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Spaces of non-resultant systems of
real bounded multiplicity determined
by a toric variety

Andrzej Kozlowski* and Kohhei Yamaguchi'

Abstract

For each field F and positive integers m,n,d with (m,n) # (1, 1),
Farb and Wolfson [I3] defined the certain affine variety Poly®™(F)
as generalizations of spaces first studied by Arnold, Vassiliev, Segal
and others. As a natural generalization, for each fan ¥ and r-tuple
D = (dy,--- ,d,) of positive integers, the authors [26] also defined and
considered a more general space Polyfl) ’E(IF), where r is the number
of one dimensional cones in Y. This space can also be regarded as a
generalization of the space Hol},(S?, Xy,) of based rational curves from
the Riemann sphere S? to the toric variety X, of degree D, where X,
denotes the toric variety (over C) corresponding to the fan .

In this paper, we define a space QE’Z(F) (F = R or C) which its
real analogue and which can be viewed as a generalization of spaces
considered by Arnold, Vassiliev and others in the context of real sin-
gularity theory. We prove that homotopy stability holds for this space
and compute the stability dimension explicitly.

1 Introduction

1.1 Historical survey. For a complex manifold X, let Map*(S? X) =
02X (resp. Hol*(5% X)) denote the space of all based continuous maps
(resp. based holomorphic maps) from the Riemann sphere S? to X. The
relationship between the topology of the space Hol*(S?, X) and that of the
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space 22X has played a significant role in several different areas of geometry
and mathematical physics (e.g. [2], [5]). In particular there arose the question

whether the inclusion Hol*(S2, X) — Q2X is a homotopy equivalence (or
homology equivalence) up to a certain dimension, which we will refer to as
the stability dimension. Since G. Segal [31] studied this problem for the case
X = CP™, a number of mathematicians have investigated various closely
related ones (e.g. [1], [15], [1I7], [22], [23], [27], [28], [29]).

Similar stabilization results appeared in the work of Arnold ([3], [4]), and
Vassiliev ([32], [33]) in connection with singularity theory. They considered
spaces of polynomials without roots of multiplicity greater than a certain nat-
ural number. These spaces are examples of “complement of discriminants”
in Vassiliev’s terminology [32] (cf. [20]).

Inspired by these results, Farb and Wolfson [13] introduced a new family
of spaces Poly®™ (IF), which is defined for every field F and integers m,n,d > 1
with (m,n) # (1,1). The present authors generalised this further in [26],
by considering a fan 3 (or toric variety) and a field F, and define a space
Poly?*(F) as follows.

Definition 1.1 ([26]). Let F be a field with its algebraic closure F, and let
Y be a fan in R™ such that (1) = {p1, -+, p-}, where X(1) denotes the
set of all one dimensional cones in ¥ as in (Z7) 4 Let Xy denote the toric
variety over C associated to the fan >, and let N denote the set of all positive
integers.

For each r-tuple D = (dy,--- ,d,) € N", let Poly”>(FF) denote the space

of all r-tuples (fi(2), -, fr(2)) € F[z]" of F-coefficients monic polynomials
satisfying the following two conditions (LIh) and (LIb):

([CIh) fi(2) € F[z] is an F-coefficients monic polynomial of the degree d; for
each 1 <4 <r.

([LIb) For each o = {iy, -+ i} € I(Kx), polynomials f;,(z),---, fi,(2) have

no common root a € F of multiplicity > n.

Here, Ky, denotes the underlying simplicial complex of the fan ¥ on

the index set [r] = {1,2,---,r} defined by (Z8), and I(Ky) is the set
I(Ks)={ocC[r]:0¢&Ks} asin [22). O

Remark 1.2. (i) By using the classical theory of resultants, one can show
that Polyf? *(F) is an affine variety over F and that it is the complement of
the set of solutions of a system of polynomial equations (called a generalized

'Precise definitions and a description of the notation related to toric varieties and their
fans will be given in §2



resultant) with integer coefficients. For this reason, we call it the space of
non-resultant systems of bounded multiplicity determined by a toric variety.
(i) Note that

(1.1) Poly?*(C) = Hol,(S? Xx) ifn=1and >,_, diny = 0,

where Hol},(5?, Xx) denotes the space of based rational curves of of degree
D on X (i.e. rational maps of degree D from the Riemann surface S? to
Xs) (see [23] for further details). Thus, the space Poly*(C) can be also
regarded as a generalization of the space Hol},(S?, Xy). O

Now recall the following homotopy stability result.

Theorem 1.3 ([26]). Let D = (dy,--- ,d,) € N', n > 2, and let X5, be an
m dimensional simply connected non-singular toric variety over C such that
the condition ([Z18)* holds.

(1) If >, dyng = 0y, then the natural map

ip Polyg’z((:) — Q%Xg(n) ~ Qng(n) ~ QQZKE(DZ", Szn_l)

is a homotopy equivalence through dimension dpyey(D; 2, n).
(i) If >°_; dimy # Oy, there is a map

jp : Poly,"*(C) = Q*Z, (D*", §*)

which is a homotopy equivalence through dimension dyey(D; 2, n).

Here, we denote by | x| the integer part of a real number x. Moreover, let
dpin = min{dy, -+ ,d,} and ryin(2) denote positive integers given by (2.33),
and let dyoy(D; 3, n) denote the positive integer defined b

(1.2) dpoty (D33, n) = (2n7min(2) — 3) [dmin/n ] — 2. O

1.2 Basic definitions. In this paper, we replace the space Poly”*(F) by
its real analogue QP*(TF) for F = C or R. Its formal definition is below.

Definition 1.4. Let ¥ be a fan in R™ such that (1) = {py,-- -, p,}, where
¥ (1) denotes the set of all one dimensional cones in 3 as in Definition [[]
For each r-tuple D = (dy,---,d,) € N and K = C or R, let Q”*(K)
denote the space of all r-tuples (fi(z), -, f-(2)) € K[z]" of K-coefficients
monic polynomials satisfying the following two conditions (L2h) and (L2b):

ZNote that the spaces Xx(n) and Zx (X, A) are the orbit space and the polyhedral
product of a pair (X, A) given by ([ZI2) and Definition 23] respectively.



([C2h) For each 1 <i <7, fi(z) € K[z] is an K-coefficients monic polynomial
of the degree d;.

(C2b) For each o = {iy, - ,i,} € I(Kyx), polynomials f; (z),--- , fi.(z) have
no common real root o« € R of multiplicity > n (but may have a
common root a € C\ R of any multiplicity). O

Note that the following inclusion holds:
(1.3) Poly?*(K) ¢ QP*(K) for K=R or C.

Recall that the space Q*(C) was already investigated for the case n =1 in
[IQZHE and that the space QP"*(K) was already extensively studied in [25] for
the the case (Xyx, D) = (C]P’m_l,Dm(d))H where D,,(d) € N™ denotes the
m-tuple of positive integers defined by

(1.4) D,.(d) = (d,d,---,d) (m-times).

1.3 The main results. In this paper we will study the homotopy type
of the space QP*(K) for K = C or R. In particular, we will show that
Atiyah-Jones-Segal type homotopy stability holds for the space Q2*(K).

In our result we will need the following two conditions (L4)* and (DE)TE
(CA)* dpin > n > 1.
)" dpin > n > 1 and (n, rmi (X)) # (1,2).
Let d(D; 3, n,K) denote the positive integer defined by

(2nrmin(X) — 2)|dmin/n] —2 K =C,

(15) d(D7 Z’ " K) N {(nrmin<2) - 2) Ldmin/nJ —2 if K =R.

Then we can state the main result of this article as follows.

Theorem 1.5 (Theorems 2T and 2ZTH). Let n € N, let D = (dy, -+ ,d,) €
N", and let X5 be an m dimensional simply connected non-singular toric
variety satisfying the condition (ZI8)*.

3Tt is written as Pol}, (S, Xx) = QP*(C) if n =1 in [24].

41t is written as Q4™(K) = QP*(K) in [25] for (Xx, D) = (CP™ 1, D,,(d)).

°If the condition (TA)* (resp. (CA)T) is satisfied, the space QY"*(C) (resp. QLY*(R)) is
simply connected (see Corollary[Z3)). Moreover, if the condition (L4)* or (L))" is satisfied,
the condition |dpmin/n] > 1 holds. Thus, d(D;%,n,K) > 1 and the main results (Theorem
[LH Corollary [Z17T) are not vacuous. Note that the condition (I4)* holds if the condition
A" is satisfied.



(i) If the condition ([I-4)* is satisfied, the map (given by (Z24) and (I01))
jD,n7(C . ngz(c) — QZ]CE(DQn, SQn—l)

is a homotopy equivalence through dimension d(D;>,n,C).

(ii) If the condition (T.4)" is satisfied, the map (given by (Z30) and (IZ3))
it QT (R) = Q2. (D", 8"
is a homotopy equivalence through dimension d(D;>,n,R).

Remark 1.6. (i) Recall that a map g : V — W is called a homology (resp.
homotopy) equivalence through dimension N if the induced homomorphism
g« H(V;Z) — H,(W;Z) (resp. gs : (V) — m(W)) is an isomorphism
for all K < N.

(i) Similarly, when G is a topological group and a map g : V. — W is
a G-equivariant map between G-spaces V and W, the map ¢ is called a G-
equivariant homology (resp. G-equivariant homology homotopy) equivalence
through dimension N if the restriction ¢ = g|VH# : V — WH is a homology
(resp. homotopy) equivalence through dimension N for any subgroup H C G.
Here, for each G-space X and a subgroup H C G, let X denote the H-fixed
subspace of X defined by

(1.6) X' ={reX:h-x=x forany he H}. O

1.4 Organization. This paper is organized as follows. In §2 we recall the
basic definitions and facts which is needed for the statements of the results
of this article. After then precise statements of the main results (Theorems
214 215 and Corollary 2.16]) are stated. In §3] we recall several basic facts
related to polyhedral products and toric varieties. In §4 we summarize the
definition of the non-degenerate simplicial resolution, and we construct the
Vassiliev spectral sequence. In §5 we define the stabilization maps, and in
g6l we construct the truncated spectral sequence induced from the spectral
sequence obtained in §4l By using this truncated spectral sequence, we shall
prove the homology stability result (Theorems[6.5] 6.8 and Corollary [6.6]). In
g7 we investigate about the connectivity of the space Q2*(KK). In particular,
we prove that the space QP'*(C) (resp. QP*(R)) is simply connected if the
condition ([LA)* (resp. (L)1) is satisfied. In §8 we consider the configuration
model for the space QP*(K) and recall the stabilized horizontal scanning
map (see Theorem B7). In §9 we prove the stability result (Theorem [0.2)),
and in §I0 we give the proofs of the main results (Theorems 214, T3], and

Corollary 216) by using it.



2 Toric varieties and the main results

In this section we recall several basic definitions and facts related to toric
varieties (convex rational polyhedral cones, toric varieties, a fan of toric
variety, polyhedral products, homogenous coordinate, rational curves on a
toric variety etc). Then by using these definitions and notations we give
precise statements of the main results of this paper. From now on, we al-
ways assume that K = C or R. Moreover, if dyi, < n, |dyin/n| = 0 and
d(D;¥,n,K) =—2 < 0. So we also assume that dy,;, > n > 1.

2.1 Fans, toric varieties and Polyhedral products. A convex rational
polyhedral cone in R™ is a subset of R™ of the form

(2.1) 0 = Cone(S) = Cone(my, -+ ,m;) = {Z)\kmk t g > O}

k=1

for a finite set S = {my,---,my} C Z™. The dimension of ¢ is the dimen-
sion of the smallest subspace of R™ which contains ¢. A convex rational
polyhedral cone o is called strongly convex if o N (—o) = {0,,}, where we
set 0,, = 0 = (0,0,---,0) € R™. A face T of a convex rational polyhedral
cone o is a subset 7 C ¢ of the form 7 =ocN{zx e R™: L(x) = 0} for some
linear form L on R™, such that ¢ C {& € R™ : L(x) > 0}. Note that if o is
a strongly convex rational polyhedral cone, so is any of its faces

Definition 2.1. Let X be a finite collection of strongly convex rational poly-
hedral cones in R™.
(i) The set X is called a fan (in R™) if the following two conditions hold:

[(Ih) Every face 7 of o € ¥ belongs to X.

