) is a true dy-
namical condition, which implies that the physical field
g is on-shell, equation (7)) is merely a constraint imposed
by the auxiliary field. We introduce the symbol = to de-
note equality between two quantities which holds when
equation () is satisfied. For instance, (@) implies

[v*aj+]+[v+aj*]£oa (9)
so the g-field equation of motion (§]) can be written as
04 (j— +20—) +0- (j +2v4) =0, (10)

when the auxiliary field equation of motion (@) is satis-
fied. It is convenient to define the new quantity

J+ = — (J= +2vs) , (11)

which allows us to express the Euler-Lagrange equation
for g as a conservation equation 9,J% = 0. Here j, is flat
but not conserved, while J,, is conserved but not flat.

Note that, when the interaction function E(v) van-
ishes, the auxiliary field equation of motion reduces to
j+ = —vyg. In this case, the Lagrangian (@) reduces to
the PCM Lagrangian (), and the quantity J, simply
becomes j,, which is indeed conserved in the PCM.

More generally, when the auxiliary field v, has been
eliminated using its equation of motion, the quantity
Ja becomes the Noether current associated with left-
multiplication of the group-valued field g by an arbitrary
element of G. In the theory without auxiliary fields,
conservation of this Noether current is equivalent to the
equation of motion for the model.

III. WEAK INTEGRABILITY

Ordinarily, we say that a model is weakly integrable if
its equations of motion admit a zero-curvature represen-
tation, i.e. if they are equivalent to the flatness condition

e =0, (12)



for a Lax connection £(z), at any value of a spectral
parameter z € C. The curvature of the Lax connection,
d£, can be expressed in light-cone coordinates as

A€ =0,8_ —0 L, +[S., L] (13)

Let us first define what we mean by integrability of an
auxiliary field model, for which we have both the v,-field
equation of motion ([7]) and the g-field equation of motion
@®). Given a Lagrangian L(ja,vs), one could eliminate
the auxiliary field v,, using its equation of motion to write

‘C(jﬂh 'Ua) = ‘C(joc) . (14)

Likewise, one could eliminate the auxiliary fields in an
expression for a Lax connection £(jq,vs) to obtain

E(jouvoz) = E(ja) . (15)

If the flatness of the resulting Lax connection £(j,) for
any z € C is equivalent to the g-field equation of motion
arising from £(j, ), we say that the original auxiliary field
model L(jq,vq) is weakly integrable with Lax connection
£(jasva). An equivalent, but more succinct, version of
this definition is as follows. If we define

&= (3a7) ~ 5 16)

so that £; = 0 is the g-field equation of motion, then weak
integrability of an auxiliary field model is the statement

(dﬂéo,Vze(C> = (5950). (17)

We will now demonstrate that every Lagrangian of the
form () satisfies this weak integrability condition (),
where the Lax connection is

 Jx T 23x

First note that the auxiliary field equation () implies

F+,3-]1 =l i-]. [34,7-] = [j+.3-1, (19)

which agree with relations that were found in the study of
the root-TT-deformed PCM without auxiliary fields [36].
These formulas allow us to simplify the commutator

e =2 (e, 3] = B4, 5-) = 22[34,3-
(1-22)°

£, L] =
- [j-‘ruj—]

1—22°

The curvature ([I3)) of the Lax connection (I8)) is then

04 =0 jv + [+, d-] — 2(043- +0-34)
B 1—22

(20)

dg

(21)

The first three terms in the numerator of (2I) vanish
due to the Maurer-Cartan identity (B]), and the final two
terms vanish if and only if 9,J% = 0, which is the equa-
tion of motion for g. We conclude that every model in
this family obeys the weak integrability condition ().

IV. STRONG INTEGRABILITY

We say that a field theory is strongly integrable if
the theory possesses an infinite set of conserved charges
which are in involution, or mutually Poisson-commuting.
Demonstrating weak integrability, i.e. that the equations
of motion for a model admit a zero-curvature repre-
sentation, is a useful step in this direction, since one
can then construct an infinite set of conserved charges
using the monodromy matrix. However, the Poisson-
commutativity of these charges is not guaranteed unless
the Poisson bracket of the Lax connection,

{20)1(072),,{:072(0’/,21)} y (22)

takes a special form. Here we have introduced, for any
Lie algebra valued quantity X, the subscript notation

Xi=X®1, Xo=1®X, (23)
which tensors X with the identity on either side. We do
not carefully distinguish between g and U(g), the univer-
sal enveloping algebra of g, but strictly speaking 1 € U(g
and X1, Xo € U(g) ® U(g). If 22) takes a Sklyanin [37]
or Maillet @, | form, then one can appeal to general
theorems to conclude that the theory possesses an infinite
set of conserved charges in involution.