ZIb) If 01,09 € X, 01 N oy is a common face of each oy, and o1 N oy € X.

(ii) An m dimensional irreducible normal variety X (over C) is called a
toric variety if it has a Zariski open subset TZ = (C*)™ and the action of
TE on itself extends to an action of T on X.

The most significant property of a toric variety is that it is characterized
up to isomorphism entirely by its associated fan ». We denote by Xy the
toric variety associated to a fan 3 (see [I1] for the details).

(iii) Let K be some set of subsets of [r]. Then the set K is called an
abstract simplicial complex on the index set [r| if the following condition

()& holds:

®When S is the emptyset (), we set Cone(f)) = {0,,} and we may also regard it as one
of strongly convex rational polyhedral cones in R™.



()k 7TCoando € K, then 7 € K.

Remark 2.2. (i) It is well known that there are no holomorphic maps CP! =
S? — T except the constant maps, and that the fan 3 of T is 3 = {0,,}.
Hence, without loss of generality we always assume that Xy # T, and that
any fan ¥ in R™ satisfies the condition {0,,} & .

(ii) In this paper by a simplicial complex K we always mean an abstract
simplicial complex, and we always assume that a simplicial complex K con-
tains the empty set (). O

Definition 2.3. Let K be a simplicial complex on the index set [r] =
{1,2,---,r}, and let (X, A) be a pairs of based spaces.

(i) Let I(K) denote the collection of subsets o C [r] defined by
(2.2) I(K)={ocC][r]:0¢ K}.
(ii) Define the polyhedral product Zx (X, A) with respect to K by

(2.3) Zp(X, A) = | J(X, 47,  where

(X, A)° ={(x1, - ,2,) e X" 1, € Aif k ¢ o}

(iii) For each subset o = {iy,--- ,is} C [r], let L,(K™) denote the sub-
space of K™ defined by

(24)  L,(K")={(zy, - ,z,) e (K")"=K":2;, =---=z,, =0,}

and let LX(K) denote the subspace of K™ defined by

(2.5) LK = J L&)= |J LK.

cel(K) oClr]l,oc¢ K
Then it is easy to see that

(2.6)  Zg(K",(K")*) = K"\ LK(K), where (K")* = K"\ {0,}.

2.2 Homogenous coordinates. Next we recall the basic facts about ho-
mogenous coordinates on toric varieties.

Definition 2.4. Let ¥ be a fan in R™ such that {0,,} & ¥, and let

(2.7) 21 ={p1-- o}

denote the set of all one dimensional cones in Y.



(i) For each 1 < k < r, we denote by n, € Z™ the primitive generator of
Pk, such that p, NZ™ = Z> - ny. Note that p, = Cone(ny).
(i) Let Ky denote the underlying simplicial complex of ¥ defined by

(2.8) Ks = {{il, s yis Clr] i myy, myy, -+, My, span a cone in Z}.
It is easy to see that Ky is a simplicial complex on the index set [r].
(ili) Let Gy C Tk = (K*)" be the subgroup

(29 Gsx={(u,- ) € Tic : [ J(ux)™™ =1 for all m € Z"},
k=1

where (u, v) = > 7" ugvg for w = (uy, -+ ,uy) and v = (vy,- -+, vy) € R™.
(iv) There is a natural Gy, x-action on Z, (K", (K")*) by coordinate-wise
multiplication,

(2.10) (s pie) - (@1, @) = (@, - )

for ((p1,-- ), (21, -+, 1)) € Gux X 2, (K™, (K™)*), where we set

(2.11)  px = (pxy, -, pr,)  if (ux) = (u, (21, ,2,)) € K x K"
(v) Let Xy x(n) denote the corresponding orbit space

(2.12) Xnk(n) = 2k, (K", (K")")/Gs g, where

(2.13) i : Zry (K", (K")") = Xy k(n) = 2k, (K", (K")") /G x
denotes the corresponding canonical projection. In particular, we also write
(214) XE(TL) = X&((:(’I’L) and GZ = GXL(C if K=C.

Theorem 2.5 ([9], Theorem 2.1). If the set {my};_; of all primitive gener-
ators spans R™ (i.e. Y ,_ R -mny =R™), there is a natural isomorphism

(2.15) Xy =2 Zi (C,C") /Gy c = Xxn(1) = Xy (D).
Hence, we can identify Xs(n) with the toric variety Xx if n = 1. O

Remark 2.6. Let 3 be a fan in R™ as in Definition 2.4l Then the fan X is
completely determined by the pair (Ks, {n;};_;) (see [23, Remark 2.3] for
the details). O



For each 1 <i <, let F; = (fi.4, -+, [fni) € K[z0,- -+, 25]" be an n-tuple
of homogenous polynomials of the same degree d; satisfying the following
condition:

2I6)* For each ¢ € I(Ky), the homogenous polynomials { fi.;}res have no
common real root except 0,41 € R,

In this situation, consider the map

(2.16) F=(F, - ,F):R™\{0,,,} = (K")" =K™ given by

{F(m) = (Ii(z), - F(z)) for & € R™\ {0441},
F(z) = (fui(®), foi(®), -, fual®)) for1<i<r

By the assumption (2.16)*, homogenous polynomials { fx.; }xe, have no com-
mon real root except 0,1 € R for each 1 <4 <7 and o € I(Ky). Thus,
we see that the image of the map F' is contained in Zi (K", (K")*), and we
may regard the map F' as the map

(2.17) F=(F, -, F): R\ {0} = Zx, (K", (K")).

The following lemma, whose proof we postpone until the end of §3], plays a
crucial role in the proof of the main result of this paper.

Lemma 2.7 (cf. [I0], Theorem 3.1; [19], Lemma 2.6). Suppose that the set
{mw}_; of all primitive generators spans R™. For each 1 < i <71 and o €
I(Ks), let F; = (friv-- -y fui) € Klzo, -+ -, 25" be an n-tuple of homogenous
polynomials of the same degree d; satisfying the condition (216)*.

Then there is a unique map f : RP* — Xy x(n) such that the diagram

By Fr n n\*
R+ {0} o) Zye, (K7, (K™)*)

(2.18) %l qn,Kl

RP* L Ze (K (K /Grx = Xex(n)
is commutative if and only if the condition , _, dgmy, = 0,,. holds.
Here, 7y, : R\ {0441} — RP® denotes the canonical double covering,
and the map F = (Fy,--- , F,) is given by (2.17).

2.3 Assumptions. From now on, let ¥ be a fan in R™ as in Definition
24, and we always assume that Xy is simply connected and non-singular.
Moreover, we shall assume the following condition holds.



[2I8)* There is an r-tuple D, = (dj,--- ,d) € N" such that >, _, ding = 0,,.

Remark 2.8. (i) It follows from [I1, Theorem 12.1.10] that Xy is simply
connected if and only if the following condition (11) holds:

(1) The set {n};_, of all primitive generators spans Z™ over Z, i.e.
2221 Z - ne — zm.

Thus we see that if Xy is simply connected then the set {my}}_, of all
primitive generators spans R™. In particular, if Xy is a compact smooth
toric variety then Xy is simply connected (see Lemma [3.8]).

(ii) We make the identification RP' = S = RU oo and choose the points
oo and [1,1,---,1] as the base points of RP! and Xy, respectively. Then,
by setting z = 22, for each 1 < k < r, we can view f; as a monic polynomial
fr(2) € K[z] of degree dj in the real variable z. O

2.4 Spaces of algebraic maps of real bounded multiplicity. Now we
can define the space of algebraic maps as follows.

Definition 2.9. From now on, let K = C or R as before.
(i) For a monic polynomial f(z) € K|z]| of degree d, let F,,(f)(z) denote
the n-tuple of monic polynomials of the same degree d defined by

(219) Fu(f)(2) = (f(2), f(2) + f'(2), f(2) + f7(2), - f(2) + F70(2)),
Note that a monic polynomial f(z) € K|[z] has a root a € C of multiplicity
> n iff F,(f)(a) =0, € C".

(ii) For each D = (dy,---,d,) € N" and a fan ¥ in R™, let QP*(K)

denote the space of r-tuples (f1(2), -+, fr(2)) € K[z]" of K-coefficients monic
polynomials satisfying the conditions (L.2h) and (L2b) (as in Definition [I.4]).

Remark 2.10. (i) Note that QY*(C) is path-connected, and that QP*(R)
is path-connected if (n, ryuin (X)) # (1,2) (which will be explained in Remark

B).

(ii) Let Zy = {£1} denote the multiplicative cyclic group of order 2, and
let XZ2 denote the Z,-fixed point set of a Zo-space X as in ([L6). Complex
conjugation on C extends to a Zg-actions on the spaces Zi.(C", (C")*) and
QP*(C) such that
(220)  Ze (R, (R")") = 2k, (C",(C"))™, Q. H(R) = Q,(C)™.

n n

It is easy to see that complex conjugation on C also naturally extends to a
Zo-action on Xx(n) = Zi.(C", (C")*)/Gx such that

(221) XaR(n) = Xz](n)ZQ.

10



It easily follows from the definition of the above actions that the following
diagram is commutative:

QP¥(R) — Xyp(n) = Zx, (R", (R")*) /Gy r
e s |-
QPE(C) == Xy(n) = Zk.(C", (C")) /Gy

where let 2 and i denote he corresponding inclusion maps.
Remark that Q2*(C) (resp. QF*(R)) is simply connected if the con-
dition (LA)* (resp. (L4)") is satisfied (which will be proved in Corollary

[Z.3).
Definition 2.11. Suppose that the condition (2ZI8)* holds, and let D =

(dy,---,d,) € N" be an r-tuple of positive integers satisfying the condition
(2.23) > diny =0,
k=1
(i) First, consider the case K = C. By Lemma [Z7] one can define a map

(2.24) ipnc: QY*(C) = QXx(n) by

, F, «), F, a),- L F(fr)(a)] ifaelR

() = L), E) (). B (@)

le,e,--- €] if « =00

for f = (fi(2), -, fr(2)) € QP*(C) and a« € RU oo = S', where we set
e=(1,1,---,1)€C"

Since the space QP*(C) is simply connected and g, c is a universal
covering (by (iv) of Remark .10 and (ii) of Corollary B.I0), the map ip , ¢
lifts to the space QZ.(D**,S*~1) and there is a based map

(2.25) Jpmc i QPP (C) = QZx (D™, 571 ~ Q2 (C, (C)Y)
such that the following equality holds:
(2.26) Qgn.c © jpnc = ipnc

(ii) Next, consider the case K = R.

Recall the Zy-action on the spaces QP*(C) and Xy, induced from complex
conjugation on C, and remark that the map ip, c is a Zs-equivariant map.

Then, by ([220) and ([221]), we see that
(2.27) ipnc(QY*(R)) C QX5 (n)” = QX5 r(n).

11



Thus, the restriction ip, c|QY*(R) defines the map
(2.28) ipnk = ipnclQr T (R) : Q7F(R) = QX5 g(n)
such that the following diagram is commutative:

Qqn,R

QPE(R) 2% OXyg(n) et QZ, (R", (RY))
QPE(C) 25 QXg(n) S QZ, (T (C))

where the j, : Zx, (R, (R")*) - Zx.(C",(C")*) denotes the inclusion
map. Note that g, r is a homotopy equivalence (which will be proved in
Corollary BI0). Thus, there is a based map

(2.30) Jpnr t QY (R) = QZk, (R™, (R™)*) ~ QZx, (D", S"71)
which satisfies the following equality:

(2.31) Q¢nr O jpnr =ipar (up to homotopy).
Remark 2.12. When ), _, dynj = 0, by (Z20) and ([2.31), we obtain the

map
(232 Jomic: QP(K) > Q2 (K7, (7)) = Qi (DU, 5709n1)
where the number d(K) is defined by

2 ifK=C
2.33 d(K) = dimg K = ’
(2:33) (K) = dimg {1 if K = R.
2.5 The numbers r,;,(X) and d(D;X%,n,K). Before stating the main

results of this paper, we need to define the positive integers 7y, (X) and
d(D; %, n,K) (which already appeared in the statements of our results).

Definition 2.13. (i) We say that a set S = {n;,,---,n; } is a primitive
collection if Cone(S) ¢ ¥ and Cone(T') € ¥ for any proper subset T' G S.

(ii) For each r-tuple D = (dy,---,d,) € N", define the positive integer
d(D, %, n,K) by

(2nrmin(8) — 2) [ ] -2 if K=C
dmin

(2.34) d(D; %, n,K) = {(n’f’min@) — 2)|Gmin | — 2 if K=R

12



as in ([LH]), where ryi,(2) and dy,;, are the positive integers given by

(2.35) Tmin(X) = min{s € N: {n;,,---,n, } is a primitive collection},
. dmin = min{dla d27 e 7dr}-

Note that

(2.36) Fin(2) > 2.

2.6 The main results. Note that the space QP*(C) has already been
extensively studied in the case n = 1 in [24]. The main purpose of this paper
is to generalize the results of [24] to the space Q”*(K) for K = C or R and
for any n > 1. Indeed, the main results of this article are stated as follows.

Theorem 2.14 (The case K = C). Let n € N, let D = (dy,--- ,d,) € N,
and let Xx, be an m dimensional simply connected non-singular toric variety

such that the two conditions (218)* and [T4)* holds.
(1) If >, dxmg = 0y, then the map (given by (2.23))

JDnC - QQ’E(C) — QZICZ<D2H, S?nfl)

is a homotopy equivalence through dimension d(D;>,n,C).
(i) If > _; dimy, # Oy, there is a map

jD,n7(C : ngz(c) — QZ]CE(DQn, SZn—l)
which is a homotopy equivalence through dimension d(D; 3, n, @)EI

Theorem 2.15 (The case K = R). Let n € N, let D = (dy,--- ,d,) € N",
and let Xx, be an m dimensional simply connected non-singular toric variety
such that the two conditions (Z18)* and (T4)" hold.

(1) If >, dxmg = 0y, then the map (given by (230))
Jpar QT (R) = Q2 (D", 5"

is a homotopy equivalence through dimension d(D;>,n,R).
(i) If >°_; diny # Oy, there is a map

Jpar i QPE(R) — QZk, (D", 5™ )

which is a homotopy equivalence through dimension d(D; %, n,R).

"This map has to be constructed in a slightly different way from the one in (i) but we
shall use the same notation for both.
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Corollary 2.16. Let n € N, let D = (dy,--- ,d,) € N". and let X5, be an
m dimensional simply connected non-singular toric variety such that the two

conditions (218)* and (I4)* hold.
(1) If 24— dimy, = 0,y,, then the map ip,c : QY>(C) = QXx(n) induces
an 1somorphism

(ipn,0)e : To(QR(C)) — m,(QX5) = 41 (Xs(n))

for any 2 < s < d(D;%,n,C).
(ii) If 35—, diny # Opy, the map ipnc : QY (C) — QXx(n) defined by

(2.37) ipn,c = Qn,c 0 Jpnc

induces an isomorphism

(iDmc)s : m(QRP(C)) = m(QX(n)) = g (X5 (n))
for any 2 < s < d(D;%,n,C).
Consider the Zs-action on the spaces QP*(C) and Zi.(D*, 5" 1) in-
duced from the complex conjugation on C, where we identify

(2.38) D" ={(1, -+ ,2,) €C": Y |y < 1}
k=1

Note that we can regard the space D?" as a Zsy-space whose Z, action is given
by the complex conjugation.

(2.39) (=1)- (21, ,2,) = (F1,-- - ,Tp) for (x1,---,2,) € D™

Since QP(R) = QP>(C)%, Zx (D", 8" Y) = Zx (D>, S* )% and

Jpme = (jpnc)?, we also obtain the following result.

Corollary 2.17. Let n € N, let D = (dy,---,d,) € N, and let X5 be an
m dimensional simply connected non-singular toric variety satisfying the two

conditions @I8)* and [I4)'. Then the map
Jpmc i QP(C) = QZx (D™, 577

is a Zo-equivariant homotopy equivalence through dimension d(D;%,n,R).
O

Finally, we easily obtain the following two corollaries.
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Corollary 2.18. Letn € N, let D = (dy,- -+ ,d,) € N", and let Xy, be a sim-
ply connected compact non-singular toric variety such that the the condition
(ZZ18)* holds. Let (1) denote the set of all one dimensional cones in %, and
let 3¢ be any fan in R™ satisfying the condition

(2.40) (1) CcT G

(i) Then Xy, is a non-compact smooth toric subvariety of Xs,.
(ii) If the condition ([ITZ)* holds and >, _, dymy, = 0,,, then the map

.jD,n,(C : Q5,21 (C) N szl (l)Qn7 S2n71)

is a homotopy equivalence through the dimension d(D; %, n,C).
Moreover, the map ipnc : QY% (C) — QXx, induces an isomorphism

(ipnc)s : T:(QE(C)) — ma(2Xx, (n)) = 711 (X, (1))

for any 2 < s < d(D;X,n,C).
(iii) If the condition (I4)* holds and % ,_, dxmy, # 0,,, then there is a
map
Jomgc : QY7 C) = Q2 (D™, S

which is a homotopy equivalence through dimension d(D;¥q,n,C).
Moreover, the map ipnc : QY% (C) — QXx, defined by

(241) Z.D,n,(C = QQn,C o jD,n,(C
induces an isomorphism

(ipn,0)s 2 T5(QEPH(C)) — 7o (X, (n)) 22 74 41X, (n))

for any 2 < s < d(D;%q,n,C).
(iv) If the condition [T4)" holds and ", _, dymy = O,,, then the map

jD,n,R : Qr?ZI(R) — QZZl (Dn’ Sn_l)

is a homotopy equivalence through the dimension d(D;>q,n,K).
(v) If the condition (IZ)" holds and >",_, dxmy, # 0,,, there is a map
Jpmr QYT (R) = QZk, (D", S"71)

n

which is a homotopy equivalence through dimension d(D; 3y, n,R).
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3 Basic facts about toric varieties

In this section, we recall some basic definitions and known results.

Definition 3.1 ([7], Definition 6.27, Example 6.39). Let K be a simplicial
complex on the index set [r], and let I(K) ={oc C [r] : 0 ¢ K} as in ([2.2]).
(i) An element o € I(K) is called a minimal non-face of K if 7 € K for
any proper subset 7 & 0.
(ii) Then we denote by Inin(K') the set of all minimal non-faces of K. It
is easy to see that the following equality holds.

(3.1) K={oC|[r]:7 ¢ oforany 7 € I;n(K)}.

(iii) We denote by Zx and DJ(K) the moment-angle complex of K and
the Davis-Januszkiewicz space of K which are defined by

(32)  Zx=Zg(D*S"), DJ(K)= Zr(CP>,x). O

Remark 3.2. Let ¥ be a fan in R™ and let X5 be a smooth toric va-
riety such that the condition (ZIS)* holds. Then it is easy to see that

{ni,,n;, -+ ,n; } is primitive if and only if o0 = {i1,4, -+ ,is} € [nin(Kyx).
Thus, we also obtain the following equality:
(3.3) rmin(X) = min{card(c) : 0 € I(Kx)}. O

Lemma 3.3 ([7]; Corollary 6.30, Theorems 6.33, 8.9). Let K be a simplicial
complex on the index set [r].
(i) The space Zy is 2-connected, and there is a fibration sequence

(3:4) Zx — DJ(K) - (CP®)".
(ii) There are T"-equivariant deformation retraction
(3.5) ret : Zg (K", (K")*) = ZK(Dd(K)", Sd(K)"_l)'
where we set T" = (S1)". =

Lemma 3.4 ([30]). Let ¥ be a fan in R™ and let Xy, be a smooth toric variety
such that the condition (ZI8)* holds.

(i) There is an isomorphism
(36) szK = TFK—W = (K*)r—m'

(ii) The group Gxx acts on the space Zi, (K", (K")*) freely as in (210)
and there is a principal Gy x-bundle sequence

dn,K

(3.7) Gsx — 2, (K", (K")") — Xy k.

(ii) If K = R, there is a homotopy equivalence Ty ~ (Z2)"™™ and the
map qnr s a covering projection with fiber (Ze)"™™ (up to homotopy).
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Proof. First, consider the case K = C. Then the assertions (i) and (ii) follow
from [30, (6.2) page 527; Proposition 6.7].

Next, let K = R. Since Gy = Gy ¢ = (C*)""™ and Gyr = Gx N (R*)",
we have the isomorphism Gyr = (R*)"™™ = Ty ™. Since Gy acts on
the space Zi.(C", (C")*) freely, the subgroup Gy g also acts on the space
Zi,(R™, (R™)*) freely and we obtain the Gy g-principal fibration sequence
[B1) for the case K = R. This proves (i) and (ii) for the case K = R. Since
Gxr =~ (Z2)"™™, qur is a covering projection with fiber (Zy)"™™, and we
obtain (iii). m

Definition 3.5 (c.f. [26], (5.26)). Let ¥ be a fan in R™ and let Xy be a
smooth toric variety such that the condition (2.I8)* holds.

(i) Let Kx(n) denote the simplicial complex on the index set [r] x [n]
defined by

(3.8) Ks(n)={rC[r] x[n]:0x[n] ¢ 7 for any o € I(Kx)}.

(ii) For each (i,7) € [r] x [n], let m;; € Z™ denote the lattice vector
defined by

i (k=

(3.9) ni; = (a1, ,ay,), where we set a; = n ( J)
0, (k#J)

and define a fan F,(X) in R™ by

(3.10) Fu(®) = {7 € Ks(n)},

where ¢, denotes the cone in R™" given by

(3.11) c; = Cone({n,;: (i,j) € 7}) = { Z Ti Mt T > 0}.

(4,9)€T
Lemma 3.6. (i) If T" = (SY)", there is a T"-equivariant homeomorphism

(3.12) Zieo (D, 5771 = Zie (D%, 51).

(i) If T¢ = (C*)", there is a T¢-equivariant homeomorphsim

(3.13) Z1a(C,(C)") = Ziegiu (€, C).

(iii) The space Zi, (D", S*"1) is 2-connected.
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Proof. (i) Let J = (n,n,---,n) € N" and let Kx(J) denote the simplical
complex on the index set [r] x [n]| defined by [6, Definition 2.1]E Then it
follows from [6 Definition 2.1] that the following equality holds:

(3.14) Lnin(Ks(J)) = {7 x [n] : 7 € Iin(Ks)}.
Hence, by ([B.1]) and (B.8)), we obtain the following equality:
Ks(J)={o C[r] x[n]:7x[n] ¢ o for any 7 € I,,;u(Ks)}.

Thus, we we have Kx(J) = Kx(n) by (814). Hence, it follows from [, The-

~

orem 7.5] that there is a T"-equivariant homeomorphism Zj (D", §?"~1) =
Ziewm)(D?,81), and the assertion (i) follows.
(ii) It follows from [26, (5.32)] that there is a homeomorphism

Zis(C", (C")*) 2 2, (C, C7).

One can easily check that the above homeomorphism is T-equivariant, and
the assertion (ii) follows.