We will now prove that, for every model in the fam-
ily (@), the Poisson bracket ([22]) takes the non-ultralocal
Maillet form, which establishes strong integrability. Re-
markably, this argument proceeds almost exactly as in
the analogous proof for the PCM [31]], except replacing
every instance of j, with J,; see [38] for a review.

To study the canonical structure of models with group-
valued fields @], it is convenient to introduce local coor-
dinates ¢ on the Lie group G, not to be confused with
©(z), so that g = g(¢"(c®)). We use early Greek letters
like o, B for indices on ¥ and middle Greek letters like p,
v for coordinates on G. We also introduce capital early
Latin letters (e.g. A, B) which label the generators Ty
of the Lie algebra g. For any Lie algebra valued quantity
X, one can expand in generators as X = XAT,4. Fur-
thermore, we may use the pull-back map d,¢" to convert
between indices on ¥ and indices on G. For instance,

Ot
. A

We write v for the Killing form on g, which we assume
to be non-degenerate with inverse v42, and we denote
the structure constants by f, BC In our conventions,
these two objects are defined by the relations

vap = Tr [TaTg], (T4, T5] = fap“Tc. (25)

In terms of these quantities, the canonical momentum 7,
which is conjugate to the coordinates ¢* on G is

oL A
T o) jn (18 +20P) vam. (26)



This means that the quantity 34 = — (52 +2v2) is simply
related to the canonical momentum as

3f = _’YABﬂ-ngv (27)

where we have defined the inverse field j}; which satisfies
j44t = 64 5. The fundamental Poisson brackets are then

jM]B -
{mu(0), 9"

which hold at equal times 7. Because no time derivatives
of the auxiliary field v, appear in the Lagrangian, the
momentum p® which is conjugate to v, vanishes:

(o)} = 6,”6(c — a'), (28)

o« oL

In the canonical formulation, our model (@) is therefore
a constrained Hamiltonian system, for which 29 is a
primary constraint. This structure is reminiscent of the
Hamiltonian formulation of Maxwell theory, where the
temporal gauge field A° also has vanishing conjugate
momentum. A systematic treatment of the Hamiltonian
structure of our models would proceed using the method
of Dirac m], which implements the primary constraint in
the Hamiltonian via a Lagrange multiplier, and then im-
poses that the primary constraint is preserved under time
evolution. However, we will not undertake a detailed dis-
cussion of this procedure here, since it is not necessary for
our present purposes. Because we are only interested in
computing Poisson brackets involving j, and J., where
the latter is related to the canonical momentum by (27,

1

{Eaal0:2): La2le” 20 = 757

= [r2(2,2'), £5.1(0,2)]6(c — 0’) —

where s12(2, 2') = r12(z,2") + 121 (2, 2), the r-matrix is

Ci2

z—2z

90_1(2/) ) (35)

r2(z,2") =

which solves the classical Yang-Baxter equation, and

221

o) = 5 (36)

is the same twist function as for the undeformed PCM.
The structure in the second line of ([34]) is precisely the de-
sired non-ultralocal Maillet form of the Poisson bracket.

Perhaps surprisingly, the result ([B4]) takes exactly the
same form as in the PCM. This calculation has been com-
pletely blind to the form of the interaction function E(v),
and the auxiliary field has entered only through the com-
bination J, of equation (27)). We stress that, although

it suffices to compute brackets using the fundamental re-
lations (28)) and ignore the fact that J, is itself composed
from a constrained auxiliary field. In fact, the auxiliary
field equation of motion will play no role whatsoever in
the following calculations.

Using the fundamental brackets (28], one can show

{340),32(0")} = f*P:356(0 — o),
{ U f UI ABCjcr ( )6(0 - UI) - ’YAB(SI(U - UI) ’
{jg o) fa/}:(), (30)

where §'(0 —o’) = 9(9)§(o —o’). To obtain these results,
we have used the Maurer-Cartan identity (@) in the form

Ougit — 0viit + il fee™ =0, (31)

along with d-function identities such as

F@)0 s —y) = f(2)0d(x —y) + f'(2)d(z —y).
(32)

One can then contract each of the relations ([B0) with the
tensor product T4 ® T to find

{37.1(0), Jr2(0")} = [F7.2, C12]6(0 — '),
{37_71(0,),]-072(0,/)} = [ja,2a C'12]6(0' - O'I) — 0126/(0' — U/) ,
{ja,l(o)u ja,Z(OJ)} =0 5 (33)

where we have defined the Casimir O = y48T4 @ Tp.