(iii) It follows from (i) and (ii) that there is the following homotopy equiv-
alence

ZICZ <D2n, 52n71> ~ ZICZ (Cn, (Cn)*) = ZICE(n)<(C7 (C*) >~ ZICg(n)<D27 Sl)

Since the moment-angle complex Zi, ) (D?, S*) is 2-connected by [7, Theo-
rem 6.33], the space Zx,. (D", S?"1) is also 2-connected. O

Definition 3.7 ([II]). Let ¥ be a fan in R™. Then a cone o € ¥ is called
smooth if it is generated by a subset of a basis of Z™.

Lemma 3.8 ([11]). Let Xy be a toric variety determined by a fan 3 in R™.
(i) Xs is compact if and only if R™ =, 5 0.
(il) Xy is smooth if and only if every cone o € 3 is smooth. O

Lemma 3.9. The space Xx(n) is a non-singular toric variety associated to
the fan F,(X). Moreover, there is an isomorphism Xx(n) =2 Xp, (), and
Ks(n) is the underlying simplicial complex of the fan F,(X%).

8More precisely, if we set (K,m) = (Kx,r) and J = (j1,j2, " ,j4r) = (n,n,-++,n)
(r-times) in the notation of [0 Definition 2.1], we get the simplicial complex K (.J) on the
index set [r] x [n].
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Proof. To see this, consider the toric variety X (3) determined by the fan
F,.(X). By considering the homogenous coordinate representation of X (X),
we easily see that it is isomorphic to Xx(n). Moreover, one can easily show
that Xx(n) is non-singular (by using Lemma B.8). Thus, Xx(n) is a non-
singular toric variety associated to the fan F,(3). Moreover, by [BI0) we
easily see that g (n) is the underlying simplicial complex of F),(X%). O

Corollary 3.10. Let X be a fan in R™ and let Xx, be a smooth toric variety
such that the condition (Z18)* holds.

(1) The map Qq, ¢ : Q2 (C*, (C")*) — QX5 (n) is a universal covering
with fiber Z77™.

(i) The map Qqng : Q2. (R, (R")*) — QX5 g(n) is a homotopy equiv-
alence.

(iii) There is the following fibration sequence (up to homotopy)

(3.15) T s Xy (n) —s DJ(Ks(n)).

Proof. (i) It follows easily from Lemma [3.4] that the map (g, ¢ is a covering
projection with fiber Z"~™. Since QQP"*(C) is simply connected (by (i)),
(g c is a universal covering with fiber Z"™ ™.

(ii) The assertion (ii) easily follows from (iii) of Lemma 341

(iii) The assertion (iii) follows from Lemmas [3.6] B.9 and [23, Proposition
4.4]. O

Lemma 3.11 ([23]; Lemma 3.4). If the condition [ZI8)* is satisfied, the
space Xy is simply connected and mo(Xx) = 27 O

We end this section with a proof of Lemma [2.7]

Proof of Lemma[2.7. Consider the map F = (Fy,- -, F,) is given by (217).
We let K = C, as the proof for K = R is completely analogous. It suffices
to show that F(Az) = F () up to Gx c-action for any (), z) € R* x (R¥™!\

{03+1}) lff 22:1 dknk = Om
Since all homogenous polynomials { fi.;}7_; have the same degree d;, for
each (A, z) € R* x R*™,

Fi(Ax) = (fri(A@), -, fai(A@)) = (A fra(@), -, A fos())
= AN (fra(@), -, foa(®)) = AT Fi(=).
Thus, we have

FQx) = (F(\x),- -, F,(Az)) = \"Fi(2), -, A\ F.(x))
=" MY (Fy(x), - Fu(x) = (A X)L F().
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Hence, it remains to show that (A%,--- A7) € Gy for any A € R* iff
Sor_y dxmi = 0,,. However, (A%, .-+ \%) € Gy, ¢ for any A € R* iff

T

H()\dk)<"’“’m> = ANZk=rdemem) — {1 fop any m € Z" < denk =0,,
k=1 k=1

and this completes the proof. O

4 The Vassiliev spectral sequence

4.1 Simplicial resolutions. First, recall the definitions of the non-degenerate
simplicial resolution and the associated truncated simplicial resolution ([21],

27, 28], 32, [33]).

Definition 4.1. (i) For a finite set v = {vy, - ,v;} C RY, let o(v) denote
the convex hull spanned by v. Let A : X — Y be a surjective map such that
h~'(y) is a finite set for any y € Y, and let i : X — R"™ be an embedding.
Let X2 and h® : X» — Y denote the space and the map defined by

(41) X% ={(y,u) e Y xRY tueo(i(h ' (y)} CY xRY, h®(y,u) =y.

The pair (X2, h?) is called the simplicial resolution of (h,1). In particular, it
is called a non-degenerate simplicial resolution if for each y € Y any k points
of i(h=Y(y)) span (k — 1)-dimensional simplex of R".

(ii) For each k > 0, let X2 C X be the subspace of the union of the
(k — 1)-skeletons of the simplices over all the points y in Y given by

(42) X2 ={(y,u) e X*:ueca(v),v="{v, - ,u} Ci(h '(y),l < k}.

We make the identification X = X2 by identifying + € X with the pair
(h(x),i(x)) € X2, and we note that there is an increasing filtration

43) O=xtcX=xfcaxpc.-.cxtc--cljat=a"
k=0

Since the map h® : X2 — Y is a proper map, it extends to the map hﬁ :
X f — Y, between the one-point compactifications, where X denotes the
one-point compactification of a locally compact space X. O

Definition 4.2. Let h: X — Y be a surjective semi-algebraic map between
semi-algebraic spaces, j : X — R¥ be a semi-algebraic embedding, and
let (X2,h® : X2 — Y) denote the associated non-degenerate simplicial
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resolution of (h,j). Then for each positive integer £ > 1, we denote by
he : X2(k) — Y the truncated (after the k-th term) simplicial resolution of
Y as in [28]. Note that that there is a natural filtration

X CXPC--CXPCXR T CXP Xy =X == X2(k),

where X8 =0, X = X2 if | <k and XP = X2(k) if [ > k. O

4.2 Vassiliev spectral sequences. Next, we shall construct the Vassiliev
spectral sequence for computing the homology of the space QY*(K).

From now on, we always assume that ¥ is a fan in R™ such that Xy, is
simply connected toric variety satisfying the condition (2.I8))*. Moreover, let
D = (dy,---,d,) € N will always be a fixed r-tuple of positive integers.

Definition 4.3. (i) For each d € N, let PX C K[z] denote the space of all
monic polynomials f(z) = 2¢ + a?™t + - - + a4 € K[2] of degree d. Then for
each D = (dy, -+ ,d,) € N", let PX denote the space of r-tuples of monic
polynomials defined by

(4.4) P =Py x Py x - x Py

(ii) For each f = (fi(2), -+, fr(2)) € P, let F(,)(f)(2) denote the rn-
tuple of monic polynomials defined by

(4.5) Fay(£)(2) = (Fa(f)(2), - Fu(fr)(2)) € K™

where we denote by F,(f;)(z) the n-tuple of monic polynomials of degree d;
given by

(4.6) Fu(f)(2) = (fil2), fi(2) + f1(2), filz) + FI(2) -, filz) + £70(2))

for each 1 <14 < r (as in (310)).
(iii) Let Xp denote the discriminant of QP*(K) in P given by the com-
plement

Yp =P5\ Q¥ (K)
={f=(fi(2), -+, fr(2)) € P} : Fioy(f)(z) € LE>(K) for some = € R},
where L} (K) denotes the set given by K = Ky, in (2.3).
(iv) Let Zp C ¥p x R denote the tautological normalization of ¥ con-
sisting of all pairs (f,z) = ((fi(2),..., f+(2)),z) € Ep x R satisfying the

condition Fi,)(f)(z) = (F,(f1)(x), -+, Fu(fr)(x)) € LX=(K). Projection on
the first factor gives a surjective map np : Zp — Xp. O
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Remark 4.4. Let oy € [r] for k = 1,2. Tt is easy to see that L, (K") C
L,,(K™) if o1 D 0y. Letting

Pr(3)={o={i, - ,isy C[r] : {my,, -+, m} is a primitive collection},

we see that LX=(K) = U L,(K"), and by using (2.35) we obtain the
oc€Pr(X)
equality

2n(r —rmin(2))  if K=C,

(17). dim LK) = nd(K)(r — rn(3)) = {n@_r W(E)  HK=ER

Our goal in this section is to construct, by means of the non-degenerate
simplicial resolution of the discriminant, a spectral sequence converging to
the homology of QP*(K).

Definition 4.5. (i) For an r-tuple D = (dy, - - - ,d,) € N” of positive integers,
let N(D) denote the positive integer given by

(4.8) N(D) = dy.
k=1
(i) For each based space X, let F'(X,d) denote the ordered configuration
space of distinct d points in X defined by
(4.9) F(X,d) = {(z1, - ,24) € X1 2; £z if i # j}.

Note that the symmetric group Sy of d-letters acts on F(X,d) freely by
permuting coordinates. Let Cy(X) denote the unordered configuration space
of d-distinct points in X given by the orbit space

(4.10) Cy(X)=F(X,d)/Sy.
(iii) Let Lysx C (R x LA (K))* denote the subspaces defined by
Lisx = {((z1,51), -, (wn, 51) € (R x Ly*(K)* sy # ay if 0 # j}.

The symmetric group Sy on k letters acts on the space Lj.x x by permuting
k-elements., and let Cj.»; x denote the orbit space defined by

(411) Ck;E,K - Lk;E,K/Sk-

Note that the space C.nk is a cell-complex of dimension (by (1))

k+2kn(r —rmn(2))  if K=C,

4.12 dim Cy;px =
(4.12) kTR {k: +Ekn(r —rmin(¥))  fK=R.
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(iv) Let (XP, 75 : XP — ¥p) be the non-degenerate simplicial resolution
associated to the surjective map 7p : Zp — Xp with the natural increasing
filtration as in Definition [4.1],

h=xcalcaxlc-..cx’=Jx’ O

By HBZL Lemma 1 (page 90)], the map 7% extends to a homology equiv-
alence 75, @ XP 5 $p.. Since XP /&P = (AP \ X2y, we have a
spectral sequence

(413) {Etkls),dt Etkg Ek-l—ts—l—l t} = Hf+S(ZD;Z),

where Ef;’g = HFs(XP\ XP ;Z) and H*(X;Z) denotes the cohomology
group with compact supports given by H¥(X;Z) = H*(X,; 7).
Since there is a homeomorphism P = KN(P) o RAKIND) 1y Alexander

duality there is a natural isomorphism

(4.14) H,(QPF(K); Z) = HIOND)=k=1(51 . 7)) for any k.
By reindexing we obtain a spectral sequence

(15)  {BP.d B B} = HodQDE(K): D),

where E;if _ Hg(K)N(D)Jrkfsfl(XkD \ X2 7).

Lemma 4.6. If dpin > n and 1 < k < Ldf;;inj, the space XP \ XP, is
homeomorphic to the total space of a real affine bundle {pj, over Chrsx

with rank lp g, = A(K)(N(D) — nrk) + k — 1.

Proof. Since the proof is completely analogous to that of [26] Lemma 4.9],
we omit detail of the proof. O

Lemma 4.7. Ifdyi, > nandl1 <k < Ldmfj , there is a natural isomorphism

By = HIMR=5(Cs s £7),
where the twisted coefficients system +7, comes from the Thom isomorphism.

Proof. Suppose that 1 < k < Ld‘;’;“J. By Lemma [4.6] there is a homeomor-
phism (XP\ X2 )y = T(py), where T'(Ep k) denotes the Thom space of
Epgn. Since (A(K)N(D) +k —s—1) —lpgn = d(K)nrk — s, the Thom
isomorphism gives a natural isomorphism

Eli:;l ~ FICKK)N(DH_k_S_l(T(§d7k7n); Z) ~ Hg(K)nrk_S(Ck;Z,K; iZ),

and the assertion follows. O
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5 Stabilization maps

We will now define two stabilization maps

. D2 D,D+a
(5.1) {SD’DM'Q" e Toreach a0, € (7o)

Sh.orat QT (R) = QPPFA(R)

Definition 5.1. (i) For an r-tuple D = (dy,--- ,d,) € N", let Up C C denote
the subspace defined by

(5.2) Up = {w € C : Re(w) < N(D)},

and let ¢p : C = U p be any homeomorphism (which we now fix) satisfying
the following two conditions:

(5.3)  ¢p(R) = (—o00,N(D)) and ¢p(a@)=pp(a) for any o € Hy,
where H, C C denotes the upper half plane in C given by
(5.4) H, ={aeC: Im a > 0}.

(ii) Now let us choose and fix any r points (zq,---,2,.) € (C\ Up)"
satisfying the condition z; # z; if © # j.

For each monic polynomial f(z) = [[t_,(z — o) € C[2] of degree d, let
©p(f) denote the monic polynomial of the same degree d given by

(5.5) ep(f) = H(Z — ¢plax)).

k=1
(iii) For each r-tuple @ = (a1, -+ ,a,) # 0, € (Z>o)", define the stabiliza-

tion map

(5.6) sp.p+a :Qy 7 (C) = QYF¥(C) by
sp,pt+alf) = (pp(f1)(z —2)", -+ op(fi)(z — 2,)*")

for f = (f1(2),- -+, fr(2)) € Q7(C).

Remark 5.2. (i) Note that the definition of the map sp p4, depends on the
choice of the homeomorphism ¢p and the r-tuple (zq,---,2,) € (C\ Up)"
of points, but one can show that the homotopy type of it does not depend
on these choices.
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(ii) Let a,b € (Z>p)" be any two r-tuples such that a, b # 0,. Then it
is easy to see that the equality

(5.7) ($p+a,p+a+b) © (SD,p+a) = Sp,p+a+b  (up to homotopy)

holds. Thus we mostly only consider the stabilization map sp py., for
each 1 < ¢ < r, where e; = (1,0,---,0),e5 = (0,1,0,---,0),---, e, =
(0,0,---,0,1) € R" denote the standard orthogonal basis of R".

(iii) From (B.3) it easily follows that

(5.8) wo(f) € R[] if f = f(z) €R[2].

Thus, for each r-tuple @ = (ay,--- ,a,) # 0, € (Z>)", one can easily show
that the following holds:

(5.9) sp.0+a(Q " (R)) C QF**(R).

Definition 5.3. By (5.9), one can define the stabilization map

(5.10) Shpiat Q7 (R) = QY T**(R) by the restriction
511%,D+a = SD,D+a‘Q£’E(R)-

Remark 5.4. By using the definition of (.6 and (B.8) we easily see that
the following equality holds:

(5.11) S%7D+a = (SDJ;)JH,)Z2 for each @ # 0, € (Z>¢)". O

6 Homology stability

We shall consider the homology stability of the space Q2 *(K).

6.1 The case K = C. First, consider the case K = C. Let 1 < i < r and
consider the stabilization map

(6.1) sp,pte; t Qn(C) = Q. 7¥(C).
It is easy to see that it extends to an open embedding
(6.2) spi: Cx Q)*(C) — Q. **(C)

It also naturally extends to an open embedding 3p; : P§ — P§ +e, and by
restriction we obtain an open embedding

(63) §D,i :C x ED — EDJ’,e’L,.
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Since one-point compactification is contravariant for open embeddings, this
map induces a map in the opposite direction

(64) §D7i+ . (ZD+ei)+ — (C X ZD)+ = SQ A ZD+.
We obtain the following commutative diagram

(SD,D4e;)*
Rk N

Hy(QP™(C); 2) Hy(QPe%(C); Z)
(6.5) ADll% Apglg
HgN(D)—k—l(ZD; 7) (8D,i4)” HCQN(D)—k+1(ZD+Ei; 7).

Here, ADy, (k = 1,2) denote the corresponding Alexander duality isomor-
phisms and $;;, denotes the composite of the suspension isomorphism with
the homomorphism ($p,)* given by

(=23

(66)  HM(EpZ) 3 HYCx $p;2) Y BI(Sp..,:2),

where M =2N(D) — k — 1.
By the universality of the non-degenerate simplicial resolution [27], the
map 5p; also naturally extends to a filtration preserving open embedding

(6.7) §pi: Cx xP - xbte

between non-degenerate simplicial resolutions. This induces a filtration pre-
serving map

(6.8) (3pi)y : XPT = (Cx XP), =52 A &P,
and we finally obtain the homomorphism of spectral sequences

(6.9) {ézs : E,i;f — E,i;era}, where

(Bl d' B = B i = H,_,(QP*(C); Z),
(BT d BT > B = Hen(QTF4(C): ),
B = HNT D AR 2),

Byt = VTR (e 040, 7).

. dmin 0l . LD 1;D+e; .
Lemma 6.1. If 1 <i <7 and 0 < k < [®=in |, Ors t By — B % s an
isomorphism for any s.

Proof. Since the proof is completely analogous to that of [26] Lemma 4.13],
we omit the detail. O
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Now we consider the spectral sequences induced by truncated simplicial
resolutions.

Definition 6.2. Let X denote the truncated (after the |[%=i»|-th term)
simplicial resolution of ¥p with the natural filtration

@ - XOA C XlA - C XLAmm/nJ C XL lnln/nJ+1 - XLAdmin/nJ+2 == XA?

Similarly, let Y2 denote the truncated (after the L m‘“j th term) simplicial
resolution of Xp. ., with the natural filtration

@ - }/OA C }/IA C o C Ytﬁmin/nJ C thﬁmin/nJ+1 = Ytﬁmin/nJ+2 == YA?

By [28 §2 and §3], we obtain the following truncated spectml sequences

;C . ;C .
(6.10) {E’ivi_(’cdt ' Elis tCElthrt 1) = H, (Q)>(C); Z),
{ 'Bis: d' Bl — IElith,ertfl} = H,_(Q)*%(C); Z),
where

El;(C _ HC2N(D)+kflfs XA XA .7
(6.11) , kiic 2N(D)+k+lfs< Z \ 2_17 )
By = He (Yk \Yk_1§Z)-

By the naturality of truncated simplicial resolutions, the filtration preserving
map 5p; : C x XP — XPTe gives rise to a natural filtration preserving
map §5,; : Cx X® — Y which, in a way analogous to (69), induces a
homomorphism of spectral sequences

(6.12) {01, B, = "B}

Lemma 6.3. (i) Ifk<0ork > %] 42 E = ’E;;C =0 for any s.
(i) Eyly = "By = Z and Eys = 'Eyy =0 if s # 0.

(i) If 1 < k < [%min |, there are isomorphisms

By & B[ 2= H"™ 7 (Cuxs £22).
(iv) If1 <k < |in|, E,i;c = ’E,i;c =0 for any s < (2nrpim(X) — 1)k — 1.

(v) Ifk = | doin |41, E;;C 'E;;C_Ofomnys<<2mmm(z) 1)| Gmin | 1.
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Proof. Let us write rmin = rmin(X) and dl;,, = [ ]. Since the proofs of
both cases are identical, it suffices to prove the assertions for E,i;c

(i), (ii), (iii): Since X2 = X2 for any k > d’ ; + 2, the assertions (i) and
(ii) are clearly true. Since X2 = &P for any k < d/,., the assertion (iii)
easily follows from Lemma 7]

(iv) Suppose that 1 < k < d/, . By using the equality (£12),

2nrk —s > dim Cry < s < 2nrpm — 1)k — 1.

Thus, the assertion (iv) follows from the isomorphism given by (iii).
(v) By Lemma [28, Lemma 2.1], we see that
dim(X7 \ X7 )=dim(x) \X/ )+1l=lpsy ,+dimCy 5+1

min min min’ min?

=2N(D) +2d_;, — 2nryd.

min min*

Since BYC = HCQN(D)M:““*S(XA/ 4 \X@liHQ z) (by (6I1I)) and

min+178 dmin
2N(D) + dipy — s > dim(Xg \ X3 ) = 2N(D) + 2,5, — 207 mindis,
& s < (2nrpm — V)d < s S 2nrpm — Ddl,, — 1,

we see that Ecllfc

"1, = 0for any s < (207 — 1)dp, — 1. 0

min

Lemma 6.4. [f0 <k < Ldmﬁj, Os E;;C =, 'E;;C is an isomorphism for
any s.

Proof. Since (X{,Y2) = (AP, XPT¢) for k < [4=i»|, the assertion follows
from Lemma 6.1 O

Theorem 6.5. For each 1 <1 < r, the stabilization map

sp,p+e; - Q7 (C) = QF*(C)
is a homology equivalence through dimension d(D;X,n,C).

Without loss of generality, we may assume that dy;, > n > 1.

Let us consider the homomorphism ¢} _ E,if - ! E,if of truncated
spectral sequences given in (6.12). By using the commutative diagram (6.3])
and the comparison theorem for spectral sequences, we see that it suffices to
prove that the positive integer d(D; %, n, C) has the following property:

Proof. We write ryin = min(X) and d;, = Lme“j as in the proof of Lemma

() 67, is an isomorphism for all (K, s) such that s — k < d(D; %, n,C).
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By Lemma [6.3] we can easily see that:

() if bk <0ork >d, + 1, 07, is an isomorphism for all (k,s) such that

s—k<d(D;%,n,C).
Next, assume that 0 < k < d’

min?

and investigate the condition that 67°,

is an 1somorphlsm Note that the groups Ek1 ,, and’ EF (CS are not known for
(u,v) € St = {(d + 1 ,8) € Z2 s > (2nrmm — 1) mm} By considering the
differentials d'’s of E Cand’ E , and applying Lemma [6.4] we see that 0

is an isomorphism if (k; s) ¢ 51 U 82, where
Sy ={(u,v) €Z*: (u+1,v) € S;} = {(d

A similar argument shows that 6}, is an isomorphism if (k,s) ¢ Ut 1S
where S3 = {(u,v) € Z* : (u+2,v+ 1) € § US,}. Continuing in the same
fashion, considering the differentials d'’s on Etf and Et(C and applying the
inductive hypothesis, we see that 677, is an 1somorphism if (k,s) ¢ S :
U S, = U Ay, where A; denotes the set

t>1 t>1

v) € v > (27 min — 1)y, }-

min’

There are positive integers [y, - - - ,[; such that

A= () eZ? | 1<l <ly<- <l ut Yl =dy, +
v+ Z] l(l B 1) (27’1,7’mm B )dinln

Note that if this set was empty for every ¢, then, of course, the conclusion

of Theorem would hold in all dimensions (this is known to be false in
general). If A, # (), it is easy to see that

a(t) =min{s — k : (k,s) € A} = 2nrpin — Vd;, — (o, + 1) + 1t

min min

= (2nrpm — 2)d,,, +t—1=d(D;X,n,C) +t+ 1.

min

Hence, we obtain that min{a(t) : t > 1, A; # 0} = d(D;X,n,C) + 2. Since
07%, is an isomorphism for any (k,s) ¢ U, A; for each 0 < k < d;,, we
have the following: -

(T)2 0 <k < dly,, 07, is an isomorphism for any (k, s) such that s — k <

d(D;S,n,C) + 1.

Then, by (1); and (t)2, we know that 6, i LB i 'EC>O is an isomorphism
for any (k,s) if s — k < d(D;%,n, (C) Hence by (J[) we have the desired
assertion and this completes the proof of Theorem [G O

Corollary 6.6. For each a# 0, € (Z>,)", the stabilization map
sp,pra: Q)7 (C) = QF*5(C)

is a homology equivalence through dimension d(D;X,n,C).