From (B3) one can show that

([29r2 + (2 4+ Vo2, C12] 8o = o) = (2 4+ 2')C28 (0 = o))

[r21(2, 2), £5.2(0,2")] 6(0 — ') — s12(2,2)0' (0 — 0”) ,

(34)

the auxiliary field equation of motion was needed in the
proof of weak integrability, this equation is not used any-
where in the computation of the bracket ([B4). We there-
fore conclude that every theory within the class (@) is
strongly integrable, in the sense that it possesses an infi-
nite collection of Poisson-commuting conserved charges.

V. STRESS TENSOR FLOWS

The family of sigma models (@) is classically equivalent
to the set of all deformations of the PCM by functions of
the stress tensor, which we define by

2 68

Top = ————— .
’ g 6g°P

(37)



In components, T'%; is a 2 x 2 matrix, which means that
there are two functionally independent Lorentz scalars
that can be constructed from it. One is the trace,

T, =2(E+2E'v), (38)
where we have simplified using the auxiliary field equa-
tion of motion (). The other is 7% T#,, which satisfies

T%T", — % (T%,)* = %y (1—4(E)2) . (39)

Importantly, both of these contractions can be expressed
entirely in terms of v, E(v), and E’(v), when the aux-
iliary field equation of motion is satisfied. This means
that any classical flow equation of the form

oL .
o (T°,, 7T, ,\) | (40)
gives rise to an ordinary differential equation for the in-
teraction function E(v), whose solution is another model
within the same class of theories. This structure is simi-
lar to that of classical stress tensor deformations of theo-
ries of duality-invariant electrodynamics in 4d ﬂA_JJ , chiral
tensor theories in 6d [42], or chiral bosons in 2d [43].

Examples of deformations (@0) include the TT [44, 45]
and root-TT [46-48] flows, driven by the functions

Opp =T TP, —(T%,)°, (41)

R= %\/ % T o — % (Te,)". (42)

The solution for the interaction function E(v) deformed
by the root-T7T flow driven by R, subject to the initial
condition E(A =0,v) =0, is

E(\v) = tanh (g) N (43)

which is the same as the interaction function for the Mod-
ified Maxwell theory @] in the 4d Ivanov-Zupnik formu-
lation. The solution to the TT flow equation driven by
( I) with the same initial condition can be written in
terms of a hypergeometric function [42].

It is well-known that applying the TT deformation to
a classically integrable theory produces another classi-
cally integrable theory [50], and the Lax connection for
the TT-deformed PCM was obtained in [51]. Likewise,
the Lax connection for the PCM deformed by both TT
and root-TT appeared in @] Both of these results can
be viewed as special cases of the general Lax connection
([I8)), which is appropriate for a deformation of the PCM
by an arbitrary function of the energy-momentum tensor.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have introduced a new auxiliary field
technique for proving integrability of 2d sigma models.
We used this machinery to establish both weak and
strong integrability for an infinite class of interacting
PCM-like theories, which includes all deformations of the
PCM by functions of the energy-momentum tensor.

We emphasize that, by virtue of the auxiliary fields in
our model, the proofs of weak and strong integrability
for this entire infinite class are hardly more difficult than
those for the PCM. It would be very interesting to see
whether similar techniques could be used to streamline
proofs of integrability for other theories, or to construct
larger families of integrable models. For instance, it
seems likely that stress tensor deformations of symmetric
and semi-symmetric space sigma models, with or with-
out Wess-Zumino term, may also be addressed within
our framework; weak integrability of TT and root-TT
deformations of these models was established in HE]

Our discussion has been entirely classical. It would be
interesting to see whether our auxiliary field framework
aids in the study of integrability for models at the quan-
tum level. At least in the case of the TT-deformed PCM,
it is believed that the theory is quantum-mechanically
well-defined due to the point-splitting definition of the
TT operator @] Perhaps other models within this class
also admit quantum definitions, and auxiliary fields may
be useful for studying quantum integrability.

A third avenue for future research is to investigate
whether there is a connection between these deformed in-
tegrable sigma models and 4d Chern-Simons theory ﬂ@r
[54]; see [55] for a recent review. The conventional 7T de-
formation admits an interpretation via 4d Chern-Simons,
at least to leading order in the deformation parameter
@], and it might be that a similar narrative applies to
the general family of models constructed here.
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