Proof. The assertion easily follows from (5.7)) and Theorem 6.5 O
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6.2 The case K = R. Next, we shall consider the case K = R. By using
exactly the same approach as in Lemmas [£.6, A7 .11, [6.3], [6.4] Theorem 6.5,
and Corollary [6.6] we can obtain the following result.

Lemma 6.7. There is the following truncated spectral sequence

(6.13) {ESS.d B = BN ) = Ho o QDY (R); Z)
satisfying the following conditions:

(i) fk<0ork> |%mn|42 E,if:()foranys.

(il) Egy =Z and Ey; =0 if s # 0.

i) If 1 < k < |min | there is a natural isomorphism
(iii) 1f min || P

By = H™ 7 (Cryp s £2).

(iv) If 1 < k < | Gmin |, E,i? =0 for any s < (nrpm(X) — 1)k — 1.

n

(v) If k= Ldrﬂfj +1, E,iﬂf =0 for any s < (Mrpm(X) — 1) [ % | — 1. O

n

Theorem 6.8. For each a# 0, € (Z>)", the stabilization map

sposa’ Qu(R) = Q7 T**(R)

is a homology equivalence through dimension d(D; 3, n,R), where d(D; 3, n, R)
denotes the integer given by (2-37)).

Proof. This assertion can be proved by using the spectral sequence (G13) in
exactly the same way as in the case of QY"*(C), so we omit the details. [

Corollary 6.9. For each a # 0, € (Z>)", the stabilization map

sp,p+a Q)Y (C) = Q7 T*¥(C)
is a ZLo-equivariant homology equivalence through dimension d(D; %, n,R).

Proof. Since d(D; 3, n,R) < d(D; %, n,C), the assertion follows from (E.11),
Corollary and Theorem O
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7 Connectivity

Lemma 7.1. (i) The space QP*(C) is simply connected.
(ii) The space QP*(R) is simply connected if (n, rmm(2)) # (1,2).

Proof. Note that an element of m(QP*(K)) can be represented by an r-
tuple (1, ---,n,) of strings of r-different colors where each n, (1 < k < r)
has total multiplicity dg, as in the case of strings representing elements of the
classical braid group Bry = m1(Cy(C)) [18]. However, in our case an r-tuple
(m, -+, 1) of strings of r-different colors can move continuously representing
the same element of the fundamental groupE as long as the following situation
(%), does not occur for each o = {iy, - ,is} € [(Ky):

(%), The strings {n;}ic, of s-different colors with multiplicity > n pass
through a single point of the real line R.

(1) In the case K = C, we can continuously deform the strings (1, -+, ;)
and, if necessary, make them pass through one another in C\ R, so that any
collection of strings can be continuously deformed to a trivial one. Thus
71 (QP>(C)) is trivial.

(ii)) Let K = R. If n > 2, a similar argument as above shows that the
fundamental group must be trivial, since any string of multiplicity > n can be
split into stings of multiplicity less than n (by the continuous deformation).
Thus, the space QP"*(R) is path-connected and simply connected if n > 2.

Next, consider the case n = 1 with ry,(3) > 3. Then the space QY7(R)
is path-connected and it is simply connected. To see this, let o € I(Kyx) and
{i,j} C o. Since card(c) > rpi(X) > 3 (by B3)), there is some number
k € o such that k ¢ {i,7}. But this means that the i-th braid and the j-th
braid can pass through one another on the real line, as long as they both
don’t pass through the k-th braid at the same time. By using this fact, we
see that any collection of strings can be continuously deformed to a trivial
one. Thus, Q7”(R) is path connected and that 7 (Q"”(R)) is trivial. Since
n>2orn=1with r,m(X) > 3 < (n, (X)) # (1,2), the assertion (ii)
follows. O

Remark 7.2. The space QP'*(R) is not path-connected if (n,rp, (X)) =
(1,2). But its each path-component is simply connected.

To see this, suppose that (n, rmin(2)) = (1,2). Since rpi,(X) = 2, there
has to exist o € I(Kyx) such that o = {i,j} (by (B3])). Since n = 1, this

9Let f(z) € R[z] be a real coefficient polynomial and o € C \ R be a complex root of
f(2) of multiplicity n,. Then f(z) has the root @ of the same multiplicity n,. Thus, for
the case K = R, each string n; moves symmetrically along the real axis R.

31



means that particles on the real line corresponding to the i-th and the j-th
polynomial cannot cross one another on the real line (i.e. the i-th and the
j-th polynomials cannot have common real roots). Thus, Q™ (R) is not
path-connected. However, since there are no restrictions on the movement
of roots (particles) within a connected component, each path-component is
simply connected. O

Corollary 7.3. (i) If the condition (T.4)* holds, QP*(C) is simply connected.
(ii) If the condition (T4)" holds, QP*(R) is simply connected.

Proof. The assertions follow from Lemma [7.1] O

Lemma 7.4. (i) Ifk <0, ork > %242 ork =0ands # 0, E;Hf = 0.
(i) If1<k< |9 ands—k < (dK)nrma(X) — 2)k — 1, B =0.
(i) Ifk = |%= | +1 and s—k < (d(K)nrmin(X) —2) | dmin /) — 2, E;iﬂf = 0.
Proof. The assertions follow from Lemmas [6.3] and [6.13] O
Lemma 7.5. (i) If | %] >

( ;Z) =0 for any i < d(K)nrpm(X) — 3.

H,(Qy
(i) If | f;ll“‘J
H(QPH(K); Z) =0 for any i < d(K)nrym () — 4.

Proof. Let us write d,,, = Lme“J Consider the spectral sequences (GI0)
and (€.I3)). Define the integer a(k) by

a(k) = (A(K)nrpim(X) — 2)ng(k) — e(k) foreach 1 <k <d

min

where ng(k) and €(k) denote the integers given by

(k, 1) ﬁ1<k<%m
(d if k= d’ .

min’ ) min

(no(k), e(k)) = {

Then, by Lemma [T.4] we see that E,iﬂf = 0 for any (k,s) # (0,0) if s — k <
mo = min{a(k) : 1 < k < d., +1} is satisfied. Hence, Hy(QP>(K);Z) =0

for any k < mg. However, we see that

mo=min{a(k) : 1<k <d . +1}= min{a( yya(d .+ 1)}

min min

B A(K)nrpm(X) =3 ifd,, >
) dK) (D) — 4 if d. —L

min

Hence, we obtain the assertions (i) and (ii). O
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Corollary 7.6. (i) Ifn > 2 and |%i2| > 2, QPF(C) is (2nrmm(E) — 3)-
connected.

(ii) If n > 2 and |%2in | =1, QP¥(C) is (2nrmin(X) — 4)-connected.

(iii) If n = 1 and dyin > 2, QPZ(C) is (2rmi(X) — 3)-connected.

(iv) Let n = dpim = 1. Then QP*(C) is (2rmm(X) — 4)-connected if
rmin(X) > 3, and it is simply connected if ryin(2) = 2.

Proof. Since QP*(C) is simply connected (by Lemma [T]), the assertions
follow from the Hurewicz Theorem and Lemma [Z.5 O

Corollary 7.7. (i) If n > 2 and || > 2, QPE(R) is (nrmm(X) — 3)-
connected.

(ii) Let n > 2 and |%=2 | = 1. Then QP*(R) is (nrmim(X) — 4)-connected
if nrmin(2) > 5, and it is simply connected if n = ryn(2) = 2.

(iii) Let n = 1, dpin > 2. Then QP=(R) is (rmm(X) — 3)-connected if
rmin(2) > 4, and it is simply connected if rmim(3) = 3.

(iv) Let n = dyin = 1. Then QP*(R) is (rum(X) — 4)-connected if
Tmin(X) > 5, and it is simply connected if ryin(3) = 3 or 4.

Proof. If (n,mmin(X)) # (1,2), the space QY*(R) is simply connected (by
Lemma [T]). Thus the assertions easily follow from he Hurewicz Theorem
and Lemma O

Corollary 7.8. Let a # 0, € (Z>¢)".
(i) If the condition ([1.4)* holds, the stabilization map

SD,D+a ' QS’E(C) — Q£+Q’E(C)

is a homotopy equivalence through dimension d(D;>,n,C).

(ii) If the condition (TA)" holds, the stabilization map

Sppra’ Qn (R) = QP **(R)

is a homotopy equivalence through dimension d(D;>,n,R).

(iii) If the condition (T4)" holds, the stabilization map

SD,D+a " QQ’Z(C) — Q£+G’Z(C)
is a Zo-equivariant homotopy equivalence through dimension d(D; >, n,R).

Proof. The assertions (i) and (ii) follow from Theorem [6.8 Corollaries
and 3 Since d(D;%,n,R) < d(D;%,n,C) and (sp,pia)™ = 5P pya the
assertion (iii) follows from (i) and (ii). O
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8 Scanning maps

In this section we study about the configuration space model of Q2*(KK) and
the corresponding scanning map.

8.1 Configuration space models. First, consider about the configuration
space model of QF*(K).

Definition 8.1. For a positive integer d > 1 and a based space X, let SP%(X)
denote the d-th symmetric product of X defined as the orbit space

(8.1) SP4(X) = X?/8,,

where the symmetric group Sy of d letters acts on the d-fold product X¢ in
the natural manner.

Remark 8.2. (i) Note that an element 7 € SP%(X) may be identified with
a formal linear combination

(8.2) n= anm,
k=1

where {x;};_, € Cs(X) and {ng};_; C Nwith Y ;_, ny = d. In this situation
we shall refer to n as configuration (or divisor) of points, the point x; € X
having a multiplicity ny.

(ii) For example, when X = C, we have the natural homeomorphism

(8.3) ¥q : P§ =5 SPY(C)

given by using the above identification
(84)  wa(f(2) =D dwax  for f(z) =[[;_y(z — )™ €PS. O
k=1

Definition 8.3. (i) For a subspace A C X, let SP*(X, A) denote the quotient
space
(8.5) SPY(X, A) = SPY(X)/ ~

where the equivalence relation ~ is defined by

(8.6) E~mnen(X\A)=nn(X\A) for&ncSPYX).
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Thus, the points of A are ignored. When A # (), by adding a point in A
we have the natural inclusion SP4(X, A) € SP“*(X, A). Thus, when A # {),
one can define the space SP*(X, A) by the union

(8.7) SP*(X, A) = | SPY(X, A),

d>0

where we set SP°(X, A) = {#}} and ) denotes the empty configuration.
(ii) From now on, we always assume that X C C. For each r-tuple
D = (dy,---,d,) € N', let SPP(X) = [[_, SP%(X), and define the space
2
D,n<X> by

(88) QP (X)={(&, - ,&) € SPP(X) : the condition (x)} holds},
where the condition (x)> is given by

(%)% : The configuration (., &)NR contains no point z € X of multiplicity
> n for any o € I(Ky).

(iii) When A C X is a subspace, define an equivalence relation “~” on
the space QF ,(X) by

(€5 &) ~ (myoimp) A &GN(XNA) =0, N (X A)
for each 1 < j <r. Let Qp (X, A) be the quotient space defined by
(8.9) Qpn(X, A) = Qp ,(X)/ ~.

When A # (), by adding points in A we have natural inclusion
(8.10) Qpn(X,A) C QF e n(X,A) foreach1<i<r,

where D + e; = (dl, s ,dl',l, dz —+ 1, di+17 s 7dr>-
Thus, when A # (), one can define the space Q=(X, A) by the union

(8.11) QX A) = | 9p.(X.4),

DeN"
where the empty configuration (), --- , ) is the base-point of Q¥ (X, A).

Remark 8.4. (i) Let D = (d;,---,d,) € N". Then by using the identifica-
tion (83]) we easily obtain the homeomorphism

Q*(C) Hn(C)
(f1(2),-- o(2) —— (o (fi(2)), -+, e, (fr(2)))
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(ii) Now let ¢p : C = Up and xp = (zpa1, -+ ,Tp,) € F(C\ Up,r)
be the homeomorphism and the point for defining the stabilization map sp
given in Definition 5.l Then define the map

(813) S% : Q%,n((j) — Q%qte,n((c) by
sp(&r, -, 6) = (pp(&) + a1, -+, ep(&) + 2p.)

for (&, ,¢&) € Ql%,n, where we write ¢p(§) = Y, nppp(ay) if € =
S npak € SPYC) and (ng, 7)) € N x C with Y ny. = d.

Then by using the above homeomorphism (8I2), we have the following
commutative diagram

QP=(C) 225 Qb+e=(C)
(8.14) %lg WD”F
%,n(c) S—D> Q%Jre,n((c)

(iv) Note that Q3 (C) is path-connected. Indeed, for any two points
0,61 € Qp,(C), one can construct a path w : [0,1] = Qp ,(C) such that
w(i) = & for i € {0,1} by using the string representation used in [16]
§Appendix]. Thus the space QP*(C) is also path-connected. By choosing
the path w Zs-equivariant way, one can show that QP*(R) is also path-
connected if n > 2 orif n =1 and rp;y(X) > 3 < (n,rmn(X)) # (1,2) (see
also the proof of Lemma [T.J] and Remark [T2]). O

Definition 8.5. Define the stabilized space Q7 . (C) by the colimit
(8.15) QPFR(0) = lim QPHER(C),

—00
where the colimit is taken from the family of stabilization maps

(8.16)  {Sptke,pt(iriye : QYTFET(C) — QPPHEFD(C) }isg O

8.2 Scanning maps. Now we are ready to define the scanning map. From
now on, we identify C = R? in a usual way.

Definition 8.6. For a rectangle X in C = R?, let 0X denote the union of the

sides of X which are parallel to the y-axis, and for a subspace Z C C = R2,

let Z be the closure of Z. From now on, let / denote the interval I = [—1, 1]
1

and let 0 < € < j550000 Pe any fixed real number.
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For each = € R, let V(x) be the set defined by

(8.17) V(z) = {weC:|Re(w)—z| <e |Im(w)| <1}
= (z—¢ax+¢€) x(—1,1),

and let’s identify I x I = I? with the closed unit rectangle {t + s/—1 € C :
—1<t,s<1}in C.

For each D = (dy,--- ,d,) € N", define the horizontal scanning map
(8.18) scp : Qp,(C) = QOY (17,01 x I) = QO (I*,01?)
as follows. For each r-tuple a = (&1, ,&,) € Qp,(C) of configurations, let
scp(a) 1R — Q(1%,0I x I) = Q¥(I?,01?) denote the map given by

Rz (6NV(2), -, &NV (2) € QX (V(x),oV(x)) = QX (I, al?),

where we use the canonical identification (V(x),0V (z)) = (12, 01?).

Since 1_1>Ijr:l SCD(Q)($) = (®a e 7®)7 by Setting SCD(a)(OO) = (Qa e 7®)

we obtain a based map scp(a) € QQOF(I? 0%, where we identify S! =
R U oo and we choose the empty configuration (),--- , () as the base-point
of QX(I% oI%). One can show that the following diagram is homotopy com-
mutative:

Q%Jrke,n(c) M) QQE(I27UI2)

(8.19) S%Mel I
SCD4(k+1)e
%—l—(k—i—l)e,n((c) - ; QQ§<[27 0-12)

By using the above diagram and by identifying QP+*¢*(C) with Q%Me’n(@),
we finally obtain the stable horizontal scanning map

(8.20) SH = klim 5Cpyre 1 QUT(C) — QQZ (1%, 017),
—00

n

where QP7°°*(C) is defined in (BIH).

Theorem 8.7 ([31], (cf. [14], [25])). The stable horizontal scanning map
S QPRE(C) =5 QQE(12, 0 1?)

1s a homotopy equivalence.

Proof. The proof is analogous to the one given in [3I, Prop. 3.2, Lemma
3.4] and [14], Prop. 2]. However, as it appears to be probably most difficult
and least familiar part of the article [3I], we gave its precise proof in [25]
Theorem 5.6] (see also [25, Remark 5.8]). O
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Definition 8.8. (i) Define the stabilized space QP . (R) by the colimit

n

(821) QP S(R) = lim QP (R)
—00
where the colimit is taken from the family of stabilization maps

(8.22) {5%+ke,D+(k+1)e : QgMe’E(R) — QE’DJF(HU&(R)}/QO-

(ii) Recall the Zy-action on the space QY**(C) induced from the complex
conjugation on C. Then by using (5I1]), one can easily see the following:

(8.23) Q. (R) = (Q,F(C))™.

Moreover, since sy, = (spx)?? as in Remark 5.4 one can define the hori-
zontal scanning map

(8.24) §% = lim (scpe) - QPVOS(R) = QON(I, o)
— 00

in a complete similar way as (8.20]).

Since QP*(R) = QP*(C)2 < QP*(C), one can identify the space
QP+°%(R) with the subspace of QPT°*(C). By this identification, we can
identify

(8:25) QFH(R) = Q,™¥(C)* and S§% = S7|Q (R) = (S7)™.

Theorem 8.9 ([31], (cf. [14], [25])). The stable horizontal scanning map
(S7)% - QP (R) — QQy (1%, 0 1?)"

is a homotopy equivalence if (n, rmm (X)) # (1,2).

Proof. Note that QP"*(R) is simply connected if (n, rmin(X)) # (1,2). The
proof is completely analogous to that of Theorem [RB.7 O

Corollary 8.10. The stable horizontal scanning map
ST QPH¥(C) = QQy (1%, 01?)
is a Zo-equivariant homotopy equivalence if (n, rmin (%)) # (1,2).

Proof. The assertion follows from Theorems and B9 O
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9 The stable result

In this section we prove the stable theorem (Theorem [0.2]).

Definition 9.1. From now on, let e = (ay,---,a,) € N be any fixed an
r-tuple of positive integers such that >, | ajn; = 0,,.

Let D = (dy, -+ ,d,) € N" be an r-tuple of positive integers such that
Y iy dgng = 0,,. Then it is easy to see that the following two diagram is
homotopy commutative for K = R or C:

QE,E(K) jDv_"JK> QZICE (Kn’ (Kn)*) ~ QZICE (Dd(K)n’ Sd(K)n—l)
K
SD,D+eJ/ H
Qnge’E(K) M QZICE (Kn’ (Kn)*) ~ QZICE (Dd(K)n’ Sd(K)n—l)
where we set
(9.]_) SHE,D—I—e:SD,D—i—e ifK:C.
Hence, for K = R or C, we obtain the stabilized map
(9.2) Jpsoomi 1 QTR (K) = QZc, (DO, g4I
where we set
(9-3) jD+oo,n,K = tlgglo jD+te,D+(t+1)e,K-

The main purpose of this section is to prove the following result.

Theorem 9.2. Let K =R or C, and let D = (dy,--- ,d,) € N" be an r-tuple
of positive integers such that >, _, dymy, = 0,,. Then the stabilized map

~

Jpssomi : QPTOR(K) 5 QZj, (DIEn | gdE)n-1)
1s a homotopy equivalence.

Before proving Theorem [0.2] we need the following definition and lemma.

Definition 9.3. Let K = R or C as before. Now we identify C = R? in
a usual way and let us write U = {w € C : |Re(w)| < 1, |Im(w)| < 1} =
(—1,1) x (=1,1) and T = [~1,1].

(i) For an open set X C C, let FX(X) denote the space of r-tuples
(fi(2), -+, fr(2)) € K[2]" of (not necessarily monic) polynomials satisfying
the following condition (), g:

39



(¥)pr For any o = {iy,--- ,is} € I(Ky), the polynomials f;, (2),---, fi.(2)
have no common real roots of multiplicity > n in X (i.e. no common
roots of multiplicity > n in X).

(ii) Let evgx : FX(U) = Zxy, (K™, (K™)*) denote the map given by evalu-
ation at 0, i.e.

(9.4) evoi(f1(2), -+, [r(2)) = (Fu(f1)(0), - -, Fu(f:)(0))

for (fi1(2), -+, fr(2)) € FX(U), where F,(fi)(z) denotes the n-tuple of monic
polynomials of the same degree d; given by (4.0]).

(iif) Let FX(U) ¢ FX(U) denote the subspace of all (fi(z),--- , f.(2)) €
F¥(U) such that no f;(2) is identically zero.

Let evg : FX(U) — Zi. (K™, (K")*) denote the map given by the restric-
tion

(9.5) evg = evox| FX(U).
It is easy to see that the following two equality holds:
(9.6) evg = (eve)?.

(iv) Note that the group Ty = (K*)" acts freely on the space FX(U) in a
natural way, and let

(9.7) px : F(U) = FX(U) [Tk

denote the natural projection, where F¥(U)/Tk denotes the corresponding
orbit space.

Lemma 9.4. Let Xy, be a simply connected non-singular toric variety such
that the condition (ZI8)* is satisfied.

(i) If the condition (1.4)* is satisfied, the space QPTo*(C) is simply
connected. Similarly, if the condition (T4)" is satisfied, the space QDT (RR)
15 simply connected.

(i) The map evg : FX(U) — Ziey (K™, (K™)*) is a homotopy equivalence.

Proof. (i) The assertion easily follows from Corollary [[3
(ii) For each b = (by, b1, ,bp—1) € K", let fp(2) € K[z] denote the
polynomial of degree < n defined by

n—1
by — b
(9.8) fol2) =bo+ Y ’“k' 02k,
k=1 ’
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Let ig : Z,. (K", (K")*) — FX(U) be the inclusion map given by

(99> Z.0<bla' e 7br> = (fh(z)? U 7fb'r<z))

for (by, -+, b,) € Zic. (K", (K™)*). Since the degree of each polynomial f3, (2)
has at most n — 1, it has no root of multiplicity > n. Thus, the map iy is
well-defined, and clearly the equality evg o i = id holds.

Let f: FX(U) x [0,1] — FX(U) be the homotopy given by

f((fh T 7ft>7t) = (fl,t<z>7 e 7fr,t<z))7

where f;;(2) = fi(tz). This gives a homotopy between the map iy o evy x and
the identity map, and this proves that the map

evox @ FX(U) = Zi (K™, (K™)*)

is a deformation retraction. Since F(U) is an infinite dimensional manifold
and F¥(U) is a closed submanifold of FX(U) of infinite codimension, it follows
from [12, Theorem 2] that the inclusion

(9.10) K PRy = FX D)

n

is a homotopy equivalence. Hence the restriction evg = evgx o i is also a
homotopy equivalence. O

Definition 9.5. Note that (U,cU) = (I?,01%) = (I x I,0I x I). Let

' wy : FHU) = QU 0U)% = Q(I, 0 17)%
denote the natural maps which assigns to an r-tuple (fi(z), -, f-(2)) €

FX(U) (K=CorR) the r-tuple of their configurations represented by their
real roots which lie in U = I%2. These maps clearly induce the maps

i ES(U)/Te = QR(U,0U) = QR (12, 01?)
(9.12) {v}f c

L FR(U) /T — QX(U,oU)% = Q2 (12, 0 1%)%

such that the following diagram is commutative:

w® — = —  — wk
FEW) 5 Q¥(T,00) +—— QT ol)% <~ FXU)

n

| H H |

FE(U)/ T~ Q3(T,0T) «—— QT 0T)™ "~ FXU)/Ty
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Lemma 9.6. Any fiber of the map wX is homotopy equivalent to the space
Tk.

Proof. Any fiber of the map wX is homeomorphic to the space fib(r) con-
sisting of all r-tuples (fi(2),- -, f-(2)) € K[z]" of K-coefficients polynomials
such that each polynomial f;(z) has no root in U. It suffices to show that
there is a homotopy equivalence

(9.13) Fib(r) ~ T%.

First define the inclusion map jo : T — fib(r) by jo(x) = (21, -+, ;)
for x = (21, -+ ,2,) € Tk. Next, let f = (fi(2),---, fr(2)) € fib(r) be
any element. Since 0 € U, (f1(0),---, f-(0)) € Tk. Hence, one can define
the evaluation map ¢y : fib(r) — Tk by e(f) = (f1(0),---, f-(0)) for f =
(fi(2),--+, fr(2)) € fib(r). Tt is easy to see that €y o jo = idy.

Now consider the map jg o €g. Note that if a polynomial g(z) € K[z] has
aroot a € C\U and 0 <t < 1, the polynomial g(tz) has a root o/t € C\ U.
Thus, one can define the homotopy F': fib(r) x [0,1] — fib(r) by F(f,t) =
(f1(t2),- -, folt2)) for (£,8) = ((fi(2),--- fr(2)),8) € fib(r) x [0,1]. Tt is
easy to see that the map F' gives a homotopy between the maps jy o ¢y and
id¢;p(ry. Hence, we see that the map € : fib(r) = T} is a desired homotopy
equivalence. O

Lemma 9.7. The map wS : F’,(LC(({) — QX(U,0U) is a quasifibration with

fiber T Similarly, the map w¥ : FX(U) — QX (U, oU)% is a quasifibration
with fiber Tp.

Proof. Since the proof is completely analogous, we give the proof only for the
map wS. The assertion may be proved by using the well-known Dold-Thom
criterion. Recall that the base space B = QF(U, oU) consists of r-tuple of
divisors (or configurations) (&1, - -+ ,&,) satisfying the condition

(f)s: The configuration (Nges&x) NRN (U \ oU) does not contains no points
of multiplicity > n for any o € I(Ky).

For each r-tuple (dy,---,d,) € (Z>o)" of non-negative integers, we denote
by B<g, ... <4, the subspace of B consisting of all r-tuples (§,---,¢,) € B
satisfying the condition

(9.14) deg(&NRN(U\ oU)) <dp foreach 1 <k<r.

We filter the base space B by an increasing family of subspaces { B<g, ... <a, }
It suffices to prove that each restriction

(9.15) wp|w, ' (Bza e <a,) : Wy, (Bedy o <a,) = Bedy o <,

42



is a quasifibration. Its proof is essentially completely analogous to that of
[25, Lemma 5.13] (cf. [3I, Lemmas 3.3, 3.4]). The difference is only the
condition which we treated. In the case of [25, Lemma 5.13], we consider
the m-tuple (&, -, &y) of configurations which satisfies the condition (1),
where

(1)1 The configuration (N, &) NRN (U \ oU) does not contains no points
of multiplicity > n.

On the other hand, in our case, we need to consider r-tuple (&, ,&,.) of
configurations satisfying the condition (f)s. If we replace by the condition
(t)s in the proof of 25, Lemma 5.13], we can prove that each restriction
([@I3) is a quasifibration by the completely identical similar way. So we omit
the detail. O

Corollary 9.8. The map v$ : ES(U)/T. — Q>(U,0U) is a homotopy
equivalence. Similarly, the map v¥ : FR(U) /Ty — Q2 (U, oU)% is also a
homotopy equivalence.

n

Proof. Since the proof is completely analogous, we give the proof only for the
map v<. Let F,, denote the homotopy fiber of the map wS. Tt follows from
[8, Lemma 2.1] that there is the following homotopy commutative diagram

c — TG — *
|| | |
~ wC —
(9.16) L —— FSU) — QX(U,oU)

l pcl I
F, —— ES(U)/TL —s Q3(T,0T)

where all above vertical and horizontal sequences are fibration sequences. By

this diagram, we easily see that F), is contractible. Thus, v< is a homotopy

equivalence. 0

Now we can give the proof of Theorem [.2]

Proof of Theorem[Z.2. First, we shall prove the assertion for case K = C.

It follows from Lemma and Lemma that two spaces QP+>**(C) and
O Zi,. (D?, 8?1 are simply connected. Thus, it suffices to prove that the
map Jpoon,c induces an isomorphism

(Fptsonc)s : T(QETP(C)) = m(Q2k, (D™, 57"71)) for any k > 2.
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Let us identify C = R* and let U = (— }, ) x (—=1,1) as before. Define the
scanning map scan : F°(C) — Map(R, FS(U)) by

(9.17) scan(f1(2), -+ fr(2))(w) = (fi(z + w), -, [o(z + w))
for (fi(z),---, fr(2)),w) € FS(C) x R, and consider the diagram
F§<U) e—zc> Z’Cz <D2n7 Szn_l)

pcl
FEU) /Ty

This induces the commutative diagram below

e

——=  Q)(U,o0)

(evc)

FE(C) =% Map(R,FE(U))

pcl (pc)#l

FE(C)/Te = Map(R, FE(U)/Tz) 2% Map(R, Q3 (T, oT))

—= Map(R, Zx,.(D*", 5?7 1))

~

Observe that Map(R, ) can be replaced by Map*(S?,-) by extending from R
to S =R U oo (as base-point preserving maps). Thus by setting

{m L QPY(C) -5 FE(C) % Map*(S!, FE(U)) = QFE(U)
Tpmc : BpE(C) S FE(C) % Map*(S!, FS(U)/Ty) = QEE(U)/Tz)

we obtain the following commutative diagram

—

QPE(C) 225 aFEfw) 228 0z (D, 5

o1y s e

o€

035.(C) 2m5 q(Ftw)/TE) 25 Q¥ (T, ol)

If we identify QP°*(C) with the colimit tlgélo Qb 110 (C), by replacing D

by D + te (t € N) and letting ¢t — oo, we obtain the following homotopy
commutative diagram:

QE—I—OO,Z(C) jD+°°v"’C; QFC(U) QeUC QZ (DQn’ SQn—l)

n

(9.19) [ Qpcl

—
»C

QPFN(C) 22 QUESWU)/TE) 2 QYT oT)
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where we set jp e = lm jprrenc and fpy e = m jpo .

Since (Qevc) © jpitenc = Jp+temc and (QUS) © jh en e = SCpate (by iden-
tifying QF****(C) with the space Ej,,,,,(C)), we also obtain the following
two equalities:

(920) jD-l—oo,n,(C = (QGUC) © jD-l—oo,n,(Ca SH - (Q'US) © le—l—oo,n,(C'

Since the map eve is a homotopy equivalence, it suffices to prove that the
map

(the Jptsonc : QuTH(C) — QFF(U)

induces an isomorphism on the homotopy group 7 ( ) for any k£ > 2.

Since S = (W) © jhi e and Quy are homotopy equivalences (by
Theorem B.7and Corollary [@0.8]), the map jj, . ,, ¢ is a homotopy equivalence.
Since pc is a fibration with fiber Tf, the map Qpc induces an isomorphism
on the homotopy group m( ) for any k£ > 2. Hence, by using the equality
(2pc) © JptoonC = Jpioonc (Up to homotopy equivalence), we see that the

—

mMap jpoon,c is induces an isomorphism on the homotopy group 7 ( ) for
any k > 2. This completes the proof for the case K = C.

Next, consider the case K = R. Note that the proof is almost identical to
the case K = C. However, since ()pg is a homotopy equivalence, the proof is
easier than that of the case K = C. .

Define the scanning map sca : FX(C) — Map(R, EX(U)) by
(9.21) sca(fi(z),- - [r(2))(w) = (h(z +w), - filz +w))

for (fi(z),---, f,(2)),w) € FR(C) x R. Now consider the diagram

FRU) —% Zgy(D", 5"

n

|
v

EX(U)/Ty —— QJ(U,0U)"

3@

1

This induces the commutative diagram below

FE(C)  —5  Map(R,FE(U) % Map(R, Zxy(D", 5"

n

pRl (P]R)#J{
(V)%

FE(C)/Tp —= Map(R, FX(U)/Ty) —5 Map(R, Q5 (U,0U)%)

~

45



Observe that Map(RR, -) can be replaced by Map*(S?, ) by extending from R
to S' = R U oo (as base-point preserving maps). Thus by setting

Tomg : QPE(R) - FR(C) 2% QFF(U)
Tpmm: QBa(C)% S FF(C) =% Q(EF(U)/Tz)

we obtain the following commutative diagram

—

QPE(R) 2% QFRU) 29, 9z (Dn S

(9.22) % melg

—

5 (€)% 215 Q(ERU)/Ty) —2 QQE(T, oU)%

If we identify QP+°*(R) with the colimit tlggl() O} 110 (C)™, by replacing D

by D + te (t € N) and letting ¢t — oo, we obtain the following homotopy
commutative diagram:

—

QFe(R) X OFNU) T Q2 (D750

~

(9.23) [ melz

QDS (R) 2= O(FR(U)/Ty) —2s QQE (T, 0T

—_—

. — . . — .,/\ . ./
where we set jpyoonr = M Jpitenr and jp o p = lim jp 00 5.
t—o00 o t—o00 o

Sinice (Qevg) 0 ik = Jsienz and (QE)ojh o = (scpise), we also
obtain the following two equalities:

(924) jD—l—oo,n,]R - (QG'UR) © jD—f—oo,n,]Ra (SH)ZQ = (Q’U};&) © j,D-i—oo,n,R'

Since the map evg is a homotopy equivalence, it suffices to prove that the
map

(11)r JDtsomm : QU TOF(C) — QET(U)
is a homotopy equivalence.

Since (SH)%2 = (Qu¥) o 4/, toomr and QuE are homotopy equivalences (by
Theorem B9 and Corollary[@.8), the map j, +oon.c 18 a homotopy equivalence.

On the other hand, since pg is a covering projection with fiber (Z,)", the map
Qpr is a homotopy equivalence. Hence, by using the diagram (@.23]), we see

that the map j 1;.0\,”7]1@ is a homotopy equivalence. This completes the proof
of Theorem 0.2 0
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10 Proofs of the main results

Now we give the proofs of the main results (Theorems 214] 215 and Corol-

lary 21G)).

Proofs of Theorem[2.1] (i) Suppose that >, _, dyny = 0,,. Then the asser-
tion (i) easily follows from Corollary [[.8 and Theorem 0.2

(ii) Next assume that Y, _, dyny # 0,. Recall from ([2I8)* that there is
an r-tuple D, = (d}, -+ ,d}) € N" such that >, _, djnj = 0,. If we choose a
sufficiently large integer my € N, then the condition dj < mdj, holds for each
1 < k < r. Then consider the map jp,c : QP*(C) — QZx (D", 5" 1)
defined by

(10.1) jD,n,(C = jDo,n,C © 8D,Dg>

where Dy = moD, = (modf, mods, - ,med}) and jp,c is given by the
composite of the following maps

(102) o QP¥(C) 2R QF(C) T 0, (DT, 57Y).

Since the maps sp p, and jp, c are homotopy equivalences through dimen-
sions d(D;3,n,C) and d(Dy; %, n,C), respectively (by Corollary and
Theorem 2.14), by using d(D;X,n,C) < d(Dy;3,n,C) the map jp,c is
a homotopy equivalence through dimension d(D; %, n, C). O

Proof of Theorem[Z13. (i) Suppose that Y, dyny = 0,. Then the asser-
tion (i) easily follows from Corollary and Theorem 0.2
(ii) This is proved completely analogous way as that of (ii) of Theorem

214 Indeed, under the same assumption as (ii) of the proof of Theorem
214, we define the map jp,r : QPF(R) = QZ,. (D", S" 1) by

(103) jD,n,R = jDo,n,R e} 8%’[)0.
Since d(D;3,n,R) < d(Dy;>,n,R), it is easy to see that this map is a
homotopy equivalence through dimension d(D; %, n,R). O

Proof of Corollary[21d. Consider the map of composite
OZx, (D™, 52771 25 QZe (C7, (C™Y) 228 QX ().

Since g, ¢ is a universal covering (by Corollary B.10), the assertions easily
follow from Theorem 214l O
